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PREFACE 


The purpose of the present work is to provide a complete and consistent 
mathematical development of what is commonly known as reactor analy- 
sis, that is, the mathematical study of the nuclear behavior of reactors 
based on certain approximate physical models. The subject of reactor 
analysis differs somewhat from that of reactor physics in both viewpoint 
and content. Whereas reactor analysis deals primarily with the mathe- 
matical tools for treating the physical behavior of reactors, reactor physics 
places much more emphasis on the physical aspects themselves of these 
systems. The tone of this book is therefore much closer to that of 
advanced treatments in engineering analysis rather than to that of books 
on physics. 

The formal level of the presentation is directed primarily toward the 
first- and second-year graduate student in engineering science although 
it is expected that students in physics will also find it useful. Consider- 
able pains have been taken to provide a textbook which could also be used 
in a first course on reactor analysis. The introductory sections of each 
of the principal chapters have been organized and written with this 
thought in mind. In these sections the treatment is initiated with the 
aid of elementary mathematical models and emphasis is placed on a dis- 
cussion of the principal physical concepts to be developed. The more 
sophisticated mathematical considerations and the development of the 
broader theory are left in each case to later sections. Thus it is expected 
that this work will serve as an elementary text which can also be used in 
an intermediate course by simply including the complete treatment. 

The material presented in this book was developed from a course organ- 
ized and presented by the authors over a period of five years at the Oak 
Ridge School of Reactor Technology at the Oak Ridge National Labora- 
tory. The development of the subject matter in the ORSORT course 
constitutes one-third of this book. 

It is presumed that the reader who desires a complete understanding 
of the contents of this book has had at least a course in advanced calculus 
and preferably a general course also in partial differential equations and 
boundary-value problems, or a first course in the methods of mathe- 
matical physics. It is also assumed that he is acquainted with the funda- 
mental concepts involved in modern physics and has been introduced to 
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the use of analytical methods in the solution of engineering problems. 
For those who desire only an introductory knowledge of the subject and 
therefore limit their study to the elementary sections, the usual under- 
graduate course in differential equations will suffice. 

In this treatment the subject matter of reactor analysis has been 
developed with the aid of various mathematical models. The models 
selected for this purpose are those which have proved to be useful in 
describing the various neutron phenomena peculiar to nuclear reactors. 
Emphasis is placed upon detailed presentations of each method in order 
that the reader becomes sufficiently well equipped to treat new and differ- 
ent situations. In nearly every instance the mathematical treatment 
has been extended to include the derivation of working formulas, and 
these are usually followed by numerical examples which display the com- 
putational techniques which may be used in application. In a few 
instances only a formal presentation 1s supplied, and in these cases the 
intent is merely to exhibit the principal physical ideas involved. 

The authors have attempted to present a discussion of all the principal 
topics of reactor analysis, with an entire chapter devoted to each. In 
many instances several analytical methods are presented in order to 
provide as wide a treatment as possible. These include Chap. 2 on 
probability concepts; Chap. 3 on the neutron flux; Chap. 4 on slowing 
down; Chap. 5 on diffusion theory; Chap. 6 on the Fermi age model; 
Chap. 7 on transport theory; Chap. 8 on reflected reactors; Chap. 9 on 
reactor kinetics; and Chap. 10 on heterogeneity. It is important to men- 
tion that the remaining chapters represent in main part extensions and 
applications of these general topics. 

The material in Chaps. 1, 2, and 3 and in the first section or so of Chaps. 
4, 5, 6, 8, 9, and 10 constitutes a comprehensive first course in reactor 
analysis. A complete coverage of this text would constitute a second or 
intermediate course. 

The authors wish to express their appreciation for the assistance and 
encouragement given by their friends and colleagues. To L. Nelson they 
are especially indebted for his penetrating criticism and gentle tolerance. 
To R. R. Coveyou, L. Dresner, R. K. Osborn, and H. Schweinler they are 
grateful for many suggestions and hours of stimulating discussion; to 
R. A. Charpie, W. K. Ergen, E. Guth, G. Leibfried, L. W. Nordheim, 
A. Simon, A. M. Weinberg, and T. A.. Welton for reviews and comments; 
and to H. Honek, D. H. Platus, and D. L. Platus for help with the numeri- 
cal examples. ‘ 

Finally, the authors thank Mrs. Yvonne Lovely for her expert assist- 
ance in the preparation of the manuscript. 


Robert V. Meghreblian 
David K. Holmes 
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CHAPTER 1 


INTRODUCTION 


1.1 Nuclear Chain Reactions 


An understanding of the properties and behavior of nuclear chain 
reactors is achieved through a study of the neutron population which 
supports the chain. Information about the neutron population is con- 
veniently expressed in terms of the neutron-density-distribution function. 

The detailed features of the chain reaction are determined by the 
various nuclear processes which can occur between the free neutrons 
and the materials of the reactor system. As in chemical chain reactions, 
the rates of the reactions involved in the chain are directly dependent 
upon the density of the chain carrier, in the present case the neutrons. 
Thus in order to determine the various properties of a reactor, such as 
the power-production rate and the radiation-shielding requirements, it 1s 
necessary to obtain the fission reaction rate throughout the system and, 
therefore, the neutron-density distribution. In fact, all the basic nuclear 
and engineering features of a reactor may be traced back ultimately to a 
knowledge of these distribution functions. 

The subject of reactor analysis is the study of the analytical methods 
and models used to obtain neutron-density-distribution functions. Since 
these functions are intimately related to various neutron-induced nuclear 
reactions, a knowledge of at least the basic concepts of nuclear physics 
is essential to a thorough understanding of reactor analysis. 

The first section of this chapter is a brief discussion of those aspects 
of nuclear reactions which are of principal interest to reactor physics. 
This presentation assumes that the reader is equipped with an intro- 
ductory course in nuclear physics. The second section is an outline 
of the basic nuclear components of reactors and of the various types of 
reactors, and the last section is a summary of the principal problems of 
reactor physics and the analytical methods of attack. It is intended 
that the last section be used primarily for purposes of review and to aid 
the reader in orienting the various topics with regard to the over-all 
structure and scope of the subject. 

a. Fission Reaction. In introducing the general subject of chain reac- 
tions it will be helpful to begin with a review of some elementary but 
basic notions about nuclear reactions, in particular the fission reaction. 
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This information is included here primarily as a convenient reference for 
explaining the physical features of neutron phenomena relevant to 
reactors. 

The bulk of the neutrons participating in the chain reaction within a 
reactor possess kinetic energies which range from thermal energy! (hun- 
dredths of an electron volt?) up to fission neutron energies (several 
million electron volts). Even though this range extends over some eight 
orders of magnitude, it is nevertheless possible (and convenient) to 
describe nearly all the important neutron-induced reactions within a 
reactor by means of a single conceptual model, namely, the compound- 
nucleus idea of Bohr.* This model is especially useful in studying the 
fission process. 

The formation of the compound nucleus constitutes the first step in 
the reaction between the neutron and a nucleus. It may be represented 
symbolically by 


X4 + ni— {[X4t}* (1.1) 
where X4 denotes some nucleus of mass number A which has captured 
(absorbed) a neutron n'. Thesymbol {  }* indicates that the resultant 


compound nuclear structure X4+! is in an excited state. The excitation 
energy of this nucleus is the combined kinetic and binding energies 
of the captured neutron (in the compound nucleus). If the captured 
neutron had exactly zero velocity relative to the nucleus, then the exci- 
tation energy would be precisely the binding energy Ey. This point is 
easily demonstrated with the aid of the inverse to the complete reaction 
implied in (1.1). The complete reaction is accomplished when the com- 
pound nucleus achieves one of several possible stable states by simply 
ejecting the excess energy E, in the form of electromagnetic radiation 
(gamma rays); thus, 


X44 nis (X44) * 5 X4t+1 4+ EB, (1.2) 


Now consider the situation in which the nucleus X-+! in the unexcited 
(ground) state acquires an energy EH, just large enough to separate a 
neutron. The appropriate reaction would be 


XAt1 4 By — {X4t * 5 X4 4 0! (1.3) 


This reaction is called the photoelectric liberation of a neutron. 
Now, by the theorem of detailed balance,‘* this reaction is Just the 


1 Energy comparable to the thermal motion of the nuclei in the medium supporting 
the neutron population. 

? One electron volt (ev) = 1.6023 K 10°!2 erg = 1.6023 XK 107-'* watt sec. 

3N. Bohr, Nature, 187, 344 (1936); J. M. Blatt and V. F. Weisskopf, ‘‘ Theoretical 
Nuclear Physics,’’ pp. 340-342, John Wiley & Sons, Inc., New York, 1952. 

‘ Blatt and Weisskopf, op. cit., pp. 601-602. 

6 J¢. Fermi, ‘‘ Nuclear Physics,” rev. ed., pp. 145-146, course notes compiled by Jay 
Orear, A. H. Rosenfeld, and R. A. Schluter, University of Chicago Press, Chicago, 1950. 
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inverse of (1.2); a comparison of Eqs. (1.2) and (1.3) therefore reveals 
that 
E, = Ey (1.4) 


The binding-energy concept is essential to an understanding of the 
nuclear-fission process. A short summary of the idea is therefore in 
order. By definition, the total binding energy Eft of a nucleus is given 
by the difference between the mass of the nucleus and the sum of the 
masses of its constituent nucleons (protons and neutrons). If M is the 
nuclear mass, A the mass number (number of nucleons), N, the number 
of neutrons, m, and m, the masses! of the neutron and proton, respec- 
tively, and c the velocity of light, then 


Ey = c?[m.N, + m,(A — Nz) — M] = c{N.(m, — mz) + m,A — M} 
~c?(Am, — M) (1.5) 


where the approximation follows from the fact that ma ~m,. In order 
to obtain the average binding energy per nucleon Ey, we divide through 


by A: 
= Et 2 —_ M 
E, = “A Bl 6 (m, a) (1.6) 


This is the average energy required per nucleon to separate the nucleus 
into its constituent particles. The value of E, varies from about 1 to 
9 Mev over the entire mass scale.2 In the mass range of interest to 
reactor physics (A > 70), E, decreases monotonically from 8.6 Mev at 
A = 70 to 7.5 Mev at A = 238. It is this variation which determines 
two fundamental features of: the fission reaction. It is shown later 
that this indicates (1) that there is a positive energy release if a nucleus 
with A > 85 is caused to disintegrate and (2) that nuclei in this range are 
theoretically unstable with regard to the fission process. 

Consider first the question of the energy released when a nucleus 
disintegrates. As an example, let us take the case of the neutron- 
induced fission of the nucleus X4 which results in the formation of two 
fragments Y4: and Z4: of masses Af, and M2, respectively. On the basis 
of the compound-nucleus concept, this reaction may be written 


ni + X4—> {XAt1}*_, yar 4 Zs (1.7) 


In general, the binding energies of the fragments will differ from the 
binding energy of the original nucleus; that is, the combined masses 
of the fragments will not equal the mass of the fissioned nucleus X4*?. 
The difference appears as an energy release E, which may be determined 

1 These are: m, = 1.00893 amu (atomic mass units) and m, = 1.00758 amu, where 
lamu = 1.66 X 107" g. 


2 See, for example, C. F. Bonilla, ‘‘ Nuclear Engineering,’ Fig. 3-5, p. 63, McGraw- 
Hill Book Company, Inc., New York, 1957. 
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from the Einstein mass-energy relation. In the present case 
E,=c(M. — (Mi1+ M,)] (1.8) 


where the subscript c refers to the compound nucleus. This expression 
may be written in terms of the various binding energies if we use the 
relation (1.6); thus, in general, for nucleus 1 


ni(8) 
M, Bad A; | m, = as (1.9) 
The substitution of this equation into (1.8) yields 


E,~= (A + 1)BP — Be] + Alby — BP) (1.10) 


where we have used A, = A +1= A1+ Az. The variation of this 
function with mass number has the general shape shown in Fig. 1.1. 


50 ' 100 150 200 250 
85 
Mass number A 


Fig. 1.1 Fission energy and electrostatic repulsion energy of a nucleus as a function 
of the mass number. 


Precisely at what value of A, E, becomes positive depends, ‘of course, 
upon the mode of disintegration. In the case of symmetric division 
(A, = A,2), the critical value of A is about 85. For mass numbers sub- 
stantially greater than 85, there are many modes of disintegration which 
result in a positive energy release. 

The principal observation to be drawn from the fission-energy relation 
(1.10) is that, in the case of the heavier nuclei, the fission fragments 
represent a lower energy state than the original nucleus. This would 
imply that the heavier nuclei are inherently unstable toward fission and 
could conceivably undergo spontaneous disintegration. Experience 
shows, however, that spontaneous fission does not occur at anything 
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like the rate one might be led to expect on the basis of the fission ener- 
getics alone. The explanation rests with the fact that a nucleus cannot 
disintegrate until it has first acquired a certain activation or threshold 
energy. Thus there exists an energy barrier between the state of the 
whole nucleus and the fragmented state. If one were to take the poten- 
tial energy of the fragments at infinite separation to be zero, then the 
merged state of the fragments (forming the original nucleus) would 
have energy E,. The variation of the potential-energy curve between 
these limits would exhibit a maximum, as shown in Fig. 1.2. If the 
maximum value of the potential energy is E™*, then E=™ — E, = Eqy 
would be the threshold energy for fission. 

A nucleus can acquire the necessary excitation energy to overcome 
this barrier by absorbing either a nuclear particle or electromagnetic 


Energy 


0 ritre rT 


Fic. 1.2 Potential energy of fission fragments as a function of separation. 


radiation. Of the two possibilities, the former leads more easily to 
fission since the absorption of a particle makes available not only its 
kinetic energy but its binding energy as well. This point was previously 
noted in connection with the neutron-capture reaction. If the energy 
acquired in this way is sufficiently large, the nuclear structure experiences 
increasingly violent oscillations which eventually rupture it, forming the 
various fragments. 

An estimate of the fission threshold can be obtained from the energy 
required to distort the nucleus into an extreme shape which results in 
complete separation into fragments. It has been shown! that this calcu- 
lation can be based on the ltquid-drop model of the nucleus. The two 
principal contributions to the distortion energy of the nucleus are the 
“surface-tension’’ effect from the nuclear forces between the constituent 


1N. Bohr and J. A. Wheeler, Phys. Rev., 66, 426 (1939); J. Frenkel, J. Phys. 
(U.S.S.R.), 1, 125 (1939). 

2An elementary treatment is given by D. Halliday, ‘‘Introductory Nuclear 
Physics,’’ pp. 417-421, John Wiley & Sons, Inc., New York, 1950. 
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nucleons and the electrostatic repulsion due to the charge on the protons. 
When the nucleus is set into oscillation, any departure from its original 
shape results in an increase in its potential energy because of the ‘‘surface 
tension.”’ Such distortions tend, however, to separate the proton popu- 
lation and thereby create centers of electrostatic repulsion; these forces 
decrease the potential energy of the system and increase the distortions 
further. If the distortional oscillations lead to a ‘‘dumbbell-like”’ 
nuclear configuration, the electrostatic repulsive forces may eventually 
overcome the nuclear attractive forces and the nucleus will divide. 

When the separation results in two major fragments, the threshold 
energy for fission is given by the potential energy of the fragments at the 
instant of separation. If one assumes that separation yields two spher- 
ical collections of nucleons with Z; protons and of radius r,, then the 
maximum value of the potential energy /™™* due to the electrostatic field 
is proportional to Z:Z2(r1 + 1r2)-'. When the separation r exceeds 
7, + re, the coulomb forces predominate, and when r < r; + re, nuclear 
forces predominate. A representative curve of the potential energy 
E, of this system is shown in Fig. 1.2. 

The variation of the potential energy E> with mass number has the 
general shape shown in Fig. 1.1. It is seen that for all A < 250 the 
threshold energy Em* — E,; > 0; energy must be added in order to 
produce fission in all nuclei. The figure reveals, however, that the 
threshold energy becomes progressively smaller with increasing mass 
number. As the mass number approaches 250, there is a rapid increase 
in the probability for spontaneous fission through the mechanism of 
barrier penetration.! When A 2 250, the probability is essentially 1, 
and the nucleons do not remain together long enough to be described as 
a nuclear structure. It 1s not surprising, therefore, that nuclei with such 
large A do not exist in nature. 

b. Nuclear Fuels. Nuclei with mass numbers in the range 230 < A 
< 240 have fission thresholds of some several Mev. Thus in these cases 
fission can be brought about by the absorption of radiation or neutrons 
of only afew Mev kinetic energy. There are a few nuclei that can even 
be caused to fission by thermal (very slow) neutrons. The specific energy 
requirements for a particular nucleus depend strongly upon the excita- 
tion energy which the captured particle can impart to it. It was shown 
previously that, in the case of the neutron-induced reaction, the binding 
energy of the neutron represented a large part (if not all) of this excitation 
energy. However, even though the mass numbers of the more easily 
fissionable nuclei differ but little, the binding energies vary by as much as 
50 per cent; hence, the variation in the fissionability of the various nuclei. 
This relatively large variation is due primarily to the influence of the 
even-odd term in the nuclear-mass formula. If 4£(A,Z) is the mass of a 

1 Blatt and Weisskopf, op. cit., p. 567. 
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nucleus containing A nucleons of which Z are protons, then, in atomic 
mass units,! 


2 
M(A,Z) = 0.99395A — 0.00084Z + 0.0141A! + 0.000627 q 
ee 2 


A 


The term of interest to the present discussion is the quantity 6, the 
so-called even-odd term. It is defined 


§=0 when A is odd 
= — oe when JN, is even, Z is even (1.12) 
= + Oo when N, is odd, Z is odd 


These relations indicate the dependence of the mass of a nucleus, and 
therefore its binding energy, upon the number and type of nucleons it 
contains. An accurate computation of the binding energy of a neutron 
E, in a compound nucleus is obtained from the equation 


E, = c?(M + m, — M.,) (1.13) 


which may be compared to the approximation (1.6). 

Equations (1.11) through (1.13) reveal that neutron absorptions 
which result in compound structures with even numbers of protons and 
neutrons acquire the largest excitation energies since the 6 term is nega- 
tive for these nuclei. Compound nuclei with an odd number of nucleons 
acquire the next largest excitation energies, and odd-odd nuclei, the least. 
It is on this basis that the isotopes U?**, U5, and Pu28® can be made to 
fission by neutron captures of any energy, whereas Th?*? and U?*8 will 
fission only with very fast neutrons. In the case of the first three nuclei, 
a neutron capture leads to an even-even compound structure, and the 
excitation energy due to the neutron binding energy alone (~6.8 Mev) 
is equal to the fission threshold. Thus these nuclei can fission by thermal 
(very slow) neutron capture, as well as by captures of fast neutrons. 
It is this characteristic which makes these nuclei especially important as 
nuclear fuels. As will be discussed later, these nuclei fission with such 
relative ease in the thermal-energy range that it is well worth while to 
provide means to moderate (slow down) fission neutrons to thermal 
energies so that this characteristic may be fully exploited. In fact, the 
problem of neutron moderation is a principal consideration in reactor 
analysis. 

In the case of Th?*? and U?*8, the compound nucleus has an even-odd 
collection of nucleons and the binding energy for this state (~5.3 Mev) 

1 Bonilla, op. cit., pp. 69-72. 
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is less than the threshold energy (~7.1 Mev). Evidently, neutron- 
induced fission 1s not possible with these nuclei when the neutron kinetic 
energy is less than 1.8 Mev. This limited fissionability makes these 
isotopes much less attractive as the primary fuel component for a steady 
chain reaction, although their presence in a chain supported by any of the 
“thermal fuels” can lead to significant augmentation. 

The energy released from the fission reaction of any of the isotopes 
mentioned above may be computed from the equation for E; (1.8). This 
expression, which applies for the two-fragment divisions, will suffice for 
most situations of interest since a three-fragment (or more complex) 
division of the compound nucleus has a very low probability. A rough 
estimate of the fission energies generally available from such nuclei 
may be obtained from a sample computation for U2, The resulting 
value will be representative since the various mass numbers differ but 
little, and the principal dependence on binding energy occurs in the 
E® — E© term [ef. Eq. (1.10)]. Consider, therefore, the reaction 


ni + U2 — {U2361* —, Kr 4+ Balé? (1.14) 


The average binding energy per nucleon &, for a nucleus of mass num- 
ber 236 is about 7.5 Mev, and for nuclei of mass numbers 94 and 142, 
8.6 and 8.3 Mev, respectively. The approximate relation (1.10) yields 
for Ey: 


Ey = (236)(8.6 — 7.5) + (142)(8.3 — 8.6) = 217 Mev 


Thus, roughly 200 Mev is released in a typical fission reaction involving 
a heavy nucleus. 

The energy from fission appears principally as the kinetic energy of 
the fission fragments. As these fragments speed outward from the point 
of reaction, they encounter the various nuclei of the surrounding 
environment. Such encounters are relatively frequent since the frag- 
ments are usually highly ionized and therefore experience strong coulomb 
interactions with the electron clouds of these nuclei. These interactions 
are primarily scattering collisions, and each collision results in the trans- 
fer of some of the kinetic energy of the fragment to the struck nucleus. 
A series of such collisions eventually slow the fragments to thermal 
equilibrium with the environment. Approximately 85 per cent of the 
fission energy is liberated in this way and must be removed by a suitable 
cooling system. The remaining 15 per cent appears either as radiation 
or as the kinetic energy of neutrinos! and neutrons evaporated from 
the fragments or released at the instant of fission. A detailed break- 
down of the energy distribution for U2** is given in Table 1.1. 

The reaction of Eq. (1.14) gives one mode of division of the U?®* 
nucleus as a consequence of fission. Of course, this is not the only one 


1 Halliday, op. cit., p. 94. 
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possible and, in fact, any division consistent with the conservation of 
mass and energy can occur. The fragments which appear cover the 
entire mass scale; however, certain divisions are favored, depending on 
the target nucleus and the energy of the captured neutron. The mass 
distribution of the various fragments resulting from the fission of U2*, 
U?*8, and Pu?** is shown in lig. 1.3. For a given nucleus, the shape 
of the yield curve is highly sensitive to the energy of the incident neutron. 
The figure shows clearly the characteristic grouping of the fission frag- 
ments into two distinct regions of the mass scale for the case of a thermal 
neutron-induced fission. It is seen that such reactions most frequently 
produce two fragments, one of mass number around 95 and the other 
of mass number 140. Although other subdivisions can occur, their 
likelihood is very improbable. Of these alternative schemes, the division 
of the compound nucleus into two fragments of equal mass occurs in 
about 0.01 per cent of the time. 


TABLE 1.1 DISTRIBUTION oF Fission ENERGY FOR U235 


Form Energy, Mev 
Kinetic energy of fission fragments.......... 165 + 15 
Prompt gamma rays................00000- 5 
Kinetic energy of fission neutrons........... 5 
Fission product decay: 
Gani he dered i oe econ tensor anne oats 6 
DOUG 0 ci hit d ct beiet dice Red ae peo eeewS oy) 
NG@uthinO@Ss > se5 focsns Ge aes oho ten Bowens 11 
Total energy per fission.. ............. 197 415 


The fragments formed in fission are generally very rich in neutrons. 
This is a consequence of the fact that among the stable nuclei! the ratio 
N,/Z increases with Z. Thus the fissionable nuclei with Z ~ 90 will 
possess far more neutrons than are required in the nuclear structures 
of the stable fragments.? Nearly all these excess neutrons’ are released 
at the instant of fission. These are the prompt neutrons. The remain- 
ing small fraction of neutrons to be released are evaporated off from the 
fragments at various time intervals after fission; these constitute the 
delayed neutron groups. In the event that the emission of a neutron 
or two by a primary fragment does not leave the nucleus in a stable 
configuration, further nuclear readjustment may then occur through the 
emission of 8 radiation (electrons). 

For the purpose of studying the neutron economy in a reactor, it 
will be convenient to rewrite Eq. (1.7) so as to include the neutrons which 
are emitted by the primary fragments. For the present, we can omit 


1 Bonilla, op. cit., Fig. 3-6, p. 68. 


? Halliday, op. cit., pp. 408-412. 
299.245 per cent in the case of U2, 
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the distinction between the neutrons that appear instantly and those 
which appear at later stages in the decay processes of the fragments. 
If we denote by » the total number of neutrons which appear from fission, 
then it is clear that the nuclei Y and Z will contain fewer neutrons by 
exactly this amount; therefore, we now write reaction (1.7) in the 
representative form 


ni+ X43 {X4+1}* — YA 4 ZA-Ai-rt] 4. py t (1.15) 


For the case of U?** considered in Eq. (1.14), we might have, for example, 
the following division: 


n} + [235 ay {246} * = Kr?3 + Ba!4o + 3n! (1.16) 


We have assumed here that three neutrons are emitted by the fragments. 

The number of neutrons emitted from fission is dependent upon the 
energy of the incident neutron. In first approximation, it is permissible 
to neglect this dependence and to assume that the average number of 
neutrons produced per fission is a function only of the target nucleus. 
It should be recognized that this is not a true picture and that, in fact, 


TaBLE 1.2 Neutron YIELDS DuE To THERMAL FISSION IN NUCLEAR FUELS 


Fissionable », n; 
nucleus neutrons per fission | neutrons per absorption 
U3 2.54 + 0.04 2.31 + 0.03 
U33s 2.46 + 0.03 2.08 + 0.02 
Pu?9 2.88 + 0.04 2.03 + 0.03 


the average number of neutrons increases with the energy of the incident 
particle. For many reactor calculations, however, this dependence is 
neglected and some average number is selected for the entire energy 
range. 

The actual value of » for a given fissionable material can be obtained 
from experiment. In such measurements, even if the incident neutrons 
were all of some fixed energy, the number of neutrons produced by fission 
reactions would be a statistical quantity and would vary from one fission 
to the next. Asa matter of fact, the actual number of neutrons released 
by any one reaction is of little interest in reactor physics, and one would 
certainly prefer an average value which could be assigned to a large 
number of such reactions. Measurements of this type have been made, 
and the presently acceptable values of v (the average number of neutrons 
per fission) for the three principal nuclear fuels are listed in Table 1.2. 

c. Nuclear Reactions and Neutron Economy. So far in our discussion 
of the chain-reacting system, we have focused attention on the fission 
reaction. Fission is but one of several neutron-induced nuclear reactions 
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that can occur in a fissionable material; however, essentially all the 
remaining neutron-capture reactions are nonproductive, by which we 
mean that they do not lead to significant energy releases and additional 
neutrons. It is the competition between these nonproductive processes 
and fission which in part determines the relative merits of a specific 
nuclear species as a “‘fuel material.”” The other essential factor is the 
number of neutrons produced per fission (»). 

The two competing nonproductive neutron-capture processes are (1) 
radiative capture and (2) inelastic scattering. The radiative-capture 
reaction can be symbolized by the equation 


X4 + ni {[X4t1* XAti 4 FL (1.2) 


The symbol E, here denotes energy liberation in the form of gamma rays 
(electromagnetic radiation of wavelength in the order of 10~'° em) hav- 
ing about 1 Mev energy. In this process, a neutron is captured by the 
fissionable material and forms a compound state. However, instead of 
releasing its excess energy by fissioning, it does so by the emission of some 
radiation immediately after the capture. This emission may remove all 
the excitation energy of the compound nucleus and thereby leave it in a 
stable state. If this initial emission leaves the nucleus with some 
residual energy, further emissions must eventually follow until a stable 
configuration is achieved. For the case of U?*>, the radiative-capture 
reaction could be written 


n' + U2 —> {[ 236) * — [236 4+ Hi, (1.17) 


The symbol E, represents all the excess energy of the compound state 
(in this case, the excited U?** nucleus) which must be released in order 
to achieve the stable state U?*®, 

The second nonproductive process, inelastic scattering, does not phys- 
ically remove neutrons from the system, it merely degrades (as a rule) 
the kinetic energy of the neutron population. For the nuclei of primary 
interest to reactor technology (heavy nuclei), the inelastic-scattering 
process is conveniently described with the aid of the compound-nucleus 
model. In these reactions the nucleus ‘‘captures’’ a neutron at one 
energy and releases it at another; thus, 


ni + X4— {X4t1}*_, (X4}* +4 n) (1.18) 


A compound nucleus is not always formed, however; some inelastic- 
scattering reactions are properly symbolized by 


ni+t X4— {X4}* 4 n! (1.19) 


But, in either case, the essential feature of the inelastic-scattering reac- 
tion is that the total kinetic energy of the original particles differs from 
that of the product particles. If the struck nucleus X4 was before 
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collision in a stable state (the ground state), then after collision it will 
occupy an excited state. The energy of excitation, which appears as 
an increase in the internal energy of the nucleus, is precisely the energy 
loss suffered by the incident neutron. Thus, the sum of the kinetic 
energies of the emitted neutron and the struck nucleus (after collision) 
will differ from the total kinetic energy of the system before collision by 
exactly the amount of the excitation energy of the residual nucleus. 

A third nonproductive neutron-nucleus reaction which is of some conse- 
quence is elastic scattering. Although reactions of this type are of 
great importance where nonfuel components of a reactor system are 
concerned, they do not represent truly competitive processes in the case 
of fuels. When an elastic scattering occurs, the incident neutron leaves 
the region of the target nucleus with a different kinetic energy! from 
that which it had before the collision. However, the total kinetic energy 
of the particles involved before and after collision is conserved. From a 
phenomenological viewpoint, neutron-nucleus interactions of this type 
have the characteristics of both a “‘capture”’ type of reaction and a 
“‘deflection’’ type. The so-called potential scattering component is a 
deflection-like process and does not involve the formation of a compound 
nuclear structure. Resonance scattering, on the other hand, may be 
interpreted by means of the compound-nucleus concept;? thus in terms 
of Eq. (1.19) it can be described as an inelastic-scattering reaction which 
leaves the struck nucleus with no residual energy. Whereas this process 
is limited to relatively narrow ranges of incident neutron energies, the 
potential-type scattering extends over the entire energy spectrum. Of 
primary importance to the present discussion is the fact that the nuclear 
fuels are generally of large nuclear mass, and elastic collisions with 
neutrons produce little change in the kinetic energy of the neutron. 
Thus, elastic-scattering collisions with fuel nuclei effect little or no 
change in the neutron population, either by altering the neutron energies 
or by serving as neutron removers. 

Inelastic scattering and radiative capture are the two processes which 
compete with the fission reaction. The extent of this competition is 
determined by the relative magnitudes of the rate at which nonproduc- 
tive reactions occur as compared to the rate at which fissions occur. If 
the nonproductive reactions for a particular fissionable material constitute 
only a small fraction of all neutron-nucleus reactions, then the possi- 
bilities of this substance as a nuclear fuel are greatly enhanced. The 
deciding factor, however, is the number of neutrons released by fission. 
For a given substance, the likelihood of fission taking place may be very 


1TIn the laboratory system of coordinates. The kinetic energies in the center-of- 
mass system are conserved. 

? See, for example, Halliday, op. cit., pp. 396-402; also, Blatt and Weisskopf, op. cit., 
chap. VIII, especially pp. 325-329. 
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high, but for the purposes of a chain-reacting system, this is of little value 
if on the average the number of neutrons released per fission is negligibly 
small. Thus it is the combined characteristics, reaction rates of non- 
productive processes and number of neutrons per fission, which determine 
the merits of a fissionable material as a nuclear fuel. 

The focus of attention in reactor analysis is upon the fate of the 
neutrons produced by the fission reactions, rather than upon the fission 
process proper with its resultant fragments and electromagnetic radia- 
tion. For most situations in reactor analysis, the nuclear-fission process 
may be adequately represented by picturing a given neutron as disappear- 
ing at a point and being immediately replaced by v neutrons whose kinetic 
energies and directions of motion are very different from those of the 
incident neutron. The principal objective is to trace the life histories 
of these neutrons, of the neutrons which they in turn may produce, and 
of all the subsequent generations. 

A detailed study of the life history of the neutrons in a chain-reacting 
system depends upon a knowledge of the materials and geometry of the 
assembly which supports the chain. A complete description of a reactor 
complex is determined by the purpose and application of the device; 
thus, the configuration and composition will vary from system to system, 
and an all-inclusive description is not meaningful. Nevertheless, there 
are certain primary components of every reactor which are common to all. 
These are: 

1. The core: The region (usually central) which contains the nuclear 
fuel, along with various structural materials, moderator, and coolant. 

2. The reflector: A shell region surrounding the core which usually 
consists of moderator-type material, supporting structure, and possibly 
coolant materials. 

3. The shield: An outer shell which serves as a stopping medium for 
the biologically dangerous radiations from the core and the reflector. 

The core and the reflector region (if any) constitute the principal 
nuclear components of the reactor. From the viewpoint of the reactor 
analyst, the main interest rests with the distribution of the neutrons 
throughout these two regions. Neutrons which pass through the outer 
boundary of the reflector are effectively lost to the system. Attention 
is therefore focused on the neutron population within the confines of the 
core and the reflector. 

The core region of the reactor is the source of the neutrons which 
support the chain reaction. A large fraction of the neutrons produced 
by fission is lost to the chain process, either by passing through the 
boundaries of the reactor and thereby escaping from the system, or by 
removal through radiative capture. Unless the reactor configuration 1s 
unusually small, the fraction of the neutron population which is lost by 
escape is relatively small and the bulk of the losses is due to absorption 
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(capture) reactions which do not produce fission. We have already noted 
that radiative capture in the fuel is a competitive process with fission and, 
therefore, serves as a neutron-removal process (sink) in the chain-reacting 
system. This phenomenon is by no means confined to the fuel nuclei. 
Radiative capture of neutrons by nonfuel components of the reactor is a 
significant loss factor as well. As in the case of the fuels, the nonpro- 
ductive capture process in these materials can be described by means 
of an equation of the type (1.17). 

It was mentioned previously that the core region may contain some 
moderator-type material. (This will not be the case, however, in all 
reactors; thus in the so-called fast reactors, the absence of moderator 
materials is greatly desired.) The primary function of a moderator is to 
degrade the neutron energies through the mechanism of scattering 
collisions. We observed previously that scattering collisions, both elastic 
and inelastic, cause the incident neutron to transfer part of its kinetic 
energy to the struck nucleus. Whether or not collisions of this type 
tend to improve the conditions for maintaining a chain reaction depends 
upon the type and function of the reactor. 

The primary purpose of the reflector is to return some of the neutrons 
which escape from the core. Generally speaking, suitable reflector mate- 
rials are also good moderators; thus, intentionally or not, the reflector 
region serves both to degrade the neutron energies and to reduce the 
escapes from the system. 

In undertaking a first crude attempt to understand the various phys- 
ical features of a chain-reacting system, it will be helpful to picture the 
life history of a typical neutron as consisting of the following stages: 
(1) The neutron is born from fission somewhere in the core. (2) It 
will then wander about through the core and possibly pass back and 
forth into the reflector several times during its lifetime. (3) Eventu- 
ally, it will disappear by one of two processes, absorption by a nucleus 
_ in either the core or the reflector, or by escaping from the reflector. 

Only if the neutron is absorbed by a fuel nucleus is there a chance 
that additional neutrons will be produced.'! If there is to be a stable 
neutron chain reaction, the » neutrons produced by a given fission must 
excite, on the average, one further fission, thus replacing these » neutrons 
and thereby perpetuating the chain. 

This simple model may be used to describe in rather broad terms the 
requirements on a stable chain reaction. If n denotes the total number 
of free neutrons available at any time instant in the reactor, then it is 
clear that if the neutron population is to be stable the number n must be 
maintained for all subsequent time. A certain fraction of these, however, 


1 This is not strictly true since there are such nuclear reactions as the (n,2n) reaction 
in beryllium (capture of neutron producing two neutrons) which can serve as secondary 
neutron sources. 
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will escape from the system, and the remainder will be captured by vari- 
ous nuclei. Thus absorption or escape is the only eventuality open to a 
neutron. If we define 


fs = fraction of neutrons in the reactor which are eventually absorbed 
(by either fuel or nonfuel nuclei) 


f. = fraction of neutrons in the reactor which eventually escape 

f; = fraction of neutrons in the reactor which cause fission in the fuel 
nuclei 

f, = fraction of neutrons which experience radiative capture by fuel 
nuclei 


fo = fraction of neutrons which experience radiative capture by non- 
fuel nuclei 


then of the available n neutrons, nf. are absorbed and nf, escape; there- 
fore, 
l=fatfe (1.20) 


where, by definition, 


fa=Sfe thy + fo (1.21) 


Of the nf, neutrons absorbed, nf; cause fission, and from these fissions, 
ynf; neutrons are emitted. If the population n is to remain at steady 
state, we must require that 


n=nf.t+tnf. = vnf; (1.22) 
and it follows that 
vfs 
~_—. =] 1.23 
ap 123) 


This relation may be rewritten with the aid of Eq. (1.21); thus, 
vfs 
~~ = 1 1.24 
th +h +i ee 


For convenience, we define the ratio 
fry (1.25) 


This quantity is strictly a function of the nuclear characteristics of the 
fuel. Equation (1.24) may be written in terms of a by making a direct 
substitution from (1.25). The result is 


oe eee (=¢4) (1.26) 


The importance of this relation rests with the fact that for a given fuel, 
vy, the average number of neutrons per fission, must be at least as large 
as 1 + aif the chain reaction is to be self-sustaining.!. Thus, the number 


1 Without any external sources, i.e., no sources of neutrons other than fission 
reactions. 
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of neutrons per fission must exceed unity by precisely the amount 
which accounts for the nonproductive captures in the fuel (represented 
by the a term) and the captures in the nonfuel components and the 
escapes from the reactor [the last term on the right in (1.26)]. It should 
be noted that the fraction of neutrons which escapes from the reactor is 
dependent on the size of the system. At best, f, = 0, a situation which 
is possible only in an infinite geometry. Clearly, even for an infinite 
system, some losses (radiative capture) still occur. 

Much of the attention in reactor analysis is devoted to the calculation 
of the fractions fa, f., etc., defined above. A knowledge of these quanti- 
ties forms the basis for determining the neutron-density distributions 
in the reactor. We will later derive suitable procedures for computing 
these quantities, not only as a function of the spatial coordinates, but 
also in terms of other independent variables of interest, such as the 
neutron energies. 

Some mention must be made of the frequent use of the phrase ‘‘on the 
average.”’ As in the kinetic theory of gases, we are dealing in the 
problems of reactor physics with very large numbers of particles which 
are moving sufficiently rapidly so that the elapsed time between collisions 
is very short on the laboratory scale. For example, the entire lifetime 
of a neutron in a reactor from birth in a fission process to final death in 
absorption or escape may be of the order of 10-' to 10- sec. The proper- 
ties of the assembly which are usually measured are bulk properties 
which depend on the occurrence of huge numbers of nuclear collisions; 
thus, the actual fate of a given neutron is of little interest. What we 
really seek in every case are the various possible life histories a neutron 
may have and the probability of each such life history; then we may take 
an average over these probabilities, to find some macroscopic property 
of the system which is of interest. Inasmuch as these problems involve 
large numbers of particles and time intervals long in comparison with 
their average free flight time (time between collisions), the deviations 
in the behavior of the assembly from the average expected behavior 
will be very small. So long as these conditions hold, we may replace 
the actual assembly by a model in which all particles behave according to 
some average pattern. This approach is used over and over again in 
reactor analysis; consequently, the phrase ‘‘on the average”’ is heavily 
worked and becomes such a burden that it is often omitted as understood. 


1.2 Nuclear Reactors 


a. Classification of Nuclear Reactors. From the viewpoint of the 
reactor physicist, nuclear reactors may be classified according to two 
criteria. These are: (1) the geometric arrangement of the nuclear fuel 
and moderator materials, and (2) the average kinetic energy of the neu- 
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trons which cause the bulk of the fission reactions. In terms of the first 
criterion, nuclear reactors are separated into two categories, namely: 
(a) homogeneous reactors, and (b) heterogeneous reactors. 

The principal nuclear constituents in the core of a homogeneous reactor 
are intimately mixed. The fuel-bearing substance will appear, in gen- 
eral, as some molecular compound, dissolved in a suitable solvent to 
form a solution, suspended in a fluid carrier to form a slurry, or fused 
at some appropriate temperature (with or without a carrier) to form a 
homogeneous fluid. The purpose and operating conditions of the reactor 
complex determine which of these possibilities is the most attractive for a 
given engineering application. 

Heterogeneous reactors are characterized by the geometric separation 
of fuel and moderator materials. In systems of this type, the fuel may 
appear in the form of metal (or ceramic) plates, rods, or lumps which are 
distributed throughout the moderator according to some prescribed 
lattice configuration. Heterogeneous reactors necessarily contain mod- 
erator material, in contrast to homogeneous systems which may not. 
However, the mere physical separation of the fuel and moderator mate- 
rials does not establish a reactor as belonging to the heterogeneous 
category. This point is perhaps better illustrated by the extreme exam- 
ple of a reactor core which consists of “‘tissue-thin”’ foils of fuel material 
closely packed in a medium of moderator. In so far as the neutron 
population is affected, this configuration is equivalent to a homogeneous 
mixture of fuel and moderator. The neutrons do not ‘“‘see”’ the geometric 
discontinuities in passing from fuel to moderator to fuel, etc., because of 
the “‘fineness’”’ of the physical structure. This degree of fineness is 
determined jointly by the various dimensions of the system and by con- 
siderations of the average energy of the neutron population and the 
material composition. 

The basis for the choice between a heterogeneous and a homogeneous 
reactor is determined in large part by the available fuel enrichments, 
heterogeneous arrangements being most attractive (if not the only 
possibility) for low-enrichment fuel materials. The now classic example 
of this application was the choice of a heterogeneous configuration for 
the first nuclear reactors. The famous University of Chicago reactor 
(CP-1) designed and operated by Enrico Fermi’s group, the X-10 graphite 
reactor at the Oak Ridge National Laboratory, and the Hanford reactors 
were all heterogeneous systems. In each case the selection of the hetero- 
geneous configuration was dictated by the fact that the then-available 
quantities of enriched U?*® (the only nuclear fuel found in nature) were 
insufficient to charge a reactor, and it was necessary to employ natural 
uranium which contains only 0.714 per cent U?*®, Homogeneous systems 
utilizing mixtures of various moderators and natural uranium, however, 
cannot support self-sustaining chain reactions because of the high neu- 
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tron-absorption properties of these materials. The only exception is 
heavy water (D.0). The other good moderators, such as graphite, Be, 
BeO, and H,O, require enriched fuels, or if natural uranium is to be used, 
it must be arranged in a heterogeneous configuration. (The “lumping”’ 
of the fuel gives it an advantage over the moderator in competing for 
the available neutrons and thereby improves the possibilities for sustain- 
ing the chain reaction.) In the early days of reactor technology, only 
graphite and water were easily available, and of the two, graphite had 
the lesser affinity for neutrons and was therefore selected for the earliest 
designs. 

The energy spectrum of the neutron population in a reactor is another 
useful criterion for classifying reactors. This description, when coupled 
with the specification of the geometric arrangement of fuel and moder- 
ator, gives a reasonably complete picture of the reactor physics of the 
system. Now it was noted in the preceding section that fission neutrons 
are born into the system with energies of a few Mev, but are subsequently 
slowed to thermal speeds by a succession of elastic- and inelastic-scatter- 
ing collisions with the surrounding nuclei. Thus neutrons are distributed 
over the entire energy scale from thermal to several Mev. If one were 
to plot the density of neutrons as a function of energy, the resulting 
distribution would reveal that in each system the bulk of the neutron 
population occupies a relatively narrow band. It is convenient, there- 
fore, to speak in terms of an “average energy”’ of the neutron population. 

It was also mentioned previously that the fission-reaction rate, as well 
as the rates of the other neutron-induced reactions, is a direct function 
of the neutron energy. Thus, if the neutron-energy spectrum is known, 
the total fission rate in the reactor can be computed as a function of 
neutron energy, and an “‘average energy of fission’”’ can be derived from 
this function. It is customary to classify reactor types in terms of this 
average fission energy. For this purpose the entire energy scale is 
divided into three domains. If the average fission energy is greater than 
100 Kev, the system is called a fast reactor; if the average fission energy 
lies between 100 Kev and thermal energy, the reactor is designated tnter- 
mediate; and if the bulk of the fissions are caused by thermal neutrons, 
the reactor is designated thermal. In some areas of reactor technology, 
the expression epithermal has become popular for describing reactors in 
which the average fission energy is in the electron-volt range. 

Figure 1.4 shows typical energy spectrums for the neutron population 
in the three principal reactor types. The ordinate in these curves gives 
the relative density of neutrons as a function of their kinetic energy. 
The intent here is to present some illustrative sketches which will give 
some idea of the nature of the distribution function. Other than indicat- 
ing the general shape of these curves, the only feature of interest is the 
relative ‘‘sharpness”’ of the spectrum in the thermal reactors. 
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The classification of the neutron-energy spectrum of a given reactor 
is determined principally by the neutron-moderating materials which 
it contains. If the nuclear masses of the nonfuel components of the 
reactor are relatively low, then the neutron spectrum will correspond to 
that of a thermal reactor (cf. Fig. 1.4c); if they are large, a ‘‘fast’’ 
spectrum will result (cf. Fig. 1.4a). The spectrums of intermediate 
reactors may be due to a number of nuclear characteristics, the presence 
of nuclear masses of moderate magnitudes being one cause. 
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b. Applications of Nuclear Reactors. Since the successful operation 
of the first reactor by Fermi’s group at Chicago in 1942, nuclear reactors 
have been utilized for a number of important applications. These can 
be grouped under the following three headings: (1) power production, 
(2) research, and (3) breeding and converting. 

The first of these applications, power production, may be further 
classified according to three specific functions: central-station power, 
package power, and mobile power. Central-station-power applications 
of nuclear reactors refers to the production of power for large municipal 
or industrial areas. Package-power applications, however, refer to power 
production for limited facilities. In this classification, one might include 
power plants for areas in unusual climatic conditions, advanced bases, 
or small, isolated establishments. The application of nuclear reactors 
to power mobile units can conceivably include any device which is 
designed for terrestrial operation or, for that matter, space craft as well. 
The possibilities in this area of application are as yet hardly known. 

The application of nuclear reactors for research purposes includes the 
production of high-intensity neutron and radiation fields and the produc- 
tion of radioisotopes. The use of radiation and neutron fields for experi- 
mental research in physical and biological sciences is well established, 
and the construction of nuclear reactors for use in university and research 
laboratories is already under way. The production of radioisotopes has, 
likewise, become an important application of nuclear reactors, no doubt 
stimulated by the considerable success of radiotracer techniques. 
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The third, and the earliest, application of nuclear reactors was for the 
production of fissionable materials. The first of these devices were the 
Hanford reactors which were built for the production of plutonium by 
the conversion of the U?#* in natural uranium.! Nuclear reactors which 
produce fissionable material are generally classified as breeders or con- 
verters. It has become the custom to distinguish between these two 
reactor types by designating as breeders those reactors which produce 
fissionable material of the same kind as the actual nuclear fuel which 
they consume. Converters, on the other hand, are reactors that pro- 
duce fissionable material different from the reactor fuel which maintains 
the chain reaction. The best-known example of a converter is the Han- 
ford type reactor which produces Pu?*? from U?#8, using the U?*5 in the 
natural uranium as the fuel. The important fact in any case is that some 
fissionable material is produced from the fertile material added to the 
reactor. The U?*8 in the Hanford reactors is such a material, as is Th??? 
(which yields U?#*). In either of these fertile materials, the nuclear 
process involved is the capture of neutrons by the nucleus and the subse- 
quent formation of fissionable nuclei. Although breeders and converters 
provide only a portion of the fissionable material required in present 
reactor technology, they are, nevertheless, an important source. Another 
application of these reactors which is being given increasing attention in 
recent times is the combined production of fissionable material and power. 
The idea of a power source which is capable of producing its own fuel is, 
of course, highly attractive from the economic standpoint. Although 
many such devices have been proposed, their practicability is not yet 
entirely established. Many questions in both nuclear physics and 
economics must be answered before such applications can become engi- 
neering realities. 

In Sec. 1.2a, we discussed the classification of reactors according to 
their nuclear characteristics. There are important correlations between 
these characteristics and the operational purpose of the reactor. This 
interdependence is due in part to engineering considerations and in part 
to the nuclear properties of the reactor constituents. A simple illustra- 
tion of this point is found in the case of the thermal reactors. Great 
pains are taken in the design of these systems to obtain efficient moderator 
materials to slow the fast fission neutrons to thermal energy. The 
reason a thermal spectrum is desired is that the fission characteristics 
of the principal fuels are superior in the thermal-energy range. As will 
be shown later, this results in a minimum requirement in fuel mass. 
This consideration would be important in a design situation which is 
limited by the scarcity of nuclear fuels. We have here another reason 
for the selection of the thermal-reactor type for the earliest designs. 

1 The radiative capture of a neutron in U**8 yields Pu (cf. Eq. (1.17)]. 


Google 


22 REACTOR ANALYSIS [cHaP. l 


1.3 The General Reactor Problem 


a. Description of Neutron Population. A complete understanding of 
the nuclear behavior of a reactor requires a detailed description of its 
neutron population. In its most general form, such a description must 
give the distribution of the neutrons in space, energy, direction of motion, 
and time. A study of the various nuclear features of a reactor usually 
begins with a general statement consisting of a detailed neutron count 
which is summed up in an integrodifferential equation of the Boltzmann 
type. These equations are conveniently written in terms of the neutron- 
density function, and the statement of the equation gives a balance 
relation between the various nuclear processes which can affect the 
neutron population. 

Generally speaking, the dependence of the neutron density upon all 
seven independent variables implied above is customarily indicated in 
the initial, very broad statement of the problem. Very seldom is such 
generality required in actual practice. In most situations, attention is 
confined to certain specific aspects of the neutron problem, and less 
precise descriptions involving only a few variables will often suffice. 
For example, the time-dependent behavior of the neutron population is 
of interest only in regard to the nuclear stability and control of the 
reactor, and in many cases an analysis of the steady-state problem is 
entirely adequate. Likewise, the directional dependence of the neutron 
density (i.e., the specification of the direction of motion of the neutrons 
being studied) is of little interest except in regions of the reactor system 
close to discontinuities in the material composition (boundaries, etc.). 

Only when a complete description including all seven variables is 
required is it necessary to solve the Boltzmann equation in all its generali- 
ties. Frequently, simplifying assumptions and limiting conditions can 
be imposed which reduce the integrodifferential equation to more tract- 
able form. Thus much of the subject of reactor analysis is devoted to 
the development and the application of simplified analytical models which 
define, within the limits of engineering needs, the nuclear characteristics 
of the reactor complex. 

b. The Problems of Reactor Physics. It is convenient to list the 
various types of nuclear-reactor problems under the following general 
categories: (1) critical-mass calculations, (2) neutron-density and fission- 
energy distributions, (3) control effectiveness, (4) reactor stability, (5) 
fuel burnup and production of reactor poisons, (6) nuclear accidents and 
special problems. The computation of the critical mass! for a given 
reactor system is one of the first tasks with which the reactor analyst is 
confronted. It is, likewise, one of the easier calculations to perform. 


1 The nuclear fuel mass required to sustain a chain reaction in a reactor configuration 
of specified composition. 
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Frequently coupled with this problem is the determination of the opti- 
mum nuclear configuration which yields a minimum fuel mass. Reason- 
able estimates! for preliminary studies can be made with relatively little 
effort, and many crude analytical models are available for this purpose. 
Accurate estimates require more elegant methods or the use of critical 
experiments. Although precise mass figures per se are only infrequently 
required in modern practice, this information is usually available in every 
reactor study as the by-product of solutions to more essential problems 
involving neutron-density distributions. As a practical matter, rela- 
tively large discrepancies in mass estimates can be readily accommodated 
with the increased availability of high-enrichment fuel samples. 

Neutron-density and fission-energy distributions in a reactor can also 
be obtained with sufficient accuracy for many needs by the use of rela- 
tively simple models. Again, more exact information requires elaborate 
mathematical analysis which is usually carried out with the aid of fast 
computing machines or simulators. Occasionally associated with these 
problems is the determination of the fuel-loading pattern which will 
yield a spatially uniform production of power throughout the reactor. 
Except in the case of relatively simple core geometries, nonuniform fuel- 
loading problems can be treated only by numerical methods. The 
distribution of neutron density and power production are closely related 
and of paramount interest to the reactor analyst. A knowledge of these 
distributions determines the design of the cooling system and provides a 
detailed count of the neutron population. Once the density of neutrons 
is known at every point in a reactor, the reaction rates of all the important 
neutron-nucleus interactions are easily computed. Such information 
yields the rate of fuel consumption, the production of radiation, the rate 
of fuel breeding and conversion, and the flow of neutrons out from the 
reactor surfaces. This last factor determines, in part, the shielding 
requirements and the intensity of neutrons beam which may be available 
for research purposes. 

The problems of control effectiveness deal with those considerations 
which enter into the design and the operation of the nuclear elements 
which control the neutron population. The mechanical configuration 
of these elements may take many forms; the determining factor is 
usually design and operating convenience. The customary device is a 
rod or some other cylindrical unit which contains a material that is a 
strong neutron absorber. By some appropriate motion of the unit, this 
material is brought into a region of the reactor which contains a high 
density of neutrons. By either withdrawing or inserting this neutron 
sink, the neutron balance can be quickly altered and the population 
caused to rise or fall, thereby accelerating the chain reaction or shutting 
it off. Other control devices that have also been successful include the 

1 In the order of 10 to 15 per cent accuracy. 
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use of burnout povsons and movable reflectors. The use of burnout poisons 
for control would be better included with the group of reactor-physics 
problems dealing with long-time nonstationary processes, such as fuel 
burnup. Control devices which utilize movable reflectors rely upon 
the control of the neutron population through changes in the rate of 
neutron loss by escapes from the reactor. The problem of estimating 
accurately the effects of such devices on the neutron-density distribution 
is difficult; however, if the effect of the device is not ‘‘too large” in the 
nuclear sense, perturbation methods may be useful for such calculations. 
Otherwise, multiregion analyses may be required which in some instances 
involve the solution of the Boltzmann equation. Here again critical 
experiments are helpful in checking the analysis. 

Although most reactors contain some sort of external control device, 
at least to meet emergencies and make planned shutdowns, such devices 
are not required for all types of reactors. Many reactors in operation 
today contain some degree of inherent nuclear stability. Reactor designs 
which incorporate liquid coolants are frequently of this type. In such 
reactors, any disturbance (or control command for that matter) which 
momentarily changes the operating condition of the system (e.g., opening 
the throttle on the turbine of a power reactor) will cause some fluctua- 
tions in the neutron population and power production, but these quickly 
decay and the system returns to steady-state operation. The prediction 
of the thermal response of the reactor to these disturbances belongs to a 
related class of problems. All these involve questions of dynamic 
response and stability, and in the majority of the cases of engineering 
interest they are nonlinear in character. Although some insight into 
the physical features of a given situation can be gained from linearized 
approximations to the problem, the nonlinear solutions are ultimately 
required for a complete understanding. Much of this work is carried 
out with the aid of simulators and high-speed computing machines. 

Another class of time-dependent problems of concern to the reactor 
physicist are questions on fuel burnup, poison production and burnup, 
breeding ratio, and the like. These problems differ from those on reactor 
stability in that they involve time scales measured in hours (or years) 
in contrast to stability problems which are concerned with fractions of a 
second. Reactor-analysis problems, such as the determination of critical 
mass and neutron-density distributions, are based on the steady-state 
operating condition of the reactor. The day-to-day operation of the 
reactor at steady state involves, however, long-time changes in the fuel 
concentration. Except in the case of circulating-fuel reactors, the fuel is 
introduced into the reactor according to some predetermined cycle. As 
the fuel is consumed,! some gradual adjustments can be made by means 

1 The absorption of a neutron by a fuel nucleus ‘‘destroys”’ the nucleus whether it 
fissions or not. 
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of the controls (shim rods) which will introduce additional fuel into the 
reactor and thereby maintain the chain reaction. 

The rate of fuel consumption and the amount of control adjustment 
available for this purpose are among the problems which confront the 
analyst. Closely related to the fuel-burnup problem is the production 
of fission fragments which are strong neutron sinks. These nuclei are 
called poisons and are serious competitors for the neutrons in the chain 
reaction. The production of these nuclear species and their concentra- 
tions at all times during the operating life of the reactor are determining 
factors in the design of the control elements and the fuel-loading require- 
ments. Another set of problems which are similar in nature to those of 
fuel burnup and poison production is the production of fissionable mate- 
rial from fertile nuclei. The time scales involved are comparable, and 
the same analytical methods may be applied in each case. 

In addition to the class of conventional reactor-analysis problems men- 
tioned above, one frequently encounters special problems which arise 
from emergency or unusual operating conditions of the reactor. It is 
convenient to include also in this set the analytical problems dealing 
with special loading configurations designed to accommodate experiments. 
Such situations as the placing of test specimens and measuring devices in 
or near the reactor proper require special attention. 

c. Methods of Attack and Analytical Models. In the present discus- 
sion we summarize the principal analytical models and tools which have 
proved useful for treating reactor problems. It is believed that this 
information will serve best as an outline to locate and orient the various 
ideas and methods within the over-all structure of the subject. 

The general field of problems described above, except in some special 
areas, may be treated by the well-known methods and analytical models 
of mathematical physics. It has already been noted that the most 
general description of the neutron population usually starts with a 
neutron-balance relation of the Boltzmann type. The Boltzmann equa- 
tion was developed in connection with the study of nonuniform gas 
mixtures, and the application to the neutron problem represents a con- 
siderable simplification of the general gas problem. (Whereas in gas 
problems all the particles are in motion, in reactor problems only the 
neutrons are in motion.!) The fundamental equation of reactor phys- 
ics, then, is already a familiar one from the kinetic theory. Further, 
many of the most useful neutron models obtained from approximations 
to the Boltzmann equation reduce to familiar forms, such as the heat- 
conduction, Helmholtz, and telegraphist’s equations. These simplifica- 
tions result from the elimination of various independent variables in the 


1 This is not strictly true because the nuclei themselves are in motion, but in many 
problems the neutron speeds are very great, and nuclear motion can be neglected in 
comparison. 
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general formulation and are usually introduced by virtue of certain 
limitations imposed on the physical situation. 

Perhaps the most elementary, and limited, model in reactor analysis 
is the so-called infinite medium. The essential feature of this model is, 
of course, that the geometric confines of the real problem are ignored and 
attention is focused on other aspects of the situation. The infinite- 
medium model is especially useful for treating reactor problems which 
deal with phenomena well inside the physical boundaries of the system. 
Also, chain reactions in systems that are large in a nuclear sense can be 
handled in this way. An especially important problem in reactor phys- 
ics, the neutron-energy spectrum, may be studied by means of this model. 
The question to be answered here is the determination of the density 
distribution of neutrons as a function of kinetic energy from the instant 
a neutron appears as a fission particle down through the slowing-down 
process until it is captured. | 

A second model which has great usefulness in treating reactor problems 
is the one-velocitty model. We noted in Sec. 1.2 that the energy dis- 
tribution (spectrum) of the neutrons in the chain has a sharply peaked 
form (cf. Fig. 1.4). Asa first approximation, one can treat the neutrons 
in the reactor as though they all possess the same average energy defined 
by the shape of the spectrum. As crude as the approximation may seem 
at first, it has proved to be extremely effective for treating a large variety 
of reactor problems. It is especially useful for studying thermal reactors. 
By eliminating the general energy dependence through the assignment 
of a single energy (or the corresponding one velocity) to all the neutrons 
in the chain, the Boltzmann equation for the multiplying medium! can be 
reduced ultimately to the Helmholtz (stationary-wave) equation; this 
approximation is frequently called the neutron-diffusion equation. The 
application of this model limits the description of the neutron population 
to its spatial dependence. 

A third analytical model which combines the most important features 
of the two already described is the continuous slowing-down diffusion 
model, better known as the Fermi age model. Fermi age theory offers 
a first-order approximation to the Boltzmann equation. In this model, 
the neutron population is described in terms of two independent variables, 
energy and position. The directional dependence of the neutron density 
is eliminated by assuming that the velocity vectors of neutrons in regions 
far from boundaries are nearly uniformly distributed, i.e., isotropic. The 
application of this assumption reduces the Boltzmann equation to a par- 
tial differential equation of the heat-conduction type. Fermi age theory 
is most effective for analyzing reactors which contain a moderator of rela- 
tively large mass (anything heavier than deuterium). It is most useful 
for obtaining fuel-mass calculations and neutron-density distributions. 

As we have already mentioned, reactors are usually designed to 

1A system containing fissionable material. 
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include a reflector. Thus, the simplest configurations, at best, require 
the solution of a two-region (core and reflector) problem in order to 
obtain the neutron-density distributions. Asa rule, engineering require- 
ments complicate the reactor system considerably, and the analyst is 
frequently confronted with three- and four-region boundary-value-type 
problems. Both the elementary one-velocity diffusion model and the 
Fermi age theory may be applied to these systems. Diffusion theory 
is the most easily applied of the two and can be extremely useful in 
handling multiregion problems, provided that the one-velocity approxi- 
mation gives an adequate description of the neutron-energy spectrum. 
If diffusion theory is inadequate, and the energy distribution must be 
taken into account, the Fermi age model may still be used; however, the 
analysis of multiregion systems which include the neutron-energy spec- 
trum usually requires the application of numerical methods. The 
so-called multigroup methods have been developed for this purpose. 
Many of these methods are based on the continuous slowing-down model 
of Fermi age theory. One very useful model which has been devised for 
treating multiregion reactors is the two-group model. Various forms 
of this model have been used for analyzing reactors of both the thermal 
and fast type. The essential feature of the model is the description of the 
neutron population by means of two energy groups. The bulk of the 
neutrons which cause most of the fissions is treated as one group, and 
neutrons of all other energies are treated as a second group. The par- 
ticular merit of this method is that reasonably good estimates of the 
nuclear properties of the reactor can be obtained by hand calculation. 
More involved multigroup (three or more) methods must be handled on 
large computing machines. 

Another type of nonhomogeneity encountered in reactor analysis is 
that associated with heterogeneous reactors. The multiregion configura- 
tions mentioned above are on a relatively large scale, and each region in 
itself (e.g., the core, the reflector) is a homogeneous medium. In a 
heterogeneous reactor, the core consists of a lattice of many small cells, 
each of which contains both moderator and fuel. The moderator and 
the fuel exist as separate regions; however, the scale of the nonhomo- 
geneity is much smaller than in the general multiregion problem. An 
analysis of this type of reactor requires a detailed study of the nuclear 
characteristics of the individual cells. In particular, the analyst must 
determine the space and the energy distribution of neutrons in these cells. 
From this information, he can readily predict the over-all nuclear char- 
acteristics of the reactor. For many purposes, simple diffusion theory 
and the Fermi age model will give adequate descriptions of these distribu- 
tions in the cells. More accurate analyses require the application of 
semiempirical models or higher-order approximations to the Boltzmann 
equation. Exponential experiments are also used in this connection. 

All the models which have been mentioned can be altered to include 
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the time dependence of the neutron-density distributions. Thus, each 
of these models can be applied equally well to nonstationary reactor- 
physics problems as to steady-state problems. However, the differential 
equations which include the time dependence can be easily solved for 
only a few simple reactor geometries. More complex configurations 
(which involve two or more regions), and systems which include energy 
dependence as well, are more difficult to treat. Again, one must resort 
to numerical or graphical methods for analyzing these systems. Time- 
dependent problems which include the coupling between the reactor- 
power output and the neutron population will, in general, involve a 
nonseparable relationship between the time and the space variables. 
However, in many instances, the important features of the problem can be 
determined by using simple physical models which do separate out the 
space and the time variables. Such solutions will not yield an accurate 
description of the neutron physics, but they can give valuable insight 
into the basic characteristics of the system in question. 

The analytical treatment of reactor-physics problems is derived in 
main part from the fundamental Boltzmann equation. These models 
are approximations of this equation to various degrees of accuracy. 
Which model is selected for a particular reactor problem is determined 
by the accuracy required and the nature of the phenomenon to be 
analyzed. When the problems deal with the bulk, or integral, neutron 
characteristics of the reactor, relatively crude models can usually be 
applied. Nuclear-fuel-mass calculations fall in this category. On the 
other hand, more detailed studies require more elegant methods. This 
is a consequence of the relatively small dimensions which are involved 
in these problems. In these situations, many of the simplifying assump- 
tions about the neutron-density distribution and the composition of the 
media (such as isotropy) are no longer valid, and more precise descrip- 
tions must be used. Problems which involve regions close to material 
boundaries and heterogeneous cell calculations are problems of this type. 
Accurate descriptions of the physical situation in these problems can be 
given only by the Boltzmann equation. This is not to say, however, that 
the Boltzmann equation must be solved in all such cases. Again, cruder 
models have been devised which can be applied even to these problems, 
and previous experience can always reduce appreciably the work required 
to obtain adequate solutions. One of the purposes of the present work 
is to explain some of these approximations which have proved to be use- 
ful and to demonstrate their application to typical situations. 
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CHAPTER 2 


PROBABILITY CONCEPTS AND NUCLEAR 
CROSS SECTIONS 


2.1 Neutron-Nucleus Interactions 


a. Neutron Life Histories. Detailed analyses of the problems of 
reactor physics require in each instance a description of the average 
behavior of the neutrons in the reactor. The average behavior is 
obtained through an understanding of the probabilities of the various 
neutron-nucleus interactions which can occur. From a knowledge of 
these probabilities can be obtained a complete description of the neutron- 
density distributions and of the reaction rates of all neutron-induced 
processes throughout the reactor. The nuclear reaction rates determine 
the competition between the fuel and other nuclear components of the 
reactor for the free neutrons and thereby establish the characteristics 
of the chain reaction. If the fuel can compete favorably, the chain will 
be self-supporting and the neutron population either will be maintained 
or will increase. If the competition is unfavorable, the neutron popula- 
tion will eventually die off and all nuclear reactions come to a halt. 

As an example of a typical life history of a neutron, consider the 
trajectory of a neutron born from fission in a reactor which consists of a 
single medium (i.e., no reflector). On the average, the neutron will be 
ejected from the point of fission with a relatively high kinetic energy 
(about 2 Mev) and with a random direction. It will move outward 
from this point in a straight-line path until it encounters a nucleus or 
passes through the boundaries of the system. Throughout reactor 
analysis, we consider the region outside the medium of interest as being 
void of material so that there is no chance for back-scattering of the 
neutrons.! Thus, a neutron which passes through the boundaries of the 
reactor is lost for good. If, on the other hand, the neutron encounters a 
nucleus, by which we mean if the neutron passes sufficiently close to a 
nucleus that the nuclear forces interact,? then a reaction will occur which 
will either remove the neutron or alter its energy and direction. 

‘In reality, this will seldom be the case. In most situations, the reactor will be 
surrounded by the atmosphere, and some neutrons will always be scattered back to 
the reactor by collisions with air molecules. But, these events are negligibly few in 
number and can be ignored in so far as their effects on the chain reaction are concerned. 


2 The range of nuclear forces is in the order of 10—'3 cm. 
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For the present, we will not concern ourselves with the details of the 
various collisions which can occur. It will suffice to distinguish between 
scatterings and captures. If the neutron is scattered on its first collision, 
it will lose some energy and will move on in a new direction. Again, 
there is a possibility that this new direction will allow the neutron to 
reach the boundary of the reactor without further collisions and so escape 
from the system. On the other hand, if a collision occurs, there is once 


Loss by absorption 
Loss by escape 


Origin 
Scattering point 
Fig. 2.1 Spatial trajectory of a neutron. 


more a probability that the neutron will be absorbed or that it will be 
scattered, with subsequent loss of energy and change in direction. If 
this second collision occurs and it too is a scattering, then once again 
there is a possibility that the neutron will be lost by escape or absorption. 
This scattering process will continue until the neutron is eventually lost 
to the system. For any single neutron, the spatial trajectory will be 
some complicated series of broken straight-line paths which extend from 
its point of birth to the point at which it is eventually absorbed or leaves 
the boundary of the reactor (refer to Fig. 2.1). 


———- —— —— "Fission energy” 


Neutron energy 


0 1 2 3 4 5 6 7 


Number of scatterings 
Fia. 2.2 Neutron trajectory in energy-space. 


The trajectory of the neutron in terms of its kinetic energy is deter- 
mined from its speed over each straight-line portion of its path. Thus, 
the trajectory in energy-space is a staircase function, as illustrated in 
Vig. 2.2. Note that each scattering collision causes a jump change in the 
neutron energy. As we have already mentioned, the history of any one 
neutron is of little importance to the over-all neutron problem. We are 
concerned only with the average behavior of the neutrons, and this can be 
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described in terms of the probabilities of the various nuclear events and 
the probability for escape at each instant during the life of a neutron. 
One of the goals of reactor analysis, then, is the calculation of the prob- 
ability of a neutron-nucleus interaction of every possible type. 

b. Types of Interactions. Nuclear collisions may be classified under 
two main categories, absorptions and scatterings. It will be convenient 
for the purposes of reactor analysis to define absorptions in the following 
way: 

Absorpiton: Includes all neutron-nucleus reactions whose end products 
do not include a neutron and the original nucleus. The following processes 
are specifically included in the absorption interaction: 

1. Capture of a neutron: all neutron absorptions which do not produce 
fission, for example, radiative capture (n,y) and charged-particle produc- 
ing reactions such as (n,a) and (n,p), ete. 

2. Fission 

The various scattering interactions are included under the following 
general heading: 

Scattering: All neutron-nucleus reactions which produce a neutron and 
a nucleus that differ from the reactants only in their energy content 
(kinetic and/or internal). Scattering reactions are of two types: 

1. Elastic scattering: The products of the reaction are a neutron and the 
struck nucleus in its original internal-energy state. 

2. Inelastic scattering: The products are a neutron and the struck 
nucleus in a higher internal-energy state. 

For the present discussion, all the neutron-nucleus reactions defined 
above will be included under the general heading collision. Thus, when 
we talk about the probability of a nuclear collision, we imply any one 
of the four principal reactions: capture, fission, elastic scattering, or 
inelastic scattering. 


2.2 Probability of Collision 


a. Average Behavior. The calculation of the number of neutron- 
nucleus collisions that occur per unit volume per unit time at each 
space point of a medium supporting a neutron gas is based on a knowledge 
of the various interaction probabilities between the neutrons and the 
nuclei of the medium. These probabilities depend upon the varieties 
and densities of the nuclei present, as well as upon the relative speed of 
the neutrons.! 

A typical cubic centimeter of a reactor may contain 107? nuclei and 
10’ neutrons. In any calculation involving such enormous numbers 


1 The nuclei are generally in motion, and the relative speed of the neutrons is given 
by the magnitude of the vector difference between the velocity of the neutron and 
that of the nucleus. 
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of particles, it is neither possible nor desirable to follow the detailed 
behavior of each particle and to obtain in this way the exact number of 
collisions at each space point and instant of time. Instead, it is entirely 
sufficient to concentrate attention upon the average behavior of the par- 
ticles and to calculate the expected number of collisions. As usual in 
statistical problems, the large number of events considered guarantees 
that deviations from the expected behavior will be slight for the individual 
particle. The exact details of the life history of a neutron wandering 
through a medium are not important, since attention is confined to the 
average behavior. This average behavior is obtained by consideration 
of the functions describing the probabilities of the various nuclear col- 
lisions! that the neutron experiences. The present section is devoted 
to the construction of these probability functions. 

b. A Physical Approach. As an initial approach to the basic probabili- 
ties for neutron-nucleus interactions, consider the following situation: 
A number of neutrons no, all of a given speed, are incident normally 
upon a unit area of surface of a uniform 
semi-infinite medium (see Fig. 2.3). Each 
neutron will penetrate some distance into 
the medium before suffering its first colli- 
sion with a nucleus. For the present, the 
Seen elie cles ee type of nuclear interaction which occurs 

(and unit time) 7 medium will be left unspecified. The problem is to 
Fie. 2.3 Collimated beam of find the distribution in space of these first 
neutrons incident upon the face sd 
Of a semiangnite-mediutm: collisions. Let the number of neutrons 

surviving as far as distance z without col- 
liding with a nucleus be defined as n(z). Now weassume that the fraction 
of the neutrons which suffer their first collision in a small interval dz is a 
constant, independent of the position of the interval. If we denote the 
number of neutrons making their first collision in dx by dn(x), then the 
mathematical statement of our assumption may be written 


_ 1 dn(z) _ 
dx n(x) 


nee 


p> (2.1) 


where 2 is a constant appropriate for the given medium, the particular 
neutron-nucleus interaction, and the neutron speed. 
The solution to Eq. (2.1) is easily seen to be 


n(x) = noe ** (2.2) 
under the boundary condition 
n(0) = no (2.3) 


1 The frequency of neutron-neutron collisions is some six orders of magnitude less 
than neutron-nucleus collisions and, therefore, entirely ignored in reactor calculations. 
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The physical content of Eq. (2.2), that the number of uncollided neutrons 
falls off exponentially with distance, may be subjected to experimental 
verification directly, and the fact that the form of (2.2) is found to fit 
the data very well is evidence for the validity of the assumption expressed 
by Eq. (2.1). 

The result (2.2) may also be stated as the product of two factors; thus 


The number of the number || the probability that 

neutrons _ | of neutrons |} a neutron will not (2.4) 
surviving to starting suffer a collision 
distance x at x = 0 in traveling distance z 


If this equation is compared to (2.2), we arrive at one of the basic prob- 
ability functions for neutron-nucleus interactions: 


probability that a neutron 
w(x) = have an uncollided flight of = e—** (2.5) 
length x 


The related probability that a neutron will suffer a first collision before 
reaching distance x is called the distribution function for the first collision 
and is given by 


F(z) = probability that a neutron will have suffered its 


~ first collision before distance x 
= 1 — w(x) = 1 -— e-** (2.6) 


Further, the frequency function for first collision, i.e., the probability that 
the neutron have its first collision in unit distance about x, may be 
obtained from the distribution function; thus 


oe probability that a neutron have its first collision 
~ in unit distance about z 


= £ F(x) = Ze-2 (2.7) 


In the sections which immediately follow (c and d) these functions are 
again derived in a more complete treatment which exhibits more clearly 
the underlying hypothesis (the general form of the distribution and 
frequency functions is shown in Fig. 2.4). The physical content of 
these probability functions is discussed in Sec. 2.3. 

c. The “As Good As New” Hypothesis. There is an alternative for- 
mulation of the problem of calculating the probability of collision which 
may be obtained by asking the following question: If a neutron is observed 
moving through a medium at some speed v, what is the probability that 
it suffers a nuclear collision before it has traveled a distance x? This 
question is stated in very general terms. No detailed description is 
given of the physical condition, composition, or geometric form of the 
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medium, nor of the type of collision which is to occur. Although each of 
these factors is pertinent and together they determine a particular situa- 
tion, the general question is still meaningful and the approach generally 
applicable. We will discover shortly that the answer to our question may 
be written in terms of certain parameters which are related only to the 
physical properties of the medium and the speed of the neutron. Thus, 
if one asks what is the probability that a 100-ev neutron will be absorbed 
by a U?** nucleus within a distance of 5 cm, the answer can be expressed 
in terms of the density and certain nuclear characteristics of the U2*5 
nuclei in the medium. The specific question is concerned with a par- 
ticular physical situation and involves detailed information. The general 
problem inquires into the analytical description of the phenomenon and 
examines the conclusions predicted by the model. 

The essential feature of the analytical model we select for calculating 
the collision probabilities is the ‘‘as good as new”’ hypothesis which is 
defined in the following way: If a neutron moving through a medium is 
known to have traveled a distance x along its path without suffering a 
collision, then it is as good as new. Thus, if a neutron is as yet uncollided 
at position z, the probability that it will travel an additional distance y 
along its path before it encounters a nucleus is now measured from the 
position x. That is, the neutron is as good as new and can be considered 
to have originated at point x. The mathematical statement of this 
physical principle may be written in terms of the probability function! 
P(& < x), which we define as 


_ probability that a neutron make its first (2.8) 


P(E S 2) = F(z) = collision before reaching a given point z 


where é is a random variable and F(z) is the corresponding distribution 
function. For this calculation, we require also the conditional probabil- 
ity function. The conditional probability is defined as 


probability that given the collision 
Pix <&< 2+ yt > x) = occurs after z(& > x), it occurs (2.9) 
between z and x + y 


The ‘‘as good as new”’ hypothesis can be stated with the aid of these 
functions. Thus, if the neutron is known to have survived to z, then the 
probability that the first collision occurs before it moves an additional 
distance y [i.e., Eq. (2.9)] is identically the probability that a neutron 
first observed at z = 0 makes a collision before it reaches x = y [i.e., 
Eq. (2.8)]. Or, 


Pa<&Szrt+yl—é>zr) = P(ES y) (2.10) « 


1H. Cramer, ‘‘Mathematical Methods of Statistics,’ chaps. 13, 14, and 15, Prince- 
ton University Press, Princeton, N.J., 1951. 
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This equation is the mathematical statement of the ‘‘as good as new’”’ 
hypothesis and is the basis from which we construct the collision probabil- 
ity functions. 

d. Distribution Function for Collision. The distribution function for 
collision based on the relation (2.10) may be derived by applying the 
properties of a conditional probability, namely, 


Pia<&<xrt+y,&>2) 
P(é > z) 


The function P(x < §< x+y, & > x) is the joint probability that the 
collision occurs in the interval (z, x + y) and that the collision point is 
beyond xz. If we substitute this relation into (2.10), we obtain 


PésyP(é>z) =Pa<tSetyt>xz=P(ixa<tSxty) 

| (2.12) 
The last equality follows from the fact that P(x <&@< x+y, &>2) 
implies Piz < &< x+y). It is convenient to write this equation in 


terms of the corresponding distribution functions. We apply the 
definition (2.8) and write! ; 


F(y)(1 — F(z)] = F@ + y) — F(@) (2.13) 


This relation is in the form of a difference equation. If we divide 
through by y, we obtain 


Pa<&sSat+ylé>2) = (2.11) 


PWN — F@)] = Fe +») — FO (2.14) 


If we suppose that, for each z, F(z) has a derivative, the right-hand side 
of (2.14) tends to F’(x) as y tends to zero; the left-hand side must there- 
fore also converge. Thus we find 


D[1 — F(z)] = F’(z) (2.15) 
where the constant = is given by 
lim PY) =F’'(0) =2 (2.16) 
yoo Y 
As noted, this limit must exist, and since it does exist, F(0) = 0, hence 
the identification (2.16). The solution to Eq. (2.15) is 
F(z) = 1 -— e-** 


which agrees with our previous result (2.6). 

As we have already noted, the function F(z) is properly called the 
distribution function for the first collision of a neutron along its path. 
The derivative of this function, which is called the frequency function, 

| Ibid., p. 166. 
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is usually of somewhat greater physical interest. This function has been 
given the symbol f(z), and a formal definition was made in (2.7). 
We summarize the first collision distribution function and frequency 
function below: 
F(x) = 1 — e-* f(z) = Xe (2.17) 
Note also that 


F(x) = ee f(w) dw = ie f(w) dw (2.18) 


The general form of these functions is shown in Fig. 2.4 where, for 
convenience, the parameter 2 is taken as unity. The origin of the z axis 
is the point at which the uncollided 
neutron is first observed. The func- 
tions F(z) and f(z) are identically 
zero forallz <0. The distribution 
function F(z) approaches unity in 
the limit as z becomes arbitrarily 
large, i.e., for very large z, the prob- 
ability that the neutron has made 
a collision is nearly a certainty. 
Note, also, that the probability that 
the neutron makes its first collision per unit path of travel is greatest near 
its point of origin. Likewise, for any position to < 21 


f(xo) dx > f(x1) dz (2.19) 


It is easy to show that f(x) is indeed the probability of collision per unit 
path of travel around z by means of the following computation: The 
probability that the first collision per unit path traveled occurs around z 
is given by 


Fie. 2.4 Distribution and frequency 
functions for first collision. 


P(x << 2+ Az) 


lim 
Ar—0 Ax 
But, P(x <§ < 2+ Az) = F(t + Az) — F(z) 
Therefore, 
an P@<§SrtAr)_ jy F(z + Ax) — F(z) _ f(z) (2.20) 
A200 Ax Ar—0 Ax 


2.3 Macroscopic Cross Section 


a. Expected Number of Collisions. The parameter 2 introduced in 
Eq. (2.1) is intimately related to the nuclear properties of the struck 
nucleus and the relative speed of the neutron. In addition, it has a 
physical significance associated with the concept of a mean free path. 
This relationship is easily demonstrated by computing the average dis- 
tance to the point of the first collision, i.e., the first moment of the fre- 
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quency function f(z). In the usual way, we write! (using (2.17)] 


o bo 1 
r= = —~z = —- = 
z f-. x f(x) dx == I, ne" dz = ==) (2.21)s 
Thus the parameter 2 = 1/), the reciprocal of the average distance to 


collision (mean free path); or, saying it in another way 
~ = average number of collisions per unit path of travel (2.22)« 


A physical argument which displays the basis for this definition of 2 
may be obtained from the simple experiment discussed in Sec. 2.2b. 
According to Eq. (2.1) 

1 dn 


ae > = fraction of first collisions in dx about z 


where n(x) is the density of uncollided neutrons at x. Or, rewriting 


dn 

aa —n(x)z (2.23) 
Since the derivative at the left of this relation gives the change in the 
neutron density n(x) over the distance dz, it must correspond also to 
the number of collisions which occur in dz. Thus a verbal statement 
of (2.23) might be as follows: 


Number of number of number of collisions 
collisions in | = | uncollided per neutron per (2.24) 
traversing dz neutrons at x | | unit path 


If this equation is compared to (2.23), we immediately identify 2 as the 
quantity defined in (2.22). 

b. Radioactive Decay. By introducing appropriate changes in ter- 
minology, the analysis given above for the collision processes applies 
directly to the problem of radioactive decay. This is possible since the 
physical principle which served as a starting point for the analysis of the 
collision problem has an exact analogue in radioactive decay; namely, if a 
nucleus has not suffered radioactive decay by a given time ¢, it is “as 
good as new.”’ For this calculation, we define A, the decay constant, as 
the number of decays per unit time. This quantity is analogous to the 
parameter Z. On this basis all the analysis from Eqs. (2.8) through 
(2.18) applies directly. If we call the frequency function for decay g(t), 
then 

g(t) dt = Ae dt 
= probability of decay between time tandt+ dt (2.25) 


The distribution function G(t) is obtained by integrating g(t). 
1 Tbid., p. 174. 
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G(t) = i g(0) d8 = 1 — e™ 
= probability that nucleus decays before time ¢ (2.26) 


If N(O) is the number of undecayed nuclei present at ¢ = 0 and N(t) 
the number at ¢, then 


N(t) = N(O)[1 — G(d)] = N(O)e# (2.27) * 
We have used here the function 


_ _ probability that nucleus has not 
cae decayed by time ¢ (2.28) 


The decay per unit time is given by the derivative N’(é), 
dN 
| ax | = AN() 


Thus, the fraction of the nuclei present at time ¢ which decay per unit 
time is 

1 |dN 

x | a |= (2.29) 


which is in accord with our previous definition of A. 

A quantity frequently used in describing a radioactive decay process, 
and which is related to the decay constant A, is the half-life of the nucleus. 
The half-life is defined as the time it takes a given concentration of a 
radioactive (unstable) nucleus to diminish to half its initial value by 
decay. If we call the half-life to, then the number of undecayed nucle! 
present at time fo 1s 


N(to) = N(O)e—4** (2.30) 


As before, N(0) denotes the number of nuclei present at ¢ = 0; thus, ty 
is the time instant (measured from t = 0) at which the number of nuclei 
present is exactly half the initial amount. We require, therefore, that 


N(to) = 4N(0) (2.31) 


The half-life t) is obtained by using this relation in Eq. (2.30). The 
result is 
_in2 


to A 


(2.32) * 
The half-life, decay scheme, and energy of radiation (or of the emitted 
particle) for some radioisotopes of interest to reactor technology are 
listed in Table 2.1. The various known decay schemes for these nuclei 
are given in the third column. The symbol a denotes radioactive decay 
of the unstable isotope by the emission of an @ particle; 8—, emission of a 
negative electron; y, emission of electromagnetic radiation; AK, orbital 
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TaBLE 2.1 RaproacTivE IsoToPEs 


Decay | Energy, | Decay | Energy, 


Isotope | Half-life 


scheme Mev scheme Mev 
5B}!2 0.022 sec B- 12 43 days B- 1.85 
¥ 0.50 
«Ci4 5100 years B- 0.15 . <2 min Bo 
aN 16 7.35 sec B~ 3.5,10 | 6.7 hr B- 1.40, 1.00, 
0.47 
y 6.2, 6.7 ¥ 1.6 
a0!9 28 sec B~ 2.9,4.5 | 9.2 hr (e-)y | 0.247 
¥ 1.6 : B- 0.93 
i1Na*™ | 14.8 hr B~ 1.39 . 1.7 hr B- 1.6 
¥ 1.38, 2.76] 
izAl 2% | 2.30 min p- 3.01 | 47 hr B- 1.1 
¥ 1.8 | ¥ 0.25 
iK* | 1.8 X 10° Bo 1.9 | 1.39 * 101° a 3.98 
years Y 1.54 years 
37Co®® | 10.7 min B- 1.35 | 8.91 * 108 a 4.56, 4.40 
+ 0.056, 1.5 years ¥ 0.162 
so2n® | 250 days K(pt) | 0.32 : 24,110 a 5.15 
(e-)y | Ll | years (e~)y | 0.42, 0.20 


electron capture; 8+, positive electron emission; and e~, internal con- 
version of a gamma ray.! . 

The preceding analysis of the radioactive-decay process is entirely 
general and applies to all the decay schemes mentioned above. Some 
of the isotopes listed in Table 2.1 may decay by the emission of more 
than one type of particle. For example, Al?* decays by either 6- or 
y emission. The half-lives of nuclei that possess multiple decay schemes 
are based on the combined probabilities of the various possible events. 
Thus, in the case of Al?*, the 2.30-min half-life means that a given sample 
of this material will be reduced to one-half its initial concentration in 
2.30 min by ezther B- emission or y emission. 

Although it was not specifically stated, the decay process selected for 
the above derivation implied a single decay scheme. The analysis is 
more general than this, however, and can be changed to account for the 
possibility of additional modes of decay. To continue our example, 
consider the case of Al?*. Let G,(t) denote the probability that an Al?8 
nucleus will decay before time ¢t by 8~ emission and G,(t) the probability 
that it will decay before time ¢ by y emission. Then [cf. Eq. (2.28)] 

(1 — G (ll. — G,()] = probability that nucleus has not decayed (2.33) 


before time ¢ by etther B- or y emission 


1 A detailed description of these processes can be found in any of the standard texts 
on nuclear physics. An introductory treatment is given by F. Bitter, ‘Nuclear 
Physics,” chap. 4, Addison-Wesley Publishing Company, Reading, Mass., 1950. 
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This statement follows from the assumption that the two events y and 
8- emission are independent, and, therefore, the joint probability is given 
by the product of the individual probabilities. If Ag and A, denote the 
decay constants for these two processes, then by (2.26) 


[1 — Ga(t)]{1 — Gy(t)] = e— Ast Ay?# (2.34) 
The number of Al?® nuclei which survive to time ¢ (i.e., have not decayed 


by either y or 8~ emission) is the product of this joint probability and the 
initial population N,,(0); thus 


Nat) = Nai(O)e— “Bt Ay* (2.35) 
It is easy to show that the corresponding half-life of the joint events is 
In 2 
(Al) — 
ty ae (2.36) 


This general approach can also be applied to nuclei which decay by three 
or more modes. 


2.4 Macroscopic Cross Sections and Physical Properties 


a. Microscopic Cross Section. As presented in Eq. (2.22) the param- 
eter 2 is the expected number of neutron-nucleus collisions per unit 
length of path traveled. In this section we shall attempt to relate this 
parameter, from this definition, to the basic properties of the medium 
through which the neutron is passing. As a first, admittedly crude, 
model of the physical situation, introduced primarily for its simplicity 
and to give some feel for the physical situation, consider the nuclei as 
spheres of radius R. Then, if the neutron passes within a distance R 
of the center of the nucleus, a collision is sure to result; otherwise, there 
is no collision. Thus in traveling a unit distance along its path the neu- 
tron will collide with any nucleus whose center falls within a distance R 
measured perpendicularly from the path line. If N is defined as the 
number of nuclei per unit volume in the medium, then along unit length 
of path a total of rR?N nuclei fall within the required range for collision. 
Thus on the basis of this simple model Rt 


} 
> =(xtR2)N- ~ j-T N (2.37) 
Thus = is directly proportional to the nuclear density and to the target 
area presented by a given nucleus. 


Of course, the picture of nuclei as hard ‘‘billiard balls’’ is not really 
allowable; a more valid calculation might proceed as follows: 


Define a probability: 


probability per unit time that a neutron found 
h(r) dr = between radial distances r and r + dr from a given (2.38) 
nucleus will suffer a collision with that nucleus 
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Then, as the neutron moves an infinitesimal distance ds, it spends a 
time ds/v at a distance r from all nuclei in the spherical shell r to r + dr 
whose center is at the neutron (see Fig. 2.5). Thus in this formulation 
the parameter = is given by 


(4rr? dr)N h(r) & fae. 
== —_——_—_———— = N — h(r)dr= Noa (2.39)* 
‘ ds J v 
In the last step in (2.39) the integral of the weighted probability func- 
tion over all space is designated by the symbol oc. Equation (2.37) may 
also be written in this form with a particular choice for the function h(r). 

Thus, quite generally, the expected number of collisions per unit 
distance traveled = is proportional to the nuclear density through a 
proportionality constant which has 
the units of length squared and plays 
the role of an effective target area 
per nucleus. This proportionality 
constant will be designated by the 
symbol o and referred to as the mi- 
croscopic cross section for neutron-nu- 
cleus collision throughout this work. 
Correspondingly, the parameter 2 
will be referred to as the macroscopic 
cross section, although its dimensions 
are, as shown by Eq. (2.21), those of 
reciprocal length. The microscopic 
cross sections for nuclei are con- 
veniently measured in barns, with 
1 barn = 10-** cm’; from the result = Fy¢. 2.5 Spherical shell dr about r. 
of Eq. (2.37) a nucleus with ao of 1 
barn would be expected to have a radius of the order of 6 X 10—'* cm, 
which agrees roughly with various methods of estimating nuclear radii. 
However, the hard-sphere model is not really valid, as may be seen from 
the fact that for a given nucleus the value of o for interaction with a neu- 
tron of speed v may be a few barns, while the value of o for the same 
nucleus, but for interaction with a neutron of speed v’, only slightly differ- 
ent from v, may be several thousand barns. 

b. Cross Sections for Neutron Reactions. In our general treatment 
of the collision problem (Sec. 2.2), we were not concerned with the phys- 
ical process which took place between the neutron and the nucleus at 
the instant of collision. Instead, we confined our attention to determin- 
ing the probability that a collision occurs. Thus our initial examination 
of the collision problem has not been limited to any particular type of 
reaction, and the results obtained are generally applicable to interactions 
between many kinds of elementary particles. For the problems of reactor 
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physics, the interaction phenomena of primary importance are the 
neutron-nucleus reactions. We should like then to consider the applica- 
tion of the results of Sec. 2.2 to the description of the various types of 
neutron-induced reactions. 

It has become the practice in the field of reactor technology to represent 
the various types of neutron reactions by a fixed set of nomenclature. 
It will be convenient for our present needs to introduce this set here. 
A particular type of reaction will be described by the cross-section 
symbols given above, distinguished by an appropriate subscript. The 
most commonly used quantities are: 


XZ. = Nog = macroscopic absorption cross section 

xy = No, = macroscopic radiative-capture cross section 

Zy = Noy = macroscopic fission cross section (by convention, 
absorption includes radiative capture and fission (2.40)« 
when dealing with nuclear fuels) 

z. = No, = macroscopic elastic-scattering cross section 

Zin = No, = macroscopic inelastic-scattering cross section 


The application of the probability concept to the description of these 
processes is the purpose of the present discussion. We will demonstrate 
the basic idea involved by considering an example. Suppose that we 
have a neutron moving through a medium which consists of a single 
nuclear species and that this medium has only absorption and elastic- 
scattering cross sections; i.e., the only possible neutron-nucleus reactions 
are capture and elastic scattering. It is meaningful then to ask the 
following question: What is the probability that the neutron will travel 
a distance z before it is either absorbed or scattered? We can answer 
this question by means of a calculation much like the one we used for the 
radioactive-decay problem of Al?8. 

The two processes elastic scattering and absorption are independent, 
and their respective distribution functions are 


F(z) = 1 — e724 F(z) = 1 — e7* (2.41) 


These functions give the probability that the particular event denoted 
by the subscript occurs before the neutron reaches x. Thus, the prob- 
ability that the neutron remains uncollided by the time it reaches zx is 
[cf. Eqs. (2.28) and (2.33)] 
[1 — F,(x)]{1 — F.(x)] = 1 — F(x) = eW (2+ 22 (2.42) 
We have defined the product at the left as some function 1 — F,(z). 
This notation is used for convenience. Note that 
F(z) = 1 — e- Get 22 


= probability that neutron is 
either absorbed or elastically 
scattered before it reaches z (2.43) 
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The corresponding frequency function f,(zx) is 
fo(x) = D.e-% (2.44) 


with 2, = =.+ 2,. We conclude from these results that, in a situation 
which allows two types of neutron reactions, the joint probability that 
either of the events occur may be described by means of a combined cross 
section. This cross section, called 2, in the present instant, is simply 
the sum of the cross sections of the two reactions. This idea is easily 
extended to situations which involve more than two types of collisions. 
In general, if a nucleus has neutron-reaction cross sections for n different 
types of collisions, then the sum 2, 


SS ee 2p oe Se (2.45) s 


gives the total number of collisions of all n types which the neutron 
experiences per unit path of travel. Any partial sum, e.g., 21 + 2s, 
gives the number of collisions of types 1 and 2 per unit path of travel. 
Macroscopic cross sections, then, are additive. This operation, how- 
ever, offers some conceptual difficulties in connection with the absorption 
process. The idea of a single neutron being absorbed more than once 
appears to be in contradiction to the definition of the absorption process. 
And, indeed it is. But, this is not what Eq. (2.45) implies. In dealing 
with the absorption process (and with any of the others, for that matter), 
it is more meaningful to talk about the mean free path to absorption 
Xa, which is the reciprocal of 2, [cf. Eq. (2.21)]. A physical interpretation 
of (2.45) is better made, then, in terms of the corresponding mean frec 
paths. Thus, we write 


1 1 
| 1 1 
te Tx, 


a 
l 
| 


(2.46) 


The total mean free path is the average distance along its path that a 
neutron travels before any one of the n events occurs. Note that, if the 
mean free path to any one of these individual events approaches zero 
(i.e., the probability of the event occurring increases to unity), the total 
mean free path also goes to zero. 

The functions F(z) and f,(z) derived above may be used to describe the 
neutron population and distribution of collisions in the example con- 
sidered. If n(0) neutrons leave the origin of the xz axis, moving in the 
positive x direction, then the number of neutrons which reach x without 
collision is (cf. Eq. (2.2)] 


n(x) = n(0)e—7 (2.47) 


which follows directly from the relation (2.42). Wecan also compute the 
total number of first scattering and absorption collisions A,(z) that occur 
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in unit distance around x by applying (2.44). Thus 


A.(x) = n(0)2.e—77 (2.48) 
The number of the individual events which occur at x 1s 
Scatterings: A,(z) = n(0)Z,e—** (2.49) 
Absorptions: A(z) = n(0)2,e777 ; 


Note that the neutron population and the density of events all decrease 
exponentially from the origin. 

It has become the practice in dealing with combined events to define 
a suitable set of symbols for some of the important reactions. The 
standard practice is to call the total cross section 2, of a given material the 
sum of the cross sections of all the possible types. Thus 


Ze = Ze t Ut Zin (2.50) 


In situations wherein the inelastic-scattering process is unimportant, 
the usual definition is to write 2, = =,-+ 2,. As previously remarked 
[Eqs. (2.40)], the absorption cross section is given by 


Ze = Diy + Zf (2.51)* 


In the case of nonfuel materials (2, = 0), the absorption cross section 
is just the radiative-capture cross section. 

c. Measurement of Cross Sections. We found in Sec. 2.4a that the 
macroscopic cross section = could be described in terms of the nuclear 
density N and the microscopic cross section ¢. Thus, given the density 
of material and either cross section, the other is immediately known. 
However, as yet we have given no explanation of how the number ¢o 
(or 2) is to be obtained. With our present imperfect knowledge of 
nuclear dynamics, it is not possible to calculate from first principles 
neutron cross sections with better accuracy than roughly a factor of 2. 
Another approach to the calculation of cross sections is the phenomeno- 
logical one. From a knowledge of experimentally determined values of 
g, one attempts to compute o for other reactions in the same nucleus. 
Such calculations are generally of greater accuracy than those based on 
first principles. Thus when high accuracy is required, we must rely 
principally upon experimental measurements. 

Unfortunately, this approach is not free of major obstacles either. 
Except in the case of the total cross section [Eq. (2.50)], cross-section 
measurements are difficult to perform and require extensive instrumenta- 
tion for precision. This is especially true in situations wherein one 
attempts to measure the cross sections for the individual processes listed 
in Eqs. (2.40). However, considerable effort has gone into cross-section- 
measurement programs, and a large body of data is gradually being 
accumulated. 
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Although the basic problems of reactor physics are not generally con- 
cerned with the analysis of cross-section experiments, there are some 
special areas of reactor analysis which involve the same techniques and 
analytical models. The analysis of radiation experiments in research 
reactors and criticality studies are examples of such problems. There is 
one cross-section experiment, however, which is extremely simple to 
study from the analytical point of view and which will serve very well to 
demonstrate some of the ideas presented in this section. This problem 
has the additional merit that it gives some further insight into the 
physical concept of a cross section. The experiment in question is the 
measurement of the total cross section of a given material. 

The essential features of this experiment are as follows: A collimated 
beam of monoenergetic neutrons is allowed to strike a slab of the material 
of interest. If (0) is the number of neutrons crossing a unit area of the 
slab surface per unit time at c = O (see Fig. 2.6), the number of uncollided 
neutrons crossing a unit area per unit time at dis- 


tance z inside the slab is [cf. Eq. (2.47)] eee feces 
n(x) = n(O)e—2# eS ca 
(o) —» n(a) 
Suppose that a neutron detector is placed on the : 
opposite side from the face exposed to the inci- b= 
0 F J 


dent beam and that this detector registers a 

count only when a neutron reaches it by a path Fi1c.2.6 Collimated neu- 
normal to the slab surface. Thus, neutrons that ae beam incident on a 
are scattered about inside the slab and even- 

tually emerge at face z = a traveling in some random direction are not 
counted. It is possible that some of these neutrons might still leave 
the surface with a trajectory normal to the surface and at a point directly 
opposite the detector (point A in Fig. 2.6); however, these are few in 
number, and most of them can be eliminated by using very thin slabs 
(i.e., by requiring that az, <«< 1). The number of neutrons which survive 
the passage through the slab without being scattered or absorbed is 


n(a) = n(O)e—* (2.52) 


The numbers n(0) and a are known, and n(a) is measured by the detector. 
Thus, one can compute 2, 


De = No, = “In n(0) 


(2.53) 


A knowledge of the nuclear density N of the slab material yields the 


microscopic total cross section o;. 
Experiments of this type are most useful for measuring the total 
cross section of a given material. As already noted, cross-section meas- 
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urements for specific neutron reactions are much more difficult to make 
and will not be discussed here. Extensive compilations of such data 
have been made, nevertheless, for many materials of interest to reactor 
technology and are now available in several standard sources.! These 
data for the various elements are customarily presented in the form of 
cross-section curves as a function of neutron energy. Also available in 
many sources are the thermal-neutron cross sections. The thermal- 
neutron cross sections refer to the cross section for neutron-nucleus inter- 
action in a system wherein the kinetic energy of the neutron corresponds 
to the equilibrium temperature of the material. This reference tempera- 
ture is customarily taken as 20°C (0.025 ev). The corresponding neutron 


TABLE 2.2 THERMAL NEUTRON Cross SECTIONS? 


Material | Density Ca o, | os 


0.330 2.5 7 


0.46 mb| 7. . 2550 7 
190 2.2 
2.7 X 108 
50 , 000 
7 12.6: 
585 os adel 88 
687 10 580 
: 2.75 8.2 
Pu? 1065 9.6, 750 
PUA: lll: fers, hate tawcecs ems oot 1100 
H.0 1.0 0.66 '108 
DO ; 0.93 mb 14.3 


All cross sections are given in barns except where noted as millibarns (mb). 
¢ Refers to thermal energy (20°C or 2,200 m/sec). 


speed is 2,200 m/sec. The thermal-absorption, elastic-scattering, and 
fission cross sections for some common reactor materials are listed in 
Table 2.2. The density of the material at 20°C is also included. The 
millibarn notation (mb) used in the table is defined as one-thousandth 
of a barn. 

d. Calculation of Macroscopic Cross Sections. In order to determine 
the various neutron-nucleus reaction rates, we require the appropriate 
probabilities for collision. Since these probabilities are related to the 
collision cross sections 2 (or the mean free path A), the reaction rates 
may be computed from a knowledge of the microscopic cross sections a 


1 See, for example, Donald J. Hughes and John A. Harvey, in U.S. Atomic Energy 
Commission, ‘‘Neutron Cross Sections,’”? McGraw-Hill Book Company, Inc., New 
York, 1955. 
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and the nuclear densities N. The densities are obtained from the 


relation: 
N= nuclei _/mass\ /mole\ / nuclei 
~ vol — \ vol / \mass/ \ mole 


By the usual definitions: 


p = density = mass/volume 
@ = nuclei/mole = Avogadro’s number (0.6023 X 1024) 
A = mass/mole = atomic (or molecular) weight 


We use these definitions in the expression for N and obtain 


_ 0@ 


aaa 


(2.54) 
The macroscopic cross section may be written in terms of these quantities 


> = i (2.55) 
Thus, 2 is immediately determined once the density of the material p is 
specified. 

The magnitudes of the numbers involved in these relations may be 
demonstrated by means of a sample calculation. As an example, con- 
sider BeO. The pertinent data for computing the macroscopic cross 
sections are: p = 3.01 g/cm’, A = 25, @ = 0.6023 XK 10?4,o, = 10 barns, 
og =9mb. These yield N = 7.26 X 107? nuclei/cm’, 2, = 0.726 cm“, 
and 2, = 0.000654 cm—. 

e. Mixtures of Nuclear Species. The usual reactor configuration con- 
sists of various homogeneous regions composed of mixtures of different 
nuclear species. Thus, the general problem is to compute the reaction 
rates for media which contain more than one type of nucleus. This 
calculation is easily carried out when the media are homogeneous. The 
methods derived in the preceding portions of this section for mononuclear 
media apply directly to the uniform mixture. 

Suppose that the medium through which the neutron is moving con- 
sists of a mixture of nuclear species such that 


number of nuclei of the tth species present per unit volume 


N= of aiktniee 6S 1 2. eg 


(2.56) 
The frequency function for collision is still of the form given in Eq. (2.17), 
but the cross section 2 is now to be computed from the properties and 
densities of all nuclei present. Consider k fictitious media, each of which 
consists solely of one of the nuclear species of the final mixture. Let the 
nuclear density of the medium composed of the :th nuclear type be the 
same as the density of that type in the mixture. Then, for each of these 
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media, we can define a distribution function F,(x) such that 


eee probability that a neutron collides with a nucleus of type 
"~~ ¢ before reaching x 
a a (2.57) 


The parameter 2“ is to be computed from the properties of this ith 
medium, using the known o and the density N; from Eq. (2.54). Now 
imagine these various media to be combined to give the resultant mix- 
ture. Furthermore, let us assume that collisions with the various nuclear 
species are independent events, that is, the presence of other nuclear 
species in no manner affects the interaction between a given nuclear 
type and aneutron. Then the probability in the mizture that a neutron 
reach distance x without suffering a collision with a nucleus of type 7 
is given by 1 — F,(z). If a neutron is to survive a distance x without 
collision in the mixture, it must avoid collision with each nuclear type. 
Thus, the joint probability is some function 1 — F,,(x), where 


1 — F,,(x) = probability of survival to z in the mixture 


= [1 — F,(x)][1 — Fo(z)] - - + (lL — Fi(x)] 
k 
x [| eo 20% = eo 2s (2.58) 
tml ;: 
with r™) = FO 439 4 --. 4 5H = ») Nio® (2.59) 


t=] 


The last equality follows from our usual definition of ¢. The frequency 
function f,,(z) for collision in the medium may be computed from the 
distribution function F,,(z) by means of the result (2.58). 


Inlet) =F OG) = 2 ee (2.60) 
The mean free path to first collision in the mixture is 


] it 


~ 3) ~ NiO + No® +--+ + Nywo® (2.61) 


Am 

f. Cross Sections of Compounds and Nuclei in Bound States. The 
calculation of the cross sections for molecules may be obtained from a 
knowledge of the microscopic cross sections of the individual atoms in the 
structure. The procedure is a straightforward one for capture-type 
reactions; the capture cross section of the compound is given by the sum 
of the cross sections for all the atoms present. Scattering collisions, 
however, are much more complicated phenomena. A scattering reaction 
between a neutron and a nucleus bound to a molecular structure differs 
greatly from the reaction between the two corresponding particles in the 
free state. The chemical bonds between the struck nucleus and the rest 
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CHAPTER 3 


MULTIPLICATION CONSTANT AND NEUTRON FLUX 


3.1 Collision Density 


The importance of the nuclear reaction rates (the number of neutron- 
nucleus collisions per unit volume per unit time) to the problems of 
reactor physics was discussed in the preceding chapters. The purpose 
of the present chapter is to establish the relationship between the various 
reaction rates and the neutron population and the nuclear characteristics 
of the reactor materials. The ideas developed in this connection will 
be used to examine, in greater detail than was done in Chap. 1, the 
requirements for a self-sustaining chain reaction. 

The expected number of collisions per unit volume per unit time can 
be expressed in terms of the neutron density and the appropriate cross 
section for the type of reaction in question. In order to introduce the 
necessary concepts for this calculation, let us examine the following 
simplified situation. Consider a medium which is supporting a neutron 
gas of a specific kinetic energy. Thus, all the neutrons in this system 
have the same speed, but their directions of motion are randomly dis- 
tributed. We should like to compute the average number of neutron- 
nucleus collisions which occur in time dt in the element of volume dr 
around some space point! r in this medium. This quantity may be 
expressed in terms of the following factors: 


expected 
papected number of distance number of 
number of = 

a a collisions traveled neutrons 

collisions = , (3.1) 
ee . per neutron by neutron || in volume 
in time dé in ; tae 

per unit in time dt dr 


volume dr distance traveled 


But, by our previous definition [cf. Eq. (2.22)] 


expected number of collisions by neutrons of speed v per 


zw) unit path of travel (3.2) 


1 The symbol r denotes a set of three coordinates to locate a point in space. 
50 
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If we define, also, 
number of neutrons of speed v per unit volume around r 
at time ¢ (3.3) 
expected number of collisions by neutrons of speed v per 
F(r,v,t) = Rae 
unit volume around r and per unit time at time 


n(r,v,t) = 


then, (3.1) may be written 


F(x,v,t) dr dt = Z(v) v dt n(r,v,t) ar 

or F(r,v,t) = Z(v) v n(r,v,t) (3.4) 
The quantity F(r,v,t) is called the collision density for the nuclear reac- 
tion described by the cross section Z(v). No subscript has been assigned 
to 2 so as to keep the derivation general. Equation (3.4) shows clearly 
the dependence of the reaction rate (or collision density) on the neutron 
density n(r,v,t). This relationship was stated previously in the intro- 
duction to Chap. 1. 

In dealing with specific types of reactions, we add the appropriate 
subscripts to the cross section according to the notation of (2.40). Thus, 
for example, 

total number of collisions of all types which occur 
2.(v) v n(r,v,t) = between nuclei and neutrons of speed v per unit 


volume around r per unit time at ¢ (3.5) 
number of absorptions which occur between , 


Y.(v) v n(r,v,f) = nuclei and neutrons of speed v per unit volume 
around r per unit time at ¢ 


and soon. It is important to remember that all these expressions for the 
various collision densities are statistical quantities and should be taken 
to give the expected number of collisions. As with all statistical results, 
the actual number of collisions will vary around the expected number 
with a variation which will depend upon the neutron and nuclear densities. 
The macroscopic cross sections Z(v) may be written in terms of the 
nuclear densities in the usual way [cf. Eq. (2.39)]. In general, these 
densities will be spatially variant functions and so should be properly 
written in the form N(r). The resulting equation for the collision density 
is then 
F(r,v,t) = o(v) N(r) v nir,v,t) (3.6) 
Note that we have retained the specification of the neutron speed in 
defining the microscopic cross section o(v). This is in keeping with our 
recognition of the fact that the neutron cross sections are in general a 
function of the neutron speed (cf. Sec. 2.4a). 


3.2 Neutron Balance 


a. Infinite-medium Model. The actual situation in an operating 
reactor may be described as a continuous cycle of neutron production 
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and destruction. The principal nuclear events which constitute this 
cycle are the fission, scattering, and nonproductive capture reactions 
which take place throughout the reactor. At virtually every point 
of the reactor core, high-energy neutrons are continually appearing 
from fission. Likewise, neutrons of all energies are being continually 
removed from the general population at all points of the reactor system 
because of capture reactions. Neutrons are also continually lost by the 
net flow outward through the boundaries of the system. In the time 
interval between birth and death, a neutron wanders about the reactor 
and experiences many scattering collisions which cause it to deposit by 
decrements its initial kinetic energy from fission at the points of collision. 

If we were to examine a small volume of the reactor, we would find 
that the ‘‘microscopic’”’ picture would be much the same as the over-all 
picture of the reactor system, with neutrons of all energies continually 
streaming in and out of the little volume. Thus, at any given time 
instant, there would be present in this volume neutrons of all energies, 
corresponding to different stages in their life history. Some of these 
neutrons would subsequently be absorbed in the volume element. Others 
might be scattered about for a while before they finally pass out through 
the boundaries. The neutrons which escape would be leaving with 
energies less than that with which they entered.' If the volume element 
we selected were in the core, the situation would be further complicated 
by the continual appearance of fission neutrons. As in the case of neu- 
trons which arrive in this volume by passing through its boundaries 
(transport), the fission neutrons might disappear by absorption while 
still in the volume, or they might be scattered about before leaving. In 
any event, we realize that the physical situation in any part of the reactor 
is extremely complex. 

For the present, we will not attempt a detailed description of all the 
processes that occur in an actual system, but instead will limit our study 
of the reactor system to a considerably simplified model. The model 
we select is admittedly an unrealistic one; however, it will serve well to 
display some of the basic features of all reactors. The reactor model we 
propose has the following characteristics: 


(1) The reactor medium contains fissionable material and is 
infinite in extent and homogeneous and isotropic in composi- 
tion 
(2) All fission neutrons appear at the same speed v (3.7) 
(3) Neutrons do not lose speed (energy) in scattering collisions 
(4) The reactor material has cross sections for only absorption 
and elastic-scattering reactions 


1 These remarks do not apply to thermal neutrons, as will be explained later, but 
only to fast neutrons. 
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The first of these assumptions is imposed in order to remove the spatial! 
dependence of the neutron density. In an infinite homogeneous medium, 
no neutrons can be lost by leakage (escape), and all regions of this medium 
are identical. Thus, there are no special space points in this system (all 
points are alike), and consequently there can be no net change in the 
neutron population in going from one point to another. We recognize 
then that the neutron-density function n will not include spatial coordi- 
nates in its argument (cf. Eq. (3.3)]. Assumption (2) further restricts 
the system to neutrons of a fixed speed. This is known as the one- 
velocity model. Thus, in our definition of the neutron density n, we can 
omit the speed variable v, it being understood that all the neutrons in 
this medium have the same speed. Although we specified a similar 
situation in the discussion of Sec. 3.1, it was convenient to retain the 
independent variable v in that instance in order to emphasize the func- 
tional dependence of the quantities involved. Assumption (3) is intro- 
duced so as to simplify the problem and allow attention to be focused on 
other aspects of the physics. The energy changes resulting from scatter- 
ing collisions will be discussed in detail in Chap. 4. Assumption (4) 
is again a simplification, but it does not impose any great limitation on the 
usefulness of the results. As in the case of the neutron density n, the 
cross sections will refer to neutrons of speed v, but the symbols will not 
include the argument v for the reason given above. 

b. Neutron Density in Infinite Medium. Even though the system 
described above is a highly fictitious one, we can nevertheless acquire 
from it a considerable insight into the nature of a chain-reacting complex. 
We approach this objective by asking the fundamental question of all 
reactor problems: What is the distribution of neutrons in the system? 
Because of the nature of the limitations we have imposed, this distribu- 
tion will be expressed in terms of the only remaining variable, the time ¢. 
Thus any balance condition we write for the neutron population must 
be in terms of its time dependence. On the basis of the assumptions (3.7), 
all the materials are uniformly distributed throughout the space. Fur- 
thermore, the only sources of neutrons are the fission reactions, and the 
only sinks, the absorption reactions. No neutrons can be lost by escape 
through the boundaries of this reactor. The neutron-balance condition 
for this system must be expressed then in terms of the time rate of change 
of these competing processes. The verbal statement of this condition 
is as follows: 


Numbexot number of number of 

neutrons gained neutrons produced neutrons lost by 

per unit volume | _ from fission per a absorption per 

per unit time et yous pee unit volume per 
unit time unit time 


Google 


54 REACTOR ANALYSIS [cHAP. 3 


This statement may be written in terms of the concepts developed in 
Sec. 3.1. If n(t) denotes the number of neutrons per unit volume at 
time ¢, then by introducing the appropriate collision densities for absorp- 
tion and fission [see Eq. (3.5)], we have 


£ nit) = pLsun(t) — Davn(t) (3.8) 
where 2; = Nroys = macroscopic-fission cross section of fuel (3.9) 
Le = 2) + 2 = total macroscopic-absorption cross sec- ; 
tion of reactor material 
and vy = neutrons per fission 
Nr = fuel nuclei per unit volume 
No = nonfuel nuclei per unit volume 
><") = macroscopic-absorption cross section of fuel (3.10) 
2°’ = macroscopic-absorption cross section of all nonfuel 
materials 
In general, if there are M such materials 
z10) = pee + 502) fe 2 es he pu) 
= Ny? + No® +--+ + Nyo™ (3.11) 
which follows from Eq. (2.59). The symbols Ni, Ne, ... are the 
nuclear densities of the nonfuel components and the o, o, . . . their 


respective microscopic-absorption cross sections. 

Two points are to be noted from Eq. (3.8): (1) No mention is made 
of loss or gain by migration across the boundaries of the unit volume. 
In our idealized model, no such losses or gains occur on the average 
since each neutron lost by wandering out is immediately replaced by a 
neutron gained from wandering in [cf. assumption (1), Eq. (3.7)]. (2) 
No mention is made of the scattering cross section Z,; these reactions 
have no effect on the neutron population in the present model. Both 
of these facts result from the assumption of an infinite medium and the 
consequent uniform neutron density. In the more general case of a 
finite reactor, the scattering cross section will affect the neutron balance, 
and migration (or transport) losses and gains must be considered. 

Suppose now we ask for the physical condition which must hold if a 
neutron density, once set up in this infinite medium, is to persist for all 
time, i.e., we ask that 


d 
nit) = 0 (3.12) 
It follows from Eq. (3.8) that 
vis = 
5. — 1 (3.13)* 


Google 


SEC. 3.3] MULTIPLICATION CONSTANT AND NEUTRON FLUX 55 


(so long as we have not selected n = 0). Equation (3.13) is one of a class 
of conditions called the criticality condition; a reactor which satisfies such a 
condition is said to be critical. 

If condition (3.13) is not satisfied for the infinite reactor, then (3.12) 
does not apply, and the neutron density must change in time. As an 
example, suppose that in some way a uniform density mo is established 
in the infinite medium and maintained until time ¢ = 0. At ¢ = 0 all 
nonfission sources are removed; then for all ¢ > 0, Eq. (8.8) applies. 
The solution of this equation gives the neutron density n(t) for all subse- 
quent time. We write (3.8) in the form 


£ nit = (vB, — Ze)on(t) (3.14) 


The solution to this equation is 


n(t) = noelr*s—*) 08 (3.15) * 


where we have applied the initial condi- 

tion n(0) = no. Note that if »X,= 2, fre 3! Mime dependence of neu- 
ae : ron density in infinite medium. 

n(t) = no for all ¢ > O; this 1s the condi- 

tion we examined above. But, if »2, > Za, the neutron population rises 

exponentially with time, and if v2; < Z,, it decays exponentially. These 

three possible situations are shown graphically in Fig. 3.1. 


3.3 Infinite-medium Criticality Problem 


a. Neutron Chain and Multiplication Constant. The criterion for a 
self-sustaining chain reaction in a system containing fissionable material 
is that, on the average, the number of neutrons produced per unit volume 
per unit time be equal to the number of neutrons lost per unit volume 
per unit time [cf. Eqs. (3.12) and (3.13)]. From the viewpoint of the 
behavior of the neutrons, the cycle may be imagined to be as follows: 
Mo neutrons are produced per unit volume per unit time. If these no 
neutrons are produced as the result of fission reactions, they will, in 
general, have kinetic energies of about 2 Mev. Each of these no neutrons 
moves through the system and makes collisions with the various species 
of nuclei present; the results of these collisions will be: (1) change in 
direction of motion of the neutron, (2) loss in kinetic energy of the neu- 
tron, (3) disappearance of the neutron by absorption in the nucleus, and 
(4) loss of the neutron by passage from a final scattering collision across 
the boundaries of the system. 

Each of the original mp) neutrons will have a different history, but, on 
the average, a certain fraction of them will disappear as a result of 
processes (3) and (4). Only those absorbed in nuclei have a chance to 
produce additional neutrons; a certain fraction of the absorbing nuclei 
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will be those of the moderator, the coolant, and the structural materials, 
all of which have cross sections for nonproductive capture of neutrons. 
Only the fraction of neutrons absorbed in the fissionable fuel can be 
productive. Furthermore, not all captures in fissionable materials result 
in fission and, hence, more neutrons, because each fissionable element has 
also a cross section for radiative capture. In any event, a certain fraction 
of the mo will cause fission, and these fissions in turn will yield, say, 
n, neutrons. If the reactor system is self-sustaining, the n; neutrons 
of the second generation will be identical in number with the np neutrons 
of the first generation; thus, the population is maintained. 

The ratio of the neutron population in two successive generations, 
such as myo and mn, is a useful number for describing the characteristics 
of the chain reaction. This ratio is called the multzplication constant 
of the reactor and is formally defined as 


ia: ratio of number of neutrons of any one generation to 
~ ™o number in preceding generation (3.16)« 


As noted above, the system is at steady state when k = 1. In this case, 
each generation reproduces itself, and the neutron population remains 
fixed. If k > 1, the subsequent generations of neutrons increase in 
population; if k < 1, the subsequent generations decrease in population. 
The case k = 1 corresponds exactly to the condition given by Eq. (3.13), 
i.e., the criticality condition. This is easily demonstrated for the infinite- 
medium reactor model defined by the assumptions (3.7). 

In our treatment of the infinite homogeneous reactor model, we argued 
that the neutron density was a spatially invariant function. Thus, if 
we determine the neutron-balance conditions in any one volume element 
of this infinite system, these conditions will apply to all such elements 
throughout the space. Let us write, then, the quantities involved in our 
definition of the multiplication constant in terms of the nuclear events 
which occur in a unit volume of the reactor. It is convenient here to 
write Eq. (3.16) in the form 


— number of neutrons produced per unit. volume per unit time 
~ number of neutrons introduced per unit volume per unit time 
(3.17) 


According to the definition of the collision density, the neutron production 
per unit volume per unit time is given by vZ,;nv. These neutrons are the 
offspring of the previous generation, of which there must have been 
exactly Zanv produced per unit volume per unit time. That Z,nv is 
indeed the number of neutrons introduced follows from the fact that all 
neutrons must eventually be absorbed somewhere. Although very few 
of the neutrons introduced into the unit volume are actually absorbed 
there, every one of the neutrons which leave this volume element to be 
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absorbed elsewhere is replaced by one which arrives from another region 
of the reactor. It follows, then, that 
_ yl nv = vos 
k= Dnv = zy (3.18) * 

Thus, the multiplication constant for the infinite-medium reactor is given 
by the ratio vZ,;/Z.. When k = 1, we have a critical system, and the 
neutron population maintains itself. Equation (3.18) is, therefore, con- 
sistent with (3.13). 

Equation (3.18) is frequently written in an alternative form which 
better shows the essential features of the reactor. Let us write the total 
absorption cross section 2, according to the definition (3.9). Then 


= voy 
> ziP) + yo) 


k 


If we multiply numerator and denominator by the absorption cross sec- 
tion of the fuel 2°", we obtain 


7 v2, Dir) a UN roy DF) 2 1) _ DP) 

ztF) zi") + zo) N pot?) pe + 210 Oa /F pr + 2) 
The ratio (vo;/o,)r, which depends only on the nuclear properties of 
the fissionable material, is usually denoted by the symbol 7 and is to 
some extent a measure of the value of a fuel in a reactor. Of course, the 
value of 7 varies with the relative speed (energy) of the neutron, but 
for many reactors there is one neutron speed which is of predominant 
importance (cf. Sec. 1.2a), and the value of 7 at that speed is an appropri- 
ate criterion for the value of a fuel. The quantity 7 may also be defined 
in terms of the ratio a defined previously (cf. Eq. (1.25)]. In terms of the 
fuel cross sections, 


(3.19) 


(P) 
Oy 


(3.20) 


a= 
Oy 


and it follows that 
-_ Vos = v 
7 = oy + o{F) 1 aa a (3.21)* 
The quantity 2°) /[2¢” + 2] is usually denoted by the symbol f 
and is called the thermal uttlization;' it is dependent upon the concentra- 
tion of the fuel and is a measure of the competition for neutrons between 
the fuel nuclei and the nonfuel nuclei in the reactor. Note that if 
Nr— 0, f— 0; likewise, if No— 0, f— 1. If this notation is used in 
(3.19), the multiplication constant may be written 


= nf (3.22) « 


=F) 


where 7 


1 This expression was first used in conjunction with ‘‘thermal reactors”’; thus, the 
cross sections would refer directly to the property of thermal neutrons. 
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It was remarked in Sec. 3.2b that the scattering cross section did not 
play a role in the analysis of the infinite-medium model, and indeed 
the result (3.22) is independent of 2,. This is entirely a consequence 
of the assumptions of an infinite medium and no change of speed in 
scattering. 

For more general finite multivelocity reactors, other expressions for 
the multiplication constant will be obtained; these must take into account 
loss by escape from the system and absorption and production of neu- 
trons over the entire range of energies. 

b. Critical Fuel Concentration. The criticality equation! (3.13) gives 
the condition which must be satisfied if an infinite homogeneous reactor 
is to operate at steady state, i.e., be self-sustaining. This equation is a 
condition on the material composition of the reactor. If the nonfuel 
components of the reactor (moderator, structure, coolant, etc.) are 
specified, Eq. (3.13) defines the critical fuel concentration for that system. 
We will show later that critical equations in general also involve the geo- 
metric proportions of the reactor. For the infinite-medium problem, 
however, the factor? in the critical equation which depends on the reactor 
dimensions is identically 1, and the resulting expression depends only on 
quantities involving the composition. 

The infinite-medium one-velocity model has some useful applications 
in reactor analysis. One application is the estimation (in first approxi- 
mation) of the critical fuel concentration of large, highly thermal reactor 
systems. A sample calculation using this model is presented in Sec. 3.4. 
In the present section, we derive the basic relations for determining the 
critical concentration. For simplicity in notation, we assume that the 
reactor core contains only nuclear fuel and moderator and that these 
components are intimately and homogeneously mixed. If the fuel and 
moderator are not homogeneously mixed, and this will be the case in 
many reactor designs, one can still introduce a suitable homogenization. 
The usual procedure is to assume that the various reactor materials, 
which in reality appear as distinct and separate regions, are mixed 
uniformly and spread throughout the entire reactor volume. Thus, if 
the region of interest is the core, then one assumes that the constituents 
are spread uniformly through the core volume. Consequently, each of 
the constituent materials of the core appears at a reduced density. The 
density-reduction factor is given by the ratio of the actual volume of the 
substance (as it is to be found in the reactor) to the total volume of 
the core. The total volume of the core is, therefore, maintained in the 
homogenized version of the system. A similar procedure may be applied 
to the other regions of the reactor, such as the reflector. These will be 
discussed later. 


1 See also Eq. (3.22) with k = 1. 
2 The neutron nonleakage probability. 
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e We compute the critical fuel concentration Nr from Eq. (3.22). If 
the symbol Af denotes the moderator components, then the appropriate 
form of (3.22) for a homogenized fuel-moderator system is 


nN rol 
b= ot = NyeP + Nua eT 
The solution for Nr 1s 
N: ak 
Ny = nF ae i) (3.25) 


This equation gives one relation between the two unknowns Ny and Nr. 
A second relation may be obtained by requiring that the total volume 
of the system be conserved. This condition may be written 


L=) (3.26) 
where the volume fractions are given by 
7, = i (3.27) 
and V; = actual volume of component 7 as it is to appear in 
reactor 
V = total volume of system under consideration (3.28) 


Equation (3.26) may be stated in terms of the nuclear concentrations. 
For this purpose, we use (2.54) in the form 

nN, = EE (3.29) 
In this expression, P; is the density of component 1 after it has been dis- 
persed uniformly through the region V. According to our previous 
definition, this is simply the normal density p; of material 7 times its volume 
fraction; thus, 

P; = pv; (3.30)* 


The normal density p,; is the actual density of material 7 at the reactor 
temperature and pressure of interest. It follows that 


N,A; 
vu, = a (3.31) 
The substitution of this relation into (3.26) yields 
i= 1 (7 fe vxae) (3.32) 
Q\ pr PM 


This is the second equation between Nw and Ny. The simultaneous. 
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solution with (3.25) gives ‘ 
Ness pr@ 
"  Apl(n — 1)m/sp + 1 
(3.33) 
Nu = pmQ} (n — 1)m/sp 6 oa | 
Am | (n — 1)m/sp + 1 
_ Am oi) _ pM 
where m= 7- = on p= x (3.34) 


3.4 Application to Safety Storage Calculation 
of a Chemical-processing Plant 


In the present section, we carry out a sample calculation for the safety 
storage requirements in a chemical-processing plant. The calculation is 
based on the infinite-medium one-velocity model. 

Our consideration of nuclear reactors, thus far, has included only the 
principal features of the reactor proper. The reactor is, of course, only 
one element of an extensive engineering complex. The operation and the 
maintenance of this device require many additional component systems. 


CHEMICAL 
DILUTION PROCESSING 


New fuel 
To reactor 


elements 
Fra. 3.2 Chemical processing cycle. 


Spent fuel elements ——> 


REACTOR 


Precisely what supporting components are required is determined by the 
type and the design purpose of the reactor. Reactors designed for indus- 
trial or military application are primarily used for the production of power 
or fissionable materials. These applications are frequently made on a 
large scale; consequently, the supporting facilities are also large. Under 
such circumstances, the preparation and supply of the reactor fuel ele- 
ments can become a mammoth undertaking. This is particularly true 
in the case of reactors which utilize fissionable materials in solid form. 
Such large quantities of solid fuel elements can be handled only in large 
chemical-processing plants. 

When dealing with large amounts of fissionable material, a problem 
which inevitably arises is the criticality consideration of the system. 
The problem is important to the chemical-processing cycle for two rea- 
sons: (1) the safe storage of the fissionable material at each stage of the 
process, and (2) the optimization of the batch size handled by the process. 
Both of these factors can enter into the design considerations of the 
process at any one of a number of intermediate stages. The principal 
stages in the chemical processing of solid fuel elements are shown in the 
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block diagram of Fig. 3.2. The first stage is denoted cooling and cus- 
tomarily involves the storage of the spent fuel elements in a suitable 
vault or canal wherein the radioactivity of the fission fragments present 
in the elements is allowed to decay to tolerable limits. The second stage, 
here called dilution, is the preparation of the fuel elements for processing 
(e.g., dissolving by some suitable acid solution). The final stage involves 


Fuel cluster 


New slugs 


| 
he Spent slugs 


Fic. 3.3 Core and fuel-element configuration. 


A 


the reconcentration of the unburned fissionable material present in the 
element and the preparation of new elements. 

At each stage of the process, the geometric configuration of the batch 
must be safe. We will illustrate the treatment of the criticality problem 
in this connection by carrying out a sample calculation for one stage 
of the process. For this calculation, we select the cooling stage and apply 
the one-velocity infinite-medium model to determine the criticality of the 
proposed cooling batch size for a representative reactor configuration. 

Let us assume that the reactor in question is a heterogeneous system 
of slightly enriched natural uranium slugs imbedded in moderator. The 
slugs are cylindrical in shape and are loaded into the core through vertical 
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channels so as to form clusters (see Fig. 3.3). The design details of these 
elements are given below: 


hig leng@thus esac co anda eae eed oo 12 in. 
Slug diameter..................0.0008. 0.4 in. 
Slugs per fuel-element cluster........... 500 
Enrichment (% U8).................. 3 
Total number of slugs.................. 150,000 


It is proposed that the reactor be loaded by adding new slugs (a complete 
vertical layer at a time) at the top and withdrawing spent slugs (a layer 
at a time) from the bottom. This operation would yield 25,000 slugs 
per layer, these to be loaded into storage crates in batches of 500 for 
cooling in a water canal. The storage crate is a rectangular box 9.2 by 
8.8 by 12 in., with +-in.-thick steel-plate sides (no top or bottom). This 
crate can hold 506 slugs. We should like to know if the loaded crate is 
critical when immersed in water. 

We compute the multiplication constant for this system by assuming 
that it is a homogenized infinite medium. Thus, we require the macro- 
scopic cross sections of a system consisting of enriched slugs, steel, and 
water. The volume fractions of these constituents may be computed 
from the cross-sectional area of the crate: 


Cross-sectional area of crate occupied by 506 slugs = 410 cm? 
Cross-sectional area of crate occupied by steel = 56.4 cm? 
Cross-sectional area of crate occupied by water = 55.7 cm? 


The densities of the various materials in the homogenized system are com- 
puted from Eq. (3.30), using pr = 18.7, psec = 7.8, and pu. = 1 g/cm? 
(cf. Table 2.2). 


Pr = prvr = (18.7)(44$) = 14.7 g/cm? 
Praca = 0.843 Pus = 0.107 


For the microscopic cross sections (at 0.025 ev), we use 


08) = 2.75 barns 0?) = 687 
give) = 2.53 oO) = 0.66 


where the superscript (28) refers to U?*8 and (25) to U?5, We will use 
these cross sections directly in our calculations; this is not a correct 
procedure, but it will suffice for the present purposes.!. In order to 
simplify the calculation of the macroscopic cross sections, we introduce 
the following conservative assumptions: (1) Spent fuel elements contain 
original concentration of U?35, (2) Fission fragments (which are strong 
neutron absorbers) in the spent slugs may be ignored. 


1These data should be corrected for the energy distribution of thermal neutrons 
which are not all clustered about 0.025 ev, but are spread out over a wide range (refer 
to Chap. 4). 


Google 


SEC. 3.5] MULTIPLICATION CONSTANT AND NEUTRON FLUX 63 


For the 3 per cent enriched uranium slug, we obtain the absorption 
cross sections (cf. Eq. (3.29)] 


225 = Npo®?) = af gag 0.766 cm—! 
zee) = 4D O60 T)OS7) = 0.0992 em-" 
Baten = (0.845) (0.6928) (2.58) ~ 0.0229 em-! 

SO) = 00.197) €0.6928)(0-68) = 0.00235 em- 


These give for the thermal utilization f [ef. (3.23)] 


(25) 
Za 


f = D026) ae D(28) 4 Distee) p at0) = 0.860 


And, the multiplication constant is, by (3.22), 
k = nf = (2.08)(0.860) = 1.79 


It is important to note that this result is based on a very elementary 
model of a chain-reacting system and should not be taken a priori as a 
representative value for the infinite-medium multiplication constant. 
Some of these limitations were mentioned in the discussion following 
Eq. (3.19). Better estimates for the infinite-medium multiplication con- 
stant than that given by Eq. (3.22) are developed in Chap. 4. 


3.56 Neutron Flux 


A statement of the neutron-balance condition involves the collision 
densities of the various possible neutron-nucleus reactions. The col- 
lision densities, in turn, may be described in terms of the neutron densities 
and the appropriate cross sections [cf. Eq. (3.5)]. Although the neutron 
density n is the fundamental quantity which describes the neutron 
population, it 1s frequently more convenient in reactor calculations to 
work with another function, called the neutron flux. The neutron flux ¢ 
is related to the neutron density through the definition (v = neutron 
speed) 

¢ = nv (3.35) * 


If the neutron density is given as a function of space, speed, and time, 
then the flux is similarly specified; thus, if we use the definition (3.3), the 
flux is 

d(r,v,t) = n(r,v,t)v (3.36) 


Note that the flux ¢ refers to neutrons of a particular speed v. More 
correctly, the function n, and therefore ¢, must be given for an interval 
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of speed dv. Thus, the formal definition of the density n(r,v,t) is 


number of neutrons in volume dr around space 
n(r,v,t) dv dr = point r at time ¢ which have speeds between v and 
v+ dv (3.37) 


The corresponding definition of the neutron flux is 


total flux of neutrons in volume dr around r at 


O(F,0,1) do dt = one t which have speeds between v andy + dv = (3.38) 


The quantities n(r,v,f) and ¢(r,v,t), therefore, are given as functions per 
unit speed around v and per unit volume around r. By the expression 
‘‘around v,’”’ we mean speeds which differ from v ever so slightly so that, 
if the deviation is dv, then as dv — 0, the speeds in question approach v. 
It is customary to call ¢ the total track length per unit volume per unit 
time. The basis for this terminology is evident from the definition (3.35). 
We write this relation in an expanded form 


$(r,v,t) dv dr = vn(ryv,t) dv dr 


distance number of 
traveled neutrons Pee 
= | per neutron || per unit SP [volume] (3.39) 
interval 
per unit volume per 
time unit speed 
or total distance (track length) traveled by all 


¢(r,v,t) dv dr = neutrons which have speeds in dv around v in 


volume dr per unit time (3.40) « 


This definition is frequently abbreviated to: total track length per unit 
volume per unit speed. Whenever this form is used, the complete state- 
ment (3.40) is implied. 

It is sometimes more convenient to describe the neutron population in 
terms of the neutron kinetic energy instead of the speed. In this event, 
the neutron density and the flux are defined per unit of energy. In order 
to show the relationship between the speed and the energy definitions, 
let us consider the function 


number of neutrons in dr around r at time ¢ 


ees = which have kinetic energies in dE about E (3.41) 


This function gives the neutron density in the energy space E. It can 
be directly related to the density in the speed space [given by (3.37)] 
by selecting the speed interval dv which corresponds to the energy interval 
dE. Clearly, if we specify that dv is to correspond to dE, then the num- 
ber of neutrons per unit volume around r must be the same whether we 
describe it in terms of the energy variable E or in terms of the speed 
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variable v. Thus, if we use the function (3.37), then we require that 
(cf. Fig. 3.4) 
n(r,#,t) dE = n(r,v,t) dv (3.42) 


or n(r,E,t) = n(r,v,t) x (3.43) 


This statement tells us that if the neutron density is known in terms of 
either FE or v the expression in terms of the other is obtained by using the 
transformation (3.43). The differential ratio! dv/dE is computed from 
the relation E = 4mv?, where m is the mass of the neutron. It follows 
that 


nee 3.44 
mv V/2Em V2Em ( ) 


where we have omitted the variables r and ¢ for the sake of clarity. The 
corresponding expression for the flux per unit energy range is obtained 


Fia. 3.4 Equivalent intervals in speed and energy spaces. 


by a similar calculation. The fundamental relation between the expres- 
sion for the flux in speed space and energy space is derived from (3.35) 
using (3.42) 


v(E) n(r,H,t) dE = v n(r,v,t) dv (3.45) 

If we call g(r,E,t) the flux per unit energy range, where 
g(r,E,t) = (EB) n(r,£,t) (3.46) 
then g(r,E,t) dE = ¢(r,v,t) dv (3.47)* 


This equation corresponds to the relation (3.42) and states that the total 
track length per unit volume per unit time around r at time ¢ is conserved 
in going from speed space to energy space. If we introduce the Jacobian 
dv/dE, it is easily shown that (again omitting r and £) 


_ o(V2E/m) _ 1 2b 
a aE TT =a =) 


It has become customary to distinguish between the flux per unit speed 


(3.48) 


1The Jacobian for the transformation v— E. See, for example, I. S. Sokolnikoff 
and E. 8. Sokolnikoff, ‘‘Higher Mathematics for Engineers and Physicists,’’ pp. 
183-185, McGraw-Hill Book Company, Inc., New York, 1941. 
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and the flux per unit energy solely by the argument following the flux 
symbol. Thus, if ¢ denotes flux and n denotes density, then 


total track length per unit volume of neutrons 
with speeds in unit interval around v 

total track length per unit volume of neu- 
o(E) = v(E) n(E) = trons with energies in unit interval around 


o(v) = mn(v) = 
(3.49) 


The concepts introduced above may be extended to describe integral 
characteristics of the neutron population. The function ¢(1,E,t), which 
gives a detailed description, can be used to construct a quantity which 
refers to the “bulk” properties of the system. Thus, if we wish to 
determine the total track length ® of neutrons in a system of volume V 
which have energies in dE about E, we perform the following integration: 


$(E,t) dE = I, ¢(r,E,t) dr dE (3.50) 


The total number 9X of such neutrons is computed from the relation 


(Et) 
v(B) 


N(E,t) = (3.51) 
Likewise we can compute the total track length ® of neutrons of all 
energies in volume V from the relation 


@(1) = I, &(E,t) dE = 1 dE iz o(r,E,t) dr (3.52) 


The application of these functions to the calculation of neutron popula- 
tions in reactors will be considered later. 

The flux concept is useful in describing the collision densities in reactor 
systems. The general expression for the collision density was developed 
in Sec. 3.1 with the result (in energy notation) 


F(,E,t) = 2(E) v(E) n(t,F,b) (3.53) 
In terms of the neutron flux, this expression gives 
F(,E,t) = 2(E) o(1,£,t) 
total number of collisions per unit volume around r 


= and per unit time at time ¢ due to neutrons in unit 
energy range around EL 


(3.54) * 


Thus, for absorption collisions 


total number of absorptions per unit volume 

around r and per unit time at time ¢ due to (3.55) 
neutrons with energy between E and 
E+dkE 


Za(h) o(1,h,t) dE = 
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and soon. This relation should be compared to (3.5). The form (3.54) 
for the collision density is especially useful in writing neutron-balance 
conditions such as (3.8). In the present notation, this equation takes 
the form 


tf o(t = vE,d(t) — Zeo(t) 


where we have applied the definition ¢(f) = vn(t) from (3.35). 

The neutron flux has a directly useful physical meaning when con- 
sidering systems in which all the neutrons have the same energy and 
move in the same direction, i.e., a beam of monoenergetic neutrons. 
Suppose that there are n neutrons in each unit volume of the beam and 
that v is the speed of the neutrons. Now consider a unit area which is 
perpendicular to the beam and compute the number of neutrons passing 
through that area per unit time. Clearly, this is exactly the number of 
neutrons in a volume whose cross section is unit area and whose length 
is numerically the speed v, since all neutrons in this volume will be able 
to pass through the unit area in unit time (see Fig. 3.5). Then, in the 


Fic. 3.5 Collimated beam of neutrons of speed v. 


beam, the number of neutrons crossing unit area in unit time is nv = 4, 
the neutron flux. This is true only in the case of a monoenergetic beam. 
In the more general case wherein neutrons are moving in all directions, 
the neutron flux zs not the number of neutrons crossing a unit area in 
unit time. For example, in the case of a unit area placed in a gas of 
neutrons whose directions of motion are isotropically distributed, the 
number of neutrons crossing the unit area in unit time in any one direc- 
tion is 4¢. This point will be demonstrated later. 

We conclude the present chapter with a few remarks on the units 
of measure for neutron flux and collision density. It is customary 
to specify neutron densities in neutrons/cm?; thus, if the neutron speed 
is given in cm/sec, the flux has the units neutrons/cm?/sec. Likewise if, 
as is the custom, the neutron microscopic cross sections are given in 
square centimeters and the nuclear densities in nuclei/cm’, then the 
macroscopic cross sections 2 are given in cm—! and the collision densities 
in collisions/cm?/sec. We can obtain some idea of the magnitudes of 
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these quantities by considering some representative numbers. Thus, 
if we use the data of the sample computation in Sec. 2.4d, 


N = 7.26 X 10?? nuclei/cm? 
z. = 0.726 cm—! 
XZ. = 0.000654 cm-! 


then for a flux of 10? neutrons/cm?/sec (a typical value), the rate a 
which neutrons are absorbed in BeO is 


Zed = 6.54 X 10° absorptions/cm?/sec 


These cross sections refer to neutrons of 0.025 ev energy or 2,200 m/sec 
speed. The density of these neutrons in the BeO is 


d 


= 4.54 X 10’ neutrons/cm? 


PROBLEMS 


8.1 Consider an infinite reactor composed of a uniform mixture of beryllium and 
natural uranium. The atomic ratio of isotopes in natural uranium is U?38: 235 = 
993:7. Assume that the one-velocity model applies, and use the microscopic cross 
sections and densities of Table 2.2. 

a. Compute the atomic concentration of U**5 required to make the reactor critical. 

b. Show that, if it is assumed that the average density of the U-Be mixture can be 
approximated by the density of pure Be, then, tn this case, the error in the U*** con- 
centration is of the order of 1 per cent. 

c. Find the mean number of scattering collisions made by a neutron during its 
lifetime. 

8.2 It is proposed that a reactor of pure UF be constructed, the fluorine to provide 
the moderation and the U?#5 in the uranium to serve as the nuclear fuel. A first 
estimate of the critical fuel concentration for such a system can be obtained from the 
one-velocity infinite-medium model. 

a. If the uranium in the UF, is composed of U??* and U?#8, determine the atomic 
ratio of U??8 to U?** required to make the infinite medium critical. Use the data 


n = 2.08 (U?*5) ga = 9 mb for fluorine 


The uranium data are given in Table 2.2. 

b. What is the infinite-medium multiplication constant for UF. with natural 
uranium (cf. Prob. 3.1)? Note: A much more realistic calculation would include the 
absorption of neutrons during the slowing-down process by the F and U?*. These 
nuclei have large 2. for high-energy neutrons, and the omission of this effect here gives 
an underestimate of the fuel requirements (cf. Chap. 4). 
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CHAPTER 4 


SLOWING-DOWN PROCESS IN THE INFINITE MEDIUM 


4.1 Mechanism of Energy Loss by Scattering Collisions 


a. Scattering Reactions. The importance of the neutron-energy spec- 
trum in determining the nuclear features of a reactor was mentioned in 
Sec. 1.2. The spectrum itself is determined partly by the nuclear reac- 
tions which can occur and partly by the geometry and size of the system. 
In this chapter, attention is limited to the influence of the nuclear 
phenomena. 

All three types of reactions enter into the determination of the spec- 
trum. The fission reaction determines, of course, the average energy 
of the neutrons borne into the reactor. The scattering and absorption 
reactions together determine the detailed shape of the spectrum. The 
largest influence is due to the scattering interactions which establish the 
over-all shape of the spectrum. The effects of the absorptions are some- 
what secondary, and in most reactor situations these tend primarily to 
distort the spectrum produced by the scatterings. Thus in the present 
treatment of the subject we begin with a study of the spectrum arising 
from scattering phenomena alone and then extend and modify this 
analysis to include the deviations which arise when one includes also the 
effects of the absorptions. 

Both elastic- and inelastic-scattering reactions have a significant effect 
upon the neutron-energy distribution since each process is an important 
mechanism of energy degradation over some portion of the energy scale. 
The inelastic collisions are important when the neutron kinetic energy 
is in the Kev range or above. Below the Kev range, the elastic collisions 
are the primary mechanism. Before attempting an analysis of the 
neutron-energy spectrum it will be of interest to examine the essential 
features of these two scattering reactions. 

Consider first the inelastic-scattering process. It was mentioned pre- 
viously that when an inelastic-scattering collision occurs, a compound 
nucleus is formed, and this nucleus appears in an excited nuclear state. 
The energy of excitation is acquired from the kinetic energy of the 
incident neutron and the binding energy associated with the addition 
of this particle to the target nucleus. In the case of light nuclei, the 


excited energy states of the compound nucleus are far removed from the 
69 
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ground state, and these states are spaced widely apart (in the order of 
1 Mev). If the struck nucleus is of large mass, however, the first excited 
state is closer to the ground state (10 to 100 Kev), and the adjacent states 
are much more closely packed! than in light nuclei. 

These general properties of light and heavy nuclei are illustrated in 
Fig. 4.1. The energy E* indicated in the figure denotes the excited state 
of the compound nucleus formed from the absorption of the incident 
neutron by the target nucleus. It is evident from the figure that the 
heavy nucleus, with its closely packed energy levels, has by far the greater 
number of accessible decay channels for returning to the ground state. 
One of these may involve the emission of a neutron which leaves the 
nucleus with some residual energy (e.g., the state E; in Fig. 4.16). This 
decay channel corresponds to an inelastic collision. The light nucleus 
has fewer channels for decay to the ground state, for a given excitation 
energy E*, and, furthermore, possesses 
appreciably higher threshold energies 

E* |§ ————- (the separation energy between the first 
excited state and the ground state). For 
example, in the case of U?*8, the threshold 

gz, energy is about 40 Kev, and the level spac- 
ing, in the order of several Kev. For light 
Ground state —————-y, nuclei, such as Li and Be, however, the 
(a) (b) thresholds and level spacings are as much 
Fie. 4.1 Nuclear energy levels: as 2 and 3 Mev. Because of this wider 
(a) low mass number; (b) high mass : ; 
San ban spacing, fewer energy states are available 
to the compound nucleus, and the oppor- 
tunities for decay with neutron emission (i.e., by inelastic scattering) 
are greatly reduced. Consequently, the inelastic-scattering cross sec- 
tions of light nuclei are relatively small, and this process is not an impor- 
tant mechanism for energy degradation in media which contain appreci- 
able amounts of these materials. On the other hand, heavy nuclei have 
relatively large inelastic-scattering cross sections and can therefore serve 
as effective neutron-energy moderators so long as the neutron energy 
is above the threshold value. Thus inelastic collisions are an important 
mechanism for energy degradation only in the case of the heavy nuclei 
and, even then, only in the high-energy range. Although these nuclei 
could cause some slowing down of neutrons, it is clear that they could 
not be satisfactory as moderator material because of the threshold-energy 
limitation. 

The elastic-scattering process, however, suffers no such restriction. 
Regardless of the energy of the incident neutron, an elastic-scattering 
collision can cause some reduction in the neutron energy. The extent 


1 See, for example, J. M. Blatt and V. F. Weisskopf, ‘‘Theoretical Nuclear Physics,” 
pp. 365-374, John Wiley & Sons, Inc., New York, 1952. 
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of the energy change does depend, however, on the initial energy of the 
neutron and on the mass of the struck nucleus. As will be shown shortly, 
the light nuclei are the most efficient moderators from the viewpoint of 
the elastic-collision process. 

It is clear from the above discussion that a reactor which is designed 
to utilize the superior low-energy properties of its nuclear constituents 
must contain large amounts of moderating material. Thermal reactors 
are systems of this type. In accord with the remarks above, these 
reactors contain materials of low nuclear mass which slow down the high- 
energy fission neutrons by means of elastic collisions. At the higher 
neutron energies (above threshold) the inelastic scatterings with the 
heavy nuclei in the structural components of the reactor, and with the 
fuel itself, can assist in this slowing-down process. Although these con- 
tributions are generally small, they can be significant in some instances. ! 
Inelastic scatterings are most important in systems which contain large 
amounts of high-nuclear-mass materials, such as iron, liquid metals, and 
uranium. Reactors which utilize materials of this type tend to have 
fast spectrums. Sometimes this property is deliberately designed into 
the reactor. In such systems good moderator materials are kept to a 
minimum in order to reduce the slowing down of neutrons as much as 
possible. In this way the average neutron energy is increased so as 
better to exploit the superior nuclear properties of the fuel in the higher 
energy range.?. The energy spectrum of these systems is determined by 
their inelastic-scattering characteristics. 

The greater part of the present work is directed toward the study 
of thermal reactors which require efficient moderator materials as prin- 
cipal ingredients of the core (and/or the reflector). The low-mass-num- 
ber substances are best suited to this purpose. Although their inelastic- 
scattering cross sections are small, their elastic-scattering cross sections 
are relatively large, and, moreover, the energy loss per collision is sub- 
stantial. Thus the elastic-scattering process is the mechanism of energy 
degradation of primary interest to the present study. The analysis which 
follows begins with an inquiry into the details of the collision mechanics. 

In this treatment we examine the nuclear reactor with the aid of an 
infinite-medium model which describes the neutron-density distributions 
in terms of the kinetic energy of the neutrons. This model is the immedi- 
ate extension of the one-velocity approximation introduced in Chap. 3. 
In the present analysis we discard the one-velocity restriction and attempt 
to describe the trajectory of the neutron in energy space as it is slowed 
down by elastic-scattering collisions with the nuclei of the medium. In 


1 In heterogeneous reactors and in reactors containing highly enriched fuel. 

2The conditions for breeding and converting, for example, are improved with 
decreasing values of the ratio a = o,/c, in the fuel. For U?*5 this ratio is noticeably 
reduced in the Kev range from its value around thermal. 
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order to simplify the calculation we assume that the medium is homo- 
geneous and isotropic as well as infinite in extent. Furthermore, the 
neutron sources (to be consistent) are taken to be uniformly distributed 
throughout all space. These sources are assumed to emit neutrons 
isotropically in direction, with a distribution of speeds (energies) to be 
specified in each case. We introduce these restrictions in order to elim- 
inate the spatial dependence of the neutron density and thereby allow us 
to concentrate attention on the energy distribution of the neutrons in the 
system. 

Because of the assumption of isotropy of medium and source emission, 
the number of neutrons moving in a given direction per unit solid angle 
per unit volume will be the same for all directions. Thus for systems 
at steady state, the energy distribution alone will suffice to describe the 
neutron population. Consequently, for this calculation, we can use the 
functions for the neutron density and flux given by (3.49) 


¢(E) dE = v(E) n(E) dE 
_ total track length per unit volume per unit time of neu- (4.1) 
~ trons with kinetic energies between E and E + dE 


The material of the infinite medium is characterized by neutron cross 
sections 2,(/), 2.(£), and Z;(#), and » is the average number of neutrons 
per fission. We define 


3,(E) = expected number of elastic-scattering collisions between 
: ~ neutrons of energy E and nuclei per unit distance of travel (4.2) 
Xa(h) = 2,(H) + 2,(E) 


in the notation of (2.40). We shall also use the total cross section 2,(E) 
according to the definition (2.50). 

b. Motion in Laboratory and Center-of-mass Systems of Coordinates. 
If a neutron collides with a stationary nucleus (described in the same 
frame of motion), the neutron will emerge from the collision with a 
reduced kinetic energy. The nucleus in turn acquires a momentum 
increment which will result in its displacement (recoil) from its lattice 
position or an increased amplitude of vibration about its lattice site. 
These remarks apply, of course, to nuclear materials in solid (crystalline) 
form. If the medium of the struck nucleus is in the liquid or gaseous 
state, the nucleus will recoil from the impact, moving off with some 
velocity prescribed by the details of the collision. If the struck nucleus 
is a part of a molecular structure, the situation is further complicated, 
and the details of the event are determined principally by the relative 
speed of the neutron. For the present calculation, we limit the problem 
to the consideration of a collision between a neutron and a free nucleus. 
This situation describes in first approximation the collision process 
between a neutron and any nucleus for neutron energies in the electron- 
volt range or higher. The problem of predicting the energy loss of the 
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neutron for these situations may be treated by the purely classical tech- 
niques of the ‘‘billiard-ball”’ type of collision. 

Consider, then, the collision between a neutron of mass m and a nucleus 
of mass M. We describe the motion of these particles in two reference 
frames, namely, the laboratory and the center-of-mass coordinate sys- 
tems. The velocities! of these particles in the laboratory system (L) are 


Vo = velocity of neutron before collision 


Vo = velocity of nucleus before collision 
vi = velocity of neutron after collision 
V. = velocity of nucleus after collision 


For the center-of-mass system (C) we use the symbols w and W for the 
neutron and nucleus velocities, respectively. The subscripts 0 and 1 
apply as before. 

The immediate objective is to determine the relationship between the 
initial and final energies of the neutron, i.e., the energy loss suffered by 
the neutron of mass m in colliding with a nucleus of mass M. For this 
calculation we require the conservation laws for momentum and energy. 
The conservation of (vector) momentum in the (L) system yields 


mvo + MV, = mvi+ MV; (4.3) 
From the kinetic-energy balance we have 
dmv + 4MVo = Amvi + 4MVj (4.4) 


where v? = v-v. In carrying out the proposed calculation it is con- 
venient to transform these equations to a coordinate system in which the 
center of mass of the neutron-nucleus system is at rest, i.e., the (C) sys- 
tem. The velocity of the center of mass? c is defined by 


(M + m)c = MVo + MV, = MmvVi1 + MV, (4.5) 


Since the velocities vo and Vo are specified, c may be computed directly 
from (4.5). This expression for c may be used to relate the velocities 
in the (L) and (C) systems. It follows that the velocities in (C) before 
collision are 


Wy = Vo — 6 = (ve — Ve) | ms 
Wo = Vo— ¢ = 51a (Vo — ¥) 

and after collision 
Wi =V-—-c= iy (vi — Vi) ue 
Wie V-c= a Mw) 


1 Boldface type denotes vector quantities. 
2 The vector c is defined in the (L) system. 
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Thus the velocity vectors of the neutron and nucleus in system (C) 
are oppositely directed both before and after collision (cf. Fig. 4.2). If 
we compute the momentum in (C) before and after collision, using rela- 
tions (4.6) and (4.7), it is seen that 


MW o + MW, = MW) + MW, = 0 (4.8) 


so the total momentum of the system is zero in the center-of-mass 
system before and after collision. In the same way it is easily shown 
that the kinetic energy in (C) is also conserved. The substitution of the 
definitions (4.6) and (4.7) into (4.4) yields 


A yw? + 4MW3 = dw? + 4MW? (4.9) 


y But, we have from (4.8) that 
4 M 
/ ss as ar Wo 
/ M (4.10) 
amc ceca wi= —-—W1 
; m 
y The substitution of these relations into 
Wi (4.9) yields 
Fic. 4.2 Velocities in center-of- 
mass system. w, = w W?2 = W? (4.11)* 


where |[W| = W and |w| = w. Thus the magnitudes of the velocities 
of the neutron and nucleus in the center-of-mass system do not change 
during collision. 

c. Energy Loss from Stationary Nuclei. When the neutron kinetic 
energy is at least as large as 1 ev, the speed of the nucleus V»> (due to 
thermal motion) is negligible in comparison to the speed of the neutron v». 
Thus a very good approximation, which may be introduced when dealing 
with the slowing-down process, is the assumption that the nucleus is 
initially at rest in the laboratory system of coordinates. This assumption 
simplifies the analysis somewhat; however, it may introduce appreciable 
error in the study of collisions between low-speed neutrons (in the order 
of thermal energy ~0.02 ev) and nuclei. The speed of the nuclei in 
these situations is comparable to the speed of thermal neutrons, and the 
approximation is therefore poor. For the present we will not consider 
collisions by neutrons of electron-volt (or lower) energies and will limit 
our calculation to the portion of the slowing-down process above the 
electron-volt range. The properties of these low-energy or thermal neu- 
trons will be examined later. 

Consider, then, the special case in which the struck nucleus is initially 
at rest, that is, Vo = 0. The velocity of the center of mass for this 
situation is [see Eq. (4.5)] 


Vo (4.12) 
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and the various velocity vectors in (L) are shown in Fig. 4.3. Our 
purpose is to compute the neutron energy after collision, namely, $mvj. 
The quantity v? is obtained from the rela- 
tion [see (4.7)] 


vi = (wi +c)? = wi +c? + 2wi-c 
(4.13) 


But from (4.6), (4.11), and (4.12) we have 


wr 


Cc? = (<n) vi 


ll 
q 
ow 
| 
ree 
3 
+= 
cu 
rey 
— 
< 
Ores 


Center of mass 


Fia. 4.3 Collision with stationary nucleus. Fic. 4.4 Coordinate system for 
velocity vectors. 


right-hand side of (4.13) may be expressed in terms of the scattering angle 
in the (C’) system. This quantity is defined in terms of the coordinate 
system of Fig. 4.4. The z axis of this system is selected in the direction 
of the vector vp. Note that vo, vi, and w; are coplanar. It is evident 
from the figure that the dot product w,-c = wiccosf8. The substitution 
of (4.14) and (4.12) into this expression yields 


a M m 
Wi-c = (<n) Vo (Fa) Von (4.15) 


where we have denoted cos 8 = 7. The application of (4.14) and (4.15) 
to (4.13) gives the relation 


M \3 2 QmMv} 
ay Soy Picea € + a} " (;, . n) + Gn Ea 


(4.16) 
This result may be written in terms of the kinetic energies. Let 
Ey = 4mv? = kinetic energy of neutron in (L) system before 
collision (4.17) 
E, = 4mv}? = kinetic energy of neutron in (L) system after 
collision 
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If (4.16) is multiplied through by 4m and the definitions (4.17) are 
applied, the result is 


BE, = wear (A? 4.24 +1) (4.18) 
where A = M/m. Thus, in the laboratory system, the kinetic energy 
of the neutron after the collision is determined by the kinetic energy 
before collision if the scattering angle 8 in the center-of-mass system is 
known. It is clear that, as 8 varies from 0 to z, the final neutron energy 
varies from a maximum value of Eo, the initial energy, to the minimum 
value 


= 2 
Bain = Es (473) = ake (4.19) 
_(A—-13 
where a= (453) (4.20) % 


d. Frequency Function for Elastic Collision. In order to determine 
the distribution of final energies between the limits Eo and E,,, (see 
Eq. (4.19)], there must be some additional information as to the distribu- 
tion of the scattering angles in the center-of-mass system. Or putting 
it in another way, we require the frequency function for the angle 8. 
This function, call it f, describes the angular distribution of neutrons 
emerging from a collision between a neutron of given speed and a nucleus 
of a particular type. In general, it will depend upon the energy of the 
incident neutron and the nature of the struck nucleus. Its specific form 
is determined either from experiment or from the application of some 
suitable theoretical model of the nucleus. It is usually convenient to 
express this function analytically as an infinite series in 8 with the 
coefficients of the series to be determined from experiment or theory. 
Thus we define a function f such that 


f(n) dy = fraction of all scattering collisions which result in scattering 
angles in (C’) whose cosines lie between 7 and 7 + dy 


> A,Pa(n) dn (4.21) 


n=Q 


where P,,(n) are the Legendre polynomials! 
Po(n) = 1 Pi(n) = 4 etc. 


The argument 7 has been used in the definition of f since it is this quantity 
which enters into the energy relation (4.18) rather than 8. Likewise, 
the expansion is carried out in terms of the Legendre polynomials in 


1 See, for example, F. B. Hildebrand, ‘‘Advanced Calculus for Engineers,” pp. 
171-181, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1949. 
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order to accommodate the physical fact that the scattering process is 
uniform in azimuth about the initial direction vo of the neutron.! Thus 
the argument 7 alone is sufficient to describe the scattering. This vari- 
able takes on all values in the interval (—1,1), the very interval over 
which the functions P, are defined. 

If the function f(7) is specified, the coefficients A, are readily com- 
puted by the usual methods. Thus we determine the coefficient A, by 
multiplying both sides of (4.21) with the polynomial P,(y) and integrating 
over the interval (—1,1): 


[Pe i) a = Sa An [-, Pala) Pala) dy = 24> 


n=Q@ 
i A= 5 1 


[ . P,(m) f(m) dy (4.22) 


The simplest case of the function f corresponds to isotropic scattering in 
the center-of-mass system. In this case, the cosine of the scattering 
angle 7 is uniformly distributed between —1 and 1. Thus we take 
A, = Oforalln > 0. And from (4.22) 


Ao= 4", Poln)C dy = C 


Vo 


where C’, a constant, denotes the value of f for 
this case. We obtain C from the requirement 
on the frequency function, namely, 


a0 1 
[Ziman=c [ian =) 
Therefore C = Apo = 3 and it follows that 
fm) =4 -lSn<1l_ (4.23)« 


Fie. 4.5 Scattering angle @ 
It should be noted that, even though the jp iboratory seas ail 


scattering is isotropic in the center-of-mass 

system, it 7s not isotropic in the laboratory system. To show this we com- 
pute the cosine of the scattering angle 69 in the laboratory system. The 
angle @) 1s shown in Fig. 4.4. An alternate view is given in Fig. 4.5. The 
cosine of 6o, call it zo, may be computed from the geometry of Fig. 4.5 by 
using the relation 


to = a = 


where 1 = [w? sin? B + (c + win)?]} = c Ie) + 2n (2 ‘ +1 


(4,25) 
1This point is discussed in Secs. 7.2b and 7.3e. 
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But, from (4.14), 
OY or WO 2, (4.26) 
c c 


The substitution of (4.25) and (4.26) into (4.24) yields 


1+ Ayn 


m= (APE Rnd FI) aes 


This expression relates the cosine of the scattering angle in the laboratory 
system to the cosine of the scattering angle in the center-of-mass system. 
In order that a scattering collision be isotropic in any reference frame, 
it is necessary that the average value of the cosine of the scattering angle 
be zero. This condition is already met for the (C) system by the func- 
tional form of f selected according to (4.23). To demonstrate this fact 
we compute the average value of 7 over the interval (—1,1). Now, the 
average value of any function of 7, call it s(7), may be defined by 


5 = s(n) {() dy (4.28) 
Thus we compute 7 and find 
i= [inf dn=4 [' ndn = 0 (4.29) 


as expected. The average value of uo = uo(n), on the other hand, is 


1 1 ’ 

Ho = [, wo(n) f(y) dy = ; i: aay ay = <4 (4.30) 
where we have used (4.23) and (4.27). Thus, the average value of uo is 
not zero, and therefore, the scattering in the laboratory system cannot 
be isotropic even though it is assumed to be so in the center-of-mass 
system. Equation (4.30) shows that the scattering in (Z) tends to be 
“forward,” that is, the neutron tends to continue moving in its original 
direction. This effect is greatest for the light nuclei (A small), but as 
A increases po decreases. Only in the limit for infinite nuclear mass 
does to — 0, and the scattering becomes isotropic in (L). For the heavier 
nuclei, however, uo is very nearly zero, and it can be assumed to good 
approximation that the scattering in (ZL) is isotropic. 

The assumption of isotropic scattering in the center-of-mass system 
gives a reasonably accurate description of the elastic-scattering process. 
It serves especially well in the thermal-to-Kev range of neutron energies; 
however, it breaks down in the thermal region where chemical binding 
energies become important. This assumption is also poor in the high- 
energy range (>Kev). The angular distribution of highly energetic 
neutrons scattered from stationary nuclei is not isotropic in the center- 
of-mass system; the distributions show peaks in both the forward and 
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backward directions. A specific nonisotropic distribution of some prac- 
tical importance in reactor calculations is the so-called p scattering. In 
scattering reactions of this type, the distribution may be written in the 
form 


[(n) dy = 0 7»<-1l 
=(1+an)dn -1L en <1 (4.31) 
= 0 n7>1 


where 0 < |a| < 1 and 7 is the cosine of the scattering angle in (C). 
As compared to the frequency function for isotropic scattering (4.23), 
the above function is seen to have an added term }ay. This situation 
is described physically by saying that there is a p component in the 
scattering, and this component has magnitude a. Note that if a > 0 the 
scattering is predominantly forward, and if a <0, predominantly 
backward. 

The frequency function for elastic scattering from stationary nuclei 
has been described in terms of the scattering angles. It is more con- 
venient for some calculations to work with a frequency function described 
in terms of the neutron energy. The appropriate function is obtained 
directly from the energy-angle relationship (4.18). If the frequency 
function is specified in terms of either angle or energy, the corresponding 
function in the other variable is readily computed by the usual trans- 
formation of variable. The procedure to be followed is demonstrated in 
the following calculation. We define the frequency function in energy by 


h(E ;E>) dE = fraction! of all scattering collisions which result in 
final kinetic energies of neutrons in range £ to (4.32) 
E + dE, where aky < E < Ep 


The energy Ey denotes the initial energy of the scattered neutrons, and 
a is given by (4.20). Now, to each final energy EF there is an associated 
scattering angle cos—! » [cf. (4.18)]. Furthermore, to each increment 
change in 7, call it dy, there corresponds a change d# in E. Thus if we 
relate E to n and dE to dn, then the probability that a neutron is scattered 
into a final energy range in dE about E [see (4.32)] must be exactly the 
probability that it be scattered into dy about 7. In other words, we 
require that the probability that a certain event occur be the same 
regardless of the independent variable (E or 7) used to describe it. Thus 
we require that 


[h(E o) dE| = |f() dn| (4.33) « 


The absolute magnitude signs are introduced so as to account for the 
algebraic signs of d/ and dy; note that a positive increment d£& corre- 


1 We use the notation h(£;E,) in order to keep in mind that the initial energy of the 
scattered neutron was Eo. 
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sponds to a negative increment dy in 7. Now, both frequency functions 
f and 6 are defined as positive quantities (cf. Fig. 2.4), as are the prob- 
abilities h(£;E) dE and f(n) dn; therefore, 


A.) = dn 
h(E ;Eo) = f(a) | (4.34) 
The transformation is carried out by computing the Jacobian a from 
(4.18). 
dn | _ (A + 1)? 
dE| 2A, eee) 


Note that in the present calculation EH, the final neutron energy, cor- 
responds to £, of Eq. (4.18). If this result is used in Eq. (4.34), the 
frequency function in energy for the case of tsotropic scattering in the 
center-of-mass system is 


(A+1)*dE dE 
4AK a (1 = a) Eo 


Thus }(£;E») does not depend upon E, so that the kinetic energy of the 
scattered neutron falls with equal probability into any unit energy inter- 
val in the range af) < E < Ey. It is of interest to compute also the 
distribution function for this process. If we define 


)(E;E,) dE = aE, <E<E, (4.36) 


§(E) = probability that final neutron energy is less than E (4.37) 
then by Eq. (2.18) 


E . = E de _ E =< ak 
O(F) = , h(e;Eo) de = y. (i — aE, = (1 — a)Eo (4.38) 
where the lower limit of the integral is given by E,,;, according to (4.19). 
Incident neutrons of energy Hy) cannot emerge from an elastic-scattering 
collision with kinetic energies <a»; thus O(£) = Ofor E < ako. The 
maximum energy which a scattered neutron can possess is its initial 
energy Ey. From (4.38) S(E£>) = 1, as is to be expected from the defini- 
tion of a distribution function. The distribution function and frequency 
function in energy for isotropic scattering in (C) are shown graphically 
in Fig. 4.6. The analytical expressions for these functions are summa- 
rized below. 


Energy range 9(E) 
E < ak) ° ae (4.39) 
E,<E<E mmm — 
i sa ad (1 — a)Eo (= a)E, 


E> Ey 0 1 
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The energy lost by the neutron is given by the difference AE = Ey — E. 
This is the energy acquired by the nucleus and dissipated as heat in the 
immediate vicinity of the collision as the recoiling nucleus is brought to 
rest. The average loss in energy per collision may be computed by means 
of the frequency function }(£;E,) [see (4.36)]. 


AE = [ AE §(E;E,) dE = [ie (4 = ae a (? *) E, (4.40) 
— aks 0 


l—a 


The average energy of the scattered neutron after collision is 


= Eo 
E = [. E W(E:E,) dE = (’ ++) Ey (4.41) 


Some idea of the magnitude of these changes in energy can be obtained 
from the following sample computation: Consider a 1-Mev neutron which 


Fic. 4.6 Frequency and distribution functions for isotropic scattering in center-of- 
mass system. 


is released in a medium of beryllium (A = 9). For this nucleus, a = 0.64 
and 4(1 + a) = 0.82. After the first collision the neutron energy will 
lie somewhere between 0.64 and 1 Mev. On the average it will be 
0.82 Mev. If we assume that the neutron energy after each collision 
is the average value given by (4.40), then after the second collision it 


will be 
= ee 2 
E, = ¢ F*) EF; z ¢ 5) E, = 0.67 Mev 


2 2 


and E, = 0.55, E, = 0.449, and so on. On the average, each elastic 
collision with Be reduces the neutron energy by 18 per cent. 

e. Lethargy Variable. A quantity of greater interest in reactor analy- 
sis than the average loss in energy per collision is the average loss in the 
logarithm of the energy, that is, the average value of In Ey — In Ee é.) 
We compute the number £, using the frequency function (4.39). 


_ Eo = ze Ey dE - alna 
£ = In E = [ In =) =a) =l1+ peepee (4.42)x 


Eo 
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where a is given by (4.20). The utility of the quantity & rests with the 
fact that it is independent of the initial energy of the neutron. A graph 
of this function in terms of the mass number A is given in Fig. 4.7. 

The average logarithmic energy loss may also be obtained by another 
approach. In this connection we introduce the lethargy, which we define 
in the following way: 


u = lethargy of a neutron of kinetic energy E 
Ex 


=n? (4.43) 


The number Fx is a reference energy (selected for the convenience of any 
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Fic. 4.7 The average logarithmic energy loss £. 


given problem) which corresponds to the zero of the lethargy. Usually, 
Ex is taken to be some very high energy (say 10 Mev) such that prac- 
tically all neutrons of interest have energies below Ex; thus, it is not 
necessary to work with negative values of the lethargy. It should be 
noted from (4.43) that 

dE 


du = — =; (4.44) 


ied al . , Original from 
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From the definitions of ¢ and wu, it is clear that ¢ is the average gain in the 
lethargy of a neutron per collision. From (4.42) we have 


— ln 7 =u Uo (4.45) 
40 


where u corresponds to energy E, and uo to Eo. 

In a typical reactor situation, neutrons appear from fission at energies 
which are very high compared to the thermal energy of the medium. 
Consequently, we can think of all fission neutrons as appearing at some 
energy Hy) > Ey, (thermal energy). The history of these neutrons may 
be described in the following way: (1) Neutrons appear at high energy 
E>. (2) Each neutron makes a first collision with a nucleus of the 
medium, and this collision may be either an elastic scattering or an 
absorption (in this discussion, only scattering collisions are considered, 
since we are interested in only the energy changes of the neutron). 
(3) After the first collision, the neutron will have an energy #; some- 
where between af) and Ey. (4) The neutron makes a second collision, 
after which it will have energy FE. between af; and F£;. (5) The col- 
lisions continue, and at each collision the neutron loses some kinetic 
energy. (6) The neutron finally attains some low energy at which its 
speed is comparable to the speeds of the nuclei in thermal motion in the 
medium. ! 

Neglecting absorption losses and thermal motion, each neutron travels 
from energy Ey) down to energy zero, or from zero lethargy up to infinite 
lethargy. While each neutron traverses this lethargy range by a differ- 
ent path (i.e., with collisions at different points on the lethargy scale), 
it 1s possible, nevertheless, to compute some average quantities during 
the slowing-down process. For example, one quantity which is of fre- 
quent interest in reactor analysis is the number of collisions made by a 
neutron in traversing a lethargy interval uw; to ue, whereO < ui < U2 < &. 
S. M. Dancoff? has shown that the average gain in lethargy Au by a 
neutron after 7 collisions with nuclei of mass A is given by 


Au = né (4.46) 


with & defined by (4.42). This is not properly the average number of 
collisions to traverse an interval Au; however, we will use the form of this 
result and assume that 

U2 — Ui _ average number of collisions made by a neutron in 


~~ passing from w to ue (4.47) 


1 An analysis of the behavior of the neutrons in a medium wherein the nuclei are in 
thermal motion is given in Sec. 4.7. 

2One form of the distribution function for collision from which this result was 
obtained is given by E. U. Condon and G. Breit, Phys. Rev., 49, 229 (1936). 
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We justify this seemingly crude assumption by arguing that the expres- 
sion (4.47) is identical in form with the exact solution which has been 
obtained in the case of hydrogen (£ = 1), namely, 


ue — uy = BVerage number of collisions made by a neutron in passing 
: + from u; to us in a medium of hydrogen 


Needless to say, similar calculations for the general case (A > 1) are 
difficult to carry out and have led to complicated expressions for which 
simple approximating formulas have not yet been found. However, it is 
reasonable to assume that, if we — uw; is small compared to In (1/a) (the 
maximum jump in lethargy per collision), Eq. (4.47) should hold, at least 
approximately. (Here we are considering single-element media only.) 
Note that this condition corresponds to the situation in hydrogen wherein 
In (1/a) is infinite and any (ue — u;) is small in comparison. For media 
in which A > 1, and uw. — uw, ~ In (1/a), Eq. (4.47) is commonly used 
even though it is at best only an approximation for which the limits of 
validity arenot known. Since the results of using (4.47) over the extended 
lethargy range have generally been good, we shall accept the approxima- 
tion in this work; thus, for all A and for any lethargy interval wu; — we, 
however large, we will take (ue — u,)/é to be the average number of 
collisions in traversing the interval (uv. — u;) and recognize that the 
approximation is particularly good for 


kok Behe] 
a (4.48) 
a 
We conclude this section with a calculation of the frequency function 
in terms of the lethargy variable for the case of isotropic scattering in 
the center-of-mass system. The computation is carried out by trans- 
forming the energy function }(£;E ) given in (4.39) to the lethargy space 
by means of a relation of the type (4.33). We define 


probability that a neutron of lethargy uo when scat- 


G(u jt) du = tered emerges with a lethargy in du about u (4.49) 


where up = | Then 


cee 
Eo 
la(%ju0) dul = |§(;Eo) dE | 


and it is easily shown that 


em (ue) 
Q(ujuo) = 7s (4.50) « 
The corresponding distribution function @(u5;20) is 
u l oe e— (uw) 
G(usuo) = [ Q(u’ suo) du’ = 7 (4.51) 
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It is important to note that this result gives the probability that a 
neutron scattered at wo emerges 
with lethargy <u, that is [cf. Eq. 
(2.8)], 


G(usuo) = P(w <u) (4.52) 


us in— 
where wisarandom variable. Fur- 


thermore [see Eq. (4.39)] 


—(u—we) — a 


| — G(ujue) = ———* © G(E) 
(4.53) 


E=0 “u= 0 


This relation simply states that the 
probability that a neutron of leth- 
argy Uo (or energy Eo) emerge with 
lethargy > vw is identically the probability that the neutron emerge with 
energy <£. This relationship between the distribution functions in leth- 
argy and energy is evident in Fig. 4.8. 


Fic. 4.8 Final lethargy and energy of 
scattered neutron. 


4.2 Slowing-down Density in Pure Scatterer 


a. Neutron Flux. In this section we consider the problem of finding 
the energy distribution of neutrons slowing down in an infinite, homo- 
geneous, isotropic medium. We have already noted that, if the neutron 
sources in this medium are distributed uniformly in space and time, the 
neutron population may be described by means of the neutron flux or 
density functions given in terms of the neutron energy alone. These 
functions may also be described in terms of the neutron speed, or as we 
will shortly demonstrate, in terms of the lethargy. Which one of these 
independent variables, lethargy, speed, or energy, is selected for a specific 
calculation is entirely a matter of convenience. In any case, if the neu- 
tron population is described in terms of one of these three variables, the 
appropriate function in terms of the other two is easily obtained by a 
transformation of variable. For example, in the case of the energy and 
speed variables, the fluxes (or densities) satisfy a relation of the type 
(3.47). Thus we write 


\o(E) dE| = |$(v) do] (4.54) 


where ¢(E) dE = total track length of neutrons per unit volume 
per unit time with energies in dE about E 

¢(v) dv = total track length of neutrons per unit volume 

per unit time which have speeds in dv about v 


(4.55) 


As previously mentioned, the symbol ¢ denotes neutron flux and the 
argument following indicates the variable in terms of which it is defined. 
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Properly, the functions ¢(£) and ¢(v) should be given distinct symbols, 
but this practice has been discarded here in the interests of simplicity in 
notation. Equation (4.54) states that, if the intervals dE and dv cor- 
respond, then the neutron flux described by either coordinate system 
(E or v) must be identical. 

A similar relationship may be written in terms of the lethargy. If we 
define 


SG) aie total track length of neutrons per unit volume per 
~ unit time which have lethargies in du about u (4.56) 
then, \p(u) dul = |o(£) dE| (4.57) 


The neutron densities may also be related by equations of this type 
[see Eq. (3.42)]. Throughout this work we will use all three independent 
variables E, u, and v freely and transfer from one to the other as the need 
arises. For completeness we list below the various collision densities 
in terms of the new variable u: 


diawee reactions per unit 
Z,(u) @(u) du number of volume per unit time 


LYa(u) o(u) du = neutron- meh due to neutrons with (4.58) 
Zs(u) o(u) du _— nucleus fissio "\ lethargies in du 


about u 


It is important to recognize that, whereas the neutron fluxes (or densities) 
are related by expressions of the type (4.54) and (4.57) which require a 
specification of the interval, the 
cross sections are identified directly. 
That is, 


Z(E) = E(v) = Z(u) (4.59)* 


The distinction arises from the defi- 
nition of these two types of func- 
tions. The fluxes and densities are 
defined per unit energy (or lethargy, 
or speed) and therefore require that 
the width of the interval 1n question 
be specified. The cross sections, on 
the other hand, specify the interac- 
tion characteristics between nuclei and neutrons of a particular energy. 
Figure 4.9 shows a typical cross-section curve given as a function of 
neutron energy. Note that all three cross sections o(£1), o(v1), and 
o(u;) refer to the same point on the curve which may be specified by 
either Ey, v1, or u. 

b. Continuous Slowing-down Model. It was remarked in Sec. 2.la 
that the neutron trajectory in energy space is a discontinuous function. 


Fic. 4.9 Typical neutron cross-section 
curve. 
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If the neutron energy were to be given as a function of its position along 
its path in actual space, the resulting function would be of the form 
shown in Fig. 4.10. Thus, the ‘‘slowing-down track”’ is a step function 
which has a unique form for a given neutron history. Three such 
histories are sketched in the figure. Although no two can be alike, most 
of the neutron trajectories for a given medium follow closely a general 
form. In fact, it is entirely meaningful to talk about an “average”’ 
trajectory or an average neutron slowing-down track. Whatever the 
form of this function, it will describe the average behavior of a neutron 
in the slowing-down process. As in the case of the neutron density, the 
specific slowing-down function for every neutron is not required (or 
desired). For the purposes of reactor analysis, a function which describes 
the average behavior is sufficient. 


rn ——E ,(source energy) 


Distance traveled by neutron Distance traveled by neutron 


Fic. 4.10 Slowing-down track. Fic. 4.11 Slowing-down track in a 
medium of heavy nuclear mass. 


The actual discontinuous function of the neutron-energy track illus- 
trated in Fig. 4.10 is very difficult to handle in the study of the slowing- 
down process. Consequently, much attention has been devoted to find- 
ing some analytically continuous function which will serve as a good 
average over all the possible step functions of Fig. 4.10 and thereby 
represent the average behavior of the neutrons. From a physical view- 
point such a continuous function is easily imagined in the case of heavy 
nuclei. For these nuclei the maximum jump in energy that the neutron 
can experience is small relative to the energy of the colliding neutron. 
For example, in the case of deuterium (A = 2), the maximum fractional 
jump in energy is 4, for helium (A = 4), 3%, and for lithium (A = 7), 3% 
[cf. Eq. (4.40)]. Thus the mazimum allowable jump decreases rapidly 
with increasing nuclear mass. For the heavier nuclei, then, a continuous 
function could describe to good accuracy the slowing-down track of the 
neutron (cf. Fig. 4.11). In the case of the light nuclei, the concept of 
a continuous function is not so useful, and a more accurate description 
which accounts for the discrete jumps in neutron energy must be made. 
For the present we will confine our attention to a study of the slowing- 
down process which utilizes the concept of a continuous slowing-down 
model. In this model, the energy-loss process is a continuous one, with 
changes in neutron energy due to collisions occurring in arbitrarily small 
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(differential) decrements. To describe this process we introduce the 
slowing-down density q(£) and define 


q(E) = slowing-down density at E 
number of neutrons per unit volume per unit time whose 
energies are changed from some value above EF to some 


value below E (4.60) 


Thus this function gives the rate at which neutrons are slowing down 
past some given energy £. It should be observed that this concept is 
similar to that of a flow (current) in a fluid. One may think of the 
function g as giving the flow rate of neutrons down the energy scale. 
In the fluid analogy, g could be used to specify a continuity condition 
on the neutron population in terms of the factors which affect the slowing- 
down process. This we propose to do shortly. 

The slowing-down density may also be defined in terms of the neutron 
speed or lethargy. As in the case of the neutron cross sections (cf. 
Eq. (4.59)], 


q(E) = q(v) = g(u) (4.61) 


That is, the slowing-down rate is the same on the energy, speed, or lethargy 
scales if the measurement is made at corresponding values of E, v, or wu. 

It is important to note that the concept of a slowing-down density is 
not limited to the continuous slowing-down model. This function has a 
much wider application, and it will be used later in connection with the 
analysis of the slowing-down process which allows for the step-function 
behavior illustrated in Fig. 4.10 (cf. Sec. 4.2c). 

We discuss now a simple model which will adequately display several 
basic features of the slowing-down process. Consider an infinite medium 
into which neutrons of energy E> are introduced continuously in time 
and uniformly in space at a rate go neutrons per unit volume per unit 
time. Eventually a steady state is achieved in this medium so that the 
number of neutrons in any given energy interval AE in a given volume 
remains constant in time. Let us further idealize the medium by assum- 
ing that the nuclei are pure scatterers, i.e., 2.(H) = 0. Then each neu- 
tron of energy /» which appears in the medium moves off from its point 
of origin until 1t makes a first scattering collision. Since the distribution 
of sources is uniform, the distribution of first scatterings will also be 
uniform. 

In this model the slowing-down density is different from zero for all 
energies EK < Eo, but is identically zero for all E > Ep [since by (4.39) 
no neutrons are speeded up by scattering collisions, and no neutrons 
are introduced at KE > E)j. All neutrons introduced into the medium 
at Ey slow down to some energy below £5; thus, in steady state 


q(Eo) = go (4.62) 
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Also, in the steady-state condition, since there are no losses by absorp- 
tion or leakage in this model, the number of neutrons slowing down into 
a given energy interval must be equal to the number slowing down out 
of that interval; i.e., neutrons do not accumulate at any one energy over 
a period of time. Thus, for F < Ep, 


q(E + dE) = q(#) 
d 
or TE q(E) = 0 (4.63) 
and q(E) = constant 
If we apply the initial condition (4.62), 
qQ(£) = qo (4.64) 


The slowing-down density in this model, then, is constant in energy. 

One of the important problems to be considered in this chapter is the 
determination of the relationship between the flux and the slowing-down 
density for various physical situations. As an introductory treatment 
of this problem we carry out the following calculation, namely, compute 
the number of scattering collisions which occur per unit volume per unit 
time, using first the concept of the neutron flux and second the concept 
of the slowing-down density. We write the scattering-collision density 
in terms of the flux by means of Eq. (4.58). 


total number of scatterings per unit volume per unit 


Z.(u) o(u) du = time due to neutrons whose lethargies lie in du about u 


This quantity may also be expressed in terms of the slowing-down 
density g(u). According to (4.47), du/é is the average number of scatter- 
ings made by a neutron in traversing du. But, g(u) neutrons per unit 
volume per unit time slow past lethargy wu; therefore, 


aa du _ total number of scatterings per unit volume per unit 
£ 


~ time by neutrons with lethargies in du about u (4.65) 


If these two expressions are equated, it follows that 
q(u) = §2,(u) o(u) (4.66) 
This relationship between g(u) and ¢(u) applies in an infinite medium 
of pure scatterer. It will be our purpose later to develop suitable 
expressions of this type which can be used in finite systems containing 
neutron-absorbing materials. 
It is of interest to compare the expression (4.65) with the correspond- 
ing relation given in terms of the neutron energy. The symbol ~ denotes 


the average gain in lethargy per collision; its counterpart in energy space 
is (1 — a)E/2 [see Eq. (4.40)]. Thus if dF corresponds to du, then 


aw ¥ _ | 2q(E) dE 


i aE (4.67) 
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This statement follows directly from the physical fact that the number 
of collisions which occur in traversing dE must be identically the num- 
ber which occur in traversing du if dE implies du. But, by (4.61), 
q(u) = q(E), and by (4.44), du = —dE/E; therefore, 


| q(u) du| | —2q(u) du 
E 7 l—a 
and it follows that 
l—ea 
t= 5 (4.68) 


which appears to be in contradiction to the definition of & given by 
(4.42); however, this is not the case. In fact, the above result is the 
limiting form of & for values of a 
approaching unity, i.e., A — o (see 
Fig. 4.12). Thus the scattering-col- 
lision density may be computed by 
either of the two forms given in 
(4.67) provided that a is near unity. 
Note that if this condition is to be 
satisfied, and condition (4.48) as 
well, then clearly du — 0;1.e., (4.67) 
applies if Aw is small and the nuclear 
mass large. 

c. Scattering Density by Colli- 
sion Intervals. We turn our atten- 
tion now to a more realistic treat- 
ment of the slowing-down process 
which takes into account the discontinuous form of the neutron trajectory 
in energy space. We carry out the analysis by considering the collisions 
at each stage of the slowing-down process and determine the distribution 
in energy of the neutrons for the physical situation in question.! For 
the present calculation we assume that the scattering collisions are 
isotropic in the center-of-mass system of coordinates and recognize that 
our results will be of questionable value, therefore, when applied to 
neutrons in the thermal range, or to very fast neutrons (see Sec. 4.1d). 

A situation of fairly general interest in reactor analysis is one in which 
neutrons of some relatively high energy Ey (which may be in the order of 
1 Mev) are introduced into a uniform infinite medium and subsequently 
slow down by elastic collisions. Suppose, as a particular case, that the 
medium consists of a single nuclear species and that the following set of 
assumptions apply: (1) qo neutrons of energy Ey appear per unit volume 
per unit time from uniformly distributed sources throughout the medium. 


Fig. 4.12 Approximation for é. 


1 From our knowledge of the scattering phenomenon as defined by the frequency 
function. 
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(2) All nuclei in the medium are stationary. (3) The system is at 
steady state. 

It must be observed that in this system a finite number of neutrons 
at any given instant have exactly energy Ho; thus the neutron density 
n(E) has a singularity at H = Ey. The mathematical difficulties inher- 
ent in this single-source energy model may be overcome by regarding the 
function n(£) as defined up to, but not including, Eo; then the condition 
at E = Ey may be used as an initial condition (in energy) on the slowing- 
down density q(é). 


Sa 
S | 
Ss | 
= | 
c | 
) l 
= | 
8 | 
¥ 
ie | 
| 
| 
E 
+a 
A, E’ 
—E 
d—arE’ 


Fie. 4.13 First collision interval. 


We begin the calculation by considering the distribution of neutrons 
whose energies fall within the first collision interval, namely, in the inter- 
val aE) to Eo. Our purpose is to determine the neutron balance and the 
slowing-down density at any energy EH for ak) < E < Eo. Consider 
first the slowing-down density g(£). The rate at which neutrons are 
slowing down past energy £ is determined by the collision density at all 
energies E’ > E (see Fig. 4.13). Thus we compute the number of col- 
lisions in dE’ about E’ which yield neutrons of energy <. Only these 
neutrons can contribute directly to g(£). The reasoning here is clear 
if it is recalled that ¢g(Z) represents a “‘flow rate’’ in energy space. Thus, 
if a collision around E’ produces a neutron of energy greater than &£, 
this neutron will not be observed passing energy # and therefore cannot 
be counted in the density q(E). 

The number of scattering collisions per unit volume per unit time in 
dE’ about E’ is 2,(E’) ¢(E’) dE’. Of this total number a certain fraction 
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will produce neutrons with energies <E. But this number is precisely 
the probability that a neutron which suffers a collision at energy E’ 
will emerge with some energy <E. We obtain this from the distribu- 
tion function $(£) [see Eq. (4.39)]; thus the fraction of neutrons scat- 
tered to energies <E is 


E — ak’ 


Pe < BE) = §(E) = 7p 


(4.69) 
The total number of neutrons scattered from dE’ which emerge with 
energy less than, or equal to, E is 


2,(E’) $(E’) la a= = aE | dE’ (4.70) 


In order to obtain the total contribution to qg(/) from all such intervals 
dE’ we integrate the above result from E to Eo. To be correct, the 
integration should extend to E/a because this is the highest energy which 
a neutron can possess and still ‘‘reach’’ E' by a single scattering. How- 
ever, the integration need extend only to Eo, for by definition there are 
no neutrons in this system with energies greater than EK. 

The contributions to q(£) so far considered are due to scattering of 
neutrons of energies EL’ > E but less than Eo. As previously mentioned, 
the flux is not defined at E = Eo, and the contributions to q(£) from the 
first. collisions must be taken into account by a separate computation. 
For the pure scattering medium considered here, there are exactly qo 
first scatterings per unit volume per unit time. Of this total number,a 
fraction (H — ak y)/(1 — a) yield neutrons of energy <H#. The total 
number of neutrons from first collisions which can contribute to q(£) is 
therefore 

gob — ak) 


alk; (4.71) 


We obtain the total contribution to q(E) by performing the integration 
described above and adding the contribution from the first scatterings; 
thus, for the first collision interval 


((E) = i "5 (EB) 6(E") fen 2 ise an’ + WE 2F) 479) 


This expression gives the slowing-down density g(#) for all energies 
in the interval ak) < E < Eo, that is, (4.72) applies for all EF > ako. 
When FE < ako, the source cannot contribute directly to g(£) and the 
go term is omitted; thus, 


Bila E — ak’ 
q(E) = i Z.(E’) o(E’) fe dE’ for E < aE, (4.73) 
E (1 — a)E 
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Note that the integration now extends to E/a due to the fact that 
E/a < Eo, and the flux is therefore defined over the entire interval. 
The above results involve two unknowns ¢(£) and q(£). In order to 
obtain a complete definition of the neutron distribution in energy, 
we require a second relation. This can be obtained from the neutron- 
balance condition. Consider, therefore, an energy interval dE about E 
(see Fig. 4.13). The number of neutrons disappearing from this interval 
(due to scatterings which change the neutron energy to a value which 
falls outside the interval) must be balanced by the number scattered 
into dE from energies above E, in the steady-state condition. The rate 
at which neutrons are removed from dE is 2,(£) ¢(£) dE. The rate at 
which neutrons enter dE is given by the number of collisions which occur 
at energies above E times the probability that these scatterings ‘‘throw”’ 
the neutron into the interval dk. We compute this number by consider- 
ing some interval dk’ about E’, where E’ > E. As before, the scattering 
rate in dE’ is 2,(E’) ¢(E’) dE’. The fraction of these collisions which 
yield neutrons that have energy in dE about E is just the frequency 
function 5(E;E’) [see Eq. (4.39)]; this follows from the definition (4.32). 
If E£ < ako, the neutron source cannot contribute directly to the neutron 
population in dE; thus, the neutron balance in dE about £ is given by 


E) o(E)dE = | ,(E) o(E) | 
5.8) (8) dB = [P28 08) | ge 


dk’ for E < ak) 
(4.74) 


On the other hand, if E > aE», then the contributions from the source 
at Eo must be included, and the neutron balance is 


= _ ve Aa qv _ dh : _0Ge 
2(E) ¢(E) dk = ih 2.(E") $C") zi — | er ean 


(4.75) 


The results (4.74) and (4.75) define the neutron flux ¢(£) for all values 
of E < E>». The solution of these integral equations when substituted 
into the expressions (4.72) and (4.73) yields the appropriate forms for 
q(E) over the entire range 0 < E < Eo. 

We demonstrate the procedure for solving these equations by carrying 
out the calculation for the first two collision intervals, namely, aby) — Ko 
and a?Ey— ak». For convenience call the scattering density 2,¢ in the 
first interval F,(E) = 2.(£) ¢:(£). Then (4.75) may be written 


_ [7 Fi(B) ak hs 
ee I, (l— a)’ * 1 — ak oy 
d _ FAB) 
a dE’) — — Ga aE 
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This is a first-order differential equation in F,(£); its solution is 


1/(1—a) 
F\(E) = F\(E,) & Z) (4.77) 
We obtain F, (4) by taking the limit of (4.76) as E — Ep 


1 = - Go = 
jim F\(E£) = cae. F (Eo) 


Substitution into (4.77) yields the scattering density in the first collision 
interval (ak) < E < Eo) 


P,(E) = 3,(E) 6(E (eo) 4.78 
i(k) = (B) (8) = Ge (FE ’) (4.78) « 
For the second collision interval we use (4.74) and write 


ake F’,(K’) dE’ oa F\(B’) dE’ 


Fx(B) = 24(B) 6x(8) = [oP EE ag ee (4.79) 


Note that the integration over the interval E to E/a has been separated 
into two parts so as to accommodate the 


ss a change in the functional form of ¢(E£) as the 
integration proceeds from the second collision 
z %y interval to the first (see Fig. 4.14). As in the 
case of the first interval above, we transform 
i ee this integral equation into a differential equa- 
¢@, tion; the result is 
dE E 
a?E papper ee d f a a Fo(E) _ 
», a - - TR we 


Wal (1—a) 7 1/(l—a@) 
Fic. 4.14 Second collision 4 gobo’ are ae 
interval. Tq — a)?(h)NC-a)4+1 


where we have used the solution (4.78). The solution to (4.80) 1s 


(4.80) 


F2(E) 


Z.(i) b(t) 


gol p2!\'-) ql-a) a” 
~ Ss (FSG) +H emi} ans 
We have used here the limiting value 
i. pun, wea) 
pan ed ae (1 — a) yat!C-®) 


This computational procedure may be continued indefinitely to obtain 
the collision densities ’;(£), F4(f), . . . and the corresponding fluxes 
;(F), ¢4(£), ... . Although the calculation is somewhat laborious, 
the method is straightforward. 
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d. Asymptotic Solution. It is of interest to compare the collision 
densities F; and F, at E = aK». The appropriate expressions are 


gol 1 i ala] 


F (aE) 1 es, | aera F4(ako) = (1 — a) Egat G-@ 


(1 —_ a) Byala) 
and a comparison of these values shows that 
Fi(ako) = Fi(aky)[1 — alG-@] 


Evidently the collision density F(£) is discontinuous at E = a; there- 
fore, the flux ¢(£) must also be discontinuous at aK. If the procedure 
mentioned above is extended to the third collision interval and beyond, 
one finds that F(£) is continuous at E = a?E», but F’(a?E») is discon- 
tinuous. At E = a®Ko, both F(a*Ko) and F’(a?E») are continuous, but 
F’'(a Eq) is discontinuous, and so on; at energy a"Ko, the discontinuity 
first appears in the (n — 1)st derivative of F(Z). Thus as the neutrons 
progress down the energy scale, the collision densities of any two adjoin- 
ing collision intervals, say F(Z) and F,_:(E£), which describe the energy 
distribution of the neutrons, approach the same analytical form, and dis- 
similarities between the two functions recede to higher and higher deriva- 
tives. As the ratio E/E,— 0, F(E) approaches a limiting form. This 
limit can be obtained from the solution of the nth interval. The col- 
lision density for this interval is 


[2 FE’) dB E/a F_,(E’) dE" 
Fm et oe 88 


But, as we have already observed, for large values of n, F,(E) ~ Fa_i(E); 
thus approximately 


~ [FF AE) dE 
A solution to this equation is 
F,(E) = c = F(E) (4.84) 


where C is some constant. The symbol F(E) = 2,(E) $(E£) denotes the 
limiting form of the collision density. The constant C may be obtained 
for the prescribed condition on the slowing-down density q(£). The 
appropriate equation for g(£) for neutron energies far removed from the 
source energy E> is given in (4.73). If we use (4.84) for the collision 
density in this equation, then 


_ [FF (E')(E — aE’) dE’ E/e (EB — ak’) dk’ _ 
q(z) = iD ET aE! = ih “G — aE)? —a)(E)? ~ qo (4.85) 


The last equality follows from the fact that no neutrons can be lost in a 
medium of pure scattering material, and the number of neutrons slowing 
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down past energy £ must be the same for all E, namely, qo, the source 
value. The solution of (4.85) for the constant yields C = qo/€; thus, 


F(E) = 2,(E) $(E) = & (4.86) 


or, if we use g(E) = qo, 
QE) = §2,(E) o(E)E (4.87) « 


The asymptotic solution (4.87) is a very good approximation for all 
energies below # = a?Ko, and for many purposes it will be acceptable 


7 gE 


Collision density F(E) Ey /q 5 
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Fia. 4.15 Collision density in pure scattering medium of mass A = 7. (Eo = energy 
of source neutrons.) 


up to Ho. Hydrogen is a special case; since a = 0 for hydrogen, the 
entire energy range lies between Ey) and aE». However, for deuterium 

= 4, and if EH, is chosen as 2 Mev (a representative energy for neutrons 
from fission), a?E) ~ 25,000 ev. Thus the most important part of the 
slowing-down range even in thermal reactors with deuterium lies in the 
region in which (4.87) is a good approximation. For other substances, 
the situation is even more favorable. 

Figure 4.15 shows the collision density F(E) Eo/qo in a medium of pure 
scattering material of mass A = 7. This function is plotted in terms 
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of the energy ratio e = E/E o, where E> is the energy of the source neu- 
trons. The discontinuous form of the collision density is clearly dis- 
played in the first two collision intervals. It is of interest to note that, 
in the third interval and beyond, F(£) ‘‘smooths out’’ and rapidly 
approaches the asymptotic solution E)/Eé (given by the broken-line 
curve). In the preceding discussion of the asymptotic solution, it was 
remarked that this form could be used as an approximate description of 
F(E) even in the first and second intervals, especially for the heavier 
nuclei. The relatively good match of the asymptotic form to the actual 
function F(£) in this energy range is well demonstrated in Fig. 4.15. 
We close this section with a brief discussion of the solutions for the 
slowing-down density and the collision density in terms of the lethargy 
variable u. The set of equations which correspond to the results (4.72) 
through (4.75) are readily obtained by introducing the distribution func- 
tion @(u;u’) and the frequency function g(u;u’) from Eqs. (4.50) and 
(4.51) and making a suitable change of variable from E to u. It can be 
shown that the slowing-down density q(u) is given by [see also (4.53)] 


1 ° ’ ’ to-u _ 
q(u) = >=] [ Z.(u’) o(u’)(ew’—* — a) du’ + ale =) 
u <u + In 
a 
id : a Va Z.(u") o(u’)(ew—* — a) du’ u>ut In * 


(4.88) 


where wo corresponds to the energy Ey». As a general rule when dealing 
with a source of monoenergetic neutrons, it is convenient to define u in 
terms of the source energy. Thus, if we take u = In E/E, then uy = 0. 
The collision density F(u) when written in this notation takes the form 


1 
l—a 
l 


l—ea 


F(u) 


| * F(w’) e’—* dul + $2" aa ent 
0 l—ea a 


| " F(u’) ew du! u>In+ (4.89) 
u—in= a 


These integral equations (4.88) and (4.89) for g(u) and F(u) may be 
solved by the same procedure as used in the case of the energy variable. 
It is easy to show, for example, that the collision density in the first 
interval F',(u) 1s given by 


pez! 1—a) 


F,(u) = 2 (4.90) 


l—ea 


and so on for the other intervals. It is of interest to determine the 
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asymptotic solution for F(u) in the lethargy range far removed from the 
source at u = 0. In this range we use the form 


1 (n—1) In= Pane 
F,(u) = Te - [ ; F,-1(u’) e"’-* du 
u—In—~ (4 91) 


1 " IN pu’—Uu I~ 1 ™ , u/—u / 
ia , Fa(u’)e dum te fy Palu'ye du 


1 — Qa 1)In - 
a 


in the nth collision interval. The approximate form used at the right 
follows from the same arguments as used in the calculation of F,(£). 


The solution to Eq. (4.91) is 
15 
_ F,(u) = 22 (4.92) 
1.4 a g 


s eS Caan, 
3 aa Fa El as can be verified by direct substitu- 
bag 13 ° . . 
2 tion. Thus in the asymptotic range, 
§ Lal the slowing-down density q(u) and 
5 1.2 
3 - the flux ¢(u) are related by 
8 
oe mm q(u) = &%,(u) d(u) (4.93) 
1.0 ; r ; ~u This result states that, if the col- 
0 Ing Zing Sing 4ing 


lision density F(E) in a medium 
varies like 1/E, then F(u) is a con- 
stant {cf. Eqs. (4.86) and (4.92)]. 
Figure 4.16 shows F(u)/qo in a medium of pure scattering material of 
mass A = 2. It should be noted that, although there are relatively wide 
variations in the function F(u) through the first two collision intervals, 
the function rapidly ‘‘smooths out’’ and approaches the asymptotic solu- 
tion 1/é. 


Fic. 4.16 Collision density F(u) in pure 
scattering medium of mass A = 2. 


4.3 Slowing Down in Hydrogen 


a. Collision Density. In the preceding section we examined the slow- 
ing-down process in an infinite medium of pure scattering material. In 
all problems of practical interest to reactor physics, however, the neu- 
trons slow down in media which contain some neutron-absorbing mate- 
rials. The amount of absorber present depends, of course, on the 
reactor region in question. The reflector, for example, usually consists 
of materials of relatively small absorption cross section. In such regions, 
the results based on the model of a pure scattering medium would give 
a first approximation to the actual conditions. Even here, however, the 
pure scattering model is of questionable value. In the reactor core, the 
situation is still more unfavorable for the use of this model because of the 
presence of large amounts of fuel materials which have large absorption 
cross sections. 
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A typical history of a neutron slowing down in a medium which con- 
tains both absorbing and scattering materials was described in Sec. 2.1a. 
An important feature of this process was that at every collision between 
a neutron and a nucleus there was a finite probability that the neutron 
could be absorbed. The probability that a neutron is absorbed upon 
making a collision is 2.(£)/2Z.(£), and that it be scattered, 2,(/#)/2.(E). 
Thus at each stage in the slowing-down process, the neutron can be 
removed from the slowing-down ‘‘stream.’’ The physical consequence 
of this fact is that the slowing-down density q(F) will not be constant 
in energy. The process is further complicated if the medium contains 
fissionable material. In this case when a neutron is removed from the 
slowing-down stream because of an absorption collision, other neutrons 
may appear from fission sources. Thus in developing the neutron- 
balance relations for the slowing-down process in an absorbing medium, 
additional terms must be introduced which take into account the absorp- 
tion losses and fission sources [see Eqs. (4.74) and (4.75)]. 

As a first step in deriving the expressions for the neutron density in an 
absorbing medium we consider the relatively simple case of an infinite 
medium of pure hydrogen, for which a rigorous solution is possible. The 
model for this calculation is defined by the following set of assumptions: 
(1) infinite medium of pure hydrogen (A = 1); (2) 2a(E) #0; (3) qo 
neutrons of energy £o appear per unit volume per unit time throughout 
all points of the medium; and (4) the hydrogen nuclei are stationary. 
We begin the analysis with the calculation of the total collision density 
F(E) defined by 


F(E) = 2(E) o(F) = [(2.(£) + 2,(F)] o(F) 
The appropriate neutron-balance condition for a medium of hydrogen is 
seen to be [cf. Eq. (4.75)] 


7 Eo oT] vy dk’ do 5) 
Zk) o(b) = 7 ZA(h") OE") Sar + E E< Ey (4.94) 


The term at the left gives the rate at which neutrons are removed, by 
both absorption and scattering collisions, from the unit energy interval 
around £. The integral, as in Eq. (4.75), gives the rate at which neu- 
trons enter unit energy interval about E by being scattered down from 
energies above £. Note that the frequency function for scattering in 
hydrogen takes the simple form 1/EH’ if E’ is the neutron energy before 
collision. Because a = 0 for hydrogen, a neutron can be scattered from 
Ey, to any energy 0 < EF < Eo. Consequently, the neutron source can 
contribute directly to the neutron population at every energy from Ey 
down to zero. Thus the term qo//o appears in the balance relation for 
all E < Eo. This form for the source term is only an approximation, 
however. Actually, all neutrons that appear from the source do not 
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enter into the slowing-down process; some source neutrons are absorbed 
at the first collision, and therefore the go factor should be corrected to 
account for these losses. It would be better, then, to use the form 


Number of neutrons 
slowing down from __ ,. a _ ZA(Bo) 
Eo per unit volume pe (#) = q(Bo) = Feo ae a | os 
per unit time 
(4.95) 
But in many cases, 2a(E£o)/2.(Eo) K 1, and 


Q( Eo) & go 


will often be taken as an approximation. 
Equation (4.94) may be solved by reducing it to a differential equation. 
Thus, if we differentiate (4.94), we obtain 


F(E) 2,(4) 
ZAb)E 


d 
aq F(E) = - 


The solution to this differential equation is 
_ Eo Z(E’) dE" | _ Eo _ [8° 24(E") dE’ 
F(B) = P(e) exp| [°C pncgr | = FEo Gexp | — [rer | 
But from (4.94), F(Eo) = qo/Eo; therefore, 
_ Yo _ [¥* 24(E’) dE’ 
F(E) = % exp | i S(E\E" (4.96) 


b. Nonabsorption Probability for Hydrogen. The slowing-down den- 
sity g(E) may be computed using the result (4.96). The appropriate 
integral equation is [see Eq. (4.72)] 


(E) = E [ sce) 60) 4 OE oe ERE) (4.97) 
E 40 


The identity follows from (4.94). This result may be written in terms 
of F(E£) given in (4.96); thus 


Qu(E) = go exp |- i ‘ SENET | = qopu(H;Eo) (4.98) 


where the subscript H has been added to denote hydrogen. A verbal 
statement of this result might be expressed as follows: The number 
of neutrons which succeed in slowing down from E) as far as E is given 
by the number of neutrons starting at Ey (namely, go) multiplied by the 
probability that they are not absorbed between E and Ko. Thus the 
exponential in (4.98), which we denote by pu(E;E5), is identified as the 
nonabsorption probability: 
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Eo 4 
exp |- f; aan | (4.99) « 


probability that a neutron will slow down from Eo 
to E without being absorbed (in a medium of pure 
hydrogen) 


Pu (E 5E'o) 


This function may also be written in terms of the lethargy. If we 
define u = In E,/E, then it follows from (4.99) that 


pu(u;0) = exp E i " ao | (4.100) 


which gives the probability that a neutron of lethargy zero released 
in a medium of pure hydrogen slows down to lethargy u without being 
absorbed. 

It can be demonstrated by means of a crude probability argument 
that these results (4.99) and (4.100) are indeed the nonabsorption prob- 
abilities defined above. For convenience, we will carry out the calcula- 
tion in terms of the lethargy variable. Suppose that the interval 0 to u 
(which corresponds to the interval Ey to E) is divided into N subintervals 
Au; which are sufficiently small so that the 


0 
cross sections may be given one particular value 
[Z.(u:),2.(us), . . .} over each subinterval (see 
Fig. 4.17). Then let p; denote the probability us 


that a neutron will pass through Au; without 
being absorbed. But, each p,; must be an inde- Us 
pendent probability ;! therefore, ' 


Ut-1 
N 
ith interval Au 
Pu(u;0) = [] D; (4.101) | a 
+=] 
If we call p? the probability that a neutron is oe. 
absorbed in traversing Au,, then by definition Fig. 4.17 Lethargy sub- 


p=1- pe (4.102) intervals. 


The absorption probability p? may be given as the product of the prob- 
ability that the neutron will make a collision in Au; and the probability 
that this one collision will be an absorption. Now it was shown in 
Sec. 4.le that Au is the average number of collisions made by a neutron 
with hydrogen in traversing the interval Au. Thus if the subintervals 
Au, are very small, then the probability of more than one collision in each 
interval becomes negligibly small. In the limit as the Au; — 0, Au; gives 
the probability that the neutron will make a collision in traversing this 
subinterval. The probability that a particular collision at u; is an absorp- 
tion Is simply 2,(u;)/Z,(u;); therefore, p? = Au:2a(u;)/2.(us), and 


1 The probability of collision in any subinterval Au; cannot depend upon the past 
history of the neutron. 
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N 
pu(u;0) = I] E - “Stay | (4.103) 


t=! 


We compute the logarithm of pa(u,0) and note that for small Au; 


N N 

\ — _ AuZa(ui)] _ _ AuXa(us) 

tn po) = nf] [1 — 20] SP nf — LO] 
awl 


‘= $= 


N 
ee Au,;Z4(u;) 
_ Di (us) 
t=] 


If we pass to the limit Au; — 0, then the summation may be replaced by 
an integral over the variable u, and we obtain 


In pa(u;0) = — i " ant 


which is in agreement with Eq. (4.100). 

The functions pxu(£;E,) and pu(u;0) are defined for pure hydrogen, 
and these are special cases of a more general pair of functions p(E;Eo) 
and p(u;0) called the resonance escape probabilities. These functions 
may be applied to more general media; an approximate treatment is 
discussed in the next section. 


4.4 Slowing-down Density with Absorption 


a. Integral Equations. We turn now to a treatment of the more gen- 
eral problem of slowing down in a medium which contains absorbing 
nuclei. For the present we consider a medium of a single nuclear 
species and leave for a later analysis the problem of slowing down in a 
mixture of nuclear materials. In this more general treatment both a and 
D.(E) are different from zero. As before, we assume that the nuclei 
are stationary and that the neutron source (go neutrons per unit volume 
per unit time) is monoenergetic (source neutrons have lethargy wo). 

The integral equation for the slowing-down density is identical in form 
to the relation (4.88). If we take for convenience, uv» = 0 then 

e-“ — a) 


atu) = 2s [Bw ow yer — a) dw + 


l 
us In- (a) 


l—ea 


¢ fs (4.104) 
= [eH ouncers = a) a’ 


l—a 


] 
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The collision density in an absorbing medium F(u) differs from the 
expression (4.89) by the addition of a term 2,(u) ¢(u) to the left-hand 
side. Thus, 


F(u) = (u) o(u) =~ — 


a 


[ D.(u’) d(u’) et’ du’ + si 
: ee 


1 a 


u< ee (a) 
a 


Loft (4.105) 
= aa ye) 00 du 


1 
u> In - (b) 


The term at the left gives the rate at which neutrons are removed from 
the unit lethargy interval about u by both scatterings and absorptions. 
The terms at the right give the rate at which neutrons are added to this 
interval by scattering in from above. 

b. Solution in Asymptotic Range. A general solution of Eqs. (4.104) 
and (4.105) has not been found; however, an approximate solution may 
be obtained which is valid for small absorption. This approximation 
is based on the assumption that the asymptotic solution applies for all 
values of u>0. We select then Eq. (4.104b) for the slowing-down 
density. This is one equation in the two unknowns q(u) and ¢(u). As 
a second relation we introduce 


£ q(u) = —2alu) 4(w) (4.106) 


with the initial condition g(0) = go. This relation is entirely satisfac- 
tory from physical requirements inasmuch as the only mechanism for the 
loss of neutrons from the slowing-down stream in an infinite medium 
is the absorption collision. However, even with this simplification the 
set of equations (4.104b) and (4.106) cannot be solved rigorously. There- 
fore we introduce the next approximation, which is to regard the absorp- 
tion as small so that we have nearly the solution for the pure scattering 
case. Under these restrictions there can be no rapid changes in ¢(u); 
such changes could arise only from the high rate of neutron removals 
due to the presence of strong absorbers. Thus we assume that the 
scattering density 2,(u) ¢(u) changes only slightly over each collision 


' 1 ; a ik 
interval u — In to wu. By making this assumption it becomes pos- 


sible to evaluate the integral of Eq. (4.104b). Accordingly we expand 
Z,(u’) @(u’) in a Taylor series about the point u and use the first two 
terms; then 


56a) iio) 4 Gir 4 [,(u) $(u)] (4.107) 
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The substitution of this expression into the integral of (4.1046) yields, 
upon integration, 


g(u) ~ &s(u) 6(u) — vES [2(u) $(u)] (4.108) 


a ln? a 


y= ' 7 B= a) 
As a first approximation to (4.108) 


where (4.109) « 


g(u) ~ E(u) ou) and F g(u) ~ ES [2A(u) (u)] 


We use this estimate of the derivative [Z,(u) ¢(u)]’ in (4.108); thus, 


g(u) ~ E(u) o(u) —  & g(w) 


This equation may be solved by using the relation (4.106) for q’(u). 
The result, is 
q(u) = [&2.(u) + yZo(u)] d(u) (4.110) 


which relates the slowing-down density g(u) to the flux ¢(u) in a medium 
of light absorption. One of these functions can be eliminated by using 
this relation in (4.106). If we solve for g(u), we obtain the expression 


7 uy, (ul) du! 
q(u) ==, q(0) exp |- i ED, (u’) ae cw 


It should be noted that as a — 0 both & and y approach unity, and this 
approximate expression for the 
slowing-down density approaches 
the result for pure hydrogen [see 
Eq. (4.98)]. 

Equations (4.110) and (4.111) 
are applicable only when the term 
y2_(u) is small compared to &Z,(u). 
Thus, although ¢ and y differ by 
quantities of the order of 25 to 50 
per cent of their values (see Fig. 
4.18), it is often acceptable to as- 
sume that § ~ 7, so that 


| ' q(u) = tZa(u) + Z.(u)] o(u) 
Fic. 4.18 Comparison of — and +. = §2,(u) o(u) (4.112) 


(4.111) 


since this approximation, even though poor, is being made in a correction 
term. For much of the material in this work, it will be assumed that 
the flux and slowing-down density are related by Eq. (4.112); however, 
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it should be borne in mind that (4.112) is valid only if the quantity 
D.(u) ¢(u) is slowly varying over any range of length In 1/a in lethargy 
and that the use of (4.110) in place of (4.112) may give better results. 

c. Resonance-escape Probability. The nonabsorption probability for 
a system containing some absorbing material is given by the exponential 
factor in Eq. (4.111). In general for any interval wo to u:, we define the 
nonabsorption probability, or as it is commonly called the ‘‘ resonance- 
escape probability,’ p(uij;uo0) by 


P(U1;Uo) = exp | Za(u) | (4.113)« 


»  €2,(u) 


This nomenclature has been adopted because the principal contribution 
to the integral in (4.113) would [if (4.113) were applicable in those 
regions] come from the energy range of the absorption cross-section curve 


o,(E) 


E, E, E; 
Neutron energy E 
(a) (b) 


Fie. 4.19 Resonances in absorption cross section. (a) Resonance structure; (6) 
broad resonance. 


E, Ey 


which included the resonance peaks (see Fig. 4.19). Since the absorption 
cross section is very large in the region of a resonance peak, the require- 
ment that the scattering collision density be a slowly varying function 
over a collision interval (In 1/a) will not be satisfied, and separate con- 
sideration must be given to the problem of evaluating the nonabsorption 
probability in regions which include an absorption resonance. It would 
appear, then, that the term ‘‘resonance-escape probability” is misap- 
plied to p(w1;u0); however, in many practical cases (4.113) may be used to 
obtain a good approximation even in the presence of absorption reso- 
nances, since the macroscopic absorption cross section of a medium 
consisting of several nuclear species may not exhibit a particularly large 
value at a resonance of any one of the nuclear types present. More- 
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over, the mere existence of a resonance in the absorption cross-section 
curve does not invalidate, a priori, the applicability of Eq. (4.113). 

The usefulness of this relation for estimating the resonance-escape 
probability in an absorbing medium depends upon the “‘size”’ of the 
resonances. The size of a resonance is determined by the maximum 
value of o,(£) at the resonance peak and by the width of the resonance. 
The width of a resonance I is customarily defined as the distance across 
(in energy units) the resonance at a height of one-half the maximum value 
of the o.(£) curve (see Fig. 4.19a). On the basis of a physical argument, 
it is clear that, if the resonance is high and broad,! many neutrons will be 
captured in this energy range (see Fig. 4.19b). Consequently, the neu- 
tron density, and therefore the flux, will be highly depleted in this vicin- 
ity, and the assumption on which the result (4.111) is based would be 
violated. Thus (4.113) could not be expected to give a good estimate of 
the resonance-escape probability in such a system. On the other hand, 
if the absorption resonances are ‘‘sharp,”’ (4.113) may still be applicable. 
The sharpness of a resonance is determined by the ratio AE;/T;, where 
AE; denotes the average loss in the energy of a neutron per collision 
around the resonance energy #;. The resonance is sharp if this ratio is 
much greater than unity. By this definition the resonance at energy 
FE; in Fig. 4.19a is sharp inasmuch as AE3/T3 >> 1. The resonance at 
E,, however, is broad because in this instance AF4/T, ~ 1. 

Equation (4.113) is applicable to systems which exhibit sharp reso- 
nances due to the fact that in these situations a large fraction of the 
neutron population will never “‘see’’ some of the resonances. So long 
as the average jump in energy per collision at the resonance energy is 
much larger than the resonance width, there is a strong likelihood that 
the neutron will be scattered from some energy above the resonance to 
some value below without ever occupying the energy band in which the 
large resonance cross section appears. ‘Thus many of the neutrons in the 
system will avoid capture by never having been exposed to the resonances 
and thereby enjoy a greater opportunity to reach any specified energy 
level below the source energy. However, if the resonances are broad 
in comparison to the average energy jump in the vicinity of the resonance 
energy, no neutrons will succeed in jumping clear across the resonance in 
one collision, and all neutrons will spend some time in the resonance 
energy band. Asa result, the probability for capture increases, and the 
resonance-escape probability for a system which possesses broad reso- 
nances will be significantly less than one for a system which has sharp 
resonances. 

These arguments are not meant to imply, however, that the result 
(4.113) for the resonance-escape probability is rigorously correct for sys- 
tems which have strong but sharp resonances. The intention here is to 

1 And the concentration of absorber large, i.e., when ©. is of the order of 2. 
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offer some justification for the use of this formula in systems which con- 
tain appreciable amounts of absorber. In this connection it is appropri- 
ate to note that (4.113) takes the rigorously correct form in the limit as 
¢— 1, 1.e., in a system of pure hydrogen [cf. Eq. (4.99)]. Furthermore, 
we know that the presence of a high sharp resonance in the cross-section 
curve does not act as an impenetrable barrier to the slowing-down process. 
Many neutrons will get through such a barrier in a single collision. 
Equation (4.113) shows that, although the appearance of such a resonance 
will decrease the resonance-escape probability (the integrand increases 
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Fic. 4.20 Cross-section curve for a nuclear fuel: (a) total cross section for U2*5; 
(b) fission cross section for U3. 


as 2, increases), the rate of decrease is limited by the presence of the 2, 
term in the denominator of the integrand. This result exhibits, then, 
some of the features that would be required of such a function on simple 
physical grounds. Equation (4.113) should be most useful in analyzing 
media with light absorption and may be extended to systems which have 
sharp resonances. 

It was pointed out previously that the preceding analysis was inappli- 
cable to media which contained heavy absorbers (2. ~ Z,), especially if 
large, broad resonances appeared in the absorption cross-section curves. 
Unfortunately these are the materials of greatest interest to reactor tech- 
nology. Reactor cores invariably possess relatively high concentrations 
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of fissionable material; these materials are characterized by absorption 
cross sections which exhibit many large resonances (see, for example, 
Fig. 4.20). Thus, although some preliminary estimates can be made for 
such systems with the aid of Eq. (4.113), other methods must be utilized 
for accurate determinations of the resonance-escape probability in these 
cases. The principal difficulty in analyzing media with large absorption 
is that the assumption of a slowly varying collision density cannot be 
applied. We found that in pure scattering media the collision density 
varied as 1/E. This is not the case, however, in absorbing media. As 
the macroscopic absorption cross section increases, the collision density 
departs further and further from the 1/E behavior, even in the absence of 
resonances. If resonances appear, the collision density is further dis- 
torted and significant dips appear in the vicinity of the resonances (see 
Fig. 4.21). 


Energy E 
Fic. 4.21 Distortions in collision density due to resonance absorptions. 


These features of the problem complicate the calculation of the neu- 
tron flux, and the integral equations for highly absorbing media cannot 
be treated by the elementary methods used above. In these instances 
it is more practical to resort to experimental methods. Thus much of 
the information on the resonance-escape probability of the various mix- 
tures of nuclear fuels and moderators is presently available in experi- 
mental form.! The resonance-escape probabilities in these media are 
usually obtained by measuring the slowing-down density as a function of 
energy for a given neutron-source distribution. The ratios of these data 
to the known source strength yield the resonance-escape probability [see, 
for example, Eq. (4.111)]. 

An advantage which this method offers over a purely analytical 
approach is that the details of the resonance structure need not be known 
in order to determine the resonance-escape probability. In view of the 


1A detailed discussion of this subject is given in Secs. 10.1¢ and 10.3. 
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considerable difficulties involved in making cross-section measurements in 
the resonance range, we have here another argument for abandoning the 
analytical approach in favor of the experimental. 

d. Collision Density by Monte Carlo Method. The analyses of the 
preceding sections showed the inherent difficulties associated with the 
computation of the neutron distributions in a slowing-down medium 
containing absorbing materials. Analytical solutions were obtained only 
for the special case of a medium of small absorption cross section. Excep- 
tions to this restriction were allowed for media which possessed large 
absorption cross sections over short energy intervals, i.e., sharp reso- 
nances. Even in these somewhat limited cases, it was necessary to 
introduce several assumptions and approximations into the analysis in 
order to obtain useful results. The solutions obtained were limited, 
moreover, to the asymptotic range of neutron energies [see Eqs. (4.110) 
and (4.111)). 

Two problems of importance to reactor physics which were not treated 
in these analyses are the slowing-down distribution of neutrons in the 
energy range close to the energy of the source neutrons and the general 
slowing-down problem in strongly absorbing media. These calculations 
cannot be carried out by elementary analytical methods. The experi- 
mental approach mentioned in connection with the calculation of the 
resonance-escape probability (see Sec. 4.4c) 1s an alternate method for 
treating these problems. Unfortunately, in many instances it is as diffi- 
cult to perform good experiments as it is to carry out more exact ana- 
lytical studies. 

A computational method which is eminently suited to the analysis of 
the slowing-down distribution in strong absorbers and in regions close to 
the source energy is the Monte Carlo procedure.! This method is essen- 
tially a statistical compilation. The average behavior of a system of 
many particles (or events) is predicted from a knowledge of a limited 
number of individual histories obtained by a Monte Carlo calculation. 
In some applications (e.g., the resonance-escape probability) the Monte 
Carlo calculations can be performed “‘by hand.” For many reactor- 
analysis problems, however, extremely large numbers of histories are 
required (greater than 10‘), and these can be handled only by means of 
high-speed computing machines. It is not within the scope of this work 
to examine the details of the method; however, we will have frequent 
occasion to refer to results which have been obtained from machine 
calculations using this method. 

The Monte Carlo method has been successfully applied to a variety of 
reactor-physics problems. An application of interest to the present 
topic is the analysis of the slowing-down problem in an absorbing medium 


1 See, for example, Herman Kahn, “Applications of Monte Carlo,’’ Rand Corpora- 
tion, Santa Monica, Calif., AECU-3259, Apr. 19, 1954. 
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carried out by Coveyou, Bate, and Osborn.! A part of this treatment 
was devoted to the calculation of the neutron-scattering collision densi- 
ties within the first two collision intervals below the energy of the source 
neutrons. The physical model on which these computations were based 
was defined by the following set of assumptions: (1) neutrons slow down 
in an infinite, homogeneous medium from a monoenergetic source of 
strength go neutrons per unit volume per unit time, (2) the nuclei of the 
medium are unbound and (3) are distributed in energy according to a 
Maxwell-Boltzmann distribution, (4) the scattering cross section is inde- 
pendent of energy, and (5) the absorption cross section is inversely pro- 
portional to the relative speed between the neutron and the nucleus. 
These assumptions are similar to the set used in Sec. 4.2c._ The principal 
difference appears in 3 and 5. Assumption 5 is a convenient specification 
of the absorption cross section; however, it does have some physical sig- 
nificance since in general o.(v) ~ 1/v (if one omits the contributions from 
the resonances). Assumption 3 is an attempt to describe the thermal 
motion of the nuclei in the medium; further remarks on this phenomenon 
will be deferred until Sec. 4.7. 

The application of the Monte Carlo technique to the present problem 
may be briefly outlined in terms of the following steps: (1) a neutron is 
introduced into the system with a preassigned source speed; (2) a decision 
is then made as to the nature of the first event to be experienced by the 
neutron, i.e., 1s it to be absorbed or scattered, and by what species;? 
(3) if the event is an absorption, a new neutron is introduced at the source 
speed and the procedure repeated; (4) if the event is a scattering, a 
decision must be made regarding the speed of the target particle and the 
relative angle of approach of the neutron to the target. Having made 
this decision it is then a simple matter, on the assumption of isotropic 
scattering in the center-of-mass system, to select the new speed of the 
neutron; (5) these steps are repeated until an absorption collision occurs, 
thus terminating a history. By tracing many such histories it is possible 
to compute the average number of the various events (such as scatterings 
and absorptions) per energy interval for all energies per neutron intro- 
duced into the system. Thus the collision densities, neutron flux, and 
the slowing-down density can be obtained. Note that the resonance- 
escape probability is an especially easy quantity to compute by this 
method; clearly, p(/#) is the number of neutrons which survive to E 
divided by the total number of histories examined. 

A specific calculation for the scattering collision density was carried 
out for the first two collision intervals using a slowing-down medium of 


1R. R. Coveyou, R. R. Bate, and R. K. Osborn, J. Nuclear Energy, 2, 153-167, 
(1956). 

2 These decisions are made by a suitable procedure which involves the selection of 
random numbers. 
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mass number A = 9. The results of this calculation are presented in 
Fig. 4.22. The ordinate is the function 2,(x) ¢(x)/qo where 


r= au v7 = (ry (4.114) 


and v is the neutron speed, m the neutron mass, 7'v the moderator tem- 
perature, k the Boltzmann constant,'! and 6 = 16 (a convenient scale fac- 
tor). Thus the collision density is given as a function of a speed ratio. 
The source condition for this computation was taken as rp = 512. The 
open circles in the figure represent the points computed by the Monte 
Carlo method. The discontinuity in the collision density at the lower 


B,(x)b(x)/qo(X107*) 


Fig. 4.22 Scattering collision density in 1/v absorber. 


end of the first collision interval? + = zx, is clearly discernible (cf. Fig. 
4.15). The solid-line curve is the solution for the collision density in the 
first interval for a 1/v absorber. This function is 


Za(x) o(z) _ 2 a\? (ro + xd\G-/0-a) 
qo ~ (1 — a)zo (2) € + 5) oat) 


— (27 a\V(Na\ oa(T «) 
where k= (Fr) (x) zn (4.116) 


and 7, = 293°K, N, is the nuclear density of absorbers, and N, the 
nuclear density of scatterers. It should be noted that the parameter x isa 
measure of the absorption strength, and «x = 0 corresponds to the case of 
a pure scatterer; whence, 


a) ee) = a oars Gye (4.117) 


It is easily shown that this function is the direct transformation? of expres- 

sion (4.78) when the variable E is transformed to the variable x. The 

results for the Monte Carlo calculation were carried out for x = 2-5, 

which corresponds to a medium with relatively low absorption. The 
1k = 1.3804 X 107% erg/°K = 8.6275 & 107° ev/°K. 


22, = alzo, where a is given by Eq. (4.20). 
3 By using a relation of the type (3.43). 
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method is not limited, however, by the value of «x, and the flux distribu- 
tion in more highly absorbing media can be obtained as readily as in the 
present case. It is seen from the figure that the Monte Carlo data show 
some scatter; this is due to the poor statistics in the high-energy range. 
The essential features of the collision density in this range are well 
exhibited, nevertheless. 


4.6 Mixtures of Nuclear Species 


a. Asymptotic Equations. In the present section we consider the 
slowing down of neutrons from a monoenergetic source in an infinite 
medium which is a uniform mixture of several nuclear species. The 
calculations which follow apply to the asymptotic range (well below the 
energies of the source neutrons). We noticed in our previous calculations 
for mononuclear media that this energy range was the most important 
for the analysis of thermal reactors. Therefore, even though we ignore 
the details of the neutron distributions in the vicinity of the source 
energy, the results we obtain will be of some immediate value for reactor 
calculations. 

The appropriate equations for describing the neutron distributions in 
a medium of several nuclear species are obtained from a generalization of 
Eqs. (4.104) and (4.105). The only change which is required in these 
results involves the integral term which gives the rate at which neutrons 
are slowed down into the lethargy range of interest from collisions above. 
For the mixture, this term must include the contributions from collisions 
with all the various nuclear types present; it is necessary, then, to add a 
scattering integral for each nuclear species?. If wedefine(t = 1,2,..., 
N species) 


>“) = macroscopic scattering cross section of 7th nuclear species 


yf 2 
a; = (F + i) where A; = nuclear mass of zth nuclear species 
then it follows that for the asymptotic range (u > In x) 


N 


g(u) = - i= [ “2 o(u’)(er"-" — a) du’ (4.118) 


N 

E(u) o(u) = D2 — | 122 (u!) ou!) edu’ (4.119) 
Fe s u—-iD ai 

Equation (4.118) is a statement of the physical fact that each neutron 

which slows down past lethargy u has made its last scattering collision 


with some particular nuclear type at some lethargy u’ < u. The prob- 
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ability that these collisions increase the lethargy of the neutron to a value 
above u must be calculated separately for each nuclear type; finally, the 
combined contribution from all scattering collisions must be summed up 
with the length of the scattering interval (In 1/a;) varying from one 
nucleus to another. Similarly, Eq. (4.119) is a balance condition for the 
unit interval around lethargy wu. 

b. Mixture of Pure Scatterers. In the special case wherein all nuclei 
in the mixture are pure scatterers, Eqs. (4.118) and (4.119) have a simple 
solution. The integral equation (4.119), with 


N 
ZS = 0] so that 2= 2, = zo 
| Y >] 
has the solution 
E(u) ou) =C, 1=1,2,...,N 


where the C;, are a set of constants. The use of this result in the integrand 
of (4.118) gives 


N N 

C; ' w/—u pf. ‘= -£. 

q(u) = Ps foe we (e a;) du’ = > Ca 
i=] a i=l 


N 
: EZO(u) d(u) (4.120) 


If we define the average ¢ for a mixture by 


N 
Kw) = 5% 7 EE)(u) (4.121) 
i=] 
Eq. (4.120) may be written 
q(u) = E(u)z,(u) o(u) = g(0) (4.122) 


The last equality follows from the physical requirement that, in the 
absence of absorbers, q(u) = qg(0). A mixture of pure scatterers is 
treated, then, as a single scatterer, with the quantity & replaced by the 
average defined in (4.121). This definition is plausible from a physical 
standpoint since a given nuclear species is effective in slowing down neu- 
trons only in proportion to the fraction of the scattering collisions which 
are due to that species. It should be noted that, since 2(u) is lethargy 
dependent, &(u) must be also; but the dependence of ~ tends to be less 
sensitive because of its functional form. Thus a particular ¢— is usually 
chosen to represent the entire lethargy range of interest. 

The neutron flux for a mixture of pure scatterers is obtained directly 
from (4.122). 
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_ __q(0) 
$(u) Hu) E(w) (4.123) 


Note that if one assumes that all the scattering cross sections have the 
same functional dependence, then 


E(u) = & = constant (4.124) 
and we obtain for the flux 
_ 9(0) 
o(u) = FS, (u) (4.125) 


The simplest case of this is, of course, the assumption that all 2“ are 
independent of lethargy; then 


N 
= = > ENio® (4.126) 
t=] 


The flux is also a constant ¢(u) = ¢@o = q(0)/E2,. 

c. Mixture of Absorbers. In the presence of absorption, Eqs. (4.118) 
and (4.119) do not have simple solutions, and even the limitation that 
Y_ <K 2, for all the nuclear species present does not lead easily to a solu- 
tion. If we introduce this assumption, then the variation in the scatter- 
ing-collision density over a collision interval should be small, and we can 
use the approximation 


ZP(u!) b(w’) ~ B(w) H(u) + (a! — w) S [2(u) su] (4.127) 


The substitution of this expression into the integrand of Eq. (4.118) 
yields 


N 
q(u) ~ b | B2!(u) (a) — brs © [2(u) cu] (4.128) 
t=] 


: 2 py, 
where W=1- eee, (4.129) 


If the derivative term in (4.128) is neglected, we obtain as a first approxi- 
mation 


N 
# aw) ~ YE BPW ou) 


We use this result in (4.128) to obtain 
N 


q(u) = » BE (u) o(u) — Fu) £ g(u) (4.130) 


t= 
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N 
> (2P(u) ow)’ Bove 

where ¥(u) = oT (4.131) 
D (au) oul’ & 
im] 


As in the calculation for the mononuclear case, we assume that q(u) and 
¢@(u) are related by 


 q(u) = —Za(u) ou) (4.106) 


and substitute this relation into (4.130). Thus 


N 
gu) = ) &2i°(u) o(u) + 7(u) Za(u) 6(u) 
t= 1 
= [Eu) Z(u) + Fu) Za(u)] H(u) (4.132) 


where we have used (4.121). Again the approximation is often used that 


E(u) =~ ¥(u) (4.133) 
so that q(u) = E(u) De(u) o(u) (4.134) * 


This relationship between q(u) and ¢(u), which seems to be related to the 
accurate equations only through several very limiting assumptions, has 
been used in many calculations on actual reactors with very good results. 
It will be generally assumed throughout this work. 

An explicit expression for the slowing-down density is obtained by 
substituting (4.134) into (4.106). The solution is 


= _ [% Zalu’) du’ 
a exp | i E(u’) va 


wherein the exponential gives the resonance-escape probability in an 
absorbing medium. 

It should be recognized that if it is desired to use the relation (4.132) in 
an actual computation, instead of the simpler form (4.134), it is necessary 
to carry out an iterative procedure. This complication arises from the 
definition of y(u) which involves the neutron flux [see Eq. (4.131)]. 
This difficulty may be overcome by following the procedure outlined 
below: As a first approximation use Eq. (4.134), and call the correspond- 
ing expression for the flux ¢,(u); thus, 


(u) = 7). __ 90) - [ “ E(u’) aA 4.136 
ea) ISG | MSG. 


where &(u) is computed from (4.121). This expression for the flux may 
now be used to compute the first estimate 7;(u). We obtain from (4.131) 


(4.135) 
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N 


> (2 Cu) dw)! Er 


4i(u) = =,————_—____—_ (4.137) 
> (Bu) duu) & 


i=] 


This relation may be used for a second estimate of ¢. From (4.132), 


_ qui (ut) 
oul) = Fay y,(u) + Ti(u) Bolu) 
= q(0) 
E(u) Z.(u) + 1 (u) Za(u) 
— [or ea | 
xen | meme serEm) 48 


The substitution of this result into (4.131) yields the second estimate 
Yu(u), which in turn gives ¢;;:(u), and so on. This procedure should 
converge quite rapidly. As pointed out previously, however, for most 
practical systems of interest, Eq. (4.134) should be entirely adequate. 
In view of the numerous assumptions imposed on the preceding analysis, 
the refinements suggested above are somewhat questionable and the con- 
siderable labor required in performing the iteration seems hardly justified. 

d. Moderating Ratio. It was shown in Sec. 4.1 that the effectiveness 
of a material as a slowing-down medium was determined in part by its 
value of £, the average gain in lethargy per collision. Another factor 
which can affect this characteristic of a substance is, of course, its macro- 
scopic scattering cross section 2,. The product of these two parameters 
gives an indication of the moderating properties of a material. This 
Guantity is sometimes called the moderating power: 


£2, = moderating power (4.139) 


Thus the larger the moderating power of a material, the greater its effec- 
tiveness as a slowing-down medium. This number, however, is not a 
complete measure of the slowing-down effectiveness. A better quantity 
is the moderating ratio, which takes into account the adverse effect of a 
high-absorption cross section. The definition of this quantity is 


g2, 
Xa 


= moderating ratio (4.140) 


The influence of this parameter on the slowing-down density may be 
demonstrated by means of a simple example. 

Consider two uniform infinite media of dissimilar composition. It is 
immaterial whether these media consist of mononuclear materials or are 
uniform mixtures; the following arguments apply in either case. Let qo 
monoenergetic neutrons per unit volume per unit time be introduced into 
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each of these media, and let u = 0 correspond to the energy of these 
source neutrons. From our previous analyses [see Eqs. (4.111), (4.113), 
and (4.135)] we know that 


qi(u) = gop.(u;0) 
q2e(u) = gop2(u;0) (4.141) 


where the resonance-escape probabilities p,(u;0) are defined 


Penta ft 22 (u’) du’ 
pi(u;0) = exp | 0 BEM (ny | (4.142) 


For convenience we define an average value of the integrand such that 


pi(u;0) = exp | - (2) u| (4.143) 


If we call m; = (€2:/2.):, then from (4.141) 


qi(u) = e—4(L/mi—1/m2) 

a@) € (4.144) 
This ratio gives a useful criterion for comparing the moderating effective- 
ness of two materials. Clearly if m; > me, then qi(u) > q2(u), that is, 
more neutrons succeed in slowing down to lethargy u in medium 1 than 
in 2. Note that the parameters m; are essentially the moderating ratios 
defined by (4.140), since for slight absorption 2, « 2,, and we have 


_ (BA) _ (®& 
ma (Z)a(€ 


Thus (4.144) states that gi(u) > qe(u) if the moderating ratio of medium 1 
is greater than that of medium 2. Good moderating materials, then, 
possess large é (small A), large Z,, and small Z,. It should be recognized 
that, in using the moderating ratio as a criterion for moderating effective- 
ness, it is necessary to establish unambiguously the cross sections which 
enter into the calculation. It is evident from (4.143) that the proper 
cross sections to use are a suitably averaged set over the lethargy range 
of interest. In many instances, however, a rough estimate is sufficient, 
and it has become customary to compare moderating media in terms of 
these properties at thermal energy (0.025 ev). The moderating ratios at 
thermal energy of some efficient moderators are listed in Table 4.1. 


TaBLE 4.1 MopERaATING RATIOS 


Material Moderating ratio 
H.O.......... 164 
D:0.......... 13,200 
Bei atudeee ead 144 
Cee eerie 236 
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4.6 Infinite Homogeneous Multiplying Media 


a. Arbitrary Source Distribution. Our considerations of the slowing- 
down problem so far have been limited to infinite media with mono- 
energetic sources. In an actual reactor the neutron sources are in main 
part the fission reactions which take place; these source neutrons appear 
in the system according to a particular distribution in energy, the fission 
spectrum. A somewhat more realistic analysis of the slowing-down prob- 
lem can be obtained by taking this source distribution into account. We 
begin the calculation by setting up the following general problem: (1) 
neutrons appear in the medium isotropically at the rate S(u), where 
S(u) du is the number of neutrons which are born per unit volume per 
unit time with lethargies in du about u; (2) the nuclei of the medium are 
stationary; and (3) the medium is isotropic and homogeneous. The flux 
and the slowing-down density are assumed to be related by the equations 


f gu) = Balu) (u) + S(u) (4.145) 
q(u) = §2,(u) (u) (4.112) 


Equation (4.145) is an immediate extension of (4.106) and states that 
any change in q(u) must be due to the combined effect of the removals 


S(u) 


ie) u 
Fia. 4.23 Source function S(u). 


Za(u) o(u) and of the source S(u). Equation (4.112) is taken from the 
analysis of Sec. 4.4b and therefore applies to the asymptotic range and to 
media with slight absorption. These relations replace the more general 
form (4.104). Equations (4.112) and (4.145) are to be used with the 
initial conditions 


q(0) = 0 S(0) = 0 (4.146) 


which imply that the lethargy scale is so selected that the origin is well 
above all neutron sources (see Fig. 4.23); thus no neutrons appear in the 
system at energies above the value which corresponds to u=0. The 
solution to (4.112) and (4.145) is readily shown to be 


q(u) = if S(u’')p(e;u’) du’ (4.147) « 
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“>,(w) dw 


uw’ §2 (w) ee) 


where p(u;u’) = exp | - 
The physical statement of (4.147) is that the number of neutrons slowing 
past lethargy wu (in an infinite medium, per unit volume per unit time) is 
given by the number of neutrons produced at u’, S(u’) du’, multiplied by 
the probability p(u;u’) that a neutron at wu’ will reach u without being 
absorbed and the product integrated over all u’ < u [for which S(u’) has 
@ nonzero value]. 

b. Monoenergetic Source. A special case of (4.147) is the medium 
with a monoenergetic source; thus, suppose that all neutrons enter the 
medium with lethargy u = 0 (corresponding to some fixed energy Ep). 
Then, we take 


S(u) = qo 5(u) (4.149) 


where 6(u) is the Dirac delta function.' Note that the total number of 
neutrons which appear at all lethargies per unit volume per unit time is 
given by the integral 


[7, S@) du = qo f,” 5(u) du = ge (4.150) 


The slowing-down density in this system is obtained by the direct substi- 
tution of (4.149) into the general result (4.147). The solution is 


ee if * sw’) p(uju’) du’ = qa exp | - [ | (4.151) 


as previously obtained [cf. Eq. (4.111)]. 

c. Fission Source. As a second special case of Eq. (4.147), suppose 
that the infinite medium in question contains a uniform distribution of 
fissionable material, so that the nuclear characteristics of the composition 
are now &, Z,(u), Z,;(u), Ze(u), and Z,(u). Suppose further that, as a 
result of each fission, y neutrons appear at the point of the fission reaction 
and that these neutrons are distributed in lethargy according to the func- 
tion 4(u), where 


[, ” (uu) du =1 (4.152) 


Thus 3(u) is the normalized fission spectrum in lethargy. Note that 
3(u) du gives the fraction of neutrons which appear from fission with 
lethargies in du about u. It is sometimes more convenient to work with 
the corresponding function in energy space z(E), which may also be 


1H. Margenau and G. M. Murphy, ‘“‘The Mathematics of Physics and Chemistry,” 
p. 325, D. Van Nostrand Company, Inc., Princeton, N.J., 1943. 
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normalized; thus, 
is 2(E) dE = he 3(u) du = 1 (4.153) 


The fission spectrum is obtained from experiment. Figure 4.24 shows 
some experimental data along with an analytical approximation. 

One of the initial assumptions (2) was that the nuclei were stationary; 
thus the neutrons may slow down all the way to u = ©. The source 


Neutron energy E, Mev 


$ Time of flight data X 0.204 
} Photographic-plate data 


Fic. 4.24 Fission spectrum in energy for U?*5; indicated formula is good up to 
E=9 Mev. [From L. Cranberg, G. Frye, N. Nereson, and L. Rosen, Phys. Rev., 
103(3): 662-670 (1956).] 


function for this system is therefore 
S(u) = v3(u) Le E(u’) o(u’) du’ (4.154) 


The slowing-down density may be obtained by using this expression in 
(4.147). 


g(u) =v [> B/(w") ow) dw” f° 3(w’) p(uju’) du’ (4.155) 


If the fissionable material is to be the only source of neutrons, and if 
the neutron flux in the infinite medium is to be in the steady state, we 
require that 


Number of neutrons number of neutrons 
introduced per unit | = | produced from fissions per 
volume per unit time unit volume per unit time 


The equivalent mathematical statement is 


te. SU) di 9 te a(u) du he Zy(u’) p(w’) du’ (4.156) 
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If we introduce one neutron per unit volume per unit time, then 
i S(u) du = 1, and 
jay is 3(u) du i E(u’) o(u’) du’ = » l, Z,(u’) o(u’) du’ (4.157) 


by virtue of (4.152). The equality at the right states that if the system is 
to be at steady state then exactly one neutron per unit volume per unit 
time must be produced as a result of all the fissions at all lethargies in that 
volume. The application of this result to the relation for g(u) given in 
(4.155) yields 


q(u) = f, a(u’) p(uju’) du’ (4.158) 
and for the flux we have [from (4.112)] 
—_ 1 . / onal / 
¢(u) = Bu Jo 3(u’) p(u;u’) du (4.159) 


d. Criticality Equation. The expression for the steady-state condition 
(4.157) may be written in terms of the result (4.159); thus 


i= [ Fy,(u) Jo 3(u’) p(u;u’) du (4.160) 


For convenience we define! 


vu) = are BH) = Ee (4.161) 
Then (4.160) gives 


ies i y(u) du is 3(u’) exp | ~ iE B(w) dw | du’ (4.162) 


This is the condition for the steady-state operation of a multiplying 
medium with only fission sources of neutrons and slowing down allowed 
over the infinite lethargy range; i.e., in the terminology of the next sec- 
tion, there is no thermal group. Condition (4.162) is called the criticality 
condition, and it is a requirement on the nuclear characteristics of the 
multiplying medium. We will have more to say of this later. 

The fission spectrum z(£), for the particular fuel U?*5, has a maximum 
value at about 1 Mev. For many purposes it is adequate to group all 
neutrons from fission at some one energy in the neighborhood of the posi- 
tion of the maximum point. The same can be done with 3(u). If for 
convenience we choose u = 0 in the vicinity of the maximum point (see 
Fig. 4.25), then the fission spectrum is approximated by a monoenergetic 
source at u = 0. 

4(u) = 8(u) (4.163) 


1 Not to be confused with y from (4.109) or 7(u) from (4.131). 
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The substitution of this relation into (4.160) yields 
l=yp [, y(u) p(u;0) du = rf. v(u) exp | — is B(u’) du’ | du (4.164)« 


Since the cross sections which appear in (4.162) and (4.164) are generally 

obtained from experiment, simple analytical representations usually are 

not available for these quantities, and the evaluation of the integrals must 
be done numerically. 

3(u) A physical interpretation of the 
integrals in (4.164) may be demon- 
strated by writing the integrands in 
the form 


. ay cre) fdu\ 
Q u i (1) p(u;0) 5.(w (=) y=l1 


Fig. 4.25 Fission spectrum in lethargy. 


That is, the number of neutrons pro- 
duced per unit volume per unit time (which must be unity) is the sum 
over all lethargy intervals du of the product 


Number of neutrons || probability that a || fraction of 


produced per unit neutron at u = 0 || collisions 
volume per unit reaches lethargy at u which 
time at u = 0 u successfully are fissions_ 
average average 
number number 
x collisions neutrons 


in du at u_}| per fission 


There is an alternative way of regarding (4.160) which may be more 
instructive. The ratio of the number of neutrons in a given generation 
to the number in the preceding generation is the multiplication constant 
[see Eq. (3.16)]; then 


hoy is y(u) du [oe p(usu’) du’ (4.165) 


where k,, is defined as the multiplication constant of the infinite medium. 
If the composition of the medium 1s specified, then all the cross sections 
are known [and therefore y(u) and 8(u)] and the integrals may be evalu- 
ated. If the right-hand side of (4.165) is unity, then the system is 
critical; if its value is less than unity, the system is subcritical; and if its 
value is greater than unity, the reactor is supercritical. 

Alternatively, whatever the value of the right-hand side, some number 
ve may be found such that 


Ve i v(u) du Ir 3(u’) p(u;u’) du’ = 1 (4.166) 
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1.e., for any composition of the infinite medium, there exists some (ficti- 
tious) average number of neutrons per fission which would make the sys- 
tem critical. This value is given the symbol », and is to be compared 
with v, the experimentally determined number of neutrons from fission. 
It follows from (4.165) and (4.166) that 


(4.167) * 


e. Slowing Down by Average Jumps. The actual slowing-down proc- 
ess experienced by a neutron consists of a series of discrete jumps in its 
kinetic energy; thus the neutron trajectory in energy space is a discon- 
tinuous function with a random distribution of ‘‘steps’’ (see Fig. 4.10). 
The magnitude of these steps (or jumps) is given by the frequency func- 
tion for the elastic-scattering collision [see Eqs. (4.39) and (4.50)]. In 
each of the preceding analyses an attempt was made to take this behavior 
into account. Only in the case of a hydrogenous medium, however, was 
it possible to obtain exact solutions. 

An alternative analysis of the slowing-down process, which may be more 
attractive in an intuitive sense, treats this process as a sequence of 
‘“‘average jumps.” In this treatment the actual frequency function is 
replaced by a function which allows the scattered neutron to acquire 
exactly the average gain in lethargy per collision & [or lose the average 
change in energy AF per collision; see Eq. (4.40)]. The neutron trajec- 
tory in lethargy space, then, is a step function with a series of jumps, all 
of magnitude ¢. This approach to the slowing-down problem is at best a 
first approximation; however, it does have some merit in that it retains a 
number of the essential features of the physical phenomenon, although in 
crude form. Moreover, it allows a solution of the exact equations [see 
Egs. (4.105)]. 

The average-jump collision process described above requires that the 
initial and final lethargies of a scattered neutron (u’ and u, respectively) 
be related by the equation 


u=u' +é (4.168) 


The frequency function for a slowing-down process consisting of these 
average jumps is defined 


I(u;u’) du = probability that a neutron of lethargy u’ when 
scattered emerges from the collision with lethargy in 
du about u 
= {u’ — (wu — £)] du (4.169) 


where 6 is again the Dirac delta function. The physical statement of this 
function is that the scattered neutron will emerge from the collision with 
lethargy in du about u only if u differs from u’ by exactly the amount é. 
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As an example of the application of these concepts, consider the analysis 
of the slowing-down problem in an infinite, homogeneous multiplying 
medium which is at steady state, 1.e., critical. Let the distribution of 
fission neutrons be given by the normalized spectrum 3(u) defined in 
Eq. (4.152), and let 2,(u), D/(u), De(u), &, and Z,(u) denote the nuclear 
constants of the medium. The total collision density for this system is 
given by 


Z:(u) d(u) du = a D(u’) d(u’) ((u;u’) du’ du 
+ 3(u) [, Z,(u") o(u’) du’du (4.170) 


The first integral gives the rate at which neutrons are scattered into the 
interval du about u, and the second, the rate at which they appear from 
fissions. The system described by (4.170) is at steady state; therefore, 
the criticality condition must be satisfied: 


L=v [> Bw’) o(u’) du’ (4.157) 
If this relation is used in (4.170), along with the definition (4.169), then 


E(u) o(u) = a(u) + fo" Ew’) 6(w’) alu! — (wu — BH] du’ 
= a(u) + 2.(u — &)d(u — &) (4.171) 
This relation is a difference equation! in the unknown function ¢. If we 


define the origin of the lethargy scale such that 3(u) = 0 for all u < 0, 
then the appropriate initial condition to be used with (4.171) is 


¢(0) = 0 (4.172) 


The solution to the difference equation may be carried out in steps by | 
starting with the known value of the flux at the origin (4.172). In 
general, if ¢, denotes the flux at the lower limit of the nth collision 
interval, then 


1 
Gn = D,(né) {a(né) =f Z.[(n _ 1) E]dn_1} (4.173) 
Thus, for example, 
oi = $(f) = i 
$1 = 628) = sop [320 + “ORO | (4.174) 


and so on. An approximate solution to the difference equation can be 
obtained in the case of a slowly varying flux. Thus we expand 


1 See, for example, Theodore v. K&rm&n and Maurice A. Biot, ‘‘ Mathematical 
Methods in Engineering,’’ chap. XI, McGraw-Hill Book Company, Inc., New York, 
1940. 
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o(u — =) = o(u) — Ep’(u) + °°: (4.175) 


and use the first two terms on the condition that &¢’(u) K ¢(u). The 
substitution of this expression into (4.171) reduces the difference equation 
to a first-order differential equation. The result is (2, is taken to be inde- 
pendent of lethargy) 


Ze(u) G(u) ~ g(u) + Zeap(u) — EZ, o'(u) (4.176) 


which has the solution _ 


@(u) = Si [ 3(u’) exp | - [ | du’ (4.177) 


It is seen that this result is in good agreement with the relation (4.159). 
Note that the resonance-escape probability, given by the exponential of 
(4.177), is defined in terms of the scattering cross section, whereas the 
form in (4.159) involves the total cross section. The discrepancy here is 
not significant however, inasmuch as (4.159) applies to media with slight 
absorption. This is also the case in the present calculation; otherwise we 
could not have assumed that the flux was a slowly varying function over a 
single collision interval. 


4.7 Thermal-group Cross Sections 


a. Thermal Motion of Neutrons and Nuclei. In all the preceding 
analyses dealing with the interaction between neutrons and nuclei it was 
ussumed that the nuclei were stationary. Actually, the nuclei in any 
material at a temperature above absolute zero will be in thermal motion. 
It is known from the kinetic theory! that the average energy associated 
with the translational motion of such particles is given by 8kT (where k is 
Boltzmann’s constant and 7 is the absolute temperature of the medium). 
So long as the neutron speeds are much greater than those of the nuclei 
(i.e., the neutron energy is much greater than #k7), there is no important 
effect of the nuclear motion, and this is the case for materials at ordinary 
temperatures (20 to 1000°C) and neutrons with energies of a few electron 
volts or greater. However, when neutron speeds are comparable to 
nuclear speeds, the nuclear motion cannot be ignored. 

Nuclear motion becomes important, then, when neutron energies are 
in the order of kT (kT = 0.025 ev for T = 20°C). The effects of the 
nuclear motion are significant in connection with two different aspects of 
the interaction phenomenon, namely, the frequency function for scatter- 
ing collision and the specification of neutron cross sections for neutron 
energies around kT. It will be recalled that the frequency functions for 


1 See, for example, J. E. Mayer and M. G. Mayer, ‘“‘Statistical Mechanics,”’ pp. 
1-17, John Wiley & Sons, Inc., New York, 1948. 
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collision used in the previous calculations [see Eqs. (4.39) and (4.50)] were 
defined for stationary nuclei; these functions do not apply, therefore, to 
scattering collisions by thermal neutrons (neutrons of energy around kT). 
In fact, a scattering collision experienced by a thermal neutron will result 
in an increase in its kinetic energy in a large fraction of the collisions. 
Because of the thermal motion of the nuclei, some energy can be trans- 
ferred from the nucleus to the neutron, thereby increasing the neutron 
speed. This is in contrast to collisions between neutrons and stationary 
nuclei which always result in a decrease in the energy of the neutron (and 
an increase in the energy of the nucleus). 

Elastic-scattering collisions between thermal neutrons and nuclei do 
not, on the average, raise or lower the kinetic energy of the neutron. 
Once a neutron has been slowed to the thermal-energy range, it wanders 
through the medium from one scattering collision to another, sometimes 
gaining energy, sometimes losing energy, until it is finally absorbed (or 
escapes from the medium if the system is finite). The effect of the 
nuclear motion on the slowing-down process is to decrease the average 
logarithmic energy loss (decrease £) as the kinetic energy of the neutron 
decreases toward kT; thus, the neutron actually makes more collisions in 
a small energy interval (a few kT) above & = kT than would be pre- 
dicted by a theory which treated £ as a constant in energy. The use of a 
constant £ then, underestimates the number of absorptions in a small 
energy interval at low energies, just where the absorption cross sections 
are usually high; this may, in part, be compensated for by the fact that 
the number of fissions in the same interval is also underestimated. 

The second effect of the nuclear motion appears in the definition of the 
neutron cross sections for thermal neutrons and the specification of the 
neutron and nuclear densities as a function of energy. In the case of 
media with stationary nuclei the cross sections could be readily defined 
inasmuch as the relative speed between neutron and nucleus was the 
absolute speed of the neutron. When the nuclei are in motion, however, 
the neutron cross sections must be expressed in terms of the relative speed 
between the two moving particles. Thus in computing collision densi- 
ties for thermal neutrons and nuclei it is necessary to use the relative 
speed, and this requires a complete description of the motion of both 
neutrons and nuclei. In general, these motions are extremely compli- 
cated, and detailed descriptions are difficult to specify and even more 
difficult to apply. 

The behavior of neutrons at the lower end of the energy scale is much 
different, then, from the behavior in the high-energy range. Because of 
the basic difference in the nature of the two phenomena, slowing-down 
and thermal motion, it is convenient to separate the neutron trajectory 
in energy space into two parts. The first part deals with the slowing- 
down process from the source energy down to the thermal range, and the 
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second, with the behavior of the neutrons around E = kT. The slowing- 
down process has been studied in detail in the preceding sections, and 
various models for treating this portion of the neutron trajectory have 
been developed. The problem which remains, and to which we now 
address ourselves, is the selection of suitable functions for describing the 
energy distribution of neutrons and nuclei in the thermal-energy range. 
Given these distributions, expressions for the nuclear-reaction rates can 
be readily obtained. 

To a fair approximation the physical situation in the thermal-energy 
range may be regarded as that of two gases (neutrons and nuclei) in 
thermal equilibrium. On the basis of this picture it is possible to derive 
by the methods of the kinetic theory the functional form of the distribu- 
tion functions for both the neutrons and nuclei. The present derivation 
of these functions follows the treatment of Chapman and Cowling. ! 

Consider, then, an infinite medium consisting of neutrons and nuclei in 
thermal equilibrium, and for convenience let us assume that only one 
nuclear species is present. Further, let us assume that only scattering 
reactions occur between the neutrons and nuclei so that no neutrons are 
lost from the system by absorption. Let the distribution of neutrons 
and the nuclei be given by the functions 


fraction of neutrons in unit volume whose velocities 
lie between v and v + dv (4.178) 
fraction of nuclei in unit volume whose velocities lie 


between V and V + dV 


in(v) dv = 
M(V) dV = 


The derivation of the functions m and M is developed from the neutron- 
balance relation for all reactions which can affect the density of neutrons 
in a differential element dv. For this purpose we require two additional 
functions, namely, 


o = v — V = relative velocity between neutron and nucleus 
a(|\v — V|,o) dw = microscopic scattering cross section for a 
neutron of velocity v and a nucleus of veloc- 
ity V which will rotate relative velocity vec- 
tor 9 through angle w 
c(ow) with p = |o| 


(4.179) 


The vector diagram for a typical scattering collision in the laboratory 
system of coordinates is shown in Fig. 4.26. The unprimed quantities 
refer to the velocities before collision, the primed, after collision. As 
indicated in the definition above for a, w is the angle between the relative 
velocity vector before collision » and the relative velocity vector after 
collision 9’. 

1Sydney Chapman and T. G. Cowling, ‘‘The Mathematical Theory of Non- 
uniform Gases,’’ 2d ed., pp. 374-377, Cambridge University Press, New York, 1952. 
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We begin the neutron-balance calculation by computing first the total 
number of neutrons scattered out of the differential element dv. Since 
the speeds of the nuclei are comparable to those of the neutrons, it is 
necessary to compute the scattering densities in terms of the relative 
speed between each pair of colliding particles. Thus for each nuclear 
velocity V there is a corresponding relative speed p and a cross section 
o(pw). In order to compute the total scatterings out of dv we integrate 
the product of m(v) dv and poM over all V and wu; thus, 


Number of neutrons 
scattered out of element = /, a m(v) dv pa(pw) M(V) dV dw (4.180) 
dv per unit time 


In order to complete the neutron-balance relation for steady state, we 
require also the rate at which neutrons are scattered into the element dv. 
, For this purpose we introduce the density of nuclei 
VA of any velocity V’ before collision J2(V’) and the 
density of neutrons of some velocity v’ before colli- 
sion m(v’). It is important to recognize that the 
velocity v’ is not entirely arbitrary since given V’, 
a scattering angle w’, and a final velocity v there 
y exists only one velocity v’ which the neutron may 
possess if the neutron is to emerge from the colli- 
Fic. 4.26 Velocity sion with velocity in dv about v. Or saying it in 
vectors before and after another way, given V’, w’, and v, v’ is completely 
collision ina laboratory qgefned. This may beseenfrom the figure. Thus 

system of coordinates. ; ; 
to compute the total number of scatterings into dv 

we sum over all possible V’ and w’ and select each v’ such that 


v’ = v'(v,V'w’) (4.181) 


causes the emergent neutron to appear with velocity in dv about v. This 
sum is given by the integral 


iB oy MlV’(v,V’,0’)] dv’ p’o(0’,0’) M(V’) dV’ des (4.182) 
Note that 
microscopic scattering cross section for a neutron 
+» 7, _ Of velocity v’ and a nucleus of velocity V’ which 
ee acl will rotate relative velocity vector po’ through ONY) 
angle w’ 
Also a(pw) = a(p’w’) (4.184) 


which states the physical fact that the scattering cross section to rotate 
the vector o (corresponding to v and V) through angle w into o’ must be 
the same as that which rotates 9’ (due to v’ and V’) through w’ into 9. 
In the present generalized notation, o = —w’. 
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The next step is to transform the integral (4.182) by a change of integra- 
tion variables. Thus we write (4.182) in the form 


number of neutrons scat- 


tered into dv per unit time ee) 


Joes BW) 40 p o(p,0) M(V’) dV do = 
Note that we still denote velocity vectors before collision by the symbols 
v’ and V’; however, the integration variables which correspond to the 
coordinates of v’ and V’ have been changed from the primed symbols to 
the unprimed; thus, dv’ — dv, dV’ — dV, and dw’ — dw. Also, observe 
that 

dv’ dV' dw’ = dv dV dw (4.186) 


In transforming from (4.182) to (4.185) we have used the fact that 

p = p’; i.e., the relative speed between neutron and nucleus remains 

unchanged through an elastic-scattering collision. The proof of this 

statement follows directly from the results obtained in Sec. 4.1b. We 

note first that in terms of the velocities in the center-of-mass system (C), 
the relative velocities may be written [using (4.6) and (4.7)] 

o=w-—W o =w — W' (4.187) 

If we square each of these expressions, subtract p? from p”, and apply the 

results (4.10) and (4.11), it follows immediately that 
p=’ (4.188) 


At steady state the expressions (4.180) and (4.185) must be equal. 
Since the integration variables are the same we may write the balance 
condition in the form 


Lo [m(v’) MV’) — m(v) M(V)]o o(pw) dv dV dw = 0 (4.189) 
A physically acceptable solution to this equation is 
m(v’) M(V’) = m(v) MV) (4.190) 


The next step in the analysis is to define two new functions f and F such 
that 


f(v) = In m(v) F(V) = In M(V) (4.191) 
If we use these in (4.190), it follows that 
fiv’) + F(V’) = f(v) + F(V) (4.192) 


which states that there exists some scalar function of the velocities before 
and after collision which is unchanged by the collision. The only scalar 
invariant in the present system is the total kinetic energy of the colliding 
particles. Thus the functions f and F may be immediately identified 
with the kinetic energies of the neutron and nucleus, respectively. 
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Therefore, we set 
f(v) = a(gmv?) ss F(V) = a4 MV?) (4.193) 


where a is some constant, m the neutron mass, and M the nuclear mass. 
Finally, we substitute these expressions into (4.191) and obtain 


m(v) = beste? M(V) = Bey? (4.194) 


The coefficients b and B are simply normalization factors and are easily 
computed by setting the integrals of m and IN over v and V, respectively, 
equal to unity. The determination of the quantity a which appears in 
the above equations is accomplished with the aid of certain thermo- 
dynamic relations. The computation is straightforward but of no par- 
ticular interest to the present study. Without further comment, then, 
we note that it can be shown that! 


Es 


aa (4.195) 


Qa = 


where k is the Boltzmann constant and T is the temperature of the 
medium. If we use this result in (4.194) and carry out the normalization 
of the functions m and Qt, we obtain 


i 
m(v) = (57) g-neser 


| (4.196) 
mv) = (s3rp) emrnss 


QakT 


which are the well-known Mazrwell-Bolizmann distributions. There are 
two essential properties of these functions which are of particular interest 
to the present development. (1) The temperature parameter which 
appears in each of the exponentials is the same quantity for both the dis- 
tribution of the neutrons and of the nuclei. (2) These functions are of 
Gaussian shape. When the functions (4.196) are plotted against speed, 
they will exhibit peaks around the value of the speed corresponding to 
the energy kT, and with increasing values of temperature these peaks will 
shift to higher values of the speed. Thus higher temperatures correspond 
to higher average speeds for both neutron and nuclei. 

The fact that the same parameter 7 appears in both distributions given 
in (4.196) is a direct consequence of the assumption that the medium in 
question is a purely scattering material. We know, however, that many 
media of practical importance to reactor technology possess appreciable 
absorption cross sections. This is especially true, of course, for media 
comprising the core of thermal reactors. In these situations the results 
(4.196) are not generally valid, and some modification must be made in 


1 Mayer and Mayer, op. cit., pp. 8-14. 
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the definitions of the distribution functions which accounts for the effects 
of the absorption losses on the neutron spectrum. The principal effect 
of the absorption collisions is to depress the neutron population over the 
energy interval wherein the absorption cross section is relatively large. 
Since for most materials the microscopic absorption cross section varies 
more or less as 1/v, this means that the neutron densities are increasingly 
reduced, from the pure scattering media values, as one progresses down 
the energy (speed) scale. Asa result, the neutron distribution m is dis- 
torted and tends to peak at higher values of the neutron speed correspond- 
ing to the range wherein the absorption cross section is relatively small. 
This shift in the peak, and distortion in the shape, of the neutron- 
distribution function is called hardening of the spectrum, and it is the more 
pronounced, the greater the value of 2. These trends are illustrated in 
Fig. 4.27. 


Purely scattering medium 


Medium with absorption * 


Neutron density m 


Neutron energy E 


Fic. 4.27 Distortion in thermal-neutron spectrum due to the presence of absorbing 
materials (*normalized so that each system contains the same total number of neutrons). 


One way in which this shift in the neutron density may be taken into 
account is by introducing an effective neutron temperature T,. Thus we 
define some fictitious temperature 7, which, when used in the function 
m of (4.196), gives a new Gaussian that yields a better fit to the distorted 
density distribution arising from the presence of the absorber. The 
determination of this parameter is deferred until a later section. For the 
present, all we require is that such a number can be specified for a given 
system. 

The results (4.196) may now be written in terms of this parameter. 
It will be convenient for subsequent treatments to introduce also a tem- 
perature 77 which describes the thermal state of the nuclei in the system. 
Thus a suitable set of functions for the neutron and nuclear densities in 
an absorbing medium may be given by 


fraction of neutrons in thermal range whose veloct- 
tres lie between v and v + dv 


m j 
= e ) e-merr/2kTn dy (4.197) * 


m(v) dv = 
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fraction of nuclei whose velocities lie between V and 

V+dv 

= ( M ) e- MV" 2kTN dV (4.198) * 
~ \OekT w ; 

It should be noted that these distributions are defined in terms of 
velocity space, which is not to be confused with speed space.! The dis- 
tributions in velocity space are more detailed than those in speed space 
inasmuch as they specify not only the neutron speed but also its direction 
of motion. The transformation from the velocity function to the cor- 
responding speed function is readily obtained by integration. Thus in 
the case of the neutron distribution (4.197) we compute the correspond- 
ing function in speed space by integrating (4.197) over all directions of 
motion? Q. If we define 


MV) dV = 


fraction of neutrons whose speeds lie between v and 


nee (4.199) 


m(v) dv = 
then 
m(v) dv = [imo dv = v* dv fmm dQ 


| 
= Arr? (str) e—mv*s/2kTn dy (4.200) 


Also, if n,, is the total number of thermal neutrons per unit volume, then 


number of neutrons per unit volume 
whose speeds lie between v and v + dv 


b. Definition of Thermal-group Cross Section. The Maxwell-Boltz- 
mann distributions (4.197) and (4.198) may be used to construct suitable 
average cross sections for the neutrons in the thermal-energy range. 
These average cross sections will be useful in subsequent analyses wherein 
the entire thermal neutron population is represented by the one-velocity 
model. If =** denotes some average cross section and ¢,, the total track 
length per unit time (in some specified volume) of the thermal group, then 
a convenient definition of the group cross section is given by 


n(v) dv = ny m(v) dv = (4.201) 


roy = J, ny, m(v) dv ‘- o*(\v — Vi)iv — VIN M(V) dV (4.202) 


where N is the number of nuclei per unit volume, n,, the number of 
thermal neutrons per unit volume, and Jt and m are given by (4.197) and 
(4.198). The symbol o*(|v — V|), which represents the neutron-nucleus 


1 Tbid., p. 14. 

? The symbol Q denotes a unit vector in actual space (i.e., a direction) and can be 
specified by giving two angles, a co-latitude 3 and an azimuth y; therefore, Q = Q(3,y), 
and the differential solid angle (i.e., area on surface of unit sphere) is dQ = sin J dv dy. 
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interaction phenomenon of interest, is a function only of the relative 
speed between the colliding particles. It is not, in general, the cross sec- 
tion measured by the experimenter in the laboratory. The relationship 
between the measured o and the quantity which appears in the above 
equation is easily exhibited upon introducing two additional definitions 
and rearranging the form (4.202). Let 


D4 = ottN (4.203) 
Pu = Nn , v m(v) dv (4.204) 
then, (4.202) reduces to 
ic m(v) dv is o°(|\v — V|)\v — V| MV) dV 
ik v m(v) dv 


The V integral in this expression is in fact the quantity obtained by the 
experimenter. Thus we identify the reaction rate va(v) as the integral 


ve(v) = ie o°(\v — V\)|v — V| M(V) dV (4.206) « 


(4.205) 


gth = 


The physical interpretation of this relation is discussed in the section 
which follows. If we use this definition in (4.205), we obtain 


I, vo(v) m(v) dv 
I, v m(v) dv 


This result may be written in an alternative form by separating the integra- 
tion over velocity space into an integration over speed space and an 
integration over all directions of neutron motion Q. Then, for example, 


i: vo(v) m(v) dv = i. v¥g(v) dv Io m(v) da = a ve(v) m(v) dv (4.208) 


(4.207) « 


gth = 


where we have used the definition (4.200) for the neutron distribution in 
speed space m(v). If a similar operation is performed on the denomi- 
nator, then (4.207) reduces to 


iB vo(v) m(v) dv 
7 in v m(v) dv 


We find then that the computation of the thermal-neutron group cross 
sections may be carried out by integrating the measured cross-section 
data weighted by the neutron distribution in speed space (4.200) over the 
range 0 <v < o. It would appear that the details of the computation 
introduce some ambiguity from a physical viewpoint since the integration 


(4.209) « 
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extends over the entire speed range. Conceivably, a thermal neutron 
could acquire extremely large speeds by suffering successive scattering 
collisions each of which caused an increase in its kinetic energy. This 
situation might raise some question as to how this neutron is to be classi- 
fied, i.e., is 1t a thermal neutron or is it a ‘“‘fast’’ neutron. From a prac- 
tical standpoint, however, this causes no complication inasmuch as the 
number of such high-speed neutrons is negligibly small due to the Gaus- 
sian form of the function m(v). 

c. Reaction Rates for Neutrons and Nonstationary Nuclei. We have 
already noted that the cross sections measured in the laboratory are 
the quantities o(v), and these are related to the interaction functions 
a°(\v — V|) through the integral equation (4.206). Actually, the precise 
forms of the functions o® are not generally known. The only information 
about a specific reaction rate which is obtained from a cross-section experi- 
ment is the integral quantity o(v). In fact, the experiment itself consists 
in performing the integration indicated in (4.206). This may be more 
easily recognized if one recalls the experimental procedure involved in 
making a cross-section measurement. A brief description of this pro- 
cedure was given in Sec. 2.4c. Such measurements are performed for 
neutrons of various speeds (energies) by irradiating a sample of the mate- 
rial in question with a monoenergetic beam. For each neutron speed, 
the experimenter obtains a measurement of the beam intensity, with and 
without the specimen. The difference between these intensities, which 
is usually given in terms of the reaction rate R(v), where 


R(v) = vo(v) = ip o*(\v — Vi)|v — V] MV) dV (4.210) 


is attributed to the reactions in the specimen. Thus neutrons of a par- 
ticular speed (established by the beam) are allowed to interact with the 
nuclei of the sample. These nuclei, however, are in a random motion 
determined by the temperature of the material. Consequently the 
experiment consists, ultimately, of measuring the interaction between 
neutrons of a given speed and nuclei of all speeds. The integrated effect 
of all these interactions is the quantity o(v), and the graphic representa- 
tion of these functions is the cross-section curves to which we have made 
frequent reference. Finally, it should be pointed out that Eq. (4.206) is a 
mathematical statement (based on the model of a two-body collision) of 
the physical process involved in performing the experiment. 

We have noted that the reaction rate R given by (4.210) is dependent 
upon the nuclear composition of the specimen and upon the neutron 
speed. There is a third factor, however, which can affect this function 
significantly, namely, the temperature of the material. In the present 
model, the influence of the temperature upon the reaction rate is seen 
through the distribution function 2t(V), which appears in (4.210). Thus, 
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properly, R should be written as R(v;7T'ny); we will make this distinction 
later when this effect is examined in more detail. For the present it will 
suffice to point out the physical significance of this dependence. 

It is customary when making cross-section measurements to perform 
the experiment at standard temperature (20°C). However, thermal- 
group cross-section data will be required, in general, at temperatures 
different from this value, depending upon the operating conditions of the 
reactor in question. Thus, if an accurate calculation of the ct is required, 
this difference must be taken into account. This means, then, that a 
procedure must be developed for determining the reaction rate FR at the 
temperature of interest from the available data which has been obtained 
at some known reference temperature. The temperature-corrected rate 
R may then be used in (4.209) to compute the corresponding ot*. A suit- 
able procedure for generating these data from the laboratory measure- 
ments is discussed in Sec. 4.7e. ; 

d. Effective Neutron Temperature. The neutron distributions around 
thermal energy in both velocity and speed space involved an effective 
neutron temperature 7,,. This number appears as a parameter in the 
functions (4.197) and (4.200) and establishes the position and shape of 
the Maxwell-Boltzmann distribution which has been assumed to describe 
the thermal-neutron population. The calculation of this quantity has 
received considerable attention from various investigators. For the 
present discussion we draw from the work of Coveyou, Bate, and Osborn 
previously cited in connection with the calculation of collision densities 
near source energy (see Sec. 4.4d). 

The work of Coveyou, Bate, and Osborn was aimed at determining the 
effect of moderator temperature upon the neutron flux in an infinite 
capturing medium. The calculations were carried out for a uniform 
medium of unbound nuclei of constant scattering cross section and 1/v 
absorption cross section. It was assumed that the nuclei were dis- 
tributed according to the Maxwell-Boltzmann relation (4.198) and that 
neutrons were introduced into the system from a monoenergetic source. 
The details of the slowing-down process and the scattering around thermal 
energy were determined with the aid of the Monte Carlo method. A 
brief description of the mechanics involved in the use of this method was 
given in Sec. 4.4d. Again, we will not enter into a discussion of the 
method but will confine our attention to the use of the results which were 
obtained. 

The Monte Carlo calculations carried out for the infinite-medium model 
described above were used to determine the distribution of neutrons 
around thermal energy. These distributions were obtained by tracing 
the individual life histories of many neutrons. The density of neutrons 
and the various collision densities at each energy were computed from 
the statistics compiled from these individual histories. Some of the 
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results obtained by this method are presented in Fig. 4.28. As in the 
collision-density calculation described in Sec. 4.4d, these results are given 
in terms of the speed ratio x = 6v/vr, where v is the neutron speed, 6 a 
scale factor, and vr = (8kTy/m)!. The curves shown in Fig. 4.28 give 
the neutron flux ¢(z) = n(zx)x for media of various mass number A and 
absorption cross section (the parameter «x is proportional to Z,, see Sec. 
4.4d). The solid-line curves in the figure are the neutron fluxes obtained 
from the Monte Carlo calculation. The broken-line curves are the Max- 
well-Boltzmann fluxes that would be obtained in infinite media of the 
same mass number and temperature but which contained no sources or 
sinks. The systems described by the two curves in each of the three cases 


10 
1 2 510 100 =: 1,000 12 510 100 1,000 12 510 100 1,000 


x% P - 
Fig. 4.28 Neutron flux in the thermal range. 


presented contain the same total number of neutrons per unit volume; 
thus, in the thermal range, the distortion of the solid-line curves relative 
to the broken-line curves is a measure of the effect of the (1/v) absorber 
on the neutron speed distribution. 

A useful measure of the flux distortion is provided by the concept of 
the effective neutron temperature T,. We define this temperature as 
that number which when used in (4.197) gives the best least-squares fit 
of a Maxwell-Boltzmann distribution to the computed flux (solid-line 
curve) in the range! 0 < x < 35. The ratio of the effective neutron 
temperature to the moderator temperature 7,/Ty is indicated in the 
figure for the first two cases. The ratio has been omitted from the last 
case (A = 9, x = 2-*) because the flux was so severely distorted from a 


1 The width of this range was selected fairly arbitrarily. The intent was to exclude 
the (1/£) region of the flux. 
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Maxwell-Boltzmann distribution that the concept of an effective neutron 
temperature was meaningless. It was found that the linear relation 


T, = Tr(1 + 1.11 Ax) (4.211) 


correlated fairly well! all the cases reported in the reference paper. This 
relation provides then a crude interpolative device for estimating the 
parameter 7, from a knowledge of the moderator temperature T'y, its 
mass number A, and its absorption properties «x. This result may be 
used in the relations (4.197) and (4.200). A more accurate estimate of 
the neutron distribution than can be obtained from this adjusted Max- 
well-Boltzmann relation would require a detailed calculation of the 
Monte Carlo type or a solution of the Boltzmann equation. 

e. Temperature Corrections to Cross-section Data. In many prac- 
tical cases of interest the operating temperature of the reactor will be 
above the temperature at which the available cross-section data were 
measured. For these situations it 1s possible to develop a procedure for 
estimating the reaction rates at the higher temperature from the meas- 
ured data at the lower temperature. In the analysis which follows? we 
derive first a general relationship between the reaction rates for neutrons 
of a given speed with a medium at two different temperatures. This is 
followed by an approximate treatment which is valid when the two tem- 
peratures of interest differ only slightly. 

We begin by stating the integral relation for the reaction rate in the 
more general notation previously mentioned; thus, in place of (4.210), we 
introduce 


R(v:Ty) = i. o*(\v — V/)|v — V| MV) dv (4.212) x 


where J is given by (4.198). For convenience in notation we define also 


en ¥u40 _ kT 
M(V,d) = (inoyt 6= oy (4.213) 
then with S(p) = po*(p) = p = |o| = |v — VI (4.214) 
(4.212) takes the form 
R(v;0v) = [ S() Ww — @, Bw) do 
1 —|v — @|2/40n 
= (4r6n)t [so e—lv—@l?/49 do (4.215) 


In deriving the relationship between the reaction rate at one tempera- 
ture R(v;6v) with that at a higher temperature R(v;6,,), where 6y > On, 


1To within 5 per cent, for the cases considered. This relation may be used for 
systems wherein Ax < 0.2. 
2 This relationship was pointed out to the authors by R. R. Coveyou. 
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we will work with the Fourier transforms of these functions rather than 
with the actual functions. For this treatment we require the three- 
dimensional Fourier transform of R(v;4v) with respect to the variable v. 
We define the one-dimensional Fourier transform of any function f(z) by 
the relation 


sa = ae / ” F(x) eit dr (4.216) 


where é is the transform variable. If s is the three-dimensional trans- 
form variable, where the components of s are given by 


s = s(é,n,f) (4.217) 


then the three-dimensional transform of RF is 
1 x 
5{R(v;0v)} = R(sj;6v) = Bay |, ROitn)e dv (4.218) 
The substitution of R from (4.215) into this relation yields 
ee ey ees ere 
R(s;0n) = (8x6y)! [so do [ex | 46y lv o| + 7s "| dv 
(4.219) 
If we define the components of the velocity vectors v and p by 


v= v(z,y,z) 9 = o(a,b,c) (4.220) 
then the exponent in (4.219) may be expanded into the form 


— Gol -elt +is-v = | — agg @ ot + ate | 
1 1 
+ - ae 6)? + ing | + | — agg @ — OF + | (4.221) 


Now, the z, y, and z integrations implied in dv are identical, mathe- 
matically. Consider, therefore, the x integration. 


exp | — es (x — a)? + tix | dz 
a 46y 
4 i a? 9 a ee 
= (4r6y) exp | — 40x v (see + i) 
which is readily obtained by completing the square in the exponent and 
applying the definition of the error integral. If this operation is repeated 
for the y and z integrations, it follows immediately that the v integral of 


(4.219) reduces to 


[exe |- in lv — o/? + 7%s- "| dv = (416y)! e8@—29" = (4,222) 
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The substitution of this result into (4.219) yields 


R(s;6v) = oe (x) aif S(p) e'*& dp (4.223) * 


It is of interest to note that the above integral is in fact the Fourier trans- 
form of po”(p), the reaction rate corresponding to the fundamental inter- 
action function. 

The procedure outlined above may be repeated for the reaction rate at 
the higher temperature R(v;@,,). The Fourier transform of this function 
is, obviously, 


R(s;0y) = We ay xt [, 80) e80 do (4.224) 
If we compare this result with (4.223), we find that 
R(s8;0y7) = R(s;On) e—2%on—ow) (4.225) « 


Thus we have obtained a simple relationship between the Fourier trans- 
forms of the reaction rates at two different temperatures; in order to 
obtain the relationship between the actual functions, we require only an 
inversion of Eq. (4.225). 

The inversion operation for the Fourier transform is given the symbol 
§-'{ }, where, for example, 


§-14f(¢)} = ares | * $() eet dé (4.226) 


If we apply this operation (in three dimensions) to (4.225), we obtain 
R(v;0y) = F-!{R(s;On) e—een—on) } (4.227) 


The right-hand side of this expression involves the p duct of two Fourier 
transforms. The first of these ®(s;@y) is of course the transform of 
R(v;6v). The second is the transform of the Gaussian function in v 
space, Le., 


: 5 (BP [—(x? + y? + 2*)/4(0% — | 
[4(6, — On)]? 
_ exp [—(é? + 9? + $*) (Oy — 6w)] 
(2m)! 
where v? = 2? + y? + 2? and s? = {?+ 77+ ¢7. This result is easily 
demonstrated if one notes that 


(4.228) 


] o e— 77/48 
V 20 | =< (28)§ 
Since the relation (4.227) is given as the product of two known trans- 
forms, the inversion may be carried out with the aid of the convolution 


G—-1fe-se} = eB dt = (4.229) 
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theorem:' In terms of the present definition of the Fourier transform, 
this theorem states that 
1 


F-9(@) M(B) = ee | * g(e) h(E) ent de 


z — iz G(x’) H(e — x’) dz’ (4.230) 
where g(£) and A(£) are the transforms of G(x) and H(z). We now apply 
this operation to (4.227). Let 


; e—23(W n— On) 
M(s, Oy a 6n) = (Qe) (4.231) 
then by (4.228), | 
F-'9N(s, 0 — Ov)} = Mv, 6, — Ow) (4.232) 


where It is the function (4.213). The convolution theorem yields, then, 
R(v;0x) = [, R(e;6n) DW — e, By — Ox) de 


and the application of (4.213) gives 


cary — [ R(e;On) ev !y—elt/scen— on) 
R(v;6y) = [ Thx, = Oy) do (4.233) 
This equation relates the reaction rate (cross section) of a material at the 
temperature 7}, to its cross section at a lower temperature Ty. As in all 
the preceding analyses, it is assumed that the nuclei are distributed 
according to the Maxwell-Boltzmann relation (4.198). The above equa- 
tion may be used then to compute the cross-section curves for a reactor 
operating at any temperature 7’, from the known cross-section data of 
the reactor material which have been determined at some temperature 
Ty. Note that if T), = Ty then Eq. (4.233) reduces to an identity [see 
also (4.225)]. In general, the indicated integration must be carried out 
in detail. There is one special case, however, which leads to an especially 
simple result. If the measured cross-section curve varies as 1/v, which is 
the case for many absorbers in the low-energy range, then it is easily 
shown that the reaction rate is independent of the moderator tempera- 
ture. For example, if we take oa(v) = co/v, where co is some constant, 
then from (4.233) 


Pn Fr ee he eT 
R (00h) = voa(vit) = feo eT de = co (4.234) 


wherein we have used the fact that 2 is a normalized function. Thus 
in a system in which the absorption is 1/v, the absorption reaction rate 18 


1 See, for example, I. N. Sneddon, ‘Fourier Transforms,’’ pp. 23-27, McGraw-Hill 
Book Company, Inc., New York, 1951. 
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independent of speed and temperature and can be determined from any 
single point on the cross-section curve. 

Another interesting property of Eq. (4.233) is that it is identical in 
form, mathematically, to the integral solution of the heat-conduction 
equation.! Thus the reaction-rate function R(v;6y) must also satisfy the 
differential equation 


V?R(v;6w) = sh R(v;8n) (4.235) 


where it is now understood that the Laplacian operator V? refers to the 
v space, the coordinates of which are z, y, and z. A further analogy of 
some interest is the fact that the reaction rate R has the same mathe- 
matical properties as the slowing-down function q(r,7), which is developed 
in Chap. 6 (in particular, compare with the Fermi age model of Sec. 6.2a). 

Finally, it should be pointed out that the general result (4.233) may be 
used to compute the temperature coefficient (i.e., temperature depend- 
ence) of a Breit-Wigner resonance (see Sec. 6.5g). This has considerable 
practical significance from the standpoint of reactor control. 

In the event that the reactor system of interest is to operate at a tem- 
perature slightly above the temperature at which the cross-section data 
were obtained, it is possible to derive a simple relationship between 
R(v;@vy) and R(v;6,), which does not require the evaluation of the 
integral in (4.233). Let us consider therefore the situation wherein 
Oy = On + A@y and Aéy/0n K 1. In this case we can generate a solution 
for R(v;6,,) by making a Taylor series expansion about 0y. Thus, 


(056%) = R;0w) + Abw sF- R(v;6y) (4.236) 
We compute the derivative of A with respect to 6y by utilizing (4.235). 
Therefore, in general, 
R(v;0y) ~~ R(v36v) + Aby V?R(v;6y) 


But, F# is a spherically symmetric function in velocity space; hence, 
2 
(vit) ~ R(vion) + aw {7S toR(oitn)]| (4.287) 


where the derivative term may be obtained from the cross-section data at 
the temperature corresponding to @y. In actual practice,? the applica- 


1 See, for example, H. 8. Carslaw and J. C. Jaeger, ‘‘Conduction of Heat in Solids,”’ 
chap. XIII, Oxford University Press, New York, 1948. 

2 A Monte Carlo reactor code is available for carrying out this computation. See 
R. R. Coveyou and W. E. Kinney, ‘‘Neutron Reaction Rate Codes,’’ Neutron Physics 
Division Annual Progress Report for Period Ending Sept. 1, 1959, Oak Ridge 
National Laboratory, ORNL-2842, pp. 144-145, Nov. 9, 1959. 
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tion of (4.237) may offer some computational difficulties, especially if the 
cross-section curve is a rapidly varying function of v, since the indicated 
operation involves the determination of the curvature of o(v). Thus the 
integral relation (4.233), which involves a ‘‘smoothing”’ type mathe- 
matical operation, may be more satisfactory from this standpoint. 

f. Thermal-group Cross Section for 1/v Absorber. As has been fre- 
quently noted, many materials of practical importance to reactor tech- 
nology are 1/v absorbers in the thermal-energy range. The calculation 
of the thermal-group absorption cross sections for materials of this 
type is therefore of special interest; moreover, it is fortuitous that, in 
these cases, the general relation (4.209) or (4.207) may be evaluated 
analytically. 

The appropriate form for the thermal-group absorption cross section in 
the notation of Eq. (4.209) is given by 


[, xee(v) mv) dv 
oth = oe (4.238) 
f vy m(v) dv 
0 
where m(v) is defined by (4.200). If we take for the present case 
ga(v) = = (4.239) 
then (4.238) reduces to 
co | mi(v) dv 
oth = cu fo. te) ao Se (4.240) 


i. » m(v) dv as » m(v) dv 


since m is a normalized function. The denominator of this result is 
clearly the expression for the average value of the speed (#) corresponding 
to the Maxwell-Boltzmann distribution. That is 


if v m(v) dv = 3 (4.241) 
If the indicated integration is carried out, the expression for 0 is found to 
be 
j 
5 =2 (>) (4.242) 
mm 


We evaluate the constant co in (4.240) in terms of a measured value of 
o, at some reference temperature (for example, the values given in Table 
2.2). First we write (4.239) in terms of the neutron energy E. 


m \3 
Ry aoe (FE) (4.243) 
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If we denote by 7’, the reference energy at which the o, has been meas- 
ured, then for E = kT, we have 


oa(kTs) = Co (ser-) (4.244) 


which provides a relation for computing cy in terms of known constants. 
The substitution of this expression for ¢o, along with # from (4.242), into 
(4.240) yields 


" + 
ot = gA(kT,) (Fr) = og(kTn) (3) (4.245) « 
Note, also, that 
Sth = Not (4.246) 


g- Thermal-group Cross Section for Non-1/v Absorber. In the case 
that the absorption cross section of a substance is not 1/v, the thermal- 
group cross section may be computed from the general relation (4.209). 
This calculation requires, of course, a detailed knowledge of the cross- 
section curve in the thermal range. In the absence of such information, 
it is frequently assumed in practice that the absorption (or fission) cross 
section is 1/v, and the result (4.245) 
is used directly as a first estimate of 
the thermal-group properties. For 
these estimates the constant of pro- 
portionality co [see Eq. (4.239)] may 
be obtained from the more generally 
available 2,200 m/sec value of the 
cross section! [see (4.244)]. 

Detailed cross-section curves in 
the low-energy range are presently 
available for a number of the more 
important reactor materials (see, 
for example, Fig. 4.29), and the gen- YectronenerayB,o” 
eral scheme described in Sec. 4.7b Fia. 4.29 Absorption cross section of 
may be used to compute the ther- ae 
mal-group values. As arule the integration indicated in (4.209) must be 
carried out numerically; however, in a few instances, notably in the case 
of the fissionable materials U2#?, U235, and Pu?%*, some of the preliminary 
computation has already been performed. Thus for these fuels data are 
available which permit one to compute the thermal-group cross sections 
by applying a suitable correction factor to the values obtained directly 
from the cross-section curves. One definition of such a factor has been 


1 See, for example, Donald J. Hughes and John A. Harvey, in U.S. Atomic Energy 
Commission, ‘Neutron Cross Sections,’’ McGraw-Hill Book Company, Inc., New 
York, 1955. 
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given by Harvey and Sanders,’ the so-called f factor (here represented by 
the Greek symbol ¢). This quantity is defined so that 


oth = (3) a(kT,) F(T) (4.247) 


where o(kT,,) denotes the value to be read off from the cross-section curve 
at the neutron energy corresponding to the temperature T,. The func- 
tion ¢(T7,) defined by (4.247) may be written in the form 


at 1 fy 2) meo)vdo 


A(T.) = (x/4)ta(kT,)  (4/4)8a(KT 9) YF mye a aye (4.248) 
The application of (4.241) yields 
] a 
F(T) = (x/4)85 o(KkT.) if a(v) m(v)v dy (4.249) 


which is in the form used by Harvey and Sanders. The argument 7, has 
been indicated in the correction factor ¢ in recognition of the fact that 
m(v) is a function of 7,, the effective neutron temperature [refer to Eq. 
(4.211)]. This correction accounts, then, for the non-1/v part of the cross 
section and is based on a Maxwell-Boltzmann distribution for the tem- 
perature 7,,. Curves of this function have been computed for the 
principal fuels and are available in Hughes and Harvey? and in the refer- 
ence paper. The data for U?**, U235, and Pu?** have been reproduced in 
Fig. 4.30. 

An alternative formulation of a suitable correction factor for non-1/v 
behavior is given by Westcott.? This is the g factor; it is related to the 
f factor given above by 


(Ts) = (Ts) Temes (FE) (4.250) 


Westcott defines also a second correction which may be applied to the 
effective thermal cross section in order to account for the lower portion 
of the 1/E tail from the slowing-down distribution. As mentioned pre- 
viously, the total neutron population may be represented by a thermal 
group, described by a Maxwell-Boltzmann distribution, plus a slowing- 
down portion, approximated by a 1/E distribution. In practice, the use 
of these models usually yields an abrupt intersection somewhere in the 


1 J. A. Harvey and J. E. Sanders, in R. A. Charpie et al. (eds.), ‘‘ Progress in Nuclear 
Energy,’’ ser. 1, vol. 1, Pergamon Press, New York, 1956. 

3 Ibid. 

7C. H. Westcott, ‘Effective Cross Section Values for Well-moderated Thermal 
Reactor Spectra,’’ Atomic Energy of Canada Limited, Chalk River, Ontario, CRRP- 
680, Jan. 25, 1957. 
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kT range where the 1/E portion can be significantly larger than the “‘fast 
tail’’ of the thermal group (refer to Sec. 4.8). Values of the 1/£ correc- 
tion factor have been obtained for several important elements and are 
tabulated in the reference report. 

h. Scattering from Molecules. The purpose of the present discussion 
is to present in a very elementary way some of the essential features of 
the scattering process between neutrons and molecules. The scattering 
of neutrons from bound nuclei (nuclei in molecules) is an extremely com- 
plex interaction phenomenon, and a detailed study of the physics involved 
is beyond the scope of this work. The primary interest in this process 
from the viewpoint of the reactor physicist is the determination of slow- 
neutron cross sections of various compounds of practical importance in 
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Effective neutron temperature 7,, °K,of Maxwell-Boltzmann Distribution 
Fig. 4.30 ¢ factors for fission and absorption cross sections. 


reactor design. Since these data are usually best obtained from cross- 
section measurements using the actual materials, the analytical treatment 
of the process is of little immediate concern to the reactor physicist. 
However, a discussion of the principal phenomena involved in this inter- 
action may be of some value in achieving an accurate interpretation of 
the experimental data. Moreover, the process itself is of considerable 
interest to the nuclear physicist since the diffraction of slow neutrons by 
gases has become an important research tool. Much of the theoretical 
work on this problem has been carried out in this connection. ! 

The difficulty in describing the scattering of neutrons by molecules 
arises from the fact that such interactions are the combined result of 


1 8ee, for example, E. Fermi, [icerca sci., 7, 13 (19386); W. Lamb, Phys. Rev., 56, 
190 (1939); R. G. Sacks and E. Teller, Phys. Rev., 60, 18 (1941); A. Messiah, Phys. 
Rev., 84, 204 (1951); A. C. Zemach and R. J. Glauber, Phys. Rev., 101, 118 (1956), 
and 102, 129 (1956). 
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nuclear and molecular effects. At high neutron energies (above the 
electron-volt range) the molecular effects are not important in these 
collisions, and the process is effectively a nuclear one. Below the elec- 
tron-volt range, however, and especially in the thermal range, molecular 
binding forces are comparable in magnitude to the ‘“‘impact”’ forces from 
the incident neutron, and molecular phenomena contribute appreciably 
to the over-all collision process. Thus, the scattering cross section of 
molecules for thermal neutrons is determined by several different kinds of 
particle interactions. The principal phenomena involved are: (1) the 
nuclear scattering process per se, (2) the natural frequencies of the chem- 
ical bonds which hold the target nucleus in the molecule and the various 
vibrational states of the molecule, (3) the rotational energy states of the 
molecule, and (4) the interference effects from the multiple scattering 
centers (nuclei) in the molecule. 

The extent to which each of these factors influences the interaction is 
determined by the neutron energy. At very high energies (between | 
and 100 ev), the scattering process is essentially a nuclear phenomenon. 
In these cases, the neutron energy is so great that the average recoil 
energy transferred to the struck nucleus! is sufficient to rupture the chem- 
ical bonds, and the nucleus behaves as if it were unbound (an atomic gas). 
As the neutron energy is reduced to the 0.l-ev range, items 2 and 3 
become important. In this range the excitation energy of the highest 
internal quantum states of the molecule are comparable to the transla- 
tional energy of the neutron. Depending upon the temperature of the 
medium, a certain number of these rotational and vibrational states of 
the molecule will already be excited, and when a collision occurs, some 
fraction of the neutron energy is imparted to the molecule. This energy 
transfer may result in the transition of the molecule to higher rotational 
states and/or the excitation of various vibrational modes. In some 
cases, depending on the neutron energy, the initial internal-energy state 
of the molecule, and the mass of the struck nucleus, the energy transfer 
may be in the opposite direction, and the neutron may emerge from the 
collision with a speed greater than its initial value. These considerations 
become increasingly important as the neutron energy approaches the 
thermal range. Finally, there are the interference effects (4) noted 
above. These are generally very complex, and arise when the neutron 
wavelength is comparable to atomic spacing. 

The influence of these several factors on neutron-nucleus interactions is 
well displayed in the case of neutron scattering from hydrogen nuclei 
bound in molecules. This process has been studied in detail and experi- 
mental measurements of the scattering cross section of hydrogen in the 
water molecule show that there is a substantial change in the cross section 


1 Clearly, the energy transferred depends on the neutron energy and the mass of 
the struck nucleus. 
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from the high- to the low-energy range. The cross-section data are shown 
in Fig. 4.31. The steady rise in o, from the 20.36-barn value in the elec- 
tron-volt range to around 80 barns at 0.004 ev is due to the combined 
effects of the various phenomena mentioned above. 

Blatt and Weisskopf! give an analytical treatment of the effect of 
chemical binding on the scattering cross section. They show that for 


70 


Scattering cross section, o,, barns 


0.01 0.02 0.040.006 0.1 0.2 04 06 1.0 2.0 40 60 10 


Energy, ev 
Fic. 4.31 Scattering cross section of hydrogen measured in water. 


very slow neutrons the scattering cross section (¢,) of a hydrogen nucleus 
bound to a molecule of mass A,, (in units of neutron mass) is given by 


@)e=4(,$%-) or 


where (¢,) is the cross section of the hydrogen nucleus in the free (atomic) 
state. The generalization of this result to the case of a bound nucleus of 
mass A 18 ° 


(o.)8 = (4) (ese a 7 ren) (o,)F (4.251) 


It is interesting to note that, for many molecules, the factor involving A,, 
will be very near unity and the principal contribution to the chemical 
binding effect stems from the factor involving the mass of the struck 
nucleus. Even then, the effect of the chemical bond is of importance 
primarily in connection with the very light nuclei. 


1 Blatt and Weisskopf, op. cit., pp. 71-80. 
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4.8 Four-factor Formula 


a. Thermal Group. The analysis of Sec. 4.6 dealt with the energy 
distribution of neutrons in an infinite multiplying medium wherein neu- 
trons could slow down to zero energy. We found in Sec. 4.7, however, 
that in all media at temperatures above absolute zero the neutron popula- 
tion at the very low energies acquired a peaked distribution around some 
energy of the order of kT which was determined by the thermal motion 
(temperature) of the moderating material. We showed also that this 
distribution could be well approximated by a Maxwell-Boltzmann dis- 
tribution if the medium was not too highly absorbing. In fact, we were 
able to specify an effective neutron temperature T,, for this purpose which 
was dependent upon the actual moderator temperature and its absorption 
properties [see Eq. (4.211)]. This temperature could be used to define the 
neutron distribution [see Eqs. (4.197) and (4.200)] in the thermal range. 

In the present section we combine these results, the neutron distribu- 
tion in the high-energy range according to Sec. 4.6 and the distribution 
in the low-energy range according to Sec. 4.7. This gives a complete 
description of the neutron population in energy space from the source 
energy down to, and including, the thermal range. We will use this 
picture to carry out a more realistic analysis of the neutron physics in an 
infinite multiplying medium. For this calculation we propose the follow- 
ing model: (1) Medium is infinite, isotropic, and homogeneous. (2) 
System is at steady state. (3) Neutrons appear in the system accord- 
ing to some source distribution S(u). (4) These source neutrons 
slow down to the thermal range as if they were in a medium in which 
there was no thermal motion of the nuclei. (5) At some energy E = 
E.,, the slowing-down process ends, and all neutrons (not captured while 
slowing down) enter a one-velocity diffusion process; they wander through 
the medium at this energy and suffer no change in speed as a result of 
scattering collisions. (6) These thermal neutrons are eventually lost by 
absorption. 

Thus our model replaces the actual neutron distribution by a slowing- 
down distribution plus a thermal group. The thermal group consists of 
neutrons of one speed, this speed to be defined by the effective neutron 
temperature 7,. The actual thermal distribution, which was approxi- 
mated by the Maxwell-Boltzmann relation (4.200), is replaced then by a 
“spike” or “group” at E = Ey, (see Fig. 4.32). The selection of this 
thermal energy /,, is discussed shortly. 

The mathematical statement of the model described above is (cf. Sec. 
4.6a) 


—Z4(u) o(u) + S(u) (4.145) 
EZ,(u) o(u) 0O<u < Ua (4.112) 


a q(u) 


q(u) 
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where q(0) = 0 and u,, corresponds to E,,. For the thermal group we 

use Thon = lim g(u) = q(uu) (4.252) 
un? Uo, 

which follows from the physical requirement that, if the system is to be at 

steady state, the rate at which neutrons enter the thermal group q(uu) 
(a) 


n(E) Combined 


Slowing-down distribution 


Thermal distribution 


0 Eth Ey -F 
u aa - 
(6) 


n(E) Thermal group 


Slowing-down distribution 


0 En Ey £E 
Fic. 4.32 Distribution of thermal neutrons: (a) actual distribution; (6) model. 


must be balanced by the rate at which they are removed 2''¢,,. In the 
above relations we have used the definitions 


2 = absorption cross section of thermal group 

du = Nuts = thermal neutron flux 

MN. = number of thermal neutrons per unit volume 
’¥s, = speed of thermal neutrons 


The absorption cross section for the thermal group is computed by means 
of Eq. (4.238). As already demonstrated, in the event that the absorber 
has a 1/v cross section, the integral yields an especially simple form; this 
result is given in Eqs. (4.245) and (4.246). The absorption cross section 
ent 


Google 


150 REACTOR ANALYSIS [cHaP. 4 


of many materials has this 1/y dependence, fortunately, and these rela- 
tions may be used directly to obtain the >*. 

An appropriate definition of the thermal flux which is consistent with 
the thermal-cross section formula is given by [cf. (4.204)] 


ou = if n(v)v dv = nyd (4.253) 


where the average speed é is defined by (4.242). According to this 
definition the appropriate value for the speed of the thermal group is 
vn = 0; however, the most probable speed vo is sometimes used to describe 
the speed of thermal neutrons. In terms of the Maxwell-Boltzmann dis- 
tribution, vo is found to be! 


vo = v(kT,) = 9) (4.254) 


m 
This number represents the position of the maximum point in the Max- 
well-Boltzmann distribution m(v) [see Eq. (4.200)]. Note that vo cor- 
responds to the energy k7', so that we immediately identify Ey, as 


Ew = 4m} = kT, (4.255) « 


It must be recognized that this model, which treats the neutron dis- 
tribution by two separate regions (one for the high-energy range and one 
for the thermal group), only approximately represents the actual distribu- 
tion, since the slowing-down process just above the thermal range is incor- 
rectly represented. We have also neglected certain crystalline effects 
which may play an important role in the low-energy range; neutrons may 
scatter from several nuclei simultaneously in what amounts to a diffrac- 
tion phenomenon. This effect changes the effective scattering cross sec- 
tion (see Sec. 4.7h) and lowers the average logarithmic energy loss per 
collision. 

The solution to Eqs. (4.145) and (4.112) was previously obtained and 
is given in Eq. (4.147). If we compute q(u,,) using this relation and sub- 
stitute the result into (4.252), we obtain for the thermal flux 


ou = x [ fe S(u) p(uuju) du (4.256) 


where p(u,,;u) is given by (4.148). The neutron flux in the range 0 < 
u < Uy is computed from (4.112) using (4.147). 


$0) = EG i * Su’) p(uju’) du! (4.257) 


1See D. K. Holmes and R. V. Meghreblian, ‘‘ Notes on Reactor Analysis,’’ part II, 
ORNL CF 54-7-88, Oak Ridge National Laboratory, Aug. 2, 1955. 
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If all the neutrons are introduced at lethargy u = 0, Eqs. (4.256) and 
(4.257) reduce to 


S S OP th 


bu = Sa P(Uni0) = se (4.258) 
Sop(u;0) Sop(u) 
= — = 4,2 
Re eeu) E(u) eae 
where So = number of neutrons introduced per unit volume 
per unit time at u = 0 

Pu = p(t,;0) = resonance-escape probability from (4.260) 

u = 0 to thermal energy 

p(u) = p(u;0) = resonance-escape probability from 


u=Otou 


It should be noted that Eqs. (4.258) and (4.259) are not accurate. It is 
imagined that the Sp neutrons appear with lethargy zero and emerge with 
directions of motion isotropically distributed about the point of birth. 
As these neutrons move away from this point, there are certain prob- 
abilities per unit distance of travel that they will make both absorption 
and scattering collisions. If the neutrons are to contribute to the slow- 
ing-down density for lethargies u > 0, their first collisions must be scatter- 
ing collisions; thus in reality, only the fraction 2,(0)/2,.(0) of the So neu- 
trons should be counted as a source for the slowing-down process. We 
will continue to neglect this effect (first-flight losses from sources), since 
the absorption cross sections are often very small at higher energies. It 
is understood, then, that at any time it is felt to be important the source 
strength may be reduced by the ratio 2,/2:. 

b. Criticality Equation. Suppose that the infinite homogeneous 
medium contains fissionable material and that the only sources of neu- 
trons present are the fission reactions. Then, as above, if the system is 
to operate in steady state, the number of neutrons produced from fissions 
must equal the number of neutrons introduced into the medium, namely, 
S(u). For this case the pour’ tupetion has the form 


Uth 


Siw) = Kw [ fi" Bru) ou) du’ + BP oa] (4.261) 
The fission spectrum 3(u) has the shape shown in Fig. 4.25, but for the 
present calculation we set the origin of the u axis at the far left so that 
4(0) may be taken as zero. Note that the integration in (4.261) extends 
up to but does not include the thermal group. The last term 2/¢., 
accounts for the thermal fissions. 

We choose to introduce one neutron per unit volume per unit time by 
requiring that 


i S(u) du=l (4.262) 
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Therefore, if we integrate (4.261) from u = 0 to uy, we obtain 
b=» fi 4(u) du fi" 2(u’) o(u’) du’ + EP ou | 
But, 3 18 a normalized function [see Eq. (4.152)]; hence 
L=»[ [i 2,(u') ou’) du’ + 2h bu | (4.263) 


We expand this expression by introducing the solutions (4.256) and 
(4.257) and noting that in this case S(u) = 3(1). 


l=y | y(u) du [ 3(u’) p(u;u’) du’ 
0 0 


th th 

+ 3% [sw ptuniw) du] (4.268 
where the function y(u) is given by Eq. (4.161). The above relation is 
the criticality condition for the infinite homogeneous reactor, using the 
asymptotic solution for the slowing-down distribution and the concept 
of a thermal group. Equation (4.264) must be satisfied if the system is 
to operate in steady state. Now, if the system is not critical, the multi- 
plication constant k, may be computed analogously to the reasoning 
leading to Eq. (4.166). Thus we employ again the concept of a fictitious 
neutron yield per fission », and the relation 


k.. = (4.167) 


xl~ 


We compute ». from the equation 


l=», is y(u) du in a(u’) p(u;u’) du’ 
0 0 


th 
zy 


+ FE (sc) pla) du] (4.265) 
a J90 


Or, by substituting this expression for », into (4.167), 


re i Gada I "iG ponu) aw 
0 0 
zy 


+ Su he 3(u) p(n 52) du | (4.266) 


It is convenient to write this statement in the form 


average number 
ke. = E neutrons | lowe 2 ) + fervone of )] (4.267) 


per fission fast fissions thermal fissions 


where we use the expression fast fissions to denote the number of fissions 
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per unit volume per unit time produced by neutrons with energies above 
E., and thermal fissions to denote those produced by neutrons in the 
thermal group represented by the energy E = E,,. Thus we may write 


thermal | | fast fissions + thermal fissions 
ke = ° SSS ee ee ee ee CE Se 
fissions thermal fissions 


(4.268) 


If we define ¢ the fast fission factor by 


__ total fissions 
«= thermal fissions (4.269) « 


then (4.266) takes the form 


pth Uth 
ke. = a [ 3(u) p(up, ju) du (4.270) x 
This result may be written in a more compact manner by introducing an 
average resonance escape probability py, for neutrons released according to 
the fission spectrum; thus, 


Da = J.” au) Please) du (4.271) 
and Eq. (4.270) reduces to 


a aL pet (4.272) 
This relation for computing k,, is useful only if ¢ may be calculated or 
estimated on bases other than those given here. An especially simple 
situation occurs in the case of thermal reactors (see Sec. 1.2). In these 
systems, «~~ 1 and for many purposes may be taken as equal to unity. 
The deviation of ¢ from unity may also be estimated, without introducing 
any large error, on the basis of known values for similar reactors. How- 
ever, in general (4.270) is to be used in calculating k,. 

If it is a good approximation that all neutrons from fission are intro- 
duced at one energy (chosen at some appropriate energy near the peak 
of the fission spectrum), then by setting the zero of lethargy to correspond 
to this energy, 

4(u) = 6(u) (4.163) 


The expression for the multiplication constant in the infinite medium 
(4.266) becomes 


ke = i ** (u) p(u) du + gad (4.273) 


or in the form of (4.272), 


Ddth ‘: 
ke = Sa (4.274) 
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Following the treatment of Eqs. (3.19) and (3.22), we write 


vip (DS) 


ke = (yay, pe Put 


where the subscript F refers to the fuel. By our usual definitions for 
n and f (Eq. (3.23)] 

k. = nfPue (4.275) * 
This equation is referred to as the ‘‘four-factor formula” and is the exten- 
sion of (3.22) to the multivelocity reactor. Again it must be mentioned 


that (4.275) is useful only if ¢ can be easily estimated; in general (4.273) 
or (4.266) is to be applied. ‘To summarize, then, we use the relation 


e y(u) du [ ” s(w!) p(acu’) du! + 22 = ™ 5(u) p(ttasu) du 
— J9 0 


e = £2 —__f0 —__“s io ____ 4.276) 
yw =e |, 3(u) D(Urn su) du 


“* ark for the fast effect in the case of the general fission spectrum 3(u). If on 
ne the other hand (4.163) is an acceptable approximation for 3(u), then 
NS 


a (4.276) reduces to 
[°° v(u) p(w) du + EPp0/EP 


SF p./aB eae 


é€ — 

The four-factor formula (4.275) may be given a simple physical inter- 

pretation. First we note that in the case of a critical system k,, = 1, so 
that 

1 = nfpue (4.278) 


This relation may be used to follow the neutron production cycle at steady 
state. If we begin the cycle by introducing one thermal neutron into the 
multiplying medium, then a fraction (Zt")-/Z* is captured by the fission- 
able material. Of these, a fraction 2/(Z*), causes fission. Thus the 
single thermal neutron produces fz/(2*), fissions. However, if we 
consider that in general the fuel material will also possess some nonzero 
fission cross section in the fast range, then for each thermal fission there 
will be « thermal fissions plus fast fissions. The total number of fissions 
in the system 1s, therefore, ef2/(2‘>)r. Each fission produces » neutrons 
on the average. Thus nef fast neutrons appear for each thermal neutron 
added to the system. These fast neutrons are eventually slowed down 
to thermal energy by the various scattering collisions with nuclei. How- 
ever, only a certain fraction survive the entire slowing-down process since 
some neutrons are removed from the system by fast captures. The 
fraction reaching thermal is p,,; therefore, nfep,, fast neutrons are eventu- 
ally thermalized. Clearly, if the system is to remain at steady state, 
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nfepu = 1, so as to reproduce the original thermal neutron which started 
the cycle; thence, (4.278). 

c. Application of Four-factor Formula. As an illustration of the use 
of the four-factor formula (4.275), consider an infinite medium which 
consists of a homogeneous mixture of two elementary substances, one 
acting as the moderator and the other as the fuel material. The problem 
is to find the multiplication constant of the medium, given the concentra- 
tions of the fuel and moderator, the neutron cross sections of each as a 
function of energy, and the neutron production properties of the fuel. 
In many cases of practical interest, particularly in thermal reactors, the 
fuel concentration will be very small in comparison to the moderator con- 
centration. Under these circumstances the volume-fraction effects dis- 
cussed in Sec. 3.3 may be neglected and the moderator concentration N y 


may be taken to be that of the pure moderator material [see Eqs. (3.33)]. 
In the calculations which follow, we will assume that this is a valid 
assumption for the system in question. Further, we will assume that 
the fission spectrum may be well approximated by the monoenergetic 
source (4.163). 

The appropriate formula for k,, in the present case is seen to be (4.273). 
From the form of this equation it is evident that both the fast and thermal 
fissions must be calculated; the computation of the fast fissions involves 
integrals which are usually performed numerically over the cross sections 
and which are not readily presentable in this discussion. However, it 
should be observed that in many cases the fraction of the fissions caused 
by thermal neutrons increases as the fuel concentration decreases; there- 
fore, it 18 possible to find a range of fuel concentrations for which the fast 
fissions are negligible (although the multiplication constant may not be 
greater than unity for this range of fuel concentrations). Let us con- 
sider, then, the ratio of fast fissions to thermal fissions as the fuel concen- 
tration is decreased. Now, 


Fast fissions  _ Ps Z,/(u) o(u) du i= os(u) b(u) du 


Thermal fissions Dd,  _ _ a (4.279) 


where the fluxes are obtained from (4.112) and (4.252). These may be 
written 


qu) _ q(tn) 
ED, (wu) 


For a given source strength (at some high energy) both ¢(u) and du 
increase as the fuel concentration is lowered. With decreasing fuel con- 
centration, the slowing-down density will be increased at every value of 
u; however, the greatest increase will be in q(w,,) since g(u,) records the 
cumulative effect from the entire fast range. Further, and more impor- 


o(u) = 


(4.280) 
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tant, is the fact that both 2,(w) and 2!" decrease with decreasing fuel con- 
centration. Again, this gives an increase in both the fast and thermal 
fluxes; moreover, the thermal flux will in most cases gain relative to the 
fast flux since the fuel-absorption cross section will usually be a larger 
part of the thermal-absorption cross section than that of the total fast 
cross section. (Note that in the fast range the total cross section is due 
primarily to the scattering cross section.) The combined effect of these 
variations is to decrease the ratio (4.279) as Nr decreases. 
Now consider a moderator-fuel mixture in which the ratio Nr/N x is so 
low that the fast fissions may be completely neglected, that is, in Eq. 
(4.275), e~1. Then 


1.5 ko = nf Du (4.281) 
The quantity 7 is fixed once the fuel 
is selected (for U?%5, the value 2.08). 
1.0 For this case the thermal utilization 
i 18 
N po‘ F) 
0.5 f ~ | ae + ule 


= Nu oi) —1 
{ef ae 


0 0.001 0.002 0.003 0.004 0.005 The ratio of the thermal-absorption 
cross sections of carbon and U?*5, for 

Ne/Ny con 
Fic. 4.33 Infinite-medium multipli- a 
cation as a function of the atomic ratio [a 


of fuel to moderator. “| ~ 0.0047 
a th 
The calculation of the resonance-escape probability involves an inte- 
gral over the fast cross sections; thus 


7 uth Da(u) du 
Pen — exp | i a | (4.283) 


Because the absorption cross section is high and the £ is low (high mass of 
the fuel nuclei) for the fuel, it may be valid to make the following approxi- 
mation for all energies: 

Lalu) = Nro§?(u) 

&D,(u) —_ Eu N aco? (u) 


Further, the scattering cross section of the moderator will often have so 
little variation over the fast range that some representative value may be 
taken over the entire range; then, Eq. (4.283) may be approximated by 


Nr uth 
Din SZ EXP ~ Fy Nye i i o!F)(u) du (4.284) 
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The integral which appears in this expression is called the resonance 
integral: 
. Uth Eo dE 
Resonance integral = i o.(u) du = i o4(E) a 
0 


Eth 


(4.285) 


Values of this integral have been obtained for various fuel materials and 
are given in the literature. 
Equation (4.281) may be written in terms of these results; thus, 


~ Nu}oa | |~ Ne [™ ny 
kK. = f a Np Ean exp | EuN yo™) i of (u) du 
(4.286) 


Then, with given values for 7, [of/o{P].,, Ewo(*, and the resonance 
integral, k,, may be computed as a function of Nr/Nwy. Such a calcula- 
tion might yield a curve of the type shown in Fig. 4.33. Of course, it 
would be necessary to determine whether the assumption of no fast fissions 
(e ~ 1) is acceptable up to concentrations as high as Nr/Nu = 0.005. 


PROBLEMS 


4.1 Let the frequency function for the cosine of the scattering angle in the center- 
of-mass system be {(n), as given below, for the case in which a particle of mass M, 
collides with a particle of mass M, which is initially at rest in the laboratory system: 


iin) = 0 1<-l 
= 4(1 + an) -l<n<l 0<a<l 
= 0 7>1 


As compared to the frequency function for the case of isotropic scattering in the 
center-of-mass system, {(n) has an added term 4ay. This situation is called p scat- 
tering. Note that the relation between the neutron energies before and after collision 
E> and E, respectively, is unaffected however by the addition of the p component; 
that is, 
Mi + Mz + 2M\Man 
(M, + M;)? 


Compute ¢ = In F./E, and express the re- 
sults in terms of &, where 


E Eo 


alna 
foe a n = cos 8 ome 
2 (May a 
sa M,+M,; Collision in center-of-mass system 


4.2 If the probability that a neutron of kinetic energy Ey emerging from a scatter- 
ing collision with energy in dE about E is given by 


h(E;E,) dE = 0 E>E, 
= ok, aE < E < Eo 
= 0 E<%, 


1 See, for example, L. Dresner, The Effective Reschance Integrals of U-238 and 
Th-232, J. Am. Nuclear Soc., 1, 1, 68-79 (1956). 
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where a = [((A — 1)/(A + 1)]*and A = nuclear mass number, show that the average 
kinetic energy of the neutron after two collisions is 


pene 2 
E, = (++) Ey 


It is possible to show a more general relation of this type, namely, 


En = C yo) B 


4.8 Calculate the average number of neutron-nucleus collisions needed to reduce 
the kinetic energy of a neutron from 1 Mev to 1 ev on three different bases. Treat all 
neutrons as if they suffered their average variable change at each collision on the three 
scales energy, lethargy, and speed. Take the value 0.1 for the a of the medium in 
which the neutrons are slowing down. (Note that the average speed change per 
collision can be calculated from the frequency function given in Prob. 4.2.) 

4.4 Consider the slowing down of neutrons in an infinite, nonabsorbing homogene- 
ous medium of a single nuclear species with thermal motion neglected. Use the vari- 
able w = Eo/E, where Eo is the kinetic energy with which the neutrons are introduced. 

a. Find the distribution function and the frequency function for w after a single 
scattering collision (assume that the initial value of w = we). 

b. Find the average gain in w per collision. 

c. By considering the balance of neutrons in an interval dw, find the (asymptotic) 
integral equation for the scattering-collision density F(w), where F(w) dw = 
2.(w) (w) dw. 

d. Compute the slowing-down density q(w) as an integral over the scattering- 
collision density. 

4.6 Neutrons of energy E> are produced uniformly throughout an infinite medium. 
Subsequently, they slow down by elastic collisions until they reach £i, and there 
enter a one-velocity diffusion process. The medium is characterized by the macro- 
scopic cross sections £,, Za, Z,, and &, which are all inversely proportional to the 
neutron speed at all speeds. Find the fraction of fissions caused by thermal neutrons. 
Assume the following slowing-down density and flux relation: q(Z) = &£:(E£) o(E)E. 

4.6 Consider a homogeneous infinite medium for which the macroscopic scatter- 
ing and absorption cross sections may be taken to be constants and for which the 
resonance-escape probability is given by 


p(u;uo) = exp E in a | 


where ~ is the appropriate average gain in lethargy per collision. 

a. Find the expression for the slowing-down density q(u) at some u much larger 
than the source value in the two cases: (1) all neutrons are introduced with lethargy u:, 
and (2) neutrons are introduced uniformly in lethargy over the interval 0 < u < us. 

b. Find u,, as a function of us, such that the expressions for g(u) obtained in the 
two cases above are identical for wu > us (in the first approximation u, ~ us /2, for 
Latte /EX: K 1). 

4.7 Consider an infinite medium of uniformly distributed fission sources and 
moderating material. Neutrons appear at all energies from these sources and sub- 
sequently slow down by elastic collision. A good approximation to the fission spec- 
trum is given by the normalized function 


Ee-ElEn dE 


2(E) dE = Ee 
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Determine the corresponding function 3(u) du in terms of the lethargy variable 
In E. /E, and h(¢) df in terms of {, where £§ = u — um and u, = In Ey /En. 

b. Obtain an approximation for A(¢) by expanding its exponent in a Taylor series 
about its minimum point [> (use only the first three terms of the series). 

c. Compute and plot the exact and approximate expressions for the function h(¢), 
using E, = 10 Mev and E,, = 1 Mev. 

d. If .(u)/tZ:(u) = 8 = constant, find the slowing-down density q(x), using the 
approximate solution for 3(u) based on the results of part b above. 

e. Show that this result (part d) varies like the slowing-down density due to a 
monoenergetic source at uo = {0 + um of the same total strength! when u is far removed 
from wo. 

4.8 Consider a homogeneous infinite medium consisting of a mixture of a fuel 
material and a moderator material into which neutrons are introduced with a high 
energy E>. Suppose that each of the macroscopic cross sections 24(E), 2.(E), and 
=,(E) has the following energy dependence: 


ll § 


Uu 


Z(E) = 2 = constant E,<E< Ep, 
= ~( = constant En<E<E, 
z+ = constant E = Ew 


Assume also that g(E) = &£.(E) $(£)E and 


Fo ,(E’) dE’ 
pteies = exp | — fe cay | 


Define 
50) zi) 
BETO Fe 
Ez, £2, 
where i = 0, 1, or ‘‘th” according to the above notation and yun/Su = Ef"/Ze. 


a. Find the general expression for the multiplication constant of this medium in 
terms of the parameters: Bo, 81, yo, v1, yth/Btn, Bo, Ei, and Exn. 
b. Compute the numerical value of the multiplication constant using 


vy = 2.46 Amu = 12 Ar = 235 
Ey = 10% ev E, = 10 ev E., = 0.025 ev 


and an atomic ratio of moderator to fuel of Nw/Nr = 500. Take the average 
microscopic cross sections (in barns) to be as follows: 


Fuel, F Moderator, M 


Energy range, 


ev 
Oe Ca Oe 
10 — 108 5.0 0.001 5.0 
0.025 — 10 9.0 0.003 5.0 
0.025 5.0 ' 5.0 


c. What percentage of the fissions is caused by thermal neutrons? 


1 Note that the integral of the approximation for 3(z) is not unity. 
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CHAPTER 5 


DIFFUSION THEORY: THE HOMOGENEOUS 
ONE-VELOCITY REACTOR 


5.1 One-velocity Diffusion Equation 


a. One-velocity Model. The most general problem of interest in 
reactor analysis is the determination of the neutron density in a finite, 
inhomogeneous anisotropic medium as a function of space, neutron 
velocity, and time coordinates. For the present, the general problem 
will be avoided, and attention will be confined to uniform, homogeneous, 
and isotropic media in steady state. Even with this idealization, the 
problem of computing the neutron flux at all space points and velocities is 
sufficiently difficult that it is worth while to lead up to the general prob- 
lem through a series of simpler cases. The first of these we have already 
considered in the analysis of Chap. 4 which dealt with the energy depend- 
ence of the neutron flux. In this case, the spatial dependence was 
removed by considering only homogeneous infinite media. The direc- 
tional dependence was removed by limiting the description to an inte- 
grated flux ¢(v) which specified only the neutron speed.! 

It is the purpose of the present chapter to study the second model in 
the series. This model limits the description of the neutron population 
to its dependence on the spatial coordinates. Thus for the time being we 
remove the energy dependence entirely by assuming that all the neutrons 
in a system (including neutrons from sources) have the same speed. 
Later, in Chap. 6, we will consider a third, more complex, model? which 
gives a description of the neutron population in terms of the neutron 
energy and the spatial coordinates simultaneously. Further generaliza- 
tion is achieved in Chap. 7 wherein the flux is defined in terms of not only 
spatial coordinates and energy but also the direction of motion of the 
neutrons (the angular dependence of the flux). This is the complete 
transport-theory formulation. 

The basis of the following analysis, then, is the one-velocity approxima- 
tion. This model was introduced in Chap. 3, but our attention there was 
confined to the infinite medium. In the present treatment we will 

1 The calculation of the total track length ¢(v) took into account the contributions 
of all neutrons of speed v irrespective of their direction of motion. 


2 The Fermi age model. 
160 
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examine in detail the spatial distribution of neutrons in finite systems of 
various shapes; moreover, we will consider both multiplying and non- 
multiplying media. It is recognized that the one-velocity model, like 
the infinite-medium ‘‘multivelocity’”’ model of Chap. 4, gives a very 
limited picture of the neutron distribution, inasmuch as each of these 
models focuses attention on only one feature of the problem. Thus while 
neither of these models is very realistic in itself, each presents, in a simpli- 
fied form, concepts and general results which remain valid in the more 
general case. 

b. Neutron-balance Equation. The immediate purpose of this calcu- 
lation is the formulation of a neutron balance (or continuity) relation, 
analogous to the infinite-medium equation (3.8), which accounts for all 
the neutrons in an elementary volume of the system in question. The 
present development of the neutron-balance condition, however, is not 
mathematically rigorous and appeals in main part to physical intuition. 
Even though the analysis is relatively crude and does not bring out clearly 
the nature and extent of the approximations involved, it is expected 
nevertheless to be instructive as an introductory calculation. A rigorous 
derivation of the result obtained below can be developed only from the 
more accurate statement of the transport equation. We will use this 
approach later in Chap. 7 in connection with the general transport-theory 
methods. 

The model we use for the present calculation has the following features: 
(1) the system is a homogeneous and isotropic medium of finite extent; 
(2) all neutron sources and sinks are uniformly distributed throughout 
the system; and (3) the one-velocity model applies. Thus all neutrons in 
the system, including those which appear from sources, have the same 
speed v. We specify the neutron population in terms of the density 
n(r,t), where 


number of neutrons of speed v per unit 


aD = volume around space point r at time ¢ em) 
We will also use the neutron flux (r,t): 
rene total track length of neutrons of spece v per unit (5.2) 
volume per unit time around space point r at time ¢ 
By the usual definition 
g(r,t) = v n(r,t) (5.3) 


Note that these functions refer to neutrons of a single speed v according to 
our model. In all the analyses of this chapter the speed v will be implied 
in our definitions of n and ¢, and therefore the number » will not appear as 
an argument of these functions. Also note that the argument r denotes a 
general position vector in some appropriate coordinate system set up in 
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the medium. The position r will be specified by means of one, two, or 
three space coordinates as required for a specific calculation. 

We now generalize the balance condition (3.8) to the present case. For 
the finite medium, the number of neutrons lost from a given volume ele- 
ment in unit time by passage across the boundaries of the element will 
not, in general, be compensated by a corresponding gain. That is, there 
will be in general a net ‘‘leakage”’ (gain or loss) from the volume element. 
An appropriate term must be introduced into the neutron-balance rela- 
tion to account for these net losses or gains through the boundaries. A 
verbal statement of a balance condition for the differential volume ele- 
ment dr which includes such a term is: 


fees rate of increase of the 


number of neutrons pro- 
neutron density in dr about r 


duced in dr per unit time 


number of neutrons absorbed net number of neutrons 
~ [in dr per unit time escaping from dr per (5.4) 
: unit time 


If we introduce the absorption cross section 2, for neutrons of speed v and 
the source function S(r,t), where 


number of neutrons of speed v produced per unit 


Si) = volume per unit time around r at time ¢t (5.5) 
the mathematical statement of Eq. (5.4) is 
< n(ry) de = S(r,t) dr — Zee(r,t) de — &(r,t) dr (5.6) 


The function &(r,t) dr denotes the net losses from the volume element dr 
due to transport of neutrons through the boundaries. 


net number of neutrons of speed v lost per unit 
(r,t) = volume around point r per unit time at time ¢t due to (5.7) 
passage through boundaries of the volume 


The primary interest in this chapter is the derivation of solutions to 
Eq. (5.6) for various situations of importance to reactor physics. In each 
case we require also a suitable set of boundary conditions and an ana- 
lytical expression for the leakage term (r,t). The remainder of the 
present section is devoted to the derivation of useful relations for defining 
these quantities. 

c. Fick’s Law Approximation for Net Neutron Current. The calcula- 
tion of the leakage term (r,t) in Eq. (5.6) is somewhat involved, and a 
proper estimate of this quantity will not be considered until we have 
introduced the machinery of the transport equation. For our present 
needs it will suffice to use instead a convenient approximation which 
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has given good results. What is really desired in making an estimate of 
the leakage is a knowledge of the net current of neutrons at any point, 
since, if this were available, it would be a simple matter to sum up the 
contributions from the net outward currents across all boundaries of the 
volume element in question. In order to introduce the approximating 
expression for the current, a simplified case is used. 

Consider then a portion of a medium in which the neutron density is a 
function of only one space variable 
x and is independent of time (i.e., 
assume that steady state has been 
reached). Suppose a test area dA 
is placed in the medium at the 
station xz and so oriented that its 
surface is normal to the direction of 
the axis (see Fig. 5.1). At any in- 
stant, neutrons are passing through 
this test surface from both sides and at all angles. We describe the net 
effect of these passages by means of the net current which we define 


Fig. 5.1 Differential area dA. 


net number of neutrons which pass through test 
area per unit time, with neutrons moving positively 
in x counted as positive and those moving nega- 
tively in x counted as negative 


J(z)dA = (5.8) 


The approximating form for this function is chosen by the analogy of the 
over-all neutron movement to a diffusion process.'! In the case of par- 
ticles wandering through a medium in such a manner that they suffer 
many collisions in traveling over distances of interest, and emerge from 
each collision with a nearly isotropic distribution in direction, it has been 
found that the assumption that the net current be proportional to the 
negative gradient of the particle concentration leads to a correct descrip- 
tion of many aspects of the process. In the one-dimensional neutron 
problem under consideration, then, we might describe the behavior by 
the assumption 


d 
J(z) = —Dv oF n(x) (5.9) 
This is the form of Fick’s law for the diffusion of gases. The form of the 
proportionality constant in (5.9) is chosen for convenience in introducing 
the neutron flux; thus, 


Jaz) = —D © (2) (5.10) 


1P,. M. Morse and H. Feshbach, ‘‘ Methods of Theoretical Physics,’’ Part I, p. 173, 
McGraw-Hill Book Company, Inc., New York, 1953. 
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since ¢ = vn. Note that the use of (5.9) or (5.10) implies that in a region 
in which the neutron density is spatially constant there is no net current, 
1.€., 


J(z) = 0 for n(x) = no, a constant (5.11) 


This result is expected physically, since as many neutrons move through 
an element of area dA from the right as from the left. 

It must be emphasized that (5.10) is not rigorously correct for the neu- 
tron case, and it will be inapplicable to some cases of practical interest. 
On the other hand, there are many situations in which it may be used 
profitably. In any event, the neutron application is intuitively appeal- 
ing because of the analogous situation in gases; however, in the gas there 
is a pressure, due to molecule-molecule collisions, which is higher in the 
more densely populated region, and this pressure causes a net driving 
force toward the low-density regions. In the case of neutrons there are 
virtually no neutron-neutron collisions; the drift from the high-density 
regions to the low-density regions is a purely statistical effect (which is 
also present in the gas case) and is due to the fact that there are more 
neutrons available for the movement from high density to low than for 
the reverse movement. 

The constant of proportionality D which appears in (5.9) and (5.10) is 
called the diffusion coefficient. In general it will be a function of the 
nuclear properties of the medium (and therefore a spatially dependent 
function in nonhomogeneous systems) and of the neutron speed. If we 
define the net neutron current in the units ‘‘neutrons per unit area per 
unit time,’’ it follows that the diffusion coefficient D has the units of 
length. This definition differs from the one customarily used in gas- 
diffusion problems. In the gas problems the coefficient D has the units 
“length squared divided by time.”’ Thus if the current of gas particles is 
defined analogously to the neutron problem, D = vD. Evidently the 
particle speed v is absorbed into the definition of the proportionality con- 
stant in the gas problem. 

A detailed development of the concept of neutron current given in 
Chap. 7 shows that 


pa (5.12) 


where A, 18 called the transport mean free path. In the usual way, we 
define a macroscopic cross section to correspond to A,,; thus 


Le = = Zs — Leto (5.13) 


where yo is given by (4.30). This expression for 2,, is derived in Chap. 7. 
It is of interest to note that in moderator-type materials wherein 2; ~ 2,, 
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Zi ~~ Z.(1 — wo); or, in terms of the mean free paths, 


iyieee 


~ — 2X, (5.14) 
1 — po 


which tells us that the transport mean free path is at least as large as the 
scattering mean free path and increases with increasing values of po, the 
average cosine of the scattering angle in the laboratory system. Since 
large values of uo correspond to small scattering angles, we find that the 
flow of neutrons is aided by forwardness in the scattering process. Thus 
one would expect, in very general terms, that low-nuclear-mass materials 
would support larger currents for a given neutron flux (density) gradient 
[see (4.30)]. 

Some values! of the diffusion coefficient for various materials of interest 
to reactor technology are listed in Table 5.1. 


TABLE 5.1 THERMAL DiFFrusion LENGTHS AND DIFFUSION COEFFICIENTS? 


Diffusion | Diffusion Absorption 


Material eneity; length L, | coefficient | cross section, 
g/cm? 
cm D, cm Ca 
W Ble .o2 225 ne sobade nines etd 1.00 2.85 0.16 0.66 barns 
Heavy water’................. 1.10 
PUT iti cn hg deed eden sinss Boe mes 171 0.800 
0.16% H20................. eee 116 0.883 0.93 mb 
Beryllum.................... 1.85 20.8 0.477 9 mb 
Beryllium oxide............... 2.69 29 .0 0.300 
Graphites oi % s4% sedans dice eds 1.60 
GEES citi aderseu on eee Saas 54.4 1.043 4.4 mb 
POT i esis teh nansnas eae ee 52.0 1.040 4.8 mb 


° These data were obtained from U.S. Atomic Energy Commission, ‘‘ Reactor Hand- 
book,” vol. I, Table 1.5.4, p. 487, Document AEC D-3645, March, 1955. 
’ It should be noted that LZ for D.O is a very sensitive function of the H:O content. 


The concept of net current introduced above may be used to obtain an 
analytical expression for the leakage term & from an elementary volume in 
the medium in question. Consider the differential volume dr = dx dy dz 
shown in Fig. 5.2 which has faces normal to the z, y, and z axes. If we 
assume as before that n = n(z), then clearly there will be no net leakage 
of neutrons across the faces dz dy and dz dz by the argument preceding 
Eq. (5.11). Thus, 


Net loss of net current in posi- net current in posi- 
neutrons in| _ | tive x direction _ | tive x direction (5.15) 
unit time through face through face 
from dr dy dz at x + dz dy dz at x 


1 Further discussion of these quantities will be given in Sec. 5.5 in connection with 
the diffusion-length concept. 
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Or, in differential notation 


Net loss of neutrons 
per unit volume = fete F ae) dy de — ele) dy de 


per unit time q 
° age J(z) (5.16) 


In terms of the flux [using (5.10) and assuming that D is a constant] 


Net loss of neutrons 7p? 
per unit volume = —D qa? (x) (5.17) 
per unit time 


Equation (5.16) shows that, in order that there be a net leakage different 
from zero, there must exist a spatial variation of the net neutron current. 


Fic. 5.2 Differential volume dr = dz dy dz. 


In the general problem the neutron density would be a function of all 
three space coordinates; thus, for a Cartesian system, we would define a 
density function n = n(z,y,z). In this situation there would be a net 
movement of neutrons along each of the three coordinate axes. As 
before, we would compute a net current in the z direction J,(r); but now 
there will also be, in general, components in the y and z directions. These 
we compute in the same way as we did the x component. If J,(r) and 
J,(r) denote these components, and dr is a differential volume at r, then 
the functions J,, J,, and J, represent the flow rate of neutrons through 
the three sets of faces of this volume. In dealing with these quantities 
it is convenient to combine them into a single vector function J(r) (see 
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Fig. 5.3). Thus the vector net current J is defined 
Jaq) = J.(r)i + J,(r)j + J. (r)k (5.18) 


The symbols i, j, and k denote unit vectors in the z, y, and z directions, 
respectively. This relation may 


also be written in terms of the neu- be Re 
tron flux ¢(r) by writing the com- a a 
ponents J,, J,, and J, in the form a, aa 


of (5.10); then 


/ 


‘ 


\ 
ae tee ee ee oe ee OY 


\ 


Ja) = -DliZ o@) +17 00) 


+2 #(0)| = —Dv¢(t) (5.19) 


| 

i 

t 
We compute the leakage 2 from a 
the unit volume at r for this gen- SC ! 
eral case wherein n = n(r) by ap- ~A 
plying the operation (5.17) to So : 
each of the three sets of faces of the Racks Nerden ees ‘: 
volume. In this way we obtain 
the net leakage per unit volume at r per unit time. 


Q=V-J= —Dv%¢ (5.20) 


\ 


‘\ 
\ 


\ 
\ 
&* 


This expression is the generalization of the form (5.17) to a neutron flux 
which is a function of all three space coordinates. We will use this 
analytical expression for the net leakage in (5.6). The neutron-balance 
equation is then written 


5 000 = S(r,t) — Z.¢(r,t) + DV*9(r,1) (5.21)* 


where we have used also (5.3). In the steady-state condition, this equa- 
tion reduces to 


— DV’o(r) + Z.¢(r) = S(r) (5.22)* 


The time-dependent function ¢(r,t) is here replaced by the steady-state 
function ¢(r). The remainder of this chapter is concerned with the solu- 
tion of Eqs. (5.21) and (5.22) for various specifications of the source S 
and of the geometric configuration of the medium in which the one- 
velocity neutrons are diffusing. 

d. Neutron Partial Currents. In much of the analysis which follows 
it will be convenient to separate any given component of the net current 
into two parts. According to our original definition [see Eq. (5.8)] the 
net current at any point gives the net flow rate of neutrons through a 
unit area; thus, J, is the excess of neutrons moving to the right (in the 
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direction of positive x) over those moving to the left. An appropriate 
description of J., then, would be in terms of these two currents, one 
toward positive z, the other toward negative x. Therefore we define 


J2(t) = j4(t) — j-(t) (5.23) 


where J,(r) is the net current toward positive x at space point r. The 
functions j, and 7_ are called the partial currents along the z axis at r. 
Specifically, 


number of neutrons which pass per unit time from 
4,(r) = left to right (irrespective of the incident angle) (5.24) 
through a unit area normal to z axis at r 


It is important to note that every neutron that passes through the unit 
area is counted if its velocity vector has a component in the positive 
x direction, regardless of the angle which its trajectory makes with this 
area. The partial current 7_(r) defines the movement toward negative z 
in an analogous way. The two functions j, and 7_ account for all the 
neutrons which pass through a unit area perpendicular to the z axis, and 
J, is the measure of the net movement toward positive x. We now com- 
pute the partial current j_(r). 

Consider a differential area dA in an infinite medium supporting a 
one-velocity neutron flux. Let the center of dA be the origin of a Car- 
tesian coordinate system such that the x axis is normal to dA. Define 
also a polar coordinate system such that the co-latitude angle 6 is meas- 
ured from the positive x axis and the azimuth angle y from the positive 
y axis (see Fig. 5.4). Then, by definition, 7_(0) dA is the number of neu- 
trons which pass through dA per unit time having made their last scatter- 
ing collision in the upper half-space in which z is positive. We can com- 
pute this number by summing all the contributions from such collisions in 
the half-space. Consider then an elementary volume dr at space point 
r = r(r,0,W) (see Fig. 5.4). There are 2,¢(r) dr scattering collisions per 
unit time in this volume. Of the neutrons leaving dr from these collisions, 
a certain fraction is directed toward dA. We will estimate this fraction 
on the assumption that the neutrons scattered in dr emerge with an iso- 
tropic distribution in angle; i.e., for the medium in question elastic 
scatterings are isotropic in the laboratory system. 

It is difficult to improve upon the isotropic assumption with the 
present method of approach, and it is exactly at this point that the 
information about the angular distribution of the neutrons is lost. In 
general, the neutron scattering is not isotropic in (L), and the neutrons 
scattered in dr will emerge isotropically only if they impinged upon dr 
isotropically. Thus, if there is a net transport of neutrons in the region 
of dr, the assumption of isotropic scattering is surely invalid, and the 
error made cannot be estimated by the theory (in this form). Suppose, 
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however, that we accept it for the purpose of completing the calculation 
and correct the theory later by using the results of more exact models. 
We compute then the number of neutrons directed toward dA on the 
assumption that they emerge from dr uniformly in 4 solid angle. The 
probability that a neutron leaving dr isotropically is headed toward dA is 
simply the projected area of dA visible at dr divided by the surface area 
of a sphere of radius r. The projected area of dA is seen to be cos dA; 


vo 


Fic. 5.4 Orientation of volume dr and area dA. 


thus the fraction of neutrons leaving dr which are directed toward dA is 
cos 6dA/4xr?. 

Not all the neutrons headed for dA actually reach dA, however. Some 
of these neutrons suffer further collisions along the path and are thereby 
removed from the stream either by being absorbed or by being scattered 
into a new direction which does not pass through dA. We estimate this 
number on the assumption that the principal source of removals is 
scattering collisions; i.e., we neglect absorption losses. Thus we are 
implying that the medium in question is only slightly absorbing. We will 
show later that this is in fact the only condition under which diffusion 
theory yields a good approximation of the spatial distribution of neu- 
trons. If we assume that scattering collisions are the only mechanism by 
which neutrons can be removed from the group directed toward dA, then 
by the concepts developed in Sec. 2.2 we have [cf. Eq. (2.17)] 


P(é>r)=1-—P(éE<r) =1-0 -— e*) = e* (5.25) 


Thus e—*"" is the probability that a neutron headed for dA traverses the 
distance r without suffering a scattering collision along the way. We 
multiply this result with cos @dA/4rr? to obtain the fraction of neutrons 
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leaving dr which reach dA. If we define a current 


number of neutrons which pass through 
j—(0;r,0,y) dr dA = dA per unit time due to last scattering (5.26) 
collisions in dr about r(r,6,y) 


then for » = cos 6 and dr = r? dr du dy, we have! 
pe *"2,b(ruy) drdA 


jO;rup) dt dA = ae 


(5.27) 
The integral of this quantity over all r yields the contribution to the 
current through dA from all neutrons which made their last scattering 
collision somewhere in the differential solid angle du dy (see lig. 5.5). 
We define a second function 


number of neutrons which pass through dA 
per unit time having made their last (5.28) 
scattering collision somewhere in the solid 
angle du dy about the direction (u,W) 


j-(0;n,9) du dpdA = 


and obtain 


dudyz,dA [° 
j(O:nW) du dp dA = HOHEVE CA i eo(r,uy) dr (5.29) 


In order to proceed we must have some additional information as to the 
functional form of @ over the positive z 
half-space. Since we are dealing with 
' a general situation, such specific infor- 
NO mae mation is not available; however, the 
presence of the exponential factor e~*" 
in (5.29) allows us to make an approxi- 
mation of the integral which does not 
require so detailed a knowledge of ¢. 
It is evident that because of the expo- 
nential in the integrand, the principal 
contribution to the integral comes from 
Fic. 5.5 Scatterings from direction the region of a a mean-free-p ath 
(8,). lengths about the origin, i.e., about the 
elementary areadA. Thus, if the flux 
is sufficiently slowly varying, approximate results may be obtained by 
expanding ¢ in a Taylor series about the origin. (Note that this require- 
ment is consistent with the previous assumption that the medium 1s 
slightly absorbing.) Let us use, then, 


o(r) = (0) + 1r-Vod(O) + $r°V’d(0) + °° - (9.30) 


For the present calculation the first two terms will suffice. The first term 


7 


La 


1 The parameters r, u, and y indicate the source of the current in question. 
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of (5.30) is the flux at dA ; the second term is the first derivative correction 
for the displacement r. If the angle between the vectors r and V®¢ is 
designated 8, then 


r-V¢(0) = r|V¢(0)| cos B (5.31) 
(see Fig. 5.4). The substitution of the first two terms of (5.30) into 
(5.29) along with the expression (5.31) yields 


udu dy>,dA 
dor 


x [ [p(0)e-=" + |Vp(0)| cos B re-=""] dr 
_pdpdyda |V~(0)| cos B 
sue | #0) + ed (5.32) 


The integral of this quantity over all ¥ is the contribution to the current 
at dA (in direction of negative xz) due to all neutrons which made their 
last. scattering collision in the conical shell dz 
(see Fig. 5.6). We define then 


j-(O;n,¥) dudpdA = 


number of neutrons 
passing through dA 
& pee _ per unit time which 
POH GE: = have made their last O22) 
scattering collision in 


the shell du about zu 


and 


2a 
j-(O;u) du = I j-(O;n,y) dy 


Fic. 5.6 Scatterings from 


2n ° 
= Se | 2900) + wet) I cos #a¥ | (5.34) conical shell du. 


We can write cos 6 in terms of the direction angles of the two vectors 
rand V¢. If we denote by 6, and y, the co-latitude and azimuth angles 
of V¢ (see Fig. 5.4), then 


cos 8 = cos 6; cos 6 + sin 6, sin 6 cos (¥, — ) (5.35) 
Substitution into (5.34) yields 

1 Ve(0 6, 

(03) du = 5 udu] (0) + POT 008%) 6.30) 
Equation (5.36) gives the current through unit area normal to the z axis 
(located at the origin) due to all last scatterings in a cone of width du 


about the z axis. This result will be very useful for computing the cur- 
rent in systems in which the neutron density is azimuthally symmetric. 
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A final integration of (5.36) over all u in the upper half-space gives the 
partial current through unit area in the direction of negative z. Thus, 


j-(0) = I "j(Oju) du = 4 6(0) + <x |V6(0)| cos 6 (6.37) 
0 8 


The computation of the partial current 7,(0) may be carried out in the 
same way. The procedure is straightforward; however, some care must 


Fic. 5.7 Coordinate system for negative z half-space. 


be taken in the definition of the direction angles of the vector quantities 
involved. Thus, we take 


wdA 


Apr? 


J+ Ojr,uw) dA = Z.6(r,u,p)er (5.38) 


where the absolute magnitude sign is introduced in order to account for 
the fact that, throughout the negative z half-space, » takes on the values 
—1 to 0 (see ig. 5.7). The contributions from the solid angle du dy are 


(On) du ay = HIME gio) 4 MAC CSE| 39) 


and from the conical shell du 


. l Vo(0 0, 
(Ou) da = 5 lal du | o(0) + POMC) 5.40) 
Finally 
; 0 7 V 0 
j,(0) = 3 | 600 | idee el) ; ala au | 
: es ee a (5.41) 
ee (0) — IVe(0)| cos 6s ) 
rae 62, 
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These expressions for the partial currents (5.37) and (5.41) may be 
used to compute the net current according to the statement (5.23). 
Thus, for an arbitrary space point r in an infinite medium, we obtain 


j= zs IV@(r)| cos 0. (5.42) 


where 0, is the angle which the vector V¢ makes with the positive x axis. 
If the flux is a function of only one space coordinate, say xz, the angle 
6, = 0, and ¢(r) = ¢(x); moreover, |V¢(r)| = ¢’(x), and 


Jat) = Jt) = - 3 8) (5.43) 


A comparison of this result with (5.10) shows that the elementary model 
used in the calculation of (5.37) and (5.41) yields an expression for the 
net current which differs from that obtained by a more elaborate theory 
through the constant of proportionality. 
Whereas the transport theory gives for the 
diffusion coefficient [see Eqs. (5.12) and 
(5.13)] 


1 


= —_____ (5.44) 
3(2: a Lehto) 
diffusion theory gives 
1 
D= 35, (5.45) 5 


Thus although diffusion theory is able to pre- ae Ge eich bor neutron 
dict the functional form of the net current, : 
it fails to give a correct estimate of the diffusion coefficient. However, 
the estimate (5.45) is fairly good for media of large mass number and small 
absorption cross section; if both 2,/Z, and 1/A are much less than unity, 
then by (5.44) 

1 1 1 


D ~ —_ = —__—__ 
32,(1 — wo) 32,(1—2/3A) 323, 
In all subsequent work we will use the relation (5.44) for calculating the 
diffusion coefficient. 
The result (5.42) for the net current can be used to construct the 


vector net current at point r. If 6, and @, denote the angles which V@ 
makes with the y and z axes, respectively (see Fig. 5.8), then 


J.(r) = — D\|V¢(r)| cos 6, 


J,(r) = — D|V¢(r)| cos 6, (5.47) 
J(r) = —D|V¢(xr)| cos 6, 


(5.46) 
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where we have used (5.44) for the constant of proportionality. The 
expressions (5.47) may be combined according to (5.18) 


J(r) = Ji(r)i + J,(r)j + J.(r)k 
= — D|V¢(r)|(i cos 8. + jcos 6, + kK cos 6.) = — DV¢(r) 


as is to be expected. The partial currents may also be written in terms 
of D; thus in place of (5.37) and (5.41) we will use 


ju(t) = 7 (0) — 3 |V8(@)| 008 
l 


D (5.48) 
j-(r) = 4 ¢(r) + z |\Vd(r)| cos 6, 
If ¢(r) = (zx), we have 
is(z) = Foe) — F o'@) 
(5.49) 


ja) = 4 (2) + 59") 


It is of interest to note that if there is no net current at a given space 
point, i.e., if |V o(r)| = 0, then 


J+(t) = j_-(t) = 46(7) (5.50) 


which states that, if as many neutrons are moving through a unit area 
at r along a given direction as are moving in the opposite direction, then 
the neutron flow rate is ¢/4. This case was previously mentioned in 
Sec. 3.5. 

For the remainder of this chapter we will use the following set of equa- 
tions in discussing the one-velocity approximation: 


— DV*¢(r) + Z.¢(r) = S(r) (a) 
J(t) = —DV¢(r) (6) 

a Co es (5.51)* 
32 3(2; — 22,/3A) 


We will require in addition to these equations a set of boundary conditions 
which define the specific problem. A general discussion of these condi- 
tions is given below. 

e. General Statement of Boundary Conditions. A complete state- 
ment of the boundary conditions which are to be used in the application 
of the one-velocity model is not possible on the basis of the physical con- 
cepts so far developed. These considerations! must be deferred until we 
have a more detailed description of the neutron flux than presently avail- 
able. It is possible nevertheless to establish an appropriate set of 


1A detailed description of the boundary conditions to be used in the one-velocity 
model involves the methods and results of transport theory (see Chap. 7). 
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boundary conditions from the machinery of the diffusion theory which, 
although lacking in details, will not be inconsistent with the results of 
more accurate models. 

On the basis of physical arguments we must require that the neutron 
flux satisfy the following conditions: 


(1) The neutron flux must be finite and nonnegative in all 
regions of a medium except possibly with certain source (5.52) 
distributions 

(2) At an interface between two media with different diffusion 

properties, the density (or flux) of neutrons moving in any 

given direction must be a continuous function through the 
interface 

At a vacuum interface (the outermost boundary of a sys- 

tem) there must be no neutrons returning to the medium (5.54) 

from any direction in the vacuum 


(5.53) 


(3 


— 


These conditions are perfectly general and must be met, at least in approx- 
imate form, by whatever function is specified for the neutron-density dis- 
tribution. The neutron flux defined by the elementary diffusion theory 
cannot meet all these conditions. The function ¢(r) is much too coarse a 
description of the neutron population in that it gives the track length per 
unit volume per unit time of all neutrons of a single speed. Conditions 
such as (2) above require, however, a much more detailed statement, and 
so must be replaced by less exacting requirements. Before inquiring 
into the nature of these approximations, let us first examine the implica- 
tions of the three conditions as stated. 

Consider condition (1): it is clear from this requirement that all regions 
of a medium which are in the vicinity of an elementary source (such as a 
point source) are to be excluded. Equation (5.5la) does not apply then 
in the neighborhood of a singularity; everywhere else, however, the flux 
¢(r) 1s defined and must be bounded. Condition (2) requires that at an 
interface between two dissimilar media the density of neutrons moving in 
a given direction must be identical on either side of the interface. This 
statement implies, of course, that there are no neutron sources or sinks at 
the interface. Thus (2) states that neutrons are not to ‘pile up”’ at such 
boundaries. Condition (3) is a special case of (2) and implies that, once 
a neutron has left the outer boundary of the system, it will not return! to 
the system. This requirement is stated in detail, namely, that no neu- 
trons return from any given direction. 

That conditions (2) and (3) cannot be satisfied by the function ¢(r) is 
entirely clear; ¢(r) gives the total track length, whereas what is needed 
is the track length (or density) of neutrons which are traveling in a par- 


1 This is of course true only if the outer boundary of the system is a simply con- 
nected and nonreentrant surface. 
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ticular direction. Such a function which specifies the angular depend- 
ence of the neutron flux can be obtained only from the transport equation. 
For our present needs, then, conditions (2) and (3) are far too detailed 
and must be replaced by suitable approximations which deal with the 
bulk behavior of the neutron population rather than with the detailed 
behavior of specific directional components. The approximations to the 
exact boundary conditions which we will use in connection with Eqs. 
(5.51) are: 


(1) The neutron flux must be finite and nonnegative in all 
regions in which the diffusion equation (5.5la) applies 

(2’) The partial currents must be continuous through an 
interface between two dissimilar media 

(3) Ata vacuum interface, the neutron flux must satisfy one of 
the following two conditions: (a) The partial current from 
the vacuum must be zero, or (6) the function which (5.57) 
describes the flux must vanish at some finite distance out- 
side the actual geometric boundary of the system 


(5.55) 


(5.56) 


Boundary condition (1) is essentially as before. Boundary condition 
(2’) may be illustrated by deriving the appropriate relations for the inter- 
face condition in a system in which the flux is a function of only one space 
coordinate. Consider, therefore, two semi-infinite media with different 
diffusion properties and with a common boundary at x = 0. Denote 
the medium to the left by the index m = 1 and that to the right by 
m = 2. flurther to generalize the problem, assume that at the interface 
there is a plane of isotropic sources with strength go neutrons per unit 
area per unit time. Assume also that the presence of this source does not 
alter the diffusion properties of the media. If j‘"’(z) denotes the partial 
neutron current in medium m at point z in the positive x direction, then 
by condition (2’) 

JP? (0) = 490 + 39? (0) 

50) = do + 50) or 


If we add these equations and introduce the expressions (5.49) for the 
partial currents, we obtain 


J2(0) — Ji(0) = qo (5.59) 


Thus if the source is removed (qo = 0), the net current through the inter- 
face must be a continuous function, and it is discontinuous only in the 
presence of a neutron source qo * 0 (see Fig. 5.9). The subtraction of 
Eqs. (5.58) yields 

$2(0) = ¢,(0) (5.60) 


Therefore, independent of the source strength go, condition (2’) requires 
that the neutron flux be continuous through the interface. Since ¢(z) 
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satisfies an ordinary second-order differential equation, the two condi- 
tions (5.59) and (5.60) can be specified independently. An alternate 
statement of (2’) is 


(2) The neutron flux and net current must be continuous at an 


interface (in the absence of a source) (5.61) 


It is important to recognize that condition (2’) or (2) is arbitrary and 
serves only as an approximation to the original condition (5.53). 
Although the requirement that the net current be continuous at an inter- 
face is satisfactory both from a physical standpoint and analytically, the 
requirement that the flux be continuous is not entirely meaningful. The 


(x) 


x 


Fic. 5.9 Flux and net current around Fig. 5.10 Vacuum interface. 
interface. 


difficulty arises from the fact that the flux ¢(r) as defined by the diffusion 
equation (5.51a) is not a good representation of the neutron population in 
the vicinity of a material discontinuity. In fact, as will be shown later, 
this is precisely one of the situations under which diffusion theory breaks 
down. To place a condition on a function in a region in which it most 
poorly represents the physics is certainly questionable. A more satis- 
factory interface condition for the flux, called the Serber condition, has 
been suggested,' but this condition is not useful for dealing with arbitrary 
geometries. Thus condition (5.60) is generally used for want of a more 
accurate and easily applied relation. 

Boundary condition (3) is the approximation to the physical require- 
ment (5.54) that no neutrons return to the system from the vacuum along 
any direction. This requirement cannot be rigorously satisfied in the 
present case in which we wish to apply the diffusion approximations 
(5.51). Therefore we impose the less stringent condition that the partial 
current from the vacuum be identically zero. Hence 


j_(0) = 0 (5.62) 


where the origin of the coordinate system is placed at the physical bound- 
ary of the medium (see Fig. 5.10). This condition may be written in 


1The Serber condition is frequently used in spherically symmetric systems (see 
Sec. 8.3). 
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terms of the flux and its gradient at the boundary. We have by (5.49) 


(0) _ 
¢(0) 2D 


(5.63) * 


Equation (5.62) gives an acceptable boundary condition at a medium- 
vacuum interface for use with the diffusion equations. However, it 
should be realized that this relation places a condition on a function which 
was developed on the basis of the diffusion approximation. It will be 
recalled that, in the derivation of Eq. (5.37) for the partial current, it was 
assumed that the flux was a slowly varying function at the point in ques- 
tion and therefore could be represented by two terms of a Taylor series. 
This requirement is hardly satisfied at any interface, least likely at a 
vacuum interface. In such regions higher-order terms in the series would 
be required, and the use of only the first two terms, i.e., the diffusion 
approximation, is at best a first estimate. 

While Eq. (5.63) is quite easily applied in most problems, it has been 
shown that there is an even simpler condition which affords a very good 
approximation in a great many useful cases. This approximating condi- 
tion may be developed on the basis of the following observation. Within 
the interior of a medium supporting a neutron gas, for example, a reactor, 
the neutron density (flux) is relatively high, since in general the neutron 
sources (fissionable material) are located in this region. Neutrons pro- 
duced by these sources are eventually lost by capture collisions or escapes 
from the system. Thus a close inspection of the neutron population in 
the medium would reveal that there is a continuous net movement of 
neutrons toward the outer boundaries of the system. Moreover, this 
net outward flow becomes more pronounced as the physical boundary 
(vacuum interface) is approached. In the limit, at the outer surface, all 
the neutron velocity vectors will be directed out into the surrounding 
vacuum. Thus at each station, progressing outward from the interior, 
there is a net flow of neutrons away from the center. Whereas the neu- 
tron population in the central regions is augmented by neutrons returning 
from scattering collisions in regions beyond, the outermost portions of 
the system are supplied only by the neutron sources in the center. Thus 
the neutron density falls off rapidly as the surface of the system is 
approached; however, it does not vanish entirely inasmuch as there is 
always a finite number of neutrons passing through the outer layers of 
the system. 

It would appear then that one could establish a reasonable approxima- 
tion to the vacuum interface condition by requiring that the function 
representing the neutron density vanish at some appropriate point near 
the physical boundary. Note that our requirement is that the flux 
vanish in the vicinity of the boundary and not at the boundary. The 
problem, of course, is to determine the distance of this point from the 
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surface such that the resulting statement of the boundary condition best 
approximates the exact requirement. Let us call this distance e, and 
suppose that in a typical problem the general solution to the diffusion 
equation is known and that one of the arbitrary constants has been 
eliminated by an appropriate boundary condition at some interior point. 
The vacuum interface condition may then be applied to eliminate the 
remaining constant. If the solution mentioned above is ¢(z), then we 
will require that 

¢(e) = 0 (5.64) 


where for convenience we have placed the origin at the surface (see Fig. 
5.10). If the approximating form of the flux ¢(z), which is now deter- 
mined everywhere in the medium, is to be a good estimate of the actual 
flux, then it is necessary to satisfy condition (5.63) as closely as possible 
at x = 0. Now consider ¢(0); if ¢ is sufficiently small, we can write 


o(e-) = (0) + POle+ --- (5.65) 
But since ¢(e) has been set equal to zero, (5.65) gives 
#0) _ _1 
$(0) : (5.66) 


By comparison with (5.63) it is seen that the best value of e, under the 
condition that the expansion (5.65) be valid, is 


e=2D=, (5.67) 


in which the last step follows from (5.12). We may summarize as 
follows: to the extent that the equation 


(ro + Gru) = O(20) + '(T0) Fru 


holds (here we take the coordinate of the boundary to be zo), the more 
accurate boundary condition 


j—(Xo) = 0 (5.68) 
may be replaced by the condition 
}(X0o + ZA.) = 0 or ¢(t1o + «) = 0 (5.69) 


It is important to note that (5.69) and (5.68) are in fact different condi- 
tions and, if applied separately to the same system, will yield different 
solutions for the flux ¢. Although these solutions will differ only slightly 
in those situations wherein the diffusion theory is applicable, they will by 
no means be identical. ! 

The quantity « is often called the extrapolation distance, or extrapolation 
length, because the analytical solution to the flux is extrapolated beyond 
the physical boundary of the medium into a region in which the diffusion 


1 An illustration is given in Sec. 5.3a. 
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equation does not apply. Since (5.65) includes terms only up to the first 
order, this process is sometimes referred to as “‘linear extrapolation. ”’ 
Note that the use of (5.69) implies that the medium extends out to point 
(xo + $A,,), since the diffusion equation is applied out to that point; how- 
ever, this is merely a device for obtaining a good approximation to the 
flux inside the actual medium. 

For many cases, particularly large thermal reactors, the use of the 
extrapolation distance, which is small in these cases in comparison with 
the dimensions of the reactor, has given very good results; the approxi- 
mating condition (5.69) will be consistently used throughout this work 
to replace the more accurate condition (5.68). For convenience we shall 
also use the notation 

Eo =Xote (5.70) 


The estimate obtained above for ¢ (5.67) is based on the diffusion theory. 
Other estimates can be obtained with the application of more accurate 
models, such as transport theory. A somewhat better number than 
(5.67) is 

e = 0.7104\,, (5.71)* 


Further, Eqs. (5.67) and (5.71) are each specifically calculated for planar 
boundaries; but they are approximately correct for boundaries of small 
curvature. For boundaries of increasingly greater curvature, ¢ mono- 
tonically approaches a limiting value of 4),-. 

We conclude the present section with a summary of the diffusion-theory 
boundary conditions which we will generally apply throughout the 
remainder of this work. These conditions are the statements (5.55), 
(5.61), and (5.69): 


(a) The neutron flux must be finite and nonnegative in all 
regions in which the diffusion equation applies 

(6) The flux and net current must be continuous at an inter- 
face between two different media 

(c) The flux must vanish at the extrapolated outer boundary 
of the system 


(5.72) 


In using these conditions in connection with the diffusion theory, it must 
be borne in mind that they are only approximations within the limita- 
tions of the theory to the precise statements (5.52), (5.53), and (5.54). 


5.2 Elementary Source in Infinite Media 


a. Plane Source. We introduce the application of the diffusion equa- 
tions to the determination of the spatial distribution of neutrons by con- 


18. Frankel and E. Nelson, ‘‘Methods of Treatment of Displacement Integral 
Equations,’’ AEC D-3497, September, 1953. 
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sidering infinite media which contain various elementary sources. The 
results obtained in these calculations are applied later to neutron-diffu- 
sion problems which involve more complex source distributions and to 
systems of finite extent. Initially, for the sake of simplicity, we con- 
sider only steady-state problems and systems in which the spatial dis- 
tribution of the flux can be expressed in terms of a single space coordinate. 
Thus, we begin with the diffusion of neutrons from isotropic plane, point, 
and line sources. In the case of the plane source, we have a simple 
rectilinear system described by a single coordinate z; in the case of the 
point source, we have a spherically symmetric system; and in the case of 
the line source, the problem has axial symmetry. These analyses are 
followed by an elementary development of the method of Green’s func- 
tion. The section is concluded with some applications of the method to 
the simple singular sources and, finally, to the general problem with arbi- 
trary source distribution. 

The appropriate differential equations for the neutron-diffusion prob- 
lem in rectilinear coordinates is obtained from (5.51) and takes the form 


— DV*$(x,y,2z) + Zo(z,y,2) = S(z,y,z) (a) 
J(z,y,2) = — DV$(z,y,z) (b) 


We specialize this system to the case of a plane source in an infinite 
medium. Consider then a plane of isotropic neutron sources of strength 
go neutrons per unit area per unit time (1.e., the sources emit neutrons 
with equal probability in all directions from all points on the source 
plane). We assume that, once a neutron is released from the source, the 
source plane is no longer a special region in the medium. The problem 
is to determine the neutron-flux distribution throughout the infinite 
medium in the steady state, that is, long after the source has begun 
emitting neutrons. The concept of a plane distribution of isotropic 
sources reduces the problem to finding the spatial dependence of the flux 
in terms of a single coordinate, in the time-independent case. If x 
denotes the coordinate normal to the infinite-source plane (which is 
placed at x = 0), then clearly the flux must be independent of y and z. 
Thus $(z,y,z) — $(x), and for x # 0, (5.73a) reduces to 


(5.73) 


” 1 
¢’'(x) — RB o(z) = 0 x x0 (5.74) 
where we define the diffusion length L by 
| (5.75) 


The general solution to (5.74) may be written in the exponential form 


g(x) = Aet/4 + Be-zlt (5.76) 
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and applies only to regions away from the origin. We note however that 
the system is symmetric about z = 0; thus we may consider the solution 
for z > Oalone. Boundary condition (5.72a) requires that ¢(x) remain 
bounded for all zx. In order that this condition be satisfied for arbi- 
trarily large z, we must take A = 0. We have, then, ¢(z) = Be-7/4 
for z > 0. A more general form which is applicable to z $ 0 is 


o(c) = Berm 


The constant B is evaluated by applying the special boundary condition 
(5.59). Inthe present situation, the source is isotropic; therefore, exactly 
one-half the neutrons must be released to each side. Thus, 


mae J(z) = $40 (5.77) 


We compute J(z) from (5.10) and note that this is the specialization of 

(5.51b) to the present problem. Substitution of this result into (5.77) 

yields, in taking the limit as |z|— 0, B = Lqo/2D. The solution to 
(5.74) is, therefore, 


—Irl/L 
¢(z) = we (5.78) « 


This expression gives the spatial dis- 
tribution of neutrons in an infinite me- 
dium with a plane isotropic source (see 
Fig. 5.11). 

b. Point Source. If theneutron sources 
Fig. 5.11 Flux distribution due 16 concentrated at a point, and the emis- 
to plane source. ; a ‘ : 

sion is isotropic, then the problem is 
spherically symmetric. It is convenient in this case to describe the 
spatial distribution in terms of polar coordinates with the origin at the 
source; therefore, we take ¢(r) = ¢(7,6,p), and (5.5la) may be written 


1 a? 1 af. ,d¢ 1 a 
on E art (79) + Fr sin 6 30 (sin : 3) + 73 5in? 6 = 
+2. = 0 (5.79) 


Source plane 


forr > 0. For the present case, ¢ is independent of the angles 6 and y; 
so @ = ¢(r), and (5.79) reduces to 


1 d@ 


r ar? 


Tre i g(r) =0 r>0 (5.80) 


In the usual way, we define a function F(r) = r¢(r) and obtain from 
(5.80) 


F"(r) — nF) ~0 (5.81) 
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which is in the form of (5.74). The general solution to (5.80) is, there- 
fore, 


g(r) = — (Aev= 4+ Be-r!t) (5.82) 


“= |= 


As before, it is required that A = 0 so as to satisfy boundary condition 
(5.72a). The constant B is determined by the condition on the source 
strength. If qo denotes the rate of neutron emission from the origin 
(neutrons per unit time), then the total net outflow of neutrons from the 
source is given by the limit of the product of the net current in the radial 
direction and the area of a sphere as the radiusr— 0. Thus 


lim 4er2J (r) = qo (5.83) 
r—0 
where J(r) is obtained from (5.516), 
I(r) = —Dol(r) = FP (1 + r/Lyert 


In the limit as r— 0, we obtain from (5.83) the relation 4*DB = qo. 
The neutron flux due to an isotropic point source is, therefore, 


—r/L 
g(r) = (5.84) 


There is an alternate boundary condition to (5.83) which gives the 
same results. Since we are dealing with the steady-state condition, the 
neutrons supplied by the source during unit time must balance the total 
loss of neutrons throughout the medium during unit time. The only 
mechanism of neutron loss in the infinite-medium one-velocity system is 
absorption; therefore, 


qo = i Y.¢(r) dr = iD ° 3 o(r)4er? dr (5.85) 


For the chosen flux ¢(r) = Be-’/4/r, we obtain go = 49r2,L°B = 49rDB, 
which is in agreement with the previous result. The analogous condition 
could have been used in the planar problem discussed in Sec. 5.2a or in 
the cylindrically symmetric problem to follow. 

c. Line Source. A third form of the one-dimensional problem of 
neutron-flux distribution may be derived by considering a line distribu- 
tion of isotropic sources. For convenience we take the diffusion equation 
(5.51a) in cylindrical coordinates and define ¢(r) = $(9,¢,2). 

1 a 0d 10°) , a ) : 
For an infinite line of uniform sources and axial symmetry, (5.86) reduces 
to 
ld 


cP los. o(o) | = 7 o(P) =0 p>O (5.87) 
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where p denotes the radial coordinate measured from the line of sources 
at the origin. If we define a new variable x = p/L, this equation takes 
the standard form of the modified Bessel equation! 


$"(2) += 4'(2) — (2) =0 (5.88) 


The general solution is 
@(z) = Alo(xz) + BKo(z) (5.89) 


where [o(zx) and Ko(z) are the modified Bessel functions of order zero of 
the first and second kind, respectively. Complete tabulations of these 
functions are available in the standard sources.? For convenience we 


Fig. 5.12 Zero-order modified Bessel functions. 


give below the relation between these functions and the regular functions 
J and Y of the first and second kind. In general, for the nth-order 
functions, 


I,(t) 
K,.() 


i-*J,,(it) 
5 mt t[J (it) + iY, (i)] = 


(5.90) 


= 
2 
where H‘(at) is the Hankel function of the first kind and ¢ is real. 

The application of the boundary condition (5.72a) shows that the arbi- 
trary constant A must be taken identically zero, since /o(t) becomes 


arbitrarily large as t—> © (see Fig. 5.12). The value of B is obtained by 
imposing the source condition [cf. Eq. (5.83)]. 


lim 2xpJ(p) = go (5.91) 


int} (it) 


1See, for example, F. B. Hildebrand, ‘‘Advanced Calculus for Engineers,” pp. 
160-161, Prentice-Hall, Englewood Cliffs, N.J., 1950; H. Bateman, “Partial Differ- 
ential Equations,”’ pp. 398-403, Dover Publications, New York, 1944. 

2 See, for example, E. Jahnke and F. Emde, ‘Tables of Functions,’’ Dover Publica- 
tions, New York, 1945. 
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where the net current J(p) is given by 
DB 
Jip) = — D6) = 4? KP) 


It can be shown that 


lim p K f) =L 

p—0 J ¢ 

and it follows that B = qo/2rD. The flux distribution due to an iso- 
tropic line source in an infinite medium is therefore 


$(p) = goth oles”) (5.92) 


d. Kernel Method. In the foregoing discussion, the steady-state 
neutron flux in an infinite medium was obtained for three different source 
distributions, namely, plane source, 
point source, and linesource. With 
these results it 18 possible to de- 
termine the steady-state flux from 
any distribution of sources in an in- 
finite medium. As an introduction 
to the technique for calculating the 
flux for more general source distri- 
butions, consider the case of two 
point sources located at the space 
points r; and rz and of strengths q, 
and q2 (see Fig. 5.13). The neutron gH 
flux at the field point rduetothe ¥* | \ 
point source at r; may be deter- v \ 
mined from (5.84). Note that 
(5.84) is given in terms of the dis- 
tance between the field point and 
the source; thus, if the source g,; alone (¢ = 1, 2) were present in the 
medium, the steady-state flux ¢;(r) would be given by 


Fic. 5.13 Medium with two point 
sources. 


qie~ jr —ri|/L 


ott) = FDir— wi 


(5.93) 


If the neutron-neutron interactions are neglected and if it is assumed that 
the presence of a point source does not affect the diffusion properties of 
the medium in its immediate neighborhood, the behavior of the neutron 
flux from either source will be unaffected by the presence of the other. 
Thus the total flux at ris given by the sum 


d(r) = gilt) + $2(r) (5.94) 
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Formally, this result follows from the fact that the diffusion equation, of 
which ¢, ¢:, and ¢2 are solutions, is linear; therefore, the solutions may 
be superimposed. 

Since the above line of reasoning for two point sources would not be 
altered for three, four, or any number of point sources, it is concluded 
that, if N point sources located at points r,(z = 1, 2, 3, . . . N) and of 
strengths g,(¢ = 1, 2,3, . . . NM) are present in the infinite medium, the 
total flux at a field point r due to all N would be given by 

. [r—r,| 
- gie~ r—r|/L 
¢(r) = , / ixDit =i] (5.95) 
This general result due to a discrete distribution of sources may be gen- 
eralized to a continuous distribution. Thus if S(r’) dr’ is the total 
number of neutrons produced isotropically per unit time in volume dr’ 
about space point r’, then we define 


S(r’) dr’e-lt-F'\/L 
4x D|r — 1’ | 
track length per unit volume per unit time at r due 
= to the S(r’) dr’ neutrons released per unit time (5.96) 
from the volume dr’ about r’ 


¢(r;r’) dr’ = 


By the arguments given above for the discrete distribution of sources, we 
can compute the total track length per unit volume per unit time at r 
due to all sources in the medium by integrating (5.96) over all space. 


o(r) = | o(rjr’) dr’ = | a EF (5.97) » 


4x Dr — 1'| 


The method introduced here is known as the method of Green’s func- 
tions or the kernel method.! The function (5.96) is in fact the Green’s 
function, or elementary solution, to the diffusion equation. The general 
solution to the diffusion equation for a system with an arbitrary source 
distribution can be constructed from these elementary solutions by apply- 
ing (5.97). 

In order to demonstrate the application of this general method to neu- 
tron diffusion in infinite media, the plane-source and line-source dis- 
tribution problems (Secs. 5.2a and 5.2c) will be treated using (5.97). 

Plane-source Distribution. The plane source of neutrons may be 
regarded as a uniform distribution of point sources over an infinite plane. 
Consider then the case in which isotropic point sources are distributed 
uniformly over a plane at x = 0, such that go neutrons are released per 
unit time per unit area from all points of this plane. The flux at any 


1 See, for example, Morse and Feshbach, op. cit., Part I, chap. 7. 
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point x may be obtained by summing the contributions from every point 
on the plane (see Fig. 5.14). The contribution to the flux at z from an 


xz 


Fig. 5.14 Plane-source distribution. 


area dA whose polar coordinates are (p,@) in the z = 0 plane and which 
is a distance s from the field point is, from (5.84), 


$o(x;8) dA 


track length per unit volume per unit time at z due 
to sources in dA at distance s from z 

_ godA e-slt 

~  4eDs 


(5.98) 


The total flux ¢(z) is the integral of this quantity over the entire plane 
x= 0. 


o(x) = Jo(z;s) dA 


If we write dA = pdp dé and note that s? = p? + x’, then this integral 
reduces to 


| _ go 2a “0 e—tlLy dp dée _ go 2 si _ Laqoe7'#!'4 
2) = 5 | fl ¢| ~2D)y° 2D 


which is in agreement with (5.78). 

The integral relation (5.97) may be used more directly in achieving this 
result for the planar distribution if we specify the source strength in 
terms of the delta function (cf. Sec. 4.6d). We choose for the source 
function S(r), which appears in (5.97), the form 


S(r) = Aa(zx) (5.99) 


where 6(x) is the Dirac delta function; the constant A we compute by 
requiring that the integral of the source distribution (5.99) over a unit 
area of source plane and over all x be qo. Thus, 


A [”_ a(z) de f° dy [' de = 
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and A = qo. The substitution of S(r) = qo 6(x) into (5.97) yields 


Qo 5(x’) e~lt-'/L dz’ dy’ dz' 
¢(r) ae és | |r = r’| 


where we have defined dr’ = dx’ dy’ dz’. If we write the distance 
|r — r’| in terms of the coordinates of the two points r and r’, then 


$(x,Y,2) 
ri il oe | — Pez 9+ y—y)t+ e290} de! dy’ ae 
~ eD fanfh — (@ ett yr yPte— 2) 


qo i | exp |— Blet + (yu)? + @ — 290} ay’ ae 
“aD J) WF uaF Fee 


By transforming the double integral in this relation to polar coordinates 
in the y’z’ plane (see Fig. 5.14), the result (5.78) is obtained directly. 

Iine-source Distribution. In the case of the line source in the infinite 
medium, the distribution of point sources may be chosen as 


S(t) = A 8(z) &(y) = A ow (5.100) 


As before, we evaluate the constant A by requiring that the integral of S 
over a unit dimension of source be equal to the specified strength. Thus 
if go is the number of neutrons released per unit time from unit length of 
line, then 


go = [so dr=A [ 5(x) dx . 5(y) dy [ae 
A [Pee fe do [a = A 
0 Tp 0 0 


The substitution of (5.100) into (5.97), using A = go, yields 


q ” , ° ' t 
$(p,6,z) = 52D 1. dz [ 5(p ) dp 
2, &XP | — ; [(p cos 6 — p’ cos 6’)? + (p sin 8 — p’ sin 6’)? + (z — yas] dé’ 


dr D |. [p? + (z — 2’)*}! 
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If we define sinh § = (z — 2z’)/p, it follows that 


$(6,8,2) + (0) = 7% [- ; exp ( - ? eosh :) dé 


This form may be recognized as the Hankel function of the first kind of 
order zero:} 


H(z) = + [ ” exp (iz cosh t) dt 


If we identify —p/L = iz, then 


o(o) = $5 Ho?) 
However, by (5.90), 


HOGA 2 = KG) 
ir 
Therefore 
os qoK o(p/L) 


which is in agreement with the solution (5.92). 


6.3 Diffusion in Finite Media 


a. The Vacuum-interface Condition. The purpose of the present sec- 
tion is to display some of the features of the approximate boundary condi- 
tions developed in Sec. 5.1 and to show how these approximations may be 
utilized to specify the situation at the outer surface of a system and at 
interfaces within. We begin with a simple calculation which involves 
the application of the vacuum-interface condition. In the analysis which 
follows we examine the steady-state flux distribution in an infinite-slab 
geometry due to a plane source placed on one face. This calculation is 
performed for two different outside boundary conditions on the source- 
free face of the slab, namely, condition (5.57a), which requires that the 
partial current of neutrons from the vacuum be zero, and condition 
(5.576), which requires that the flux vanish at the extrapolated boundary 
[see also (5.69)]. The results from these two calculations are compared 
so as to show some of the implications of the diffusion theory as applied 
to the boundary conditions at an outside face of a system. 

Consider, then, a homogeneous slab of width a in the z direction and 


1k. T. Copson, ‘‘Theory of Functions of a Complex Variable,’’ p. 344, example 22, 
Oxford University Press, London, 1935. 
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infinite in the y and z directions, as shown in Fig. 5.15. At the plane 
x = 0, there is specified a uniform distri- 
bution of isotropic sources of strength qo 
neutrons per unit area per unit time. Be- 
cause of the finite extent of the z dimen- 
sion and the nonsymmetry of the problem, 
there will be a nonuniform distribution of 
the neutron population along the z direc- 
tion; the dependence on the y and z direc- 
tions for given zx, however, will be uni- 
. ae es Infinite slab of form. Thus, the flux is given by the 

: function ¢(x), and the appropriate differ- 
ential equation is [see (5.75) for L?] 


] 
$"(2) — 75 6) = 0 
The general solution may be written 
o(z) = Ayer!4 + Byewz!” or o(xz) = Az sinh + + B, cosh + 


We seek two specific solutions to this problem, one based on boundary 
condition (5.57a) and the other on (5.57b). In each case we require also 
a condition on the source plane which, when used with either (5.57a) or 
(5.57b), yields the arbitrary constants A, and B, or Az and Bz. 

The boundary conditions to be used in the first case, namely, that the 
return current from the vacuum be zero at the source-free face of the slab, 
are 


(1) j-(a) = 0 (2) lim 7.(z) = 449 (5.101) 


We use for the partial currents the expressions (5.49). It is easily shown 
that the application of these conditions to the second of the general solu- 
tions given above yields the flux ¢,(z): 


_ sinh x(a — x) + 2Dx cosh x(a — 2) 
oe la Ob ie Oho  | ane 


where we have introduced the symbol 
x =e (5.103) « 


The extrapolated boundary-condition approximation (5.57b) to the 
condition (5.57a) yields the set of conditions 


(1) $4) =O = (2) lim 7, (z) = 440 (5.104) 
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where Gd = a + 0.7104),, according to (5.70). The only change here is, 
of course, in condition (1), where the current condition has been replaced 
by the requirement that the flux vanish at the extrapolated boundary 
x= 4G. Let the solution of the diffusion equation given above which cor- 
responds to this set of conditions be ¢,;(z); then, one obtains, upon evalu- 


ating the constants A» and Bz, the result 


sinh x(@ — 2) 


tule) = 240 | sairna F BDe cosh a ve 


We can obtain some insight into the physical requirements which must 
be satisfied if the diffusion theory is to be valid in a given situation by 
comparing the results ¢, and ¢,, obtained above. Specifically, let us 
compare the expressions (5.102) and (5.105) in the case when 2Dx < 1 
and 2D/a <1. It is readily shown that, under this restriction, both of 
these solutions reduce to the same form, namely, 


2qgo sinh x(@ — z) 
sinh xd Ot)» bur (@) (5.106) 


Thus the solutions of the present problem based on the accurate and 
approximate statements of the vacuum-interface condition are in good 
agreement provided that 2Dx <1 and 2D/a <1. Let us examine now 
the consequences of these requirements. We have from (5.12) and (5.75) 


oDx = 22 = 24/D3, = 2 as 
L 32 (5.107) 
2D ore 
a 32>,a 
Therefore 
' : DF 
(1) 2Dx «1 implies 2 <K 1 
32. 5.108) 
2D 2 (5. 
(2) oa <a | implies 32.4 <K 1 


The first requirement, then, is that the absorption cross section be small 
relative to the transport cross section. The second requirement is that 
the transport mean free path be small in comparison to a, the character- 
istic dimension (size) of the system. We find therefore that, in order for 
the results based on the extrapolated boundary condition to match well 
the results based on the no-return current condition, the absorption cross 
section must be small as compared with the scattering cross section [note 
that for most nuclei 2, ~~ 2, by (5.46)]. Moreover, the scattering mean 
free path (again using \,, ~A,) must be appreciably smaller than the 
size of the system. This condition is in fact a prerequisite if diffusion 
theory is to be valid in a given situation. We conclude then that the 
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approximate and accurate statements of the vacuum-interface condition 
are equivalent only if the medium is slightly absorbing and if the system 
is many mean free paths wide (i.e., diffusion theory must be valid). 

The approximate result (5.106) may be used to illustrate the effect of 
the diffusion of neutrons on neutron-migration problems. Suppose that, 
as in Fig. 2.6, no neutrons per unit area per unit time (of the one-velocity 
of diffusion) are incident upon one face of an infinite slab of thickness a. 


ee eae 
NT — 

LES Sine-. “=e ses 
ae ease Se eae 


1.0 


Pkt a 
Be Sista eo 
Boa ESET rten 
E ae 

oats PSS 


a,com 
Fic. 5.16 Transmittance of slab. 


Let us compute the transmittance! of this slab on the basis of the follow- 
ing two physical models: (1) Neutrons are not scattered in the slab but 
move straight through, unless they experience a capture collision, in 
which case they are removed from the beam. (2) Neutrons enter a 
diffusion process the instant they strike the slab. 

For case 2, the results of the above analysis apply with a source strength 
no to replace the factor go/2 which appears in (5.106) [see (2) in (5.101)]. 
If the number of neutrons transmitted is counted as those received by a 
noncollimated counter on the far side of the slab, then for case 2 this is 
precisely the net current from the back face. By assuming that the 
extrapolation distance is small in comparison with the slab width [which 
is implied in the inequality (2) of (5.108)], the net current calculated at 
the extrapolated back face will very closely approximate the actual 
current. Then, in the two cases, the transmittance T is computed as 
follows: 


-- Dee 
Case 1: / i er 
No 
Case 2: T, = —De(a) _ 4Dx _ 4Dx 
7 ; No sinh x@ ~—s sinh xa 


A comparison of these results is given in Fig. 5.16 for the case D = 1 cm 
and 2, = 0.01 cm™ as a function of slab width. The rapid decrease in 


1 The fraction of incident neutrons transmitted through the slab. 
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the transmittance for the diffusion case may be understood when it is 
recalled that a diffusing neutron travels a long tortuous path in passing 
through the slab and is therefore exposed to capture collisions over a dis- 
tance much greater than the actual slab width. The nonscattering 
medium of case 1, on the other hand, has the distance a in which to cap- 
ture the neutron. Note that the graph of the transmittance for the 
diffusion medium is broken at the lower limit for small slab widths in as 
much as diffusion theory does not apply for a/L < 1 [see (5.108)]. 

b. Elementary Sources in Finite Geometry. The treatment above 
illustrates the general method for finding the spatial variation of the 
steady-state neutron flux in finite media into which neutrons are intro- 
duced from localized sources. The mathematical problem is the solution 
of the following boundary-value problem: 


Differential equation: 


— DV*¢(r) + 2.¢(r) = 0 (to apply everywhere 
except at source points) (5.109) 
Boundary conditions: 


(1) @ = O everywhere on the extrapolated surface of the 
medium (i.e., the medium-vacuum interface) except at 
points where there are localized sources 
(2) Net number of neutrons moving away from each source) (5.110) 
point per unit time (in terms of the neutron flux in that 
region) must be equal to the source strength at that 
point 


Table 5.2 gives the results of the application of these conditions to a few 
systems. Each of these single-medium systems is taken to be composed 
of a material whose diffusion length is L. The geometries of Table 5.2 
involve only one space coordinate; the boundary-value problem described 
by the equations (5.109) and (5.110) may, of course, be considered for 
more complex geometries (e.g., a finite block of material with a point 
source at the geometric center); these involve the technique of the 
separation of variables. One such problem is treated in Sec. 5.5, which 
deals with the measurement of the diffusion length. 

c. Albedo Concept. It was shown in Sec. 5.le that the interface 
boundary condition between two dissimilar media could be expressed in 
terms of the net current and flux [see (5.61)]. This approach is generally 
useful only if the regions on either side of the interface are only slightly 
absorbing and several scattering mean free paths in width; i.e., each 
region must satisfy the requirements of diffusion theory. It is to be 
recognized, however, that even in this case the diffusion theory does not 
yield an accurate representation of the neutron flux in the vicinity of the 
interface (within a distance of a few mean free paths). In the case that 
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one of the media is highly absorbing or narrow in width, the application 
of the diffusion equations is even more questionable. This model is 
certainly invalid in the narrow (or highly absorbing) medium; moreover, 
its use in the ‘diffusion’? medium near the common boundary is also 


TaBLE 5.2 SOLUTIONS FOR THE ELEMENTARY SOURCES IN FINITE GEOMETRY 


Description of | Slab with planar source on the midplane | Infinitely long cylinder with an | Sphere with point source at the 


system axially placed source line center 
Source g neutrons per unit area of source plane | go neutrons per unit length of | go neutrons per unit time 
strength per unit time source line per unit time 
Dimension Half -width of slab is ao Radius of cylinder is po Radius of sphere is Ro 
Source plane 
x 
Source line Source point 
Explicit (1) (+d) = 0 o(po) = 0 ¢(Re) = 0 
statement of o(z) = o(—2z) 
boundary 
conditions 
(2) lim [—De'@)| = > lim (—2xeDo'(o)l = q@ | lim [—4er*Dy"()] = @ 
z—0* a p—0 r—+0 
z 1 
General solu- | ¢(z) = A sinh : + B cosh i $(e) = Alo(p/L) + BKo(p/L)| o(r) = ‘| 4 sah” + Boosh 
tion to 7 
differential 


equation 


The complete solutions are: 
Slab ieee (or z>0 
: = s1n 
OD) coal ae/L L = 


qo 
} : = ——————— [J]o(fo/L) K L) — Ko(pe/L) Io(p/L 
Cylinder $(p) dx Dle(fe/L) (1o(f0/L) Ke(p/L) o(pe/L) lo(/L)) 
Sphere: (jac on (4=*) 
. OT ED ii BE XL 


limited.!. It would appear then that the present machinery of the dif- 
fusion theory is insufficient for coping with interface situations of this 


type. 
We find, however, that this is not exactly the case. Granted that the 


1 Under these circumstances the flux near the boundary is highly ‘‘directional,”’ 
and the two-term approximation of diffusion theory is inadequate [see (5.30)]. 
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theory is inapplicable to the narrow or highly absorbing region, it may 
still be used as a first approximation for describing the flux in the dif- 
fusion medium. The approximation is not so good as in the case of an 
interface between two diffusion media, but it is still useful for our present 
purpose. The remaining problem, then, is the specification of the effect 
of the “‘nondiffusion”’ region on the neutron population in the diffusion 
region. That is, we should like to find a way to specify the boundary 
condition on the diffusion medium in terms of the nuclear properties of 
the nondiffusion region. This can be done very conveniently by means 
of the so-called albedo concept. We define the albedo of a given material 
as 
return current from a region (5.111) 
incident current into the region 


Albedo = 


Thus the albedo is a measure of the reflectivity of a medium for neutrons 
of a given speed, i.e., its ability to return a neutron back to the space 
from which it was incident on the medium in question. It 1s clear that, 
if the albedo of a nondiffusion medium is known, one could apply this 
information to the adjoining diffusion region by a simple statement on the 
current condition at the interface. In practice, one can either measure 
the albedo of various materials (and geometric shapes) or compute it by 
means of more sophisticated models such as the transport theory. In 
any event such a number can be obtained! and applied directly to the 
remainder of the system as a boundary condition. This approach is 
especially useful for treating very thin regions, such as plates, foils, or 
shells. Thus, for example, one might treat containers and pressure 
vessels in a reactor. A knowledge of the albedo of these components 
permits one to use more elementary theories for other major portions of 
the system. Further, the albedo concept is extremely effective for 
describing the properties of thin, highly absorbing plates or rods of the 
type used as nuclear-fuel elements. 

If the adjoining regions are both diffusion materials, an estimate can 
be obtained for the albedo through the use of the partial-current rela- 
tions. Consider, as an introductory example, the case of a plane source 
of strength go neutrons per unit area per unit time placed on the face of 
a semi-infinite slab. If the origin of the coordinate system is at the 
source plane, the general solution of the diffusion equation has the form 
of Eq. (5.78), namely, 

o(z) = Cez/b (5.112) 


We evaluate the constant C by means of the partial-current condition 
[see (5.49)] 


j(0) = 4.600) — 59") = 5 9 (5.113) 


1 An elementary method for ‘‘thin’”’ regions will be discussed in Sec. 5.8a. 
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This condition states, physically, that the number of neutrons striking a 
unit area of the surface of the semi-infinite medium per unit time is half 
the source strength (half the neutrons are lost to the void directly from 
the source). Note that this is not the net current, since some of the 
neutrons which enter will, after some diffusion, be lost by leakage back 
across the vacuum interface; these we have not yet accounted for. 
If (5.112) is used in (5.113), we obtain the constant C; the resulting 
expression for the flux is 

Qqoe2/h 


The partial neutron current out of the medium at the boundary is 


j-0) = 5 90) + 5 oO - HTS (5.115) 


The current in 7, is, of course, go/2; thus by (5.111) we have for the albedo 
of the semi-infinite medium 
L — 2D 
This form for the albedo applies only to the semi-infinite medium; for 
other configurations, the albedo may be computed within the limits of 
diffusion theory from the general relation (where B denotes the position 
of the boundary): 
j- _1+ 2D9'(B)/¢(B) 
Albedo = 5, i — 2D¢(B)/6(B) 
It should be emphasized that the diffusion-theory expression for the 
albedo, even when the adjoining media are both lightly absorbing, is in 
error since the diffusion theory does not give an accurate description of 
the angular distribution of the neutrons in the vicinity of the interface. 
The essential parameters involved in computing the albedo [see 
(5.117)] are the diffusion coefficient in the medium and the ratio of the 
slope of the neutron flux to the value of the flux at the boundary. This 
ratio will depend upon the geometry, the diffusion coefficient, and the 
absorption of the material. To illustrate this dependence in the case of 
the semi-infinite medium we introduce the relation 


2D 2. (2: 


(5.117)« 


L 3 \D 
into (5.116) and obtain for the albedo a 
_ LS 2u(Za/ D)I/3 
~ 1 + 2d,(2,/ D)#/3 


It is evident that for total reflection (2. = 0) the albedo is unity. It 
should be noted, however, that the result for heavy absorption (2, large) 
cannot be obtained from the above relation because this result was 


(5.118) 


a 
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derived from the diffusion-theory estimate of the partial currents which 
requires that 2, be small compared to 2. Figure (5.17) shows a plot of 
the albedo for a semi-infinite medium as computed by (5.118). The 
diffusion-theory result is broken off at the higher values of 2, in accord 
with the preceding remarks. The upper broken-line curve indicates how 
one might expect the actual albedo of the material to vary. 


Interface 


Fic. 5.17 Albedo for semi-infinite Fic. 5.18 Neutron crossings of interface. 
medium. 


An interesting application of the albedo concept is in the calculation of 
the average number of crossings of an imaginary plane by a neutron as the 
neutron diffuses through the medium. The principal ideas involved can 
be demonstrated by considering a one-dimensional system and starting 
with the assumption that the neutron has made at least one crossing 
(otherwise the spatial variation of the neutron flux must be taken into 
account). In order to retain some degree of generality, it will be assumed 
that the boundary in question is the common face between two media of 
different diffusion properties (see Fig. 5.18). Denote these media A and 
B and their respective albedos a and 8. Thus @ is the probability that a 
neutron which has crossed from A to B will be returned to A [see (5.111)]. 
The probability that it will not return to A is, of course, 1 — 8. 

In the present case we wish to compute the probability p, that the 
neutron makes precisely n crossings and from this determine the average 
number of crossings. Now the probability that a capture will occur 
during any one crossing is independent of the number of previous cross- 
ings, and the probability for capture after exactly n crossings 1s the Joint 
probability of surviving 7 crossings and of being captured before the 
(n + 1)st crossing. Since each of these events is independent, the joint 
probability is given by the product of the probabilities for the individual 
events. By this line of reasoning we find that, if the neutron starts in 
medium A, 


po = (1 — a) 

pi = a(l — 8B) 
pe = aB(1 — a) 
ps = Bar(1 — 8B) 


>. @® ee e *® e@ ee .e* e# 
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In general, 
p(y = 2n) = (1 — a)(aB)" 
n=0,1,2,... (5.119) 
p(y = 2n + 1) = a(1 — B)(a8)* 


These relations may be checked by computing the sum of the joint proba- 
bilities p, for all ». The sum should be unity; thus, 


Y= (1—a) ) (as)"+a(1— 8) Y (a6)"=(1— a6) ) (ap)r = 1 
n=Q n=Q n=Q nmQ 

(5.120) 
We compute the average number of crossings 7 from the relation 


tL ] 


Yop, = 21 — @) Yn(aayr + a(1 — 8) Yn + (08 
n=0 


i= 
n=(Q n=Q 
= 2(1 — a6) ) n(as)" + a(1 — 6) ) (aB)” 
n=0 n=0 

The first series is easily identified as a8(1 — a8)? and the second as 
(1 — aB)-'. The expression for 7 thereby reduces to 

. _ a(1 + B) 

hap (5.121) 
In the event that a = 8, 

ee ty 

ae ees (5.122) 


5.4 Application of One-velocity Model to Multiplying Media 


a. Fundamental Mode: Infinite-slab Reactor. With the remarks in 
the preceding section as an introduction, the more general problem of 
steady-state diffusion in a multiplying medium will now be examined. 
As indicated in Sec. 5.la, the application of the one-velocity approxima- 
tion to multiplying media is the second in a series of increasingly more 
detailed models which we will utilize for determining the nuclear char- 
acteristics of a reactor. This problem will be analyzed for three elemen- 
tary geometric configurations: the slab, the sphere, and the cylinder. 
The calculation for the multiplying slab, however, will be treated in 
greater detail so as better to display the principal concepts involved. 
The general conclusions which can be drawn from the analysis of the slab 
problem will later be used in obtaining the solutions for the sphere and 
cylinder. | 

Consider, therefore, planar distributions of isotropic neutron sources in 
an infinite homogeneous slab. The medium is of infinite extent in both 
y and z directions and of width 24 in the z direction (a is the extrapolated 
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half-thickness of the slab); the origin of the z axis is placed at the center 
of the slab. These specifications reduce the spatial dependence of the 
flux to variations in z alone. It is assumed that all available neutrons 
(per unit volume per unit time) arise from fission reactions described by 
the term vZ,¢, where » denotes the average number of neutrons produced 
per reaction and 2, denotes the macroscopic fission cross section. In the 
present calculation we will retain the time dependence of the neutron 
flux in order to obtain a more general result (cf. Sec. 3.2b); thus we define 
@ = ¢(z,t). The reduction of this result to the steady-state case will 
display the motivation for selecting the particular form of the time- 
independent solution in the cylinder and sphere problems. 

This model in which the neutron source is taken to be v2,¢ (which 
implies that neutrons from fission appear at the one velocity of diffusion) 
is not expected to apply directly to operating reactors; however, the 
techniques to be used later are well illustrated by this formulation of the 
problem, and the results are useful, if properly adapted, to more general 
situations. We take then as our neutron-balance relation the time- 
dependent diffusion equation (5.21) along with the assumed source term 


S(r,t) = vZ,o(r,t) (5.123) 


The general one-velocity diffusion equation for the multiplying medium 
is then 


— DV*9(r,t) + Z(G) = E44) — = 5 ole) (6.124) 
where »v is the ‘‘one velocity” of diffusion (see Sec. 5.1a). The appro- 
priate form for the infinite-slab problem is 

5 62) + Be) = — 2 o(e,) (5.125) 
ax? ) = Do at?” ; 
where we have introduced the definition 


> 


ey 
B= D (5.126) 


The solution to (5.125) must satisfy the conditions [see (5.72)] 
(1) o(+4,t)=0 (2) (2,0) = go(z) (5.127) 


in which ¢o(z) is some specified initial distribution. 
Equation (5.125) may be solved by the separation of variables;'! there- 
fore, define functions F(x) and G(t) such that 


¢(z,t) = F(z) G(t) (5.128) 


1H. Margenau and G. M. Murphy, ‘“‘The Mathematics of Physics and Chemistry,” 
chap. 7, D. Van Nostrand Company, Inc., Princeton, N.J., 1943. 
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The substitution of this expression into (5.125) yields 


=~ + B= by = —¢? (5.129) 
The arbitrary constant c? (here assumed positive) is determined by con- 
ditions on the time behavior of the flux. Note that a relation of this 
type must be satisfied by F and G inasmuch as x and ¢ are independent 
variables, and (5.129) can hold only if cis a constant. Thus (5.129) may 
be. separated into two ordinary differential equations 


F’'(x) + (B? + c*) F(z) = 0 (5.130) 
G'(t) = — Doc? Gt) (5.131) 
The general solution to (5.131) is 
G(t) = Goe—P°* Go = G(0) (5.132) 
and if we call | 
B? = B? + ¢? (5.133) 


we can write the general solution to (5.130) in the form 
F(x) = A cos Bx + C sin Br (5.134) 


We evaluate the constants A and C by the application of boundary con- 


dition (1) from (5.127). The result is 
F(a) = 0 = A cos Ba + C sin BG 
F(—4) = 0 = A cos Ba — C sin Ba <3:188) 


The successive addition and subtraction of these equations yield the 
requirements that 
2A cos Ba = 0 2C sin B4 = 0 (5.136) 


The only nontrivial solutions to these relations are, respectively, 
be a : is 
pa = 9 (2n + 1) = and where a, = a (2n + 1) 


(5.137) 
BG = x(n+ 1) = yn where y, = (n + 1) 


and n=0, 1, 2,.... Thus solutions of the form (5.134) exist for 
F(x) provided that 8 has any of the values a, in the cosine term and the 
values y, in the sine term. The a, and y, are the eigenvalues! of (5.134), 
and for each value of n there exists a solution F,(x) given by 


F(z) = An COS ant + Cy Sin Yar (5.138) 
which are the eigenfunctions of the differential equation. Moreover, we 


1A. Sommerfeld, ‘‘ Partial Differential Equations in Physics,’’ chap. V, Academic 
Press, Inc., New York, 1949. 
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note from the definition of 8 {see (5.133)] that for each value of n there 
must be a corresponding value for c. Thus if we write c? = 6? — B?, 
then it follows from (5.137) that 


c? = a? — B? 
c? = 7? — B? 


2 when £6 takes on values a, 


On when 8 takes on values y, (5.139) 


These are the values of c for various n which must be used in the solution 
for G(t) [see (5.132)]. Hence, we construct a solution for the diffusion 
equation (5.125) in the form (5.128) for each value of n = 0,1,.... 


F,(2) Ga(t) = Go(Ane~?™** cos ant + Cre~P™*" sin yar) (5.140) 
The solution to Eq. (5.125) is given by the sum! 


¢(z,t) = ») F(x) Ga(t) (5.141) 
n=O 

The analysis leading up to the result (5.140) has been concerned only 
with boundary conditions (1) of Eq. (5.127). The requirement is that, 
if this condition is to be satisfied by the spatially dependent portion of 
¢(z,t), then @ may take on only the values indicated in (5.137). This 
in turn places a constraint on the constant c because of the relationship 
(5.133); consequently, c is limited to the values (5.139). Given, then, a 
value of n, an, Yn and in turn A, and w, may be computed. Note, how- 
ever, that the evaluation of \,, and w, involves the parameter B? which is 
determined by the nuclear properties of the system. (We will consider 
this matter in detail shortly.) The remaining undefined quantities in 
(5.140) are the coefficients A, and C,. These are determined from the 
application of the initial condition (2) of (5.127). Thus if we compute 

¢(xz,0) from (5.141) using (5.140), we obtain 


' 6(z,0) = do(x) = Go > (A, cos a,r + C, sin y,2) (5.142) 


n=O 


The application of the orthogonality properties of the trigonometric 
functions yields the coefficients 


a 
A, = we | _ bo(x) cos ant dx 
‘ae (5.143) 
C, = iG; [- go(x) sin y,2 dz 


a 


The solution of the time-dependent problem is now complete. Given a 
system of certain nuclear properties (implied in B?) and any initial dis- 
tribution of neutrons (according to ¢o), one can compute the flux dis- 


1 Margenau and Murphy, op. cit., pp. 240-248. 


Google 


202 REACTOR ANALYSIS [cHAP. 5 


tribution for all subsequent time from the general solution (5.141). The 
coefhicients involved in this expression are to be computed by (5.143), 
and the various eigenvalues, from the relations (5.137) and (5.139). 

Let us examine now the distribution of the neutron population in the 
present system for large values of ¢. We inquire, then, into the behavior 
of the flux ¢(z,/), given the nuclear properties of the system and a knowl- 
edge of the flux at some time instant long past. Therefore, assume that 
the flux is known at some arbitrary time ¢ = 0; then, for all subsequent 
time (during which no changes are introduced into the system), the flux 
is given by 


o(z,t) = Go » Ane P=" COS ant E + 


n=0 


C, SIN Y,2 


A, COS apX rein On) 


according to (5.140) and (5.141). Now by (5.139) and (5.137), 
a(n + a | _ ke + ad 


a 24 


m (5) (4n +3) >0 (5.145) 


wi -M= nat =| 


It follows, then, that as t— «, ¢(z,t) takes the asymptotic form 


(x,t) ~ Go > Ane P= COS And (5.146) 


n=O 


Thus with increasing time, the antisymmetric components of the initial 
distribution ¢o(z) (given by the sine terms) decay more rapidly than the 
symmetric components (the cosine terms). We may conclude from this 
result that, regardless of the initial shape of the flux distribution, the 
later distributions will become progressively more symmetric with 
increasing time, provided of course that no further changes are made in 
the nuclear characteristics of the system. This behavior is a consequence 
of the assumption that the fissionable material is uniformly distributed 
throughout the multiplying medium, i.e., 2, is independent of z. 

There is one other important conclusion which may be drawn from 
(5.146), namely, there is always one term in the series (5.146) which will 
predominate, and with increasing values of ¢, this single term will yield 
increasingly better approximations to the series. We demonstrate this 
trend by means of the following argument: Consider the quantity An, 
which may be written in the form 


r(2n + 1) 
2a 


2 
NM =a? — Bt = a 5 (oy — X,) (5.147) 


Suppose that we chose the width of the slab @ (for fixed composition) 
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such that a particular member of the set A, vanishes; i.e., let us take a 
such that \2, = 0, where m + 0. Then by (5.147) 


i aa 2 Fs By ~ %,) (5.148) 


All other \, are given by [using (5.148) in (5.147)] 


bol = ent] - 3) (Qn + 1)? — (2m + 1)4] 
(5.149) 


A? = 


It follows that if 
m>n wz <0 
m= 2 = 0 (5.150) 
m<n 2 > 0 


Thus for m ~ 0, we conclude that (1) all terms in (5.146) with n > m 
have negative exponents and therefore decrease with time; and (2) all 
terms with n < m have positive exponents and increase with time. Thus, 
the flux is an increasing function of time, and no steady-state condition 
is possible for this system! (unless, by some chance, all A, for n = 0, 1, 
. m — | are identically zero). 
Consider now the special case when m = QO; then, 


2 1 
v= = 0= = (55) os D (v2, 7 La) (5.151) 
and for all other n > 0 


N= resi oy (5) = 4n(n + 1) (3) (5.152) 


Evidently all the \, are positive; therefore, after sufficiently long time 
all terms beyond the first (n > 0) will become negligibly small in com- 
parison to the first term. For this case (5.146) reduces to the form 


$(2,t) ~ GoAo co8 aot = GoAo cos (52 :) (5.153) 


which is independent of time. The coefficient Ao is given by (5.143) 


Ao = “it r. go(x) cos (32 5) a (5.154) 


We conclude, therefore, that if at time ¢ = O we start a multiplying slab 
with a neutron flux of the form ¢o(z) and choose the composition and the 


1A rigorous proof of this statement is given, for example, by R. V. Churchill, 
‘‘Fourier Series and Boundary Value Problems,” p. 105, McGraw-Hill Book Com- 
pany, Inc., New York, 1941. 
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dimensions of the slab so that 


w\? v2; — Za 
(5) ae | a (5.155) 


then after some time, the flux distribution in the slab will approach a 
steady-state condition given by 

$(z,t) > o(z) = A cos (53) asi—> (5.156) 
where A = AoG) and is given by the initial conditions. Furthermore, 
no other choice than (5.155) will lead to steady-state operation [see the 
discussion following (5.150)]. It is true that if it were possible to start 
the slab with a flux of the form 


(2m + 1)rz 


¢go(z) = C cos aa 


(5.157) 
where m > 0, one could obtain a steady-state flux of this shape, since 
all the coefficients A, in (5.146) would be zero except the mth [see 
(5.143)], and the slab width a could be chosen so that the exponent d,, in 
the mth term would be zero. However, such a function as (5.157) with 


vccupe™ > O is negative in some regions of the slab; thus initial distributions of 
5 the form (5.157) are unacceptable on the basis of a physical argument. 


In the case that ¢o(x) = 0, there will never be a nonzero value of the 
neutron flux in the system, no matter what choice is made for the half- 
width, for from (5.143) all A, and C, = 0. However, if there is even an 
infinitesimally small initial flux, it may be built up to any desired magni- 
tude by altering the composition or size of the slab. Suppose, for exam- 
ple, that the slab is supporting some steady-state flux level ¢o(z). By 
the arguments given above ¢o(x) must have the form! (5.156) 


do(z) = Qo cos (53) (5.158) 


and the condition (5.155) must be satisfied. At ¢ = to, the composition 
of the slab is changed uniformly so that 


vl; — Zo x \? 
—D > (55) (5.159) 


Then by (5.151) 2 < 0, and the flux will no longer remain at steady state, 
but will rise according to (5.146). Because of the assumption that the 
initial distribution ¢0(z) is a simple cosine function, all coefficients A, = 0 
forn > O and all C, = Oforn >0. Thus the time dependence will be 


1 Note that this is true only if the slab is homogeneous and contains no irregularities 
in composition or form. 
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given by 


(r,t) = Qe?" cos (53) (5.160) 
This function is shown in Fig. 5.19 for various values of t. The initial 
magnitude of the flux was characterized by the amplitude @o; thus to 
achieve any other higher flux level we bx, t) 
need wait only until the desired in- , 
crease is achieved by the factor exp 
(— Dvd2t). If this level is reached at 
t = t', a suitable readjustment in the 
composition of the slab can then be 
made so as to satisfy the condition 
(5.155). The flux will now cease to 
rise and can be caused to stabilize at ~& A 
the desired level. Conditions of the ~*~? pee a 
types (5.155) and (5.159) can be de- ee ae pe ne fer tere 
rived for other reactor geometries. 
In practice, one can impose a condition such as (5.159) upon the multi- 
plying system by external means and thereby exercise control over the 
neutron population. This is the basis of all reactor control methods (see 
Sec. 1.3b). 

Equation (5.156) gives the flux distribution at steady state in an 
infinite-slab reactor (with fission sources only) based on the one-velocity 
model. This result may also be obtained by starting with the steady- 
state diffusion equation directly; however, it is not possible, then, to 
prove rigorously that only the member of the set, 


sa (2n ane 
2a 


=0,1,2,... 


which persists in the steady state, is the one corresponding to n = 0. 
This term is commonly called the lowest mode or fundamental mode. 
Thus the arguments which have been given are really necessary for the 
completion of the discussions given below in which relations analogous 
to (5.156) are obtained for the sphere and the infinite cylinder by starting 
directly with the steady-state diffusion equation. 

b. The Sphere and the Infinite-cylinder Reactors. The solutions for 
the steady-state flux distribution in a multiplying system with spherical 
symmetry or in a system with axial (cylindrical) symmetry can be carried 
out by undertaking a series of arguments similar to those used in the case 
of the slab reactor. The method is straightforward and will yield in each 
case a general result of the form (5.141). In these applications the time- 
dependent portion of the solution will have the form (5.132). The 
space-dependent part of the solution, however, will involve some 
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new functions. In the case of the sphere (as we will demonstrate shortly) 
these functions are the trigonometric functions divided by the radial 
coordinate r, and in the case of the cylinder, the ordinary Bessel functions. 
It can be shown, as in the slab problem, that long time periods after 
‘“‘starting’”’ the system (i.e, as t— ©) one term will predominate 
in the series solutions for both the sphere problem and the cylinder 
problem. Moreover, if it is required that either of these systems oper- 
ate at steady state, there exists only one term from each of these series 
(corresponding to the fundamental mode) which is acceptable as a solu- 
tion. These terms will correspond to the result (5.156). 

We will not use this general approach in the present analysis. Instead, 
we will start with the general steady-state diffusion equation and estab- 
lish the appropriate solution in each case by a suitable identification of 
the fundamental mode, guided in our choice by our experience with the 
slab problem. The steady-state diffusion equation is [cf. Eq. (5.124)] 


V?¢(r) + B'd(r) = 0 (5.161)* 


with B? defined by (5.126). For the spherically symmetric problem, this 
differential equation reduces to [see (5.80)] 


* ro(ryl” + B*p(r) = 0 (5.162) 
which has the general solution 
g(r) = : (A sin Br + C cos Br) _ (5.163) 


This solution must satisfy the boundary conditions (5.72a) and (5.72c). 
If the outer boundary of the sphere is given by r = R, these boundary 
conditions take the form 


° , (1) o(r) must be finite for allr < R 
A= 0 <= (2) (8) =0 (5.164) 


The condition that the flux remain finite for all r, appropriate here since 
there are no localized sources, yields the requirement that C = 0. The 
values of B needed to meet condition (2) are 

B== n=0,1,... (5.165) 
Note that we have retained the symbol B to denote the various eigen- 
values, instead of the notation a, used in the slab problem. As indicated 
in Eqs. (5.137) and (5.165), the eigenvalues form an infinite set; however, 
only the first of these, corresponding to the fundamental mode, is required 
since this mode gives the steady-state solution. It is understood, then, 
that the B which appears in the argument of ¢ refers to the lowest eigen- 
value. Since the quantity B was originally defined by (5.126), this 
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equivalence implies that there must exist a certain relationship between 
the nuclear properties of the system and its geometry if the system is to 
be at steady state [cf. Eqs. (5.151), (5,155), and (5.156)]. A detailed 
study of this relationship is given in a subsequent analysis. 

On the basis of the preceding remarks we select the eigenvalue corre- 
sponding ton = 1. This choice is entirely consistent with our experience 
with the time-dependent behavior of the flux in the slab reactor. It 
can also be argued that larger values of n are physically unacceptable 
because they predict negative values of the neutron flux within the 
medium. However, this argument is not complete, since it does not rule 
out the possibility of a superposition of solutions for the various values of 
n; the arguments presented in connection with Eq. (5.149) must be used. 
It follows from these remarks that the solution to (5.162) 1s 
A . ar 
> sin E (5.166) * 
Note that as in the case of the slab problem there still remains an arbi- 
trary constant A which can be determined only from the initial conditions 
of the system. 

The solution for the cylindrically symmetric system is obtained from 
(5.161); the appropriate form for the present application is [see Eq. 
(5.86) ] 


o(r) = 


“ [06'(o)!’ + BY4(p) = 0 (5.167) 


In this case we consider a cylinder of radius ® and of infinite height (with 
clearly no lengthwise dependence of the flux). Asin the sphere problem, 
we require that the flux be finite for all p < ® and that ¢(R) = 0. 
Equation (5.167) is Bessel’s equation of order zero; its general solution is 


o(p) = AJo(pB) + CYo(pB) (5.168) 


The Bessel function of the second kind Yo(pB) has a singularity at the 
origin; therefore, the constant C must be taken to be zero so as to satisfy 
the requirement that ¢@ remain finite. The boundary condition at @ 
requires, in addition, that 

Jo(BR) = 0 (5.169) 


The Bessel function Jo has an infinite set of zeros! »,, v2, .... Asin 
the two previous cases we select the first root of this equation. Let its 
value? be »,; then the corresponding eigenvalue is 


B=" where vy; = 2.405, ete. (5.170) 


1 See Jahnke and Emde, op. cit., p. 126, for a sketch of this function and p. 166 for 
Zeroes. 
2 Hildebrand, op. cit., p. 575. 
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and the solution to (5.167) is 
o(p) = Ado & (5.171)* 
It is of interest to compare the shape of the neutron flux for the three 


elementary geometries considered. The normalized solutions (5.156), 
(5.166), and (5.171) are shown in Fig. 5.20. 
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Fiac. 5.20 Normalized solutions for flux. 


c. Criticality Condition and Multiplication Constant. In each of the 
three geometries for single multiplying media discussed above, it was 
found that a certain relationship was required between the composition 
of the medium and its dimensions if the system was to operate as a stable 
chain reactor. This relation was expressed in the form 


t (vo, — 2.) = B? for all three geometries (5.126) 
and 
2 x\? 
B? = 24 for the slab 


2 
B? = @ for the cylinder (5.172) * 


2 m\? 
B= R for the sphere 
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For each geometry, Eq. (5.126) and one of Eqs. (5.172) must hold simul- 
taneously if steady-state operation is to be achieved. Note that by 
imposing these requirements on each system the composition or size is 
completely specified; thus, if the size of the system is selected, then 
(5.172) yields the corresponding value of B?, and the substitution of this 
number into (5.126) yields an expression for the composition (note that 
the cross sections are functions of the fuel concentration). Conversely, 
if the fuel concentration is given, (5.126) yields the B? value, which 
when used in one of the Eqs. (5.172) specifies the size of the system which 
will support a stable chain reaction. 

A set of equations of the type (5.126) and (5.172) is called the critical 
condition or criticality condition. It will be found that similar criticality 
conditions must hold for the steady-state operation of all systems in 
which the only source of neutrons is the fission process. An examination 
of Eqs. (5.146) and (5.147) shows (in the case of the slab, for example) 
that there are three important cases for the quantity 


Ms) a ae = (5.151) 
: 2a D i 
namely, (peo -— prar. 
(1) 42 = 0 gives, as argued above, steady-state operation 
(2) B>0 all terms in the time-dependent series have decreasing 


exponential factors so that the flux steadily diminishes 
toward zero 

(3) <0 at least the first term of the series has an increasing 
exponential factor; thus the flux is a monotonically 
increasing function of time 


The situations corresponding to (1), (2), and (3) have been designated 
critical, subcritical, and supercritical, respectively. 

Consider now the ‘‘multiplication constant’’ of such a system; as in 
Eq. (3.16), the multiplication constant is defined as the ratio of the 
number of neutrons produced in a given generation in a reactor to the 
number produced in the preceding generation. If the reactor is to be in 
steady-state operation, the neutron population must be stationary in 
time (on the average), so that neutron gains always just balance neutron 
losses, and the multiplication constant is unity. This may be seen 
directly from the steady-state differential equation (using the slab case 
as an example): 


— Do" (x) + 2ad(x) = vB s(x) (5.173) 
The steady-state solution is given by 
¢(z) = A cos Bx B= 53 (5.174) 
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The substitution of this expression into (5.173) yields 
DB?*$(z) + Yad(x) = v2s(z) 


Integration of this equation over the entire volume of the reactor gives 
(in the case of the infinite slab or cylinder the integration is carried out for 
a unit height of the system) 


DB%® + 2,6 = v2 (5.175) 
where we have defined 
b= f, (x) dx (5.176) 


Equation (5.175) may be stated verbally as 
(Total leakage losses) + (total absorption losses) = (total fission gains) 


The left side of (5.175) is the total number of neutrons lost from the reac- 
tor (per unit time), and these give rise to v2; neutrons on the right side; 
thus the multiplication constant for this case is 


ylrP = voy ” 
DB*@+3,@ DB?+3, — 


where we have used (5.175). 

If the reactor is not operating at steady state, the calculation of the 
multiplication constant is more difficult, since, in the differential equation, 
there is now a time-derivative term to be considered. A convenient 
method for treating this case involves the use of the quantity ». (intro- 
duced in Sec. 4.6d), a fictitious number of neutrons per fission, which 
may be adjusted so that for any composition and configuration the fission 
sources can be made just to balance the losses. Thus we choose as the 
applicable differential equation for the nonstationary system 


— DV?*$(r) + Zad(r) = v-Xy G(r) (5.178) 


where for the steady-state case vy, = v, the experimental value. This 
equation, then, describes a fictitious steady-state system which could be 
achieved by using the fuel concentration of the nonstationary system 
(implied in the macroscopic cross sections) if the neutron yield per fission 
were py, (in general, different from v). Clearly, if the flux in this system 
is to be time independent, then the solution to (5.178) must satisfy a 
relation of the type (5.177); but, the solution to (5.178) is of the form 
(5.174); we have, therefore, the immediate result that 
_ DB?+ 2, 

es 

for all three elementary geometries. The value of B? is given in each case 
by Eqs. (5.172). Equation (5.179) states that, if (DB? + 2,)® neutrons 
are lost from the reactor, it requires ».2,® neutrons to replace them; 


1 (5.177) 


(5.179) 


Ve 


Google 


sEc. 5.4] DIFFUSION THEORY 211 


but, only »Z,® neutrons are actually produced (where » is the true average 
number of neutrons per fission for the given fuel material). Thus the 
multiplication constant is, by definition (cf. Eq. (3.16)], 


Multiplication constant = k = ————.- = rs (5.180) 


where the last equality follows from (5.179). The usual problem that 
one encounters in practice is to determine the multiplication constant of 
a specified system. In this situation all the nuclear characteristics of the 
reactor are known (i.e., all the cross sections, including the fuel, have 
been specified), and the geometric configuration and size of the system 
have been selected. The calculation of k requires first the evaluation of 
B? from the appropriate relation in the set (5.172). The substitution of 
this result, along with the cross sections, into (5.179) yields »,.. The 
multiplication constant is then computed from (5.180). 

It is convenient in describing the present systems, which take into 
account the neutron leakages, to separate (5.180) into the factors 


a vos DB*\"! 
k = (5) (1 ote ) (5.181) 


But, by our previous definitions [see (3.18)], v2,/2Z, is the multiplication 
constant for the infinite medium in the one-velocity approximation. 
For clarity in notation we introduce the symbol k,, for the infinite medium. 


voy 


k, = S. 


(5.182) 


The substitution of this expression, along with the definition of L? from 
(5.75), into (5.181) yields 


k = k(1 + L?B2)- (5.183) * 


Again note that B? is obtained from (5.172). The multiplication constant 
k for the finite medium is customarily called the ‘effective multiplication 
constant,”’ since it is the infinite-medium multiplication constant k,, 
multiplied by a reduction factor (1 + L?B?)—'!; this factor is the one- 
velocity nonleakage probability and will be discussed in detail later. We 
summarize the above results by combining the information from (5.151) 
and (5.183): 


(1) k = 1 corresponds to A3 = 0, and the system is critical 
(2) k < 1 corresponds to 2 > 0, and the system is subcritical 
(3) k > 1 corresponds to A232 < 0, and the system is supercritical 


d. Sample Calculation. We illustrate the procedure described in 
the preceding section by means of a simplified calculation for a bare 
homogeneous spherical reactor of radius R. The problem is to compute 
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the critical fuel concentration and total fuel mass for this reactor as a 
function of its size. For convenience in computation we will assume that 
the moderator density Nw in the system is unaffected by changes in the 
fuel concentration Nr; as we noted previously (see Sec. 4.8c) this is a 
good approximation for systems with low fuel concentration. We 
further assume that the diffusion coefficient D is also unaffected by such 
changes, being principally determined by the moderator concentration. 
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Fuel mass M, , kg 


Fuel concentration [Ne (R)/INy] x 10° 
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Radius R.cm 
Fra. 5.21 Critical fuel concen.ration and total fuel mass for spherical reactor in the 
one-velocity model. 


Then, in the simple one-velocity approximation, we must have, from 
Eqs. (5.126) and (5.172), 


Nelvoy — of] — Nua _ iid E = 2 
D ~ \R + 0.7104...) Be Seah) 


This relationship is the requirement for criticality. The solution of this 
equation for Nr gives the critical fuel concentration [with y = va;/o‘?] 
pacar det AL NI ALEL NLL, 


Nyo + DB 
“a'@ — 1) 
Figure 5.21 shows a plot of Nr/N as a function of the radius of the sphere 
for a system of pure U2® and beryllium. The nuclear density of the 
beryllium was taken as 0.124 * 1074 nuclei/cm’, and the microscopic 
cross sections are from Table 2.2. It is of interest to note the asymptotic 
behavior of the function Nr(R)/Ny. The asymptote corresponds to the 
minimum fuel concentration with which a system of U?*5 and beryllium 
can go critical (on the basis of the one-velocity model); this is the con- 


Np = (5.185) 
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centration required for an infinite medium of these materials and can 
be obtained from (5.185) by taking the limit as R— o. The result is 


tA) OO Sea 
Nu o'(n — 1) 


The critical mass Mr of U?*5 may be obtained as a function of R by the 
use of the relation 


4nR*NrAr _ 4nAp 


ee a 3a 3Ga\")(n — 1) 


RDO + DB] (5.186) 
This function is shown in the figure. It is evident from (5.186) that, for 
large R, Mr(R) ~ R?, and for small R, Mr(R)~ R. This is the 
behavior predicted by the one-velocity model. Although the indicated 
trend for large systems (R — ©) isin good agreement with more accurate 
models, the dependence of the fuel mass on RF for small systems is given 
incorrectly by (5.186). We will show later, in Chap. 6, that the critical 
fuel mass does not decrease to zero with decreasing size but, in fact, first 
passes through a minimum as & 
decreases and then rises again to 
steadily increasing magnitudes with 
further decreases in R. This trend 
is not predicted by (5.186) because 
the one-velocity model does not pro- 
vide an adequate estimate of all the 
neutron losses resulting from escapes 
through the boundaries of thesystem. 

e. Rectangular Block and Finite 
Cylinder. The methods used in the 
analysis of the infinite slab and cyl- 
inder and of the sphere are easily 
extended to the analysis of the rec- 
tangular-block and finite-cylinder reactors. The procedure is straight- 
forward and involves the use of the technique of separation of variables. 

Consider first the homogeneous multiplying medium in the form of a 
rectangular parallelepiped, as shown in Fig. 5.22. The appropriate 
form of the diffusion equation which describes the steady-state flux 
distribution in this medium of absorption cross section 2, and fission 
cross section 2, 1s 


Fra. 5.22 Rectangular block reactor. 


V?o(x,y,2) + B?o(z,y,z) = 0 (5.187) 


where B? = (vz; — 2a)/D. Welook for a solution of this equation which 
may be written in the form 


—O(2,y,2) = F(x) Gly) HG) (5.188) 
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The substitution of this expression into (5.187) yields 


F(z) , Gy) , Hz) _ _ 
F(z) Gly) — HA) 
In order for this equation to be satisfied, each term must be a constant, 


independent of the variables xz, y, and z. Let these constants be k?, 
ki, and k?; then 


F(z) _ | Gy) Hz) _ 
Fa)" Gy ~~ A ~—* 190) 
It follows from (5.189) that 


B=kR+h+K (5.191) 


B? (5.189) 


An appropriate set of boundary conditions may be stated in terms of the 
extrapolated dimensions of the parallelepiped. In the present calcula- 
tion we will ignore the difficulties in the concept of the extrapolated 
boundary at the corners which have infinite curvature by arguing that 
the necessary correction will be small and, furthermore, that the region of 
primary importance in the reactor is near the center of the block. With 
this approximation in mind we can confine the requirements on the 
neutron flux ¢(2,y,z) to the following pair of boundary conditions: 
(1) The neutron flux is symmetric about the three midplanes; thus, 
for example, ¢(2,y,z) = ¢(—2,y,z). (2) The flux vanishes at the 
outer extrapolated surfaces of the rectangular block; for example, 
@(+4,y,z) = 0, where 4 is the extrapolated half-width of the block in the 
x direction (see Fig. 5.22). 

It should be noted that boundary condition 1 may be stated in an 
alternate manner, namely, that the component of the net current in each 
of the z, y, and z directions be zero at the midplanes. Thus, 


J(0,y,z) = J,(z,0,2) = J.(x,y,0) = 0 


These two statements are equivalent, and either may be used in the case 
of a symmetric function. Boundary condition 2 is the appropriate form 
of the statement (5.72c). 

The solutions of the three ordinary differential equations (5.190) are of 
the same form. In the case of F(x) we obtain the familiar result 


F(x) = A sin kiz + C cos kx 
The application of the boundary conditions 1 and 2 yields the solution 


F(z) = C cos 5 (5.192) 


where we have selected the fundamental mode by the usual arguments. 
The solutions to G(y) and H(z) may be obtained in the same way, and the 
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complete solution to (5.187) is easily shown to be 


(x,y,z) = © cos = cos ~4 cos (5.193) 
a 


2b =e 
We have selected for the eigenvalues k, kz, and k; the values correspond- 
ing to the fundamental modes. It follows that (5.191) may be written 


m-G)+()+G) om 


The result (5.193) gives the steady-state flux distribution in the rec- 
tangular block reactor with half dimensions a, b, 
andc. Note that, as in the case of the more ele- 
mentary geometries previously considered, the 
solution involves an arbitrary constant @ which 
can be determined only from the initial conditions 
on the system. In order that the system support 
the steady-state flux distribution (5.193), we re- 
quire that 


x \? o\3 r\? 1 Ji 
(=) +(5) + (5) =< (WB; — 2s) (5.195) 


This is the condition of criticality. Given the di- 
mensions of this reactor, (5.195) yields an equa- 
tion for the critical fuel concentration. Given the 
fuel concentration, and say the proportions of the 
block, (5.195) yields the size of the system. The 
multiplication constant for this reactor may be derived by means of the 
usual method (see, for example, Sec. 5.4c). It is easily shown to be 
given by 


Fic. 5.23 Cylindrical 
reactor. 


im (=) (1 + LB) (5.196) 
where for criticality, k = 1. The value of B? to be used in this relation is 
given by (5.194). 

Another geometric configuration which is of practical importance in 
reactor design is the cylinder of finite length. Consider therefore a 
homogeneous multiplying medium in the form of a right circular cylinder 
of height 2h and radius ® (see Fig. 5.23). This system has cylindrical 
symmetry, and the appropriate statement of the steady-state diffusion 
equation is 

1a 


0 0? 
zs E 2 #(o.2) | + 2, (0,2) + BY(pz) =0 (5.197) 


It has been assumed here that the neutron-fission source is given by 
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vZ,o(p,z), and B? is defined in the usual way (5.126). We solve this 
differential equation by separation of variables; therefore, take 


$(p,z) = R(e) Z(z) (5.198) 
Equation (5.197) may now be written 
1 pa ae Oe) pe 
Ro) [eR’(p))’ + Zz) B (5.199) 
As before, let 
| Ro =—e 2 =e Brake +H (6.200) 
R(p) . Z(z) : ope Ee 


The general solutions to these equations are 


Z(z) = A, sin k,z + C, cos k,z 
R(p) a A pJ o(k op) i CY o(kpp) 


The boundary conditions which must be satisfied by these solutions are 
given in (5.72). Note that the symmetry condition requires that 
A, =0. The condition that the flux remain finite at all points within 
the medium requires that we take C’, = 0, inasmuch as Y o(p) has a singu- 
larity at p = 0. The extrapolated boundary condition yields the addi- 
tional requirement that [see (5.170)] 


(5.201) 


LKQ =» £xkh= = (5.202) 


where »r; 1s the first zero of Jo. Wecombine all these results to obtain the 
solution 


$(p,z) = CJ (37) cos ak (5.203) 


As before (~) denotes the extrapolated boundaries. The criticality 
requirement for the cylindrical reactor is 


ee - = _({y\ x\ 
BY = * (2; — 2a) @ + (5) (5.204) 


and the multiplication constant is given by (5.196). In this case, how- 
ever, we use (5.204) for B?. The general results for the rectangular- 
block, finite-cylinder, and sphere reactors have been summarized in 
Table 5.3. 

f. Optimum Proportions for the Bare Reactor. Suppose that a given 
homogeneous mixture of materials with a certain k, and L? is to be made 
into a critical reactor. For the three configurations listed in Table 5.3, 
three different total volumes of mixture will be required. Since for all 
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three systems k = 1, we must have 


(5) =) +G) -@) +@)+@) om 


The actual critical volume of the block and cylinder will depend on which 
of the possible proportions is chosen, that is, which ratio a:b:c and R:h. 
In each of these two cases, however, the ratio may be specified so as to 


TABLE 5.3 SUMMARY OF RESULTS FOR THE ONE-VELOCITY REACTOR 


Rectangular block Right cylinder Sphere 
Dimensions............. 2a XK 2b X 2c Radius &, height 2h! Radius R 
Spatial flux { wy as "Zz 2.405p wz |1l. -r 
X lorm®’........ O =~ Cc = Cc an lis 
patia ) c B54 8 of 5 0 - ay sin R 


sift — O8 —= 
ad 
Buckling, B*............ (=) + (5) +(4) ( F ) + (5) () 


Criticality condition: k = 1, where k = k pnz, and k, = nfpine, pnu = (1 + L?B?), 
and B? is given for each geometry. 

*7, y, zare measured from the center of the block; z is measured from the geometrical 
center of the cylinder, and p is measured normal to the axis; r is measured from the 
center of the sphere; A = A + 0.7104)q. 


give the minimum critical volume and, therefore, minimum fuel mass. 
To determine this we require that the volume be a minimum as the ratio 
of the dimensions is varied and the buckling is held fixed (i.e., the composi- 
tion of the mixture is held fixed). The results of this minimization are 
(if it is assumed that the extrapolation distance is negligible in comparison 
with the dimensions of the reactor; that is, @ ~~ a, etc.): 


a=b=c for rectangular block reactor 


of minimum critical volume 
V3 vb (5.206) 
1 
T 


R = ——— = 1.08h for cylinder 


It is of interest to compare the total volume of material needed to produce 
a bare critical assembly in each of the three cases considered above. If 
we use for the block and cylinder geometries the optimum proportions 
(5.206), and neglect the extrapolation distance (a reasonable approxima- 
tion for a large reactor), then it may be shown that these volumes are: 


w3! 161 
Cube: a ps 
223.2 
Cylinder: a (5.207) 
4x4 130 
Sphere: Y= 3B? toma Be 
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It is seen that the least total volume of material is used in the spherical 
configuration. Thus the sphere yields the minimum critical fuel mass for 
a given concentration of fuel. This result may ultimately be traced to 
the greater leakage of neutrons from the cubical and cylindrical forms, 
which have greater surface-to-volume ratios. The question of the most 
efficient shape for a bare assembly is one of making the best use of all the 
material involved in the reactor. For example, the material at the 
corners of the cube is very inefficiently used, since neutrons readily escape 
from such regions, and in a homogeneous reactor there is as much fuel 
invested (per unit volume) in the corners as at the center. 

Another measure of the efficiency of use of the material in the reactor is 
often taken to be the ‘“‘peak-to-average”’ flux ratio. If the flux profile 
is relatively flat over the reactor volume, all regions are contributing 
fairly equally to the total reaction rate; however, if the flux is strongly 
peaked at the center of the reactor, the fuel in the outer regions is being 
poorly used. Some measure of this is the ratio mentioned, that of the 
highest value of the flux to its average value over the reactor. In the 
case of the bare reactor configurations considered here, 


(0) _ value of flux at center of reactor 


Peak-to-average ratio d average value of flux over reactor 
: Vrd(0) 
Thus Peak-to-average ratio = —————— (5.208) 
|, 9) a 


where Vz denotes the volume of the reactor. It may be easily shown that 
for the bare assemblies discussed above the peak-to-average ratio has the 
values: 


3 
Block: (5) ~ 3.88 
; : Vit at 
Cylinder: ra 3.65 (5.209) 
a? 
Sphere: a= 3.29 


Note that Ji(v,) = 0.519 and », = 2.405. It is evident from these 
results that the sphere has the more favorable flux distribution. 

g. Fission Sources and the Nonleakage Probability. We conclude the 
present section on the application of the one-velocity model to multiplying 
media with some remarks about the approximation of neutron-source 
strength proportional to flux (see Sec. 5.4a) and the concept of the non- 
leakage probability [see Eq. (5.183)]. 

In the problems that have so far been considered, the neutron-source 
term S(r) for fission has been assumed to be vZ,¢(r). We should like 
now to examine the implications of this assumption. Neutrons produced 
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by a fission reaction occupy the complete energy spectrum; however, the 
majority have energies considerably greater than thermal. These high- 
energy neutrons are eventually slowed to thermal speeds by experiencing 
numerous scattering collisions with the nuclei of the medium. The 
‘‘thermalized’’ neutrons then enter a one-velocity diffusion process and 
wander through the system until they are eventually absorbed or escape 
through the boundaries of the reactor. The diffusion equation (5.22) is 
useful for describing the spatial distribution of these neutrons, provided 
that a suitable expression is developed for the source term. 

This problem was previously encountered in the case of the infinite- 
medium slowing-down process for a multiplying material. In that 
instance we identified the source term for the thermal neutrons as the 
slowing-down density at thermal energy g(Fi,) [ef. Eq. (4.252)]. In the 
present case we require a somewhat more generalized function which takes 
into account the spatial distribution of the slowing-down density. Thus 
a suitable description for the source term in the diffusion equation for 
thermal neutrons would be 


S(r) = qg(t,Eu) (5.210) 


where q(r,E.,) denotes the number of neutrons slowing past E,, per unit 
volume per unit time around space point rin the reactor. Unfortunately, 
the analytical machinery so far developed for treating multiplying media 
does not provide us with a detailed statement of the function q(r,F 1); 
this approach to the estimation of S(r) will be deferred until later. For 
the present we will apply an intuitive formulation which will draw upon 
the concepts already developed. Let us define, then, the following source 
function: 


S(r) = vZsG(r) pune 
= number of thermal neutrons which appear per unit volume per unit 
time around space point r (5.211) 


We have used in this definition the quantities: 


average number of neutrons produced per fission 
_ probability that a neutron born from fission reaches thermal energy 
Ps = before it is absorbed [see Eq. (4.283)] 
pies fast-fission effect; the ratio of all fissions to thermal fissions [see 
~ Kq. (4.269)] 


Equation (5.211) states that the rate at which neutrons become thermal 
at ris given by the fission rate! at r, Z;¢e, times the number of neutrons 
per fission »v corrected by pu, for the losses which occur because of absorp- 
tion during the slowing-down process. It is important to note that 


Vv 


1 Note that, if Z,@ is the rate at which fissions occur because of thermal neutrons, 
«Z,¢@ is the rate at which fissions occur due to neutrons of all energies. 
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(5.211) fails to account for any losses in the neutron population because 
of leakage during slowing down. Thus in (5.211) we have made the tacit 
assumption that there is no leakage of high-energy neutrons from the 
system. Moreover (5.211) implies that the migration of neutrons during 
the slowing-down process does not alter their spatial distribution (this 
assumption is valid in a single-medium system). Taking the thermal 
source function as having the space form of the thermal flux does not 
imply, physically, that the fission neutrons slow down to thermal and 
remain at the space point at which they originally appeared. It will be 
shown later that in a bare system the neutrons wander throughout the 
reactor during the slowing-down process and always move about in such 
a way that the space form of the neutron density (flux) at all energies is 
the same as at thermal energy.! 

In all the preceding calculations in this section the one-velocity 
approximation was applied, and the source term was appropriately 
selected as v2,;¢. This choice is consistent with the form (5.211) in that 
it is the special case of that function when ep. = 1; 1.e., all neutrons born 
at r are immediately reduced to thermal (the one-velocity postulate). 
It should be recognized that, if the diffusion equation is used to obtain 
the thermal-flux distribution in a reactor, it should be written in terms of 
the corrected source function (5.211); although this formulation is 
incomplete, it is better than the simple form »2;¢. 

The factors which appear in the source relation (5.211) may be 
expressed in an alternate set of reactor terminology which displays more 
clearly its relation to the multiplication constant of the system. Con- 
sider then the quantity »Z,, which may be written 


zy] Poy 
vis = | $a | ES Da = nfZa (5.212) 


where 2°) is the macroscopic absorption cross section of the fuel in the 
reactor and 2, is the total macroscopic absorption cross section for the 
mixture; 7 and f are defined in the usual way. The substitution of (5.212) 
into (5.211) gives 


S(t) = nfpued(r)Z. = keXaG() (5.213) 


where the multiplication constant for the infinite medium, k,, is given 
by (4.275). Note that the expression used here for k,, differs from (5.182) 
through the additional factors ep. Clearly, (5.182) is the special one- 
velocity case of (4.275) used in (5.213). If (5.213) is used as the source 
term in the steady-state diffusion equation (5.22), we obtain 


— DV?9(r) + ZaG(r) = kZao(r) (5.214) 


1 See discussion accompanying Eq. (6.87). 
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This equation may be written in the form (5.161) if we identify B? as 
iB ockltinGc Kee 
(5.215) 


ee 


1 k. — 1 
BY = 5 (kale — 2.) = 
with L? given by (5.75). This statement of B? is entirely consistent with 
(5.126). The definition of k, in this relation is determined by the 
factors selected for the thermal-source term. Either of the definitions 
(4.275) or (5.182) may be used, depending upon the accuracy desired in a 
particular application. 

We showed previously that the multiplication constant k for the finite 
medium could be written in the form (5.183) and identified the factor 
(1 + L?B?)—' as the nonleakage probability for the neutrons based on the 
one-velocity approximation. In the case that the diffusion equation is 
used to describe the distribution of thermal neutrons in a reactor, this 
factor gives the nonleakage probability for the thermals. We demon- 
strate this relationship by applying two separate lines of reasoning: 
According to our usual definition of the multiplication constant of a 
system, we can write 


ny 
k= = (3.16) 

In our present situation, n; and no represent the total neutron populations 
in the first and second generations for a finite system. Thus if no neu- 
trons are absorbed by a finite medium, these neutrons produce a certain 
number of fissions which yield further neutrons. Not all these second- 
generation neutrons, however, are available to the chain reaction; a 
certain fraction leak out through the boundaries. Therefore, if we call 
n? the number of neutrons produced by the reactions because of the no 
neutrons if the system had been infinite and let py, be the nonleakage 
probability for a neutron in the finite system, then it follows that n?pyr 
is the number of second-generation neutrons available to the finite system 
for maintaining the chain. Thus, n, = n?pw., and 


jee UD ep ye (5.216) 


No 
~ 
(5.217) * 


We can derive this result by an alternate approach. By definition, 
the nonleakage probability must be given by the fraction of neutrons 
absorbed in the system. Let us compute, therefore, the ratio of the total 
number of neutrons absorbed per unit time in the reactor to the total 


By comparison of this equation with (5.183), we conclude that 


Pau = 7 Bs 
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number produced per unit time. We write this quantity in the form 


: |, 206(2) ar 


me [, S(r) dr 


(5.218) 


where the indicated integrations extend over the volume of the reactor. 
If we use for S(r) the equation (5.22) and recognize that the cross sections 
are independent of the spatial coordinates for a homogeneous system, then 
(5.218) reduces to [where we have used (5.161)] 


Zo fi, (2) de 


Dp SO lO i= 
"Za fy ol) dr + DB foc) de | + 8B 


(5.219) 


We may further conclude from these results that the probability that a 
neutron does escape from the reactor, 1.e., the leakage probability pz, is 
given by 


L?B? 
Pr=1-— prr= 1+ 2B? (5.220) 


These results will be of frequent use to us in later analyses. A simple 
application which may be demonstrated here is the calculation of the 
lifetime of a thermal neutron in a finite reactor. Before computing this 
quantity, consider first the average time spent by a thermal neutron in an 
infinite medium before it is absorbed. If we call this number lo, then we 
may define 


ly = mean distance traveled by neutron to absorption _ AS 1 
: mean speed TD pear 8 
(5.221) 


where A* = 1/Z* is the absorption mean free path for a thermal neutron 
and »,, 18 the speed of a thermal neutron [see Eq. (4.253) and discussion]. 
In a finite medium the mean lifetime / of a thermal neutron is given by 


mean distance traveled by neutron before 
l= it is absorbed or escapes from the system _ A 1 


dl 
Sm See i  ———_- lS 


mean speed Vn (DE + LTH), 
(5.222) 


We identify the cross section for escape Z‘b (i.e., the number of escapes 
per unit distance traveled) from the relation (5.175). Evidently, 
yi = DB. This concept of DB? as the expected number of escapes per 
unit path is applicable only to finite single-medium systems. The 
ratio 2/2 is obtained by computing the total number of escapes and 
absorptions in the system by means of the method used for determining 
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pn [see also (5.220)]. With this expression for 2%, (5.222) reduces to 


> GE DBFm — Tea (+ DIB MPM (O.228) 
with the aid of (5.221). Note that 1 < lo; that is, the mean lifetime of a 
thermal neutron in a finite system is less than the lifetime in an infinite 
system, and this is due to the fact that neutrons are lost to the system by 
escapes, as well as by absorptions. 


6.5 Diffusion Length 


Two physical parameters required in every application of the one- 
velocity model are the diffusion coefficient D and the diffusion length L. 
So far, our interest in the one-velocity model has been confined to descrip- 
tions of the spatial distribution of thermal neutrons, and these parameters 
have therefore been defined in terms of the thermal cross sections. We 
will show later that similar quantities can be defined in the treatment of 
multivelocity systems by the energy-group method, or for that matter, 
in any system wherein it is convenient to describe the “‘diffusion prop- 
erties’ of a particular group of neutrons in terms of a single speed. 

The diffusion coefficient and the diffusion length are fundamental 
macroscopic properties of a material which are useful in the one-velocity 
formulation. Both quantities can be measured directly in the labo- 
ratory by suitable experiments. The direct measurement of the diffusion 
coefficient, however, entails the use of a pulsed beam of neutrons. Inas- 
much as this experiment involves a time-dependent phenomenon, a 
discussion of the experiment will be deferred until after a suitable model 
has been developed for the analysis of nonstationary problems in neutron 
diffusion. An experiment for the direct determination of the diffusion 
length, however, is based on a steady-state phenomenon, and the impor- 
tant features of this experiment can be displayed by means of the models 
and concepts already developed. Because of the close relationship 
between the parameters L and D, it would be desirable to examine the 
techniques for their measurement simultaneously. This is not possible 
because of the complications mentioned above; thus for the present we 
confine our attention to the study of the diffusion length and an experi- 
ment for its measurement. 

It should be noted that a separate measurement of both D and L is not 
always required. Because of the relationship L? = D/Zg, it is clear that 
a knowledge of one parameter yields the other, provided of course that 
2.is known. This is precisely the situation encountered in the L experi- 
ment; thus, in order to determine D we require a separate measurement 
of 2. The diffusion-coefficient experiment based on the pulsed-neutron- 
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beam technique, on the other hand, provides a direct measurement not 
only of D but also of 2, (refer to Sec. 9.2). 

a. The Root-mean-square Radial Distance. The elementary problem 
of neutron diffusion from a plane source in an infinite medium gives some 
indication of the physical significance of the diffusion-length concept. 
It was shown in the treatment of Sec. 5.2a that the flux distribution in a 
nonmultiplying medium had an exponential behavior given by the factor 
exp (—2z/L). In this form one can identify the diffusion length Z as an 
attenuation, or relaxation, length (see Fig. 5.24a). Thus L is the dis- 
tance from the source plane at which the neutron density is reduced to 
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Fig. 5.24 Neutron attenuation in diffusion lengths. 


1/e of its value at the source. Each additional distance of multiple L 
from the source causes an additional reduction by the factor 1/e from the 
previous station. Figure 5.24b shows moreover that, at any given dis- 
tance from the source plane, the neutron density is smaller in those 
materials which have the smaller value of L. Thus materials of low L 
(large Z, or small D) ‘‘attenuate”’ neutrons more rapidly than materials 
of large L. One can think of the diffusion length, then, as a measure of 
the average depth of penetration into a medium by a source neutron. 
In highly absorbing materials, or in materials of small diffusion coefficient, 
this penetration tends to be small. It should be noted that a proper 
measure of the penetration is the “‘crow-flight’”’ distance from source to 
point of capture. The connection between the diffusion length and the 
crow flight, or root-mean-square distance, is now demonstrated. 

For this calculation we use the problem of neutron diffusion from a 
point source in an infinite medium. Similar calculations can be made 
for the plane and line source, but the basic relationship between L and 
the crow-flight distance will prove to be the same in all cases. Consider 
then the diffusion of neutrons in an infinite medium from a point source of 
strength go neutrons per unit time. For convenience, we place the source 
at the origin of a suitable coordinate system. As previously noted, this 
situation has spherical symmetry, and the neutron distribution may be 
described completely by the radial coordinate r alone. Let us compute 
now the quantity r? for this system. We define r? as the average square 
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radial distance from the origin at which a neutron is absorbed. If f(r) is 
the appropriate frequency function, that is, if 


f(r) dr = probability that a neutron is absorbed in 
volume dr at distance r (5.224) 
then we define 


i= i r? f(r) dr (5.225) 


The frequency function can be computed from our knowledge of the dis- 
tribution of absorption reactions throughout the entire medium. Now 
qo is the total number of absorptions per unit time in this system and 
2.¢(r) dr the absorptions per unit time in dr at r. Thus the probability 
of a neutron being absorbed in dr at r, namely, the function f(r) dr, is 
simply 


f(r) de = mS (5.226) 


The neutron flux due to a point source in an infinite nonmultiplying 
medium was obtained in Sec. 5.2b, and is given by Eq. (5.84). If this 
result is used in (5.226), it is easily shown that (5.225) yields 


= 2 [qe Yrdr 2 /[°* 
2=— — = — SS 3o—r/L = 2 
r a a nD D Io ree dr = 6L (5.227) 


The diffusion length L is related, therefore, to the mean-square radial 


distance by the equation 
7a\) 
L= a (5.228) 


Although the present treatment is based on the quantity r?, a similar 
calculation can be made for 7, and it can be shown that for a point source 


L=} (5.229) 


The important fact here is that L is a measure of the average value of the 
radial distance squared at which a neutron is absorbed; thus, as pre- 
viously indicated, one can think of L as the average penetration into a 
medium by the source neutrons. 

The detailed form of the relations (5.228) and (5.229) (or the cor- 
responding equations for the other source geometries) is of interest only 
when the value of L for a particular medium is to be obtained by a purely 
analytical method. For example, the diffusion length L can be computed 
for a given medium by means of the Monte Carlo technique. In a 
calculation of this type one selects a suitable neutron source for an infinite 
medium of the material in question and traces the detailed trajectories of 
a large number of source neutrons from birth to capture. Irom these 
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histories one can compute either r? or 7 by an appropriate relation of the 
type (5.228) or (5.229), and thence the value of L. 

b. The Diffusion-length Experiment. The diffusion length of thermal 
neutrons in a particular material can be determined experimentally by 
measuring the axial flux distribution in a long rectangular parallelepiped 
at one end of which is placed a source of thermal neutrons. The connec- 
tion between this flux distribution and the diffusion length may be demon- 
strated by a direct application of the one-velocity model. Consider 
therefore the configuration shown in Fig. 5.25. The medium in question 


2 


Fic. 5.25 Diffusion-length experiment. 


is a parallelepiped of length c and sides 2a and 2b. Thermal neutrons are 
introduced at z = 0 according to some distribution S(x,y). The only 
requirement on this source is that it emit neutrons isotropically and that 
it be symmetric about the x and y axes. These requirements are imposed 
only to simplify the analysis; a similar development to that which follows 
can be carried out for a more general source distribution. 

The neutron sources in the specified system then are all confined to 
one end face of the block. The appropriate differential equation for 
describing the spatial distribution of the thermal neutrons inside the 
medium is therefore 


— DV? (x,y,z) + 2ad(x,y,z) = 0 z>0 (5.230) 
The solution to this equation must satisfy the boundary conditions! 
(1) 7+(z,y,0) = $S(z,y) (2) o(+4,y,z) = 0 
(3) o(x,+6,z) =0 (4) $(2,y,€) = 0 (5.231) 


(5) $(+2,Y,2) aa $(—2,y,2) (6) $(x,+y,2) a o(x, —y,2) 
We look for a solution of the form ¢(z,y,z) = F(x) G(y) H(z). The 


1 Conditions (5) and (6) follow from the specification that S(z,y) is symmetric in 
z and y. 
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substitution of this relation into (5.230) yields the set 


Fe) ag = Gy) ag HN) a 
Fa) ~~" @@ = 7% Fg = TH (6.232) 
where ee ee rn (5.233) 


The algebraic signs of these constants have been selected in anticipation 
of the proper solution to (5.230). The general solutions to equations 
(5.232) are 


F(x) = A, sin kyz + Ci cos kuz (5.234) 
G(y) = Azsin key + C2 cos key (5.235) 
H(z) = Aze** + Ce (5.236) 
The application of the symmetry condition yields immediately 
A, = A: =0 
The end condition (4) requires that 
H(¢) = 0 = Asze*#® + Cet? (5.237) 
which yields C; = —A3e—*#, It follows that H(z) may be written 
H(z) = Aje*¥[1 — e~ 2-8] (5.238) 


The extrapolation boundary conditions at the sides require that 


F(@) = Cicoskia =0 ~~ with ki, = 5 (2n+1) (5.239) 


G(b) = C2 coske =0 with kom =—> (2m +1) (5.240) 


26 
and m,n =0,1,.... The corresponding eigenfunctions are, there- 
fore, 
F(t) = Ci, cos ky,2 Gnly) = Com COS kKomy (5.241) 
Now from (5.233), we have that 
a ae i (5.242) 


It follows that, for each set of values of n and m, there is a corresponding 
value of k3. It is convenient to define then a number kam, such that 


ki — Khan = Ki, + Kon + A (5.243) 


These results may be used to obtain a solution for ¢(z,y,z). Thus we 
write 


o(x,y,z) = > Amn COS ky,2 COS Komy e~*?[1 — em 2kemal@—8)] (5,244) 


n,m=(Q 
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where we have combined the constants As, Cin, and C2» into a single 
coefficient An». The coefficients An»j may be evaluated by the applica- 
tion of the boundary condition (1) and the orthogonality properties of the 
eigenfunctions F(z) and G,.(y). We do not require so detailed a descrip- 
tion of the flux for this application, however; for our present purpose it 


In 6(0, 0, 2) 


A B c 
(a) (b) 
Fig. 5.26 Axial flux distribution: (a) linear plot; (6) semilog plot. 


will suffice to examine the general form of the flux distribution along the 
central (z) axis. This functional dependence is given by 


¢(0,0,z) = > Anmetmnt[] — e-2hann 2-00] (5.245) 


n,m=(0 


We note however that the quantities k,,,, increase rapidly with increasing 
values of m and n; thus the higher terms of the infinite series diminish 
more rapidly than the first. Therefore, in first approximation we can 
take 


$(0,0,2) ~~ Ace *e*[ 1 — e— 2Ase0(2—2)] (5.246) 


The factor in the brackets represents the “‘end effects” of the parallele- 
piped. Note that for very long media (large c) this factor approaches 
unity. Thus the function exp (—k3ooz), which gives the usual exponen- 
tial attenuation in a nonmultiplying medium, is combined with a correc- 
tion factor which accounts for the end effects in the finite medium. How- 
ever, even in the case of a short medium (c small), the end effect is not 
significant until the values of z in question approach the magnitude of c, 
1.e., when (€ — z)—> 0. Only then is the end effect important. Figure 
5.26a shows a typical graph of the approximate function given in (5.246). 
It is evident from (5.246) that there exists some intermediate range of z 
sufficiently far removed from both ends of the test medium that the 
axial flux distribution in this region varies essentially as the exponential 
exp (—k3o0z). A region of this sort is indicated by the interval AB in 
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Fig. 5.26. Note that we qualify the preceding statement by including 
both ends of the medium. The immediate vicinity of the face z = 0 is 
also a special region of this medium and, from a practical standpoint, can 
also introduce certain complications. Some of these will be discussed in 
the next chapter. Suffice it to say for the present that the flux distribu- 
tion near the face z = 0 involves the higher harmonics. Thus both ends 
of the medium are poorly described by the simple relation (5.246) and are 
to be avoided in the experiment when possible. The particular impor- 
tance of a region such as AB to the diffusion-length experiment is due to 
the especially simple form of the axial flux distribution in this range. 
We have noted that in this range the flux distribution is exponential, and 
the exponent includes the constant k3o0. which is a function of the diffusion 
length L. Thus a knowledge of kaoo yields the value of L. 

A measurement of the quantity k3o0 1s obtained from a knowledge of the 
actual flux distribution in the test specimen. The usual experimental 
procedure is to obtain a measure of the relative flux at various stations 
along the axis of the parallelepiped by means of metallic foils. The 
activation of these foils due to neutron captures is directly proportional 
to the flux level at the foil. Thus a plot of the foil activities as a function 
of position along the axis will yield a curve having the spatial form of the 
axial thermal flux. Moreover, if this curve is drawn on semilog paper, it 
will display a linear behavior in the intermediate range AB, as shown in 
Fig. 5.26b. The slope of this curve yields the quantity k3o0. But, from 
(5.243) we have that 


1 
K3o0 oe Kio + ko a L? (5.247) 


and from (5.239) and (5.240) 


» _{r® w \? l 
Koy = (5) + @ +5 (5,248) 
The quantities @ and 6 are known from the size of the specimen and k300 
from the slope; thus, (5.248) yields the diffusion length L. 

In a practical situation it may not be possible to obtain a purely expo- 
nential region such as AB of Fig. 5.26. The specimen may be too short 
for such a region to exist. In this case the end effects on the flux distribu- 
tion can be removed by recognizing that these are confined to the quan- 
tity in the square bracket. Thus flux measurements toward the outer 
end of the specimen can be analyzed by means of (5.246). If because of 
some practical limitation the outer end of the medium is not accessible 
and the flux measurements must be made near the source plane, then the 
end effect might well be negligible; however, the one-term expansion for 
¢(0,0,z) will no longer be acceptable and some higher terms in the series 
must be retained. In this case it will be necessary to find the best fit to 
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the experimental data with a series of exponentials. Thus, for example, 
one might use 


(0,0,z) ~~ A ooe*0# + A oe Fe? + A ge Faris (5.249) 
The fit to the data is made by adjusting the coefficients A am. 


5.6 Sample Reactor Calculation with One-velocity Model 


A sample reactor calculation is presented in this section to demonstrate 
some of the ideas developed in connection with the one-velocity model. 
It must be emphasized that this computation, which is based on the one- 
velocity approximation, cannot be expected to yield accurate results. 
This model, in its present form, has severe limitations, and some of these 
were discussed in Sec. 5.4g. The most serious deficiency of the model is 
that it fails to account for neutron losses during the slowing-down process. 
Even if the reactor in question is a highly thermal system, the one-velocity 
model in its present form is inadequate for describing the neutron physics. 
The difficulty is due to the form of the source term used in the diffusion 
equation. It was pointed out in Sec. 5.4g that this term should properly 
include certain factors (« and p) to account for some of the processes 
which can affect the neutron population at thermal energy through their 
influence on the slowing-down process. But these factors alone do not 
suffice. There is still a third factor which must be introduced to describe 
the losses in the neutron population due to leakages during slowing down. 
This factor is especially important in the case of small reactors wherein 
the surface-to-volume ratio of the system is relatively large. 

At this stage we are not yet prepared to take all these factors into 
account. Thus the example which follows is not suggested as a proper 
detailed analysis of a reactor. Its purpose is to demonstrate the magni- 
tude of some of the numbers which may be involved in calculations of this 
type and to show a general computational procedure which may be used. 
The calculations of the macroscopic cross sections, however, are properly 
carried out and should be useful in showing the application of the ideas 
developed in Chap. 4. Recognizing these deficiencies, we make no claim 
that these calculations are realistic and therefore can conveniently intro- 
duce further approximations which will simplify the computation. The 
most important of these is the assumption that the source term in the 
diffusion equation is of the form vZ;¢; thus, in general, we will ignore all 
‘fast losses.’’ 

As an example of the application of the one-velocity model to the 
analysis of nuclear reactors, we will determine the critical fuel mass and 
maximum flux level in a light-water-moderated reactor which is designed 
to produce 20 megawatts of heat. Let the core of this reactor be a 
60- by 32.3- by 55.4-cm parallelepiped, and for the present analysis assume 
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that no reflector is provided; thus the reactor from a purely nuclear view- 
point is a simple bare block geometry of the type studied in Sec. 5.4e. 
Assume further that there are three basic ingredients in the core, namely, 
water for moderation, aluminum for structure, and U?*> for nuclear fuel. 
We specify that the fuel elements in this system consist of flat plates of 
aluminum alloyed with U2**. Each fuel element is made up of 18 such 
plates, spaced 0.297 cm apart, and the core contains 28 of these elements, 
or subassemblies. The light-water moderator occupies the gap between 
these plates and by the process of 
natural convection serves in the 
dual capacity as the coolant for the 
system. Figure 5.27 shows the 
core configuration for this system 
and the arrangement of the fuel 
elements. Figure 5.28 gives a 
cross-sectional view of a typical fuel 
element and shows how the 18 fuel 
plates in each subassembly are 
mounted into a single unit by means 
of side plates. 

In this calculation we confine our 
attention to a study of the nuclear 
features of the proposed system. 
The only engineering specifications 
that we require are the total power 
output of the system, its geometric pivection of waler iw 
configuration, and the operating i 5.27 Core configuration of 4 by 7 

uel-element array. 

temperature. The core configura- 

tion shown in Fig. 5.27 is contained in a suitable tank; we will ignore for 
the present the effect of this container on the nuclear characteristics of the 
system. The core and its container are designed to allow water to enter 
at the bottom of the core and flow upward through the fuel elements 
in a direction parallel to the fuel plates. We specify the entrant temper- 
ature of the water to be 130°F and its exit temperature as 145°F. For 
our present needs it will suffice to assume that we can use some average 
temperature, say, 140°F, to describe the complete system. Our nuclear 
calculations will be based on this figure. 

The fuel-element configuration shown in Fig. 5.28 is clearly a heteroge- 
neous arrangement; however, because of the relatively small scale! of this 
heterogeneity, it is a reasonable approximation to assume, at least as a 
first estimate, that the core consists of a homogeneous mixture of water, 
aluminum, and U?*5, We will use this approximation in the calculations 


Single fuel 


1 The determination of the scale of heterogeneity is discussed in Chap. 10 
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which follow. Our study, then, will be based on a bare homogeneous 
multiplying medium of the configuration shown in Fig. 5.27. The 
principal specifications and assumptions are as follows: (1) power, 
20 megawatts; (2) temperature, 140°F; (3) configuration, bare homogene- 
ous parallelepiped 60 by 32.3 by 55.4 cm; (4) one-velocity model. 


Aluminum side plates 


0.297 


18 fuel plates 


(a) (b) 
Fig. 5.28 Cross section of fuel element: (a) fuel element; (6) single fuel plate. 


We begin the computation by determining the volume fractions of the 
principal ingredients of the system. The selected core geometry is uni- 
form in the vertical direction; therefore, a comparison of the cross-sec- 
tional areas of its constituents will yield these volume fractions. From 
the dimensions given in Fig. 5.28 we obtain 


1. Cross-sectional area of metal per element: 
a. Aluminum end plates: area = (8.05)(0.317)(2) = 5.10 cm? 
b. Fuel plates: area = (18)(0.1525)(6.98) = 19.2 cm? 
2. Cross-sectional area of water per element: 
(6.98)(8.05) — 19.2 = 37.0 cm? 
Total: 61.3 cm? 
The appropriate volume fractions are: 


Umeut = 0.396 x0 = 0.604 —*" = 0.656 
ViizO 
The next step in the calculation is the determination of the thermal-group 
properties of the core constituents based on the effective neutron tem- 
perature 7, [see Eq. (4.211)]. An estimate of this temperature requires, 
however, a value of the parameter « which involves the absorption cross 
section of the mixture. At this stage of the analysis we can only guess at 
this number inasmuch as the value of 2, for the core mixture is a function 
of the fuel concentration, and this has not as yet been determined. Evi- 
dently, the proper procedure to be adopted is an iteration. Thus one 
should begin with a rough estimate of x and later check this value on the 
basis of the resulting critical fuel concentration which is obtained for the 
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system. In the present calculation we will assume that x = 0, arguing 
that for a mixture containing large amounts of hydrogen 2, will be rela- 
tively large, and furthermore we expect that the required fuel concentra- 
tion will be low so that 2, will be small. Both of these effects yield small 
values of « [see Eq. (4.116)]. The validity of the assumption « = 0 will 
be examined later. 

In the case that «x = 0, the effective neutron temperature T, = Ty, the 
moderator temperature. We will base our estimates of the nuclear 
properties, then, on a neutron temperature of 140°F (333°K). Consider 
first the water. At 20°C its properties are co, = 0.66 barn, \,. = 0.48 cm, 
L = 2.85 cm, and D = 0.16 cm (see Tables 2.2 and 5.1). For an effective 
neutron temperature 7, = 333°K, these yield for the thermal absorption 
cross section! o, [see Eq. (4.245)]. 

(293) 


rT.\3 
a1 (333) = oo(T,) Gr) = 0.66 | a 


wherein we have tacitly assumed that the absorption cross section for 
water is 1/v. For convenience, we will extend this assumption to the 
aluminum as well. The macroscopic absorption cross section for pure 
water based on the above figure is? 


Zi410 (333) = o{#°) (333) 0(333)A/Anwo = (0.549) (0.985) (0.6025) /18 

= 0.0181 cm™ 
Note that the mass density of pure water at 140°F (333°K) has been used 
as the average value for the reactor. The transport cross section, which 


is required for the calculation of the diffusion coefficient for the mixture, 
is found to be 


4 
| = 0.549 barn 


D{F* (293) p(333) 0.985 
p(293) ~ (0.48) (1) 


In this calculation we have assumed that the transport cross section is 
affected by changes in temperature only through the effect on the density 
of the material. 

The microscopic cross sections for U?#* and aluminum are determined 
next. For U?#5, we have from Eq. (4.247) 


2(819) (333) = = 2.05 cm“! 


4(333) = (3) 7a(333) ¢a(333) = (0.886)(650) (0.974) = 561 barns 
77(333) = (3) o/(333) ¢;(333) = (0.886)(540)(0.976) = 467 barns 


o, = 10 barns n = 2.08 y = 2.46 


1 In order not to complicate the notation, we have used @ to represent the thermal- 
group properties usually given by o*. 

? See, for example, U.S. Atomic Energy Commission, ‘‘ Reactor Handbook,’ vol. 2, 
p. 39, AECD-3646, May, 1955, for density of water as a function of temperature. 
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The ¢ function, which corrects for the non-1/v part of the cross section, is 
obtained from Fig. 4.30. The appropriate thermal-group data for 
aluminum are (refer to Table 2.2) 


= 4293 
5q(333) = Fo(293) Ke 


o, = 1.4 barns 


j 
= (0.23)(0.831) = 0.191 barn 


These data may now be used to compute the macroscopic nuclear 
properties of the core constituents in terms of the volume fractions with 
which they appear in the core mixture (namely, vy, = 0.604 and 
Ymetai = 0.396). In the case of the water 


x40) = (0.0181)(0.604) = 0.01092 em-! 
2810) = (2.05)(0.604) = 1.24 em! 


And for the aluminum (where we assume that in first approximation 
Up = 0) 


paGoa*” — (2.7)(0.396) (0.6025) (0.191) 
= 27 


Al 


pean = Nata (AD — 
= 0.00456 cm! 
EDO SORES — 0.0334 em-! 


CAL) (Al) — 
Re aS 


The transport cross sections for the water and aluminum may be used to 
determine the diffusion coefficient of the core mixture. This is an accept- 
able approximation in the event that the fuel concentration is relatively 
low; this is the case here. Thus we compute for the mixture 


1 J 1 


D= 35. ~ 3mo pe] ~ (B)0.94 + 0.0334) 


= 0.262 cm 

The critical fuel mass is computed from the criticality condition for the 
one-velocity model. The appropriate relation is (5.181) withk = 1. If 
we solve this equation for 2°”), the macroscopic absorption cross section 
of the U?#5, we obtain [cf. (5.185)] 


2) + DB? 


(FP) — 
pays eS | 


where 2“ denotes the absorption cross section for the nonfuel components 
in the mixture, the aluminum and water. The quantity B? is obtained 
from (5.194). If we neglect the extrapolation dimensions for all three 
surfaces (i.e., if we use @ ~ a, for example), then for a = 27.7, b = 16.15, 
and c = 30cm, 


Bw (=) 4 (5) ip (5) = 0.0152 
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If we introduce this result, along with D = 0.262 cm, 2@ = 0.0155 em, 
and 7 = 2.08 into (5.185), we obtain 


0.0155 + (0.262) (0.0152) 
1.08 


(FP) — 
a: = 


= 0.01808 cm—! 


The corresponding value of the critical fuel mass M is obtained from the 
relation (where V = 107,000 cm?, the volume of the core) 


_ ay. VE%Ap _ (107,000)(0.01808)(235) 
M rp = Vopr = @o,F) = ~ (0.6025)(561) = 1.346 kg (5.250) 


At this point we interrupt the calculation to check our assumed value 
for the effective neutron temperature, using the absorption cross sections 
computed above. The expression for x required for this calculation is 


given by 
_ (2T.\' Ba Ts) 


where it will be recalled that 7, = 293°K, 2. corresponds to the 
2,200 m/sec value (T, = 293°K), and 2, refers to the high-energy value 
of the scattering cross section. It should be recognized that the above 
relation for x was based on a medium consisting of a single nuclear species 
and therefore not properly applicable to the present situation. How- 
ever, in the absence of more complete information it will be adequate for 
making an estimate of T,. We argue, furthermore, that the concept of 
an effective neutron temperature is merely a useful tool for estimating 
the distributions of neutrons in the low-energy range and should not be 
taken literally. Also, Eq. (4.211) for 7, is only an approximate relation, 
and therefore a crude estimate for x should suffice. For this purpose we 
use the following data: 


2a(293) = 26 (293) + D4(293) + ZLP(293) 


where 

ne _ oS) (293) p(333)@ — (0.66) (0.985) (0.604) (0.6025) 
2429 (293) = 2 eee ee eee eee eeeeseeemt 

H;0 18 
= 0.01314 cm— 
DA) (293) = 00.28)2-7)(0.398) (0.6025) = 0.00549 em- 
(F 
3(F)(293) = (0:01808)¢; (293) _ (0.01808) (687) ~ 0.0222 em-! 
ga (333) 561 


thus 2,(293) = 0.0408 cm-!. For the scattering cross section in (4.116) 
we will use the value for hydrogen at the high-energy range, 
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a) = 20.36 barns. With the volume fraction vy,0 = 0.604, this gives 
_ (2)(0.985) (0.604) (0.6025) (20.36) 


Z, = Nao® 18 = 0.811 cm—! 
_ [(2)(293) }! (0.0408, _ 


and (using A = 1) 
T, = Tn(1 + 1.1Ax) = 347°K 


Thus our initial assumption was somewhat in error. 

We compute, next, the maximum neutron flux at the center of the pro- 
posed reactor during operation at maximum power. We begin with an 
expression for the total reactor power P in terms of an average thermal 
flux ¢. 

P = &2;6V (5.251) 


where € = 3.17 X 10-" watt-sec is the energy release per fission.! The 
average flux is obtained from the relation 


¢ = 2 [ eeu dx dy dz (5.252) 


If we use for $(z,y,z) the result (5.193), and assume that d@ ~ a, etc., then 
it is easy to show that 


3 
on r(2) abe (5.253) 
The substitution of this result into the power relation yields 
_ P(w/4)? 
c= eS abe (5.254) 
For P = 20 megawatts, and 
_ sir (TF) (540) (0.976) _ = 
Zr, = Zh (set), 0.01808 (650) (0.974) 0.01505 cm 
we have 
7 8 
c= ere CU) (a = 1.513 X 10!'5 neutrons/cm?/sec 


(3.17) (107?!) (0.01505) (13,420) 


which is a close approximation to the flux at the center of the core 
$(0,0,0) [see Eq. (5.193)]. 

In the event that this reactor were used as a research instrument, it 
would be of interest to determine the neutron current at the outer surfaces 
of the system. Presumably, in such an application, the test specimen or 
sample would be placed as near to the core as possible so as to expose it to 
the highest neutron density. One can estimate the neutron current at 


1 Based on a figure of 197 Mev per fission (see Table 1.1). 
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the outer surface of the core by means of the diffusion-theory model. 
The appropriate relation is (5.48). In the present case, this may be 
written as 
E00) =: oO) = |  eGa) (5.255) 
I+\G,V, = 4 79 9 | dr Y; 0 . 
wherein we have selected the center of the x = a face of the core as the 
test point. Note that the above expression yields the maximum current 
for any point on that face. If (5.193) is used in this relation, it may be 
shown that 
1 ra , Dx . xa 
94(a,0,0) = e€ (; COS a= +- 4g 3m 55) 
We compute 4, using (5.71). This yields for the extrapolation distance 
0.7104.,, = (0.7104)3D = 0.558 and d@ = 28.26 cm. If we use for 
e€ = 1.513 & 10" neutrons/cm?/sec, then 


44(a,0,0) = 2.27 K 10!? neutrons/cm?/sec 


It should be noted in closing that the flux level and current obtained in 
this sample calculation are somewhat large. Better estimates will be 
obtained in later examples which include the effects of fast-neutron losses. 


5.7 Applications of the Kernel Method 


The diffusion of neutrons from elementary sources was discussed in 
Secs. 5.2 and 5.3. The direct application of these results to thermal neu- 
trons is acceptable in many situations of practical importance; however, 
in some cases wherein the actual source yields fast neutrons, the source 
term used in the one-velocity equation for the thermal neutrons must be 
altered to account for the behavior of the fast neutrons prior to reaching 
thermal energy. Some aspects of this problem were discussed in Sec. 5.4g 
in connection with the selection of a suitable fission-source term for the 
diffusion equation [see Eq. (5.211)]. In this latter application it was 
observed that fission neutrons appear with large kinetic energies and that 
during the subsequent slowing-down process some of these fast neutrons 
are lost to the system by resonance capture and leakage. The discussion 
of Sec. 5.4g included a few remarks about estimating some of these fast 
losses, and it was noted that a more complete study of this aspect of the 
problem would be considered in Chap. 6. 

a. First-scattering Source. Another feature of the fast-neutron source 
which must be given careful consideration is the first flight. When a fast 
neutron first appears in a medium it travels outward from its source point 
until it makes a collision. At relatively high energies the absorption 
cross section is small (varies as 1/v) so that this collision, as well as a 
number of those following, is likely to be a scattering event. In many 
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instances, the largest portion of the total distance traveled by a neutron 
during slowing down is due to the first flight. Although on the average 
many additional scatterings are experienced by the neutron, these scatter- 
ings occur within a short distance of the point of first collision. As a 
result, the neutron reaches thermal energy in the vicinity of the first- 
collision point. We can draw, then, the following crude picture of the 
slowing-down process: a first long flight which accounts for most of the 
distance traveled in the fast range, followed by thermalization at the 
point of the first-scattering collision. 

This rough model of the slowing-down process may be used as a first 
approximation in accounting for some of the wanderings experienced by 
a fast neutron prior to reaching thermal energy. It is clear from the 
discussion above that in this model the source strength of the one- 
velocity thermal neutrons at any given point in the medium is simply the 
first-scattering-collision density of the fast neutrons at that point. This 
behavior is quite different from that due to the point source studied in 
Sec. 5.2b. In the present case a fast source neutron does not join the 
thermal population until it has suffered a first-scattering collision, and it 
then does so instantly. The analysis of Sec. 5.2b, on the other hand, 
assumes that all neutrons which appear from the source are already at 
the one-velocity of diffusion (i.e., are thermal) and enter into the diffusion 
process immediately. It is to be expected therefore that the thermal flux 
distribution due to the present model will be more ‘spread out”’ (i.e., it 
will have larger first and second moments) than the flux given by Eq. 
(5.84). Let us now determine this effect. 

Consider, therefore, an isotropic point source of fast neutrons in an 
infinite medium. If 2, denotes the macroscopic scattering cross section 
of the fast source neutrons, and the source releases go neutrons per unit 
time, then the density of first-scattering collisions at radial distance r 
from the source 1s given by 


probability that first 


Number of neutrons scattering occurs in ” do -- 
~ \ er? ee) 


available at surface 


shell of radius r and 
of sphere of radius r So ae 


thickness unity 
(5.256) 


We use this quantity as the source term in the diffusion equation; thus, 
for a spherically symmetric system, 
— DV*$(r) + Lap(r) = Ce (5.257) 
dor 
The solution to this equation may be obtained by the application of the 
kernel method. The general solution is given by (5.97). In the present 
case the source distribution S(r) is given by the right-hand term of 
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(5.257); it follows, therefore, that 


ae a (pe ei 
with x? = 2,/D. The integration is readily carried out by choosing a 
coordinate system, as shown in Fig. 5.29, where the z axis is taken along 
the field vector r; then, 


#7) = pas i A ta 
0 
Y * exp [—x(r? + p? — 2rp cos 6)!] sin 6 dé * ay 
0 (r? + p* — 2rp cos 6)! 0 


and 


rai —Za 
‘= GoD. je I sinh xp e~ 2" dp 
0 


~ 4 Dar p 
© p—(Zetn) 
4+ sinh xr [ | (5.259) 


It is difficult to compare (5.259) with (5.84) directly. However, a 
measure of the relative spread of the two functions may be obtained by 
comparing in the two cases the mean 
square distance from the source point 
to the point of absorption (as thermal 
neutrons); that is, we calculate in the 
two cases 


= in r*Zab(r)4ar? dr 
2 


rp? = -___________ (5.260) 
I, Lad(r)4ar? dr 
If we use for ¢(r) the result (5.84) a 
(thermal neutrons appear directly at y 7 z 
the point source), (5.260) yields for r? b 


r? = 6L? (5.227) Fic. 5.29 Coordinate system. 


For the flux given in (5.259) we compute, on the other hand, 


“3 es 2/xz3 + 6/x32, 


— 9)2 7 2 
r tas: 2x2 + 6L (5.261) 


where \, = 1/2,, the scattering mean free path for the fast source neu- 
trons. Thus the mean square distance to absorption in the case of the 
first-scattering source exceeds that for the point source of Eq. (5.84) by 
the term 2)?. 

b. Gaussian Source. Although the concept of a first-scattering source 
described above is useful for a number of situations in reactor physics, it 
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does not provide a very satisfactory treatment of the slowing-down 
process. A superior model is developed in Chap. 6. This model too has 
limitations, but for many reactor applications it will give adequate 
results. In order to provide a more complete treatment of the thermal- 
neutron source problem considered in this section, we will use some of the 
results of Chap. 6 in our analysis and leave until later the derivation of 
the appropriate relations. 

We recognize, then, that the assumption that a fast neutron is thermal- 
ized very near the point at which it suffers its first scattering collision is 
extremely crude. As noted previously, a neutron may experience con- 
siderable additional travel during later stages of slowing down as it passes 
from one scattering collision to the next. For a medium of the heavier 
nuclei, the total distance traversed by a fast neutron can in fact become 
quite large in comparison to the distance it covers as a thermal neutron. 
The treatment of Chap. 6, which is based on the Fermi age model, shows 
that this wandering about during slowing down produces a highly spread- 
out distribution of thermal neutrons. In the case that the source of fast 
neutrons is a point source, this dispersion of thermal neutrons is given by 
the relation 

 QoPne "47h 
S(r) = ~arayt (5.262) 
where p., 1s the resonance-escape probability from the source energy to 
thermal energy and 7,, is the Fermi age from this source energy to thermal 
(see Sec. 6.2a). The expression in Eq. (5.262) is developed in Sec. 6.2b. 

If we use the relation (5.262) as the source function for the thermal- 
diffusion equation, then the thermal flux may again be found by using the 
kernel method. Thus if (5.262) is substituted into (5.97), it can be 
shown that 


= oP th ee era eae 
$(r) Dur(4rt0)} (« [ Toe th SInh x79 dro 


+ sinh xr / : re 707! arn —*P9 are) (5.263) 


The mean square distance traveled by the neutrons from the source to 
the point of absorption as thermal neutrons may be obtained by using 
Inq. (5.260) and the flux given by (5.263); the result for the Gaussian 
slowing-down source (5.262) is 


pa ee 3-Vm (trun)#/8x + 6 Vx (4ran)¥/408 = 6rn + 6L? (5.264) 
Vx (4tu,)#/4% 
As compared with Eq. (5.227), this result shows the greater spreading 
out of the neutrons which occurs during the slowing-down process. 
c. Isotropic Flux in Slab from First-scattering Collisions. We demon- 
strate some of the ideas developed above by computing the isotropic flux 
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in a slab due to first-scattering collisions from a collimated beam of neu- 
trons. Consider, therefore, an infinite slab of nonmultiplying material 
one face of which is exposed to a collimated beam of thermal neutrons of 
strength qo neutrons per unit area per unit time. We specify the isotropic 
flux as the quantity of interest because the effect of the slab is to convert 
the parallel beam of neutrons into an isotropic distribution. This effect 
would be most pronounced in slabs of high-nuclear-mass materials 
because of the fact that a beam neutron scat- 
tered by the slab would emerge with a nearly 
isotropic distribution (in the laboratory system of 
coordinates). Further scatterings within the 
slab would increase this tendency; it might be 
expected, then, that the steady-state distribution 
of the neutron population could be well described 
by means of an isotropic flux function. 

We begin the analysis by developing a suitable 
kernel for the specific geometry in question. 
Consider, therefore, the system shown in Fig. 2a 
5.30. The immediate problem is to determine F's. 5-30 Slab with 

4s on ae ‘ ; plane isotropic source. 
the flux distribution in the slab due to an isotropic 
plane source of unit strength placed at x = s. This result, which is the 
kernel for the slab problem, may be used directly in the computation of 
the isotropic flux due to the collimated beam. 

The appropriate differential equation and boundary conditions for this 
system are 


o''(x) — x’o(xz) = 0 


and (1) g4(a2) =O oo (-a) = 0 
(2) J+(s) = J-(s) + 1 (5.265) 
(3) $4(s) = $_(s) 


where we have used the approximation a ~ 4 for the extrapolated bound- 
ary conditions and have denoted by ¢,(x) the flux in the slab for z > ¢ 
and by ¢_(x) the flux for z < s. A similar notation is used for the net 
current J. The current relation (2) follows directly from (5.59), and the 
flux condition (3) from (5.60). It can be shown that the solution for this 
system is given by the functions 


sinh x(a + s) sinh x(a — z) 


$4(r38) = Dx sinh 2xa oa (5.266) 
jig ee a zr<s | 
(258) = Dx sinh 2xa 


where ¢(x;s) denotes the flux at xc due to a plane source of unit strength 
at xz = s. The subscripts used in (5.266) refer to the notation mentioned 
above. These expressions give a complete description of the kernel for 
the slab geometry throughout the region —a < x < a. 
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The application of the result (5.266) to the calculation of the isotropic 
flux at any point in the slab due to an arbitrary distribution! S(z) of iso- 
tropic sources is straightforward. In the present case the appropriate 
integral equation is seen to be [cf. Eq. (5.97)] 


o(z) = [* S(a) o(a;8) de (5.267) 


Because the kernel ¢(2z;s) has a different form depending on whether 
x 2 8, it is convenient to write (5.267) in terms of two integrals; thus, 


o(z) = [*, Ss) 64 (zs) ds + f° S(s) (as) ds (5.268) 


In the present situation we do not count the neutrons in the beam as 
part of the isotropic flux distribution in the slab until they have first 
experienced a scattering collision. These first collisions convert the beam 
neutrons into an isotropic distribution, and the resulting flux is given by 
the diffusion equation. The general solution to this equation is given by 
(5.268), and the source distribution S(x) which appears is identified as 
the density of first scatterings in the slab. Thus we define S(z) dz as the 
number of first-scattering collisions per unit time in dz about z. If the 
beam strikes the slab at face + = 0, then 


number of neutrons || probability that a beam 
which enter slab per || neutron makes its first 


S(x) dz 


unit time and area scattering collision in 
of slab surface dz about x 
= qo [Dee~2(=+®) dr] = qod,e—*t dx (5.269) 
t 


where 2, exp [— 2.(x + a)] dz is the probability [cf. Eq. (2.17) and related 
discussion] that a first collision occurs in dz about z and Z,/2; is the prob- 
ability that this collision is a scattering event. The substitution of 
(5.269) into (5.268) and the use of the results (5.266) yield the equation 


Gods 
Dx sinh 2xa 


+ sinh x(a + z) I : e— (#49) sinh x(a — 8) as] (5.270) 


¢(z) = sinh x(a — x) . e— 2st) sinh x(s + a) ds 


Our purpose in introducing the approximation a ~ @ is now evident. 
Note that the flux ¢(z) is given as the integral over the physical volume 
of the system (from —a to a) of all sources S within this volume, whereas 
properly, the kernel ¢(x;s) should be given in terms of the extrapolated 
boundary a. By using this approximation we are able to write all the 
pertinent functions in terms of the boundaries zx = +a. Although this 


1 S(x) neutrons per unit area per unit time. 
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causes some error, it does simplify the integration and yields more com- 


pact results. 
The completion of the integrations indicated in Eq. (5.270) yields the 


solution 
= god. ™*° 
¢(2) = Dis? — 44) sinh Dna 
+ e-** sinh x(a + x2) — e~** sinh 2xa] (5.271) 


[e* sinh x(a — =) 


It is of interest to compare this result with an elementary diffusion-theory 
calculation based on the assumption that the beam neutrons which strike 


0.4 
\ of = |S, =1.145em™ 
= D =0.357 cm 
of \ 3 =0.771 cm7t 
= 03 53 
¥ Ps 
5 02 = 
0.1 


-§ -4 -3 -2 -1 = 
x,com 
Fia. 5.31 Isotropic flux due to first scattering collisions in iron slab. 


the slab enter into a diffusion process immediately at the surface. The 
resulting flux distribution within the slab is given by the solution to the 
diffusion equation which satisfies the following boundary conditions: 


(1) 74(—@) = qo (2) ¢(a) = 0 (5.272) 
This result is 
Z 4qo sinh x(a — z) 
o(z) = sinh 2xa + 2Dx cosh 2xa (5.273) 


We illustrate the results of this analysis by means of the following 
numerical example: Consider a 10-cm-thick slab of pure iron for which 
the microscopic thermal cross sections are taken to be o, = 2.53 barns, 
and o, = 11 barns, and p = 7.86 g/cm? and A = 56. The correspond- 
ing macroscopic properties are: N = 0.0846 & 10%4 nuclei/cm’, 2, = 
0.932 cm—!, 2, = 0.213 ecm—!, 2, = 1.145 cm™, x = 0.771 ecm™!, and 
D = 0.357 cm. 

Figure 5.31 shows the isotropic flux distribution ¢(x)/qo in a 10-cm- 
thick slab of iron according to the solution (5.271) and using the above 
data. 
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5.8 Problems of Neutron Population in Localized Absorbers 


Among the important products of a nuclear reactor are the regions of 
high neutron density which may be used for a great variety of develop- 
ment testing and fundamental research. The experimental procedure 
usually involves placing a sample in the neutron field and determining 
the continuous or integrated change in some property. In the evaluation 
of the results of such experiments it is usually important to have a quanti- 
tative knowledge of some features of the spatial (and energetic) distribu- 
tion of neutrons inside the sample and in its immediate vicinity. Gen- 
erally speaking the most important effects are produced by two classes of 
neutrons: (1) thermal neutrons and (2) very fast neutrons (with kinetic 
energies of the order of 4 Mev or greater). With respect to the latter 
group (which produce most of the effects classified under the heading of 
‘radiation damage’’), it may be said that the distribution in energy is 
characteristic of the particular reactor as well as of the specific region of 
the reactor used. Usually the spectrum of fast neutrons will be little 
affected by the test sample itself (although auxiliary devices, such as a 
‘converter plate,”’ may be used to affect a major alteration) and, except 
in the region of absorption resonances, the fast-neutron density may be 
expected to be fairly uniform over the sample and its immediate vicinity. 
Thermal neutrons, however, suffer significant variations in density in the 
region of almost any test sample; this behavior is the subject of discussion 
for the present section. 

In the general case, the conditions of the experiment are poorly ame- 
nable to theoretical treatment; the sample will usually be multiregioned 
and of complex geometry; the site of the experiment will often be a 
channel in the reactor in which the neutron density varies spatially and 
in which the streaming of neutrons gives rise to quite different neutron 
currents incident on the various surfaces of the sample; the immediate 
surroundings of the sample will usually be a complex mixture of various 
moderator, structural, coolant, and fuel materials. Consequently, at the 
very outset, any hope of rigorous treatment of all aspects of the problem 
is abandoned, and the problem reduces to that of choosing a simplified 
model, amenable to calculation, which will yield a satisfactory approxi- 
mation to some feature of the physical situation of particular interest. 
This section is devoted to a detailed consideration of some of the models 
and concepts which have been found to be useful. 

a. The Distribution of (One-velocity) Neutrons in Absorbing Regions 
in a Uniform Isotropic Neutron Flux Field. Here we consider an absorber 
placed in an “‘isotropic’”’ neutron flux field. By definition, an isotropic 
flux is such that on an area dS of the surface of the sample there are 
incident $¢0 dS cos 6 sin 6 d@ neutrons per unit time whose velocity vectors 
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make angles between 6 and 6 + d@ with the normal to the surface; thus 
[cf. Eq. (5.36)] 

number of neutrons incident per unit time 
on an area dS of a surface (in an isotropic 
flux) whose angles of attack have cosines 
between » and » + dy (5.274) 


j(u) du dS = tom du dS = 


where ¢o is the magnitude of the isotropic flux and uh = cos@. This 
choice for the angular distribution limits the applicability of this model; 
in general the angular distribution of neutrons falling on a sample will 
not be isotropic; even if the flux prior to the introduction of the sample 
were isotropic, the very presence of the sample would introduce perturba- 
tions in the angular distribution. However, in many reactor situations 
the assumption of an isotropic flux will afford a good approximation to 
the actual distribution. Precisely, the simple isotropic distribution 
would be realized near the center of a spherical surface of large radius on 
which isotropically emitting sources were uniformly and densely packed. 

Complete information about this system would involve knowing the 
neutron density and angular distribution at every point inside the sample. 
In general, such information requires extensive and laborious calculation; 
however, in two extreme approximations the problem may be solved with 
relative ease. The complication in the physical situation is the scatter- 
ing collisions made by the neutrons before they are absorbed or escape 
from the sample. If, on the average, this number of scatterings is a small 
but nonzero number (of the order of 1 to 3), the problem is very difficult, 
for it is necessary to follow each neutron history in detail. The two 
extreme cases which are amenable to calculation are: (1) The diffusion 
model: In this case many scatterings are made, on the average, by the 
neutron in the sample before it is absorbed or escapes. (2) The first- 
flight transport model: Here the neutron makes no scattering collisions 
in the sample, but continues along its original line of flight until it suffers 
an absorption collision or escapes from the sample. 

On the basis of these two models, various quantities of interest may be 
calculated; those to be discussed here are listed and defined below: 


The transmission coefficient: 


fraction of all neutrons incident upon surface 
a = of a lump of material which pass through lump = (5.275) 
without being absorbed 


We will demonstrate later that the transmission coefficient (or trans- 
mittance, cf. Sec. 5.3a) is identical, from a physical standpoint, with our 
previous definition of the albedo [cf. Eq. (5.111)]. Itis appropriate, then, 
to use the same symbol. 
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The self-shielding factor: 


_ average flux throughout volume of a lump 


Le= average flux at surface of a lump (0-218) 
(in the presence of the lump) 
The over-all self-shielding factor:' 
fo average flux throughout volume of a lump (5.277) 


~ Value of flux at position of lump before it was introduced 


These quantities will, of course, be related for any given physical situa- 
tion, but there is no universal relation among them. However, there are 
derived quantities directly related: 


The effective absorption cross section: 


that microscopic cross section which, if assigned to 
__ material of absorber lump, would allow a correct 
~ calculation of total absorptions in lump in the 
form given in Eq. (5.279) 


(5.278) 


Oett 


Total absorptions per unit _ A 


time in absorber lump L = NowdoVr (5.279) 


where N is the number of atoms per unit volume in the absorber lump, 
V_ is the volume of the lump, and ¢o is the flux in the system in the 
absence of the absorber lump. From (5.277) and (5.278) we have 


Tet = Faso (5.280) 


where a, is the true microscopic absorption cross section of the absorber 
material. 


The flux correction factor: 


that factor by which the quantity A1/Z2.V 1 
f- = must be multiplied in order to give flux in (5.281) 
absence of absorber lump 


From (5.279) and (5.280) 
fez = (5.282) 


Oett fo 


The general principles for the calculation of the quantities defined in 
Eas. (5.275) through (5.281) in the two extreme approximations may now 
be presented for the case of an absorber of general geometric configuration 
placed in an isotropic flux. 

1. The Diffusion Model. The diffusion equation is applied in the form 


V7d¢(r) — x?o(r) = 0 (5.283) 
1 See also Sec. 7.4b, particularly Eq. (7.227). 
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where x? = Z./D, 2. = Noa (the macroscopic absorption cross section of 
the material of the lump), and D = 4,,/3 (the diffusion coefficient of the 
material of the lump). (The method presented here is for a single- 
material lump, but is easily extended to multiregion lumps by application 
of the diffusion equation in each region and the continuity of flux and 
neutron current conditions at the interfaces.) 

The two boundary conditions required on the flux given by Eq. (5.283) 
are: 


(1) The flux must be a symmetric or nonsingular function 
(depending on the particular geometry) 


(2) The total number of neutrons incident upon unit area of (5.284) 
the sample! per unit time is 0/4 
1 D 1 
4 ¢(R) + 3 [n - V¢(R)] = 4 $o (5.285) 


where n is the normal vector to the surface and R represents the coordi- 
nates of the surface S; thus, ¢(r) is completely specified. From ¢(r) we 
calculate 


_ [ wR) ds 


~ Js. 46082 eee) 
where S, is the total surface area of the sample, and 
; 1 D 
HR) = 7 O(R) — 5 In VO(R)] (5.287) 
1 
also i= Vou f. o(r) dr (5.288) 
1 
fo= Vids I. ¢(r) dr (5.289) 


where ¢s, is the average value of the flux over the surface S;, of the lump. 

2. The First-flight Transport Model. The calculation of the spatial 
variation of the flux in this approximation is not so straightforward as in 
the diffusion model, and no fixed expression can be given. In general, 
the procedure for finding the flux at any point inside the lump is to choose 
an infinitesimal volume element dV at that point and calculate the total 
track length per unit time in dV due to all neutrons impinging on the 
lump which succeed in passing through dV before being captured. The 


1 Note that the condition at the surface is not taken to be continuity of the flux 
with ¢o. Near the lump the (otal flux will be reduced from ¢o, but the part of the flux 
directed toward the lump, by assumption, will not be changed. Physically, this 
means that the presence of the lump is assumed not to alter the effective neutron 
sources. 
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flux is given by the limit [cf. Eqs. (3.39) and (3.40)] 


(5.290) * 


lim (‘ie track length/time in ) ae 
aV—0 dV 


On the other hand, the transmission coefficient is more readily obtained. 
For this application we will require the complete directional specification 
of the current and therefore select the form 


ju) du dy = 2 dou du dy (5.291) 


as given in the first term of (5.32). Here, u is the cosine of the angle 
which the direction of motion of the incident neutron makes with the 
normal to the surface of the lump and y is the azimuth of the neutron 
direction about the normal. Expression (5.291) is a consistent order of 
approximation with (5.274). The integral of (5.291) over all directions 
into the lump and over the complete surface area Sz of the lump is 4Sz¢o. 
Since the probability that a neutron will pass through a distance s of 
material without being absorbed is exp (—2Z.as), we have for the trans- 
mission coefficient 


] Qa 
a= [ dS(R) I ii i jlup)eZ"(Rnd) dy 
Loo |S 0 0 


1 2r 
-J1 i dS(R) i ai i en BaeRuw) dy (5.292) 
SL SL 0 0 


where dS(R) is the surface element at surface coordinate R and s(R,y,y) 
is the straight-line distance across the lump for a neutron incident at R 
traveling in direction (yu,y). For several elementary cases, s does not 
depend upon the position R of the surface; so s(R,6,~) — s(6,¥), and 
(5.292) reduces to 


1 «/2 : 2a 
or if sin 6 cos 6 dé i eH) dy (5.293) 
0 0 


Of course, the form of s(6@,) is sufficiently simple so that the integral of 
Eq. (5.293) may be performed in closed form in only a few cases. 

For the cases to which the first-flight transport model is applicable, 
there is a relation between the transmission coefficient a and the over-all 
self-shielding factor fo; this is 


1 = A= (73) fo — LDaSfo (5.294) 
Sr 
where [cf. Eq. (7.232)] 
eee. 67 
j= 3. (5.295) 
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That §, as given by (5.295), is indeed the average path length of neutrons 
through the volume of the lump (with the lump nonabsorbing and an 
incident isotropic distribution) may be seen by calculating the flux in the 
nonabsorbing lump and equating this to the undisturbed flux. (All this 
is for lumps with nonreentrant surfaces.) 

For the case of very slight absorption, Eq. (5.293) reduces to a simple 
form. If we take, then, 2.s(6,y) «1, the exponential may be repre- 
sented by the first two terms of a Taylor series, and we obtain from 
(5.293), with the aid of (5.295), 


a™@l— 2s for small absorption (5.296) x 


The application of the general methods discussed above to several 
specific geometries is carried out below and the results are summarized. 


The solid sphere: 


1. Diffusion approximation: 


sinh xf F -f R (xR coth xR — » | 


1 — 2D(«R coth xR — 1)/R 


“4S ODGR coth sk — 17 (5.208) 
3 
fo = apa (eR coth xR — 1) (5.299) 
Bs fs 
jo" TP apakcothak = 1k (5.300) 


2. First-flight transport approximation: 


g(r) = en {2e—*9(1 + Ro) sinh ro + 2e-*r9 cosh ro 
= (R? asi r2)[Hi(Ro = To) = E,(Ro + ro)]} (5.301) 
where Ry = 2.R and ro = Yar. Also, 


s(0,~) = 2R cos 6 (5.302) 
a= S[l— (oot 1em] po = 22R ——(5.303) 
e. 3 pe + 2poe-o + Qe-ro — 2 
f= 08 (fae ter? eed ) (5.304) 
3/l—e 
fr=5 ( - ) (5.305) 
and! E,(x) = x" | " ae (5.306) 


1 The E,(zx) functions are defined according to K. M. Case, F. de Hoffmann, and 
G. Placzek in ‘Introduction to the Theory of Neutron Diffusion,” vol. I, p. 153, Los 
Alamos Scientific Laboratory, 1953 (U.S. Government Printing Office). The func- 
tions Ey to E, are tabulated on pp. 155-161. 
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Figure 5.32 gives a comparison of the two approximations for the calcula- 
tion of a, for the case of a 10-cm sphere with \,, = 3 cm, as a function of 
absorber loading (2,). The diffusion approximation should be valid for 


Fic. 5.32 Transmission coefficient for a sphere. 


small absorption, while the transport results should hold at large absorp- 
tion. Note that the diffusion result is totally incorrect beyond a certain 
value of 2,, actually giving negative values of a. 


The infinite slab: 


1. Diffusion approximation: 


a= sr ane (5.308) 
fs = xa sai xa eae 
fo = oop ee (5.310) 


2. First-flight transport approximation (with z measured from left 
face): 


(2) = $ bof Ha(2ae) + H{Z2a— 2} 220 (311) 
s(0,y) = — (5.312) 
a = e* — ge? + 272K, (2) Lo = 22,0 (5.313) 
f= — (5.314) 


igitized by Cox gle UNIVERS siepoeniey FORNIA 


1 A 


sEc. 5.8] DIFFUSION THEORY 251 
The spherical shell: 
Lp 


G7”, 


1. Diffusion approximation: 


¢(r) = 4 (xRo cosh x(r — Ro) + sinh x(r — Ro)] (5.315) 


A = Rédo {cosh xT | Rex — 2Dx a + 2Dx | 


; 2D sik 
+ sinh xT E Sap + 2Dx'Ra || (5.316) 


with T = R — Ro, and 


14+ 2D/R — 2Dx*Ro + (xRo + 2DxRo/R — 2Dx) coth xT 
“T= 2D/R + 2DxeRo + (xRo — 2DxRo/R + 2Dx) coth xT 
(5.317) 
_ 3k xT cosh xT + (x?RRo — 1) sinh xT (5.318) 
~ x2(R3 — R3) | (xRo — 2DxRo/R + 2Dx) cosh xT : 
+ (1 — 2D/R + 2Dx?R,) sinh xT 
The average flux inside the shell 


2. First-flight transport approximation: 
1 3 
a= 2 {2-301 + po VI v9) exp (po VI= 79 
— S(L+ (1 = ypdemrn 


epee eat — +2)2e—po(l—y) 
-il — y*) exp (—po V1 — y?2) + est ds) ld 


530 ieee 2 
Por, _ apa aay a PS er 
a 4 (1 — y)Fexp (—po V1 — y?) A any 
+ (1 — -y?)"{Ei(00 — pov) — Ex(po- V1 — ?)] (5.320) 
with po = 22,R ,= fo (5.321) 
3o0 [Vi-7 
6 = 5 [dl = 2) = A = 4) — wert dy (6.322) 
for a very thin shell: 
¢: = oo(l — $2.7 + - - -) (5.323) 
ee AT Ge ar is (5.324) 
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The infinite solid cylinder: 

1. Diffusion approximation: 
pol o(xp) 


o(p) = To(xR) + 2DxIixR) (5.325) 
S ST to (5.326) 
f= aR (Sige) 
fo = DBT (5.328) 


2. First-flight transport approximation. The integrals involved here 
cannot be performed in closed form. However, some results have been 


Transmission coefficient a 


0 0.4 0.8 1.2 1.6 2.0 ma) 


Fig. 5.33 Comparison of transmission coefficients for an infinite slab, infinite cylinder, 
and sphere in the first-flight transport approximation. 28 = 4ZaV1/Szi 


obtained by numerical calculation.!. The form of the integral for the 
transmission coefficient is 


a= a in dz ih p~4(1 — cos B)?e—**" dB (5.329) 
us 0 0 
with p = [z? + 2R*(1 — cos B)]! 


l—a 
fo = Se 


The transmission coefficient a is given in Fig. 5.33 as a function of 


(5.330) 


1W. J.C. Bartels, ‘‘Self-absorption of Monoenergetic Neutrons,’” KAPL-336, May 
1, 1950; R. J. Royston, ‘‘The Absorption of Neutrons by a Small, Strongly Absorbing 
Rod,’”” AERE T/M 117, November, 1954. 
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dimension in the first-flight transport approximation for slab, cylinder, 
and sphere. The values were obtained for the slab from Eq. (5.313), for 
the sphere from Fq. (5.303), and for the cylinder from the paper by 
Bartels. 

The approximations to @ for lightly absorbing slabs, cylinders, and 
spheres are given below: 


Slab: Za K 1 a™1 — 4Z,a-@*)" In y2Z,a — $(22.a)? + - : 


with y = 1.781072 ... (5.331) 
Cylinder: Lak K 1 a™@~1l—22,R4+ 4 $2°R?+-:: (5.332) 
Sphere: 2RK1 aml — 3(22,.R) +3(22,.R)?+:-°:: (5.333) 


Infinitely long cylindrical shell. This case will not be discussed here, 
but numerical calculations in the first-flight transport approximation 
have been performed by Dwork, Hofmann, Hurwitz, and Clancy.} 

b. Flux Distribution in Vicinity of Localized Absorbers in Diffusion 
Media. If a localized absorber is placed in a diffusion medium, the 
neutron flux in the vicinity of the absorber is reduced from its value in 
the absence of the absorber; the effect of the absorber falls off with 
increasing distance from the absorber. Since there is always a net 
current of neutrons into the absorber, the angular distribution of neu- 
trons incident upon the surface of the absorber is no longer isotropic, 
but, in general, has additional terms depending upon the derivatives of 
the flux at the surface. For example, in the diffusion approximation the 
angular distribution is (ef. Eq. (5.36)] 


J(u) du = 4¢ou du + #Do ou? du (5.334) 


where ¢o and ¢, are the neutron flux and its derivative in the direction 
in question, respectively. The treatment of the preceding part of this 
section is rigorously correct where all derivatives of the flux vanish; 
while this condition can never be met near an absorber, it may be true 
that the second term of (5.334) is negligible in comparison with the first. 
In the following presentation we first neglect the second term in (5.334), 
then try to take it into account in simple cases. In both calculations, 
however, we retain the assumption that diffusion theory holds outside 
the absorber; for small, highly absorbing lumps this assumption is in 
error. 

1. Assumption of an Isotropic Flux Incident on the Absorber from the 
Moderator. As a first model for the calculation of the flux depression 
near an absorber we assume that (a) diffusion theory holds everywhere in 
the moderator, (b) an isotropic flux of neutrons is incident upon the 
surface of the absorber. Both of these assumptions are closely met if 
the flux is nearly isotropic everywhere in the diffusion medium. The 
second assumption allows the use of the quantities calculated for the 


1J. Dwork, P. L. Hofmann, H. Hurwitz, Jr., and E. F. Clancy, ‘‘Self-shielding 
Factors for Infinitely Long, Hollow Cylinders,’’ KAPL-1262, Jan. 10, 1955. 
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absorber in Sec. 5.8a; for example, the fraction of the incident neutrons 
transmitted through the absorber will, on this basis, be the a calculated 
in Sec. 5.8a, which is appropriate for the geometry and neutron proper- 
ties of the absorber. ‘Thus the absorber may be replaced, in so far as the 
diffusion medium is concerned, by a boundary condition to be applied at 
the surface of the absorber which states that the fraction of all neutrons 
incident upon the absorber which return to the diffusion medium is the 
appropriate a (see also discussion in Sec. 5.3c). 

The additional boundary condition needed for the flux in the diffusion 
medium will be found from the external conditions, including the neutron- 
source distribution, at some distance from the absorber. Such boundary 
conditions may be chosen to fit the particular case, but a very useful one, 
which may be presented here as an illustration of the procedure, is 
obtained by imagining that the neutron sources are uniformly distributed 
throughout an infinite medium of the diffusion material and that the 
introduction of the absorber does not alter these sources. Then, in the 
presence of the absorber, it must be required that the flux at great dis- 
tances from the absorber approach its value in the absence of the absorber. 
Such an assumption might very well represent the case of an absorber 
placed in a large moderator region in which neutrons are being thermal- 
ized fairly uniformly over the region. However, the results which 
follow have a wider applicability than might be suspected from the 
restrictive choice for the neutron-source function. For any case in which 
the absorber is placed in a large moderator region not near any strong 
localized source of neutrons and in which the introduction of the absorber 
does not alter the distribution or strength of the sources, the flux depres- 
sion will not differ appreciably from the forms given. 

The mathematical formulation of this model is, for the flux in the 
moderator: 


V7o(r) — x*o(r) = — 5° (5.335) 

j(R) _ 9(R) = 2D9'(R) _ 
i j(R) ~ 4(R) + 2D¢R) ~ * wee 
lim $0) = 60 = 2 = so (5.337) 


where So is the uniform source intensity of neutrons, ¢o the flux in the 
region of the absorber prior to its introduction, and @ the transmission 
coefficient calculated on the basis of the diffusion-theory estimate for the 
partial currents [see Eqs. (5.49)]. We find then, as indicated earlier, that 
the transmission coefficient takes the functional form of the albedo as 
defined in Eqs. (5.111) and (5.117) in the case that the current relations 
at the surface of the lump are based on the use of the diffusion-theory 
model in the adjoining regions. Thus, in a real physical sense the trans- 
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mission coefficient and the albedo serve to measure the same effect, 
namely, the capability of a particular region to return neutrons to the 
surrounding medium, be it by “transmission” or “reflection.” It is 
important to recognize, however, that the precise analytical form of the 
albedo and the transmission coefficient will not in general be the same. 
For example, when computing the albedo of a reflector in a reactor 
wherein the origin of the coordinate system is located at the ‘‘center”’ of 
the reactor, the correct form to use is j_/j,, as shown in Eq. (5.117). In 
the present applications, on the other hand, the coordinate system is con- 
veniently centered within the transmitting (or absorbing) region, and 
this leads to the form j,/j_ for the transmission coefficient, as indicated 
in Eq. (5.336). These differences are due entirely to the choice of 
coordinate systems and should not be attributed to the physical 
interpretations. 

The use of this model involves the choice of the proper a from See. 5.8a, 
on the basis of either the diffusion approximation or the first-flight trans- 
port approximation, depending on the nature of the absorber. It should 
not be expected to give good results in cases where the angular distribu- 
tion in the moderator, near the lump, differs appreciably from isotropic, 
as it would, for example, near a small, highly absorbing lump. 

A useful measure of the effect of the lump on the flux in the moderator 
is the flux depression factor defined below: 


do — $(R) 
do 


where ¢ is the original flux and $(R) is the flux at the surface of the lump. 

The results of the application of this model for three elementary geo- 
metrical forms for the absorber lump, all immersed in an infinite diffusion 
medium, are presented below. In the following, the quantities ¢, x, and 
D are, respectively, the neutron flux, the reciprocal diffusion length, and 
the diffusion coefficient for the diffusion medium. 


Infinite slab: 


Flux depression factor = D = (5.338) 


$(x) = ool — De] xr>0 (5.339) 
1 + a! —1 
D = E + 2Dx (; = si) | (5.340) 


where a*' (for the uniform slab) is obtained from Eq. (5.308) or (5.313), 
depending on the neutron properties of the slab. 


Infinitely long cylinder (p is radial distance from cylinder axis): 


= _ gy Kolxp) 
$(p) = do E D ed (5.341) 
- Ki(xR) (1 + a&\ |-! 
D = E + 2Dx pr (; a! <=) | (5.342) 
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where a® (for the uniform cylinder) is obtained from Eq. (5.326) or (5.329), 
depending on the neutron properties of the cylinder. 


Sphere (r is distance from center of sphere): 
o(r) = do 1 — Df rn (5.343) 


D = E 4 - (xR +1) (; = =) | (5.344) 


1 — aS» 


where aS? (for the uniform sphere) is obtained from (5.298) or (5.303), 
depending on the neutron properties of the sphere. 

Of course, Eqs. (5.339) through (5.344) are applicable to slabs, cylin- 
ders, and spheres of any internal structure if the appropriate a can be 
determined and if the simple one-dimensional variation of properties is 
maintained. For example, (5.344) gives the flux depression for a hollow 
sphere of outer radius F if the a‘? is chosen from (5.317) or (5.320). 

The model, as presented in Eqs. (5.335) through (5.337), may be 
applied to other geometries, the limitation being the difficulty of solution 
of the mathematical problem. Two special cases of great practical 
interest, the finite cylinder and the finite slab, are omitted from the dis- 
cussion here since no general analytical solution is known (to the authors) ; 
each case is treated by approximational methods deemed appropriate. 

As an example of the use of these concepts, suppose that the (thermal) 
absorption cross section of some material were to be measured by putting 
a solid sphere of the material into a moderating region supporting a known 
neutron flux (thermal) ¢@o. By the neutron activation of the material 
and subsequent determination of the rate of radioactive decay, a value 
may be obtained for the total neutron absorptions occurring in the sphere 
during the time ¢ of exposure to the flux. The total number of absorp- 
tions Az, is now to be calculated in terms of the quantities discussed 
above. If the flux at the surface of the sphere during the exposure is 
¢@(R), the number of neutrons incident upon unit area of the surface in 
unit time (under the isotropic assumption) is ¢(R)/4; since (1 — a) of 
these are absorbed, we have 


A, = 4¢(R)(1 — a)4xRt (5 345) 


From the definition of Eq. (5.344), the flux at the surface of the sphere is 
related to the flux depression factor D and the flux in the absence of the 
absorber ¢o by 

$(R) = do(1 — D) (5.346) 


If it is appropriate to use the first-flight transport model for the material 
of this sphere, then Eq. (5.303) may be used for a, and we have finally 
(using Eqs. (5.338) and (5.344) for D, and denoting moderator quantities 
by the index M and absorber quantities by the index A] 
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Apa cRigg | toe a ee | (5.347) 
1+a,\l 
1+ 2Du(xak + 1) Gt) R 
2 


PRI PA) + 1}} (5.348) 


a2 a 
Since Az is known, the absorption cross section of the material of the 
sphere may be determined from (5.347) and (5.348). 

2. Application of Diffusion Approximation for Current from Moderator 
to Absorber. (a) Diffusion theory applicable to both moderator and 
absorber: Here we drop the restrictive assumption of an isotropic flux 
incident upon the absorber and consider the angular distribution given in 
Eq. (5.334) which is appropriate to the diffusion approximation. We 
consider first the results when diffusion theory is also assumed to hold in 
the absorber region and subsequently discuss the first-flight transport 
model for the absorber. 

In the case that diffusion theory holds in both the moderator and the 
absorber, and assuming a uniform distribution of neutron sources as 
before, the mathematical formulation of the problem is: 


So 


In the moderator: V?dm(r) — xuou(r) = — D. (5.349) 
M 

In the absorber: V7oa(r) — x2.¢4(r) = 0 (5.350) 

‘ » yo | ; 

where *M = Dy Lz A= TD, ~ TR (5.351) 


At the moderator-absorber interface (coordinate R), the boundary condi- 
tions to be applied are 


(1) da(R) = ¢4(R) (5.352) 
(2) —Da[n- Vdm(R)] = — Daln- Voa(R)] (5.353) 


where n is the outwardly directed normal to the absorber surface. In 
addition we require 


(3) Symmetry or nonsingularity on ¢,(r) (5.354) 
(4) lim ou(l) = do = S005 (5.355) 


This model gives precisely the same results for the flux depression as 
that presented in the preceding discussion [Eqs. (5.335) through (5.337)] 
if the a@ is calculated on the basis of the diffusion model [Eqs. (5.283) 
through (5.285)]. In the following, these quantities are given with the 
dependence on the absorber properties explicitly shown along with the 
spatial dependence of the flux for the three simple geometries previously 
used. In this case, of course, the results are applicable only to uniform 
absorbers. 
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Infinite slab: 


oau(x) = dofl — Dem] = >0 (5.356) 
= Daxa tanh x,a |—! cosh x42 
oa(x) = do E + ed coehaua (5.357) 
) = (1 4 Paton cath maa (5.358) 
AXA 
Infinite cylinder: 
= Ze Ko(xap) es 
ou (p) == do 1 K m R) ae DuxmuKi(xmR)Io(x4 R) (5.359) 
seal ~— Daxali(xaR) 
_ Daxal (aR) Ko(xmR) |-' Lo(xap) 
bale) = do E + Fe lak) 
Duxulo(xaR)Ki(x4R) = 
=e ae ee ee .361 
= [ is Dana ecB)K oak | ne 
Sphere: 
DR _ 
bulr) = do E ome im (5.362) 
_ Da fxaR coth x4R — 1\{7' & sinh xar 
ba(r) = do E + pe xuR + i=) rsinh xR (5.363) 


_ Du xuR +1 “1 
ae E Di (teas) eee) 


(b) Diffusion theory applicable in the moderator and the first-flight 
transport model applicable in the absorber: In the case of a small, fairly 
heavily absorbing lump placed in a diffusion medium, the most appropri- 
ate model might be diffusion theory in the moderator and first-flight trans- 
port in the absorber; however, there is a restriction on the applicability of 
this model. The angular distribution of the neutrons emerging from the 
absorber will be far from isotropic since those neutrons moving in direc- 
tions for which the path length in the absorber is short will be preferen- 
tially transmitted. Further, if the sample is small in comparison with a 
diffusion length in the moderator, the rapid spatial variation of the neu- 
tron flux in the vicinity of the sample may make the omission of higher 
derivatives than the first (the basic approximation of diffusion theory) 
invalid. Thus, even though the medium surrounding the absorber is a 
‘“‘good”’ diffusion medium in the sense that D/A, < 1, diffusion theory 
will be a poor approximation if the absorber is very heavily absorbing. 
Thus the model to be discussed here is applied best to an absorber whose 
dimensions are comparable with a diffusion length (or greater) and whose 
absorption cross section is greater than its scattering cross section but not 
so large as greatly to alter the angular distribution of the neutrons in 
passage. 
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For the absorber, the general form for the transmission coefficient (for 
such geometries that the path length through the absorber is a function 
only of the angular coordinate of the direction of motion with the normal 
to the surface, and not of the particular position on the surface) is, in the 
notation of Eq. (5.293), 


= i - dy [ j(m) e724) du see 


with » = cos 6. For the distribution 7(u) given by (5.334), appropriate 
for the diffusion approximation, a may be put into the form 


_ bof1 + 2Deof2 


where we define 
2a 1 
f= ff wv pe ~W) dy (5.367) 
3 2a 1 a 
fas | ay i pre-e) dy (5.368) 


The boundary condition to be applied on the flux in the diffusion 
medium at the absorber surface is that given in (5.336) and, using (5.366) 
for a, this condition may be expressed as a relationship between the flux 
and its first derivative at the absorber surface. Thus 


’ = [= fi 
2D¢'(R) = (; 74) ¢(R) (5.369) 
For comparison, Eq. (5.336) gives for this relationship 
' _ l—a a 
2Dq¢'(R) = (; as ‘) @(R) (5.370) 


Since the model under discussion here is the same in the diffusion medium 
as that presented in Eys. (5.335) through (5.337), except for the replace- 
ment of the boundary condition of (5.336) by that of (5.369), it is clear 
from a comparison of Eqs. (5.369) and (5.370) that the results for the 
flux in the moderator and the flux depression are as presented for the 
three simple geometries in Eqs. (5.339) through (5.344), except that the 
ratio (1 — a)/(1 + aq) is to be replaced by the ratio (1 — fi)/(1 + fe). 
The quantity f, defined in Eq. (5.367) is just the a previously used and 
defined in Eq. (5.293). However, fz is a new quantity which must be 
computed for each geometry of interest. Note that f2 is the fraction of 
neutrons transmitted by a sample upon which is incident a flux of neu- 
trons whose angular distribution is an isotropic distribution weighted 
with a cosine factor which makes it more “forward.” For the cases of 
an infinite slab and a sphere, the quantities f. are presented below; no 
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simple solutions and no numerical work for other cases are known to the 
authors. 


Slab, half-width a: 


fe = e-** — faofe7*(1 — 20) + 232i (20)] (5.371) 
to = 22,a 
Sphere, radius R: 
a 02 — 2(1 + po)e-re — pie-mr] (5.372) 
po = 2Zak 


If a sizable fraction of the neutrons incident upon an absorber are non- 
isotropic in distribution, the expressions developed in the first part of 
this section for determining the flux inside the absorber, and therefore 
also the self-shielding factors, will be invalid. The correct calculation of 
these quantities, although straightforward, is laborious. 

(c) The foil problem: Considerable effort has been directed toward 
improving the models presented above for the particular case of an 
absorbing foil in a diffusion medium, i.e., geometrically, a slab whose 
thickness is small in comparison with its extent, but whose extent is 
comparable to or less than a diffusion length of the diffusion medium. 
The corrections involve accounting for the “end effects’”’ and attempting 
to take into account higher-order angular terms (than the two considered 
by the diffusion approximation) in the diffusion medium near the foil. 
Experiments have been performed in an attempt to check the value of 
the proposed corrections. Some references on this subject are given 
below.! 

c. Internal Heating in Localized Absorbers. There are several 
mechanisms by which the existence of a neutron flux in the interior of a 
body may give rise to heating; of these the most important is the fission 
process. In case the absorber consists of a fissionable material in whole 
or in part, and if the material is such that the fission fragments do not 
escape from the sample, the experiment must be designed so that avail- 
able cooling will be sufficient to keep the maximum temperature inside 
the sample below some specified value. 

Let us examine the case of the conduction of heat in a uniform body 
in which the sources of heat are everywhere proportional to the neutron 
flux (restricting attention to steady-state problems). If G(r) is the heat 
generated per unit volume per unit time around point r, then 


G(r) = B¢(r) (5.373) 


1W. Bothe, Z. Physik, 120, 437 (1943); E. Corinaldesi, Nuovo citmento, 8, 131 
(1946); E. Klema and R. H. Ritchie, Phys. Rev., 87, 167 (1952); C. W. Tittle, Nucleon- 
ics, 9,60 (1951); R. H. Ritchie et al., ‘‘Thermal Neutron Depression,’’ Health Physics 
Division Annual Progress Report for Period Ending July 31, 1959, ORNL-2806, 
pp. 133-136, Oct. 29, 1959. 
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where 6 is some constant, and the temperature distribution 7(r) is to be 
determined from 
—{f{V?T(r) = G(r) = Bd¢(r) (5.374) 


where f is the thermal conductivity. The solution to Eq. (5.374) is to 
satisfy also certain boundary conditions. The solution of the mathe- 
matical problem posed by (5.374) can be very laborious and usually 
requires machine computations; however, a simple case will be con- 
sidered here as an example. 

If the absorber is such that diffusion theory 1s applicable in its interior, 
then the flux ¢(r) satisfies Eq. (5.283), and it may be seen that 7'(r) must 
be of the form 


T(r) = cP i(r) + cof 2(r) — a ¢(r) (5.375) 
where VF,(r) = V°F.(r) = 0 | (5.376) 


i.e., F; and F2 are independent solutions of Laplace’s equation for the 
particular geometry. 

Suppose, as a particular example, that a very long cylinder (radius 2) 
of a dilute uranium alloy is placed in a channel of water which supports a 
neutron flux ¢@o. If the water is flowing along the cylinder, and if we 
neglect the rise in temperature of the water axially, the boundary condi- 
tion at the absorber-water interface may be taken to be 


T(R) = Tyo = water temperature (5.377) 


If we assume the applicability of diffusion theory for the flux inside the 
absorber, then from equations (5.360) and (5.375) 


_ _(Be\(_ Flap) 
T(p) = c1 + C2 In p (Fa) To(xaR) | 1+ Dana [\0c,R) Ko(xuR) 
O\XA ) Dux To(xaR) Rieak) | 


(5.378) 


where subscript A refers to the absorber and subscript M to the water; 
the functions F\(p) and F2(p) have been chosen appropriately for cylin- 
drical geometry. We discard the term In p in (5.378) inasmuch as it is 
singular at the axis of the cylinder (i.e., we take cp = 0). The applica- 
tion of the boundary condition (5.377) yields, finally, 


T(p) = 7; = Bdo [ ee | E = To(xcap) 


bd, Dyxul (x, R) Kieu R) To(x4 PR) 
(5.379) 


In this result, we use 
B= ey (5.380) 


where 2% is the macroscopic fission cross section of the material of the 
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absorber and € is the energy release per fission (7.53 X 107!? calories’). 
Of course, the usual experimental situation cannot be represented by any 
such simple model; besides the commonly met geometrical and material 
complications in engineering heat-flow problems, there is the additional 
burden of the form of ¢(r), which may be known only by numerical 
calculation [as, for example, in the first-flight transport model for the 
solid cylinder, Eq. (5.329)]. A further, extreme, complication may arise 
if the neutron properties of the material of the absorber (for example, the 
density) depend on the temperature; then the neutron and heat-flow 
problems are interdependent and some sort of iterative technique may 
be needed to obtain a solution. 


PROBLEMS 


5.1 Consider a sphere of radius R which has at its center a point source which is 
emitting neutrons of one velocity at a rate go neutrons per unit time. 

a. Find the flux distribution within the sphere, using the boundary condition that 
no neutrons return from the surrounding vacuum (evaluate all constants). 

b. Show that the flux computed by a vanishes at approximately r = KR + 2D. 

c. Find the flux distribution within the sphere, using the boundary condition that 
¢(r) vanishes at r = R + 2D. 

d. Compare the two expressions obtained from a and c for ¢(r), and show that the 
expression of part c is approximately equal to that of part a when D/L and L/R <1. 

e. Using D/L = 4and R/L = 2, compute the net current of neutrons at the surface 
of the sphere for cases a and c, and find 


Jo — fla) 
A= Fe 


f. Compute the absorptions in the extrapolated region of the sphere, using ¢(r) 
from part c, and compare this number to the total absorptions in the sphere. Show 
that the ratio of absorptions in the extrapolated region to the total absorption is very 
small compared with unity when D/L and L/R <1. 

6.2 If radiation from infinitely removed sources is allowed to pass through a 
sphere of radius R, it may be shown directly that the average chord length of radiation 
path in the sphere is given by & = 4R. 

Consider an infinite medium in which there is a spatially constant neutron flux; 
introduce a spherical cavity of radius R and use the theorem stated above, along with 
the definition of neutron flux (i.e., the flux is the neutron track length per unit volume 
per unit time), to show that the first term in the expression for the partial current 
in terms of the flux is ¢/4. 

6.8 Consider an infinite slab (width 2a) of uniform material described by the one- 
velocity constants 2, and D. 

a. Determine the general expression for the flux distribution throughout the slab 
arising from a continuous distribution of plane isotropic sources defined by S(z) = 
So cos (rz /2a). 

b. The general requirement for criticality of a reactor is that the total number of 
neutrons in the reactor in each generation be constant. Show that the application of 
this definition to the slab reactor described above yields the correct statement of the 


1 Based on 197 Mev per fission (see Table 1.1). 
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criticality equation for this configuration. It should be noted that this result demon- 
strates that a flux distribution which is proportional to the source distribution is 
equivalent to a system of uniformly distributed fissionable material. 

5.4 A point source is emitting thermal neutrons isotropically at a rate go neutrons 
per unit time. A thermal neutron detector is placed at a distance / from the point 
source. With the distance / held fixed, a multiplying spherical shell (inner radius R,, 
outer radius R, and R&,2/l < 1) is placed around the source so that the source is the 
geometric center of the shell. Find the ratio of the counting rates at the detector, 
with and without the multiplying shell, under the following assumptions: 

1. Diffusion theory holds in the material of the shell; the spherical hole and the 
space outside the shell are taken to be void of material. 

2. The material of the shell is such that all fissions are caused by thermal neutrons; 
fast neutrons from fission become thermal with the same spatial distribution as that 
in which they were born as fast neutrons. However, in slowing down to thermal 
there are losses by absorption and leakage. 

3. With the spherical-sheil geometry, the assembly would not operate in steady 
state without the source; however, the composition of the multiplying shell is such that 
guk, > 1 (where gin is the probability that a fast neutron will not escape from the 
shell before it reaches thermal). 

6.6 A spherical shell of material has inner radius R, and outer radius Ry. (There 
is a vacuum both inside and outside the spherical shell.) The material of the shell is 
described by neutron cross sections Xa, Zs, and 24, (one-velocity model). 

a. Find the spatial distribution of the steady-state neutron flux. 

b. Find the critical equation. 

Assume that the neutron flux satisfies the one-velocity diffusion equation in the 
material of the shell and that appropriate boundary conditions are to be applied. 

5.6 Consider a sphere of radius A composed of material with the one-velocity 
constants D, Za,and Z;. The fissionable material is distributed uniformly throughout 
the sphere. At the center of the sphere is an isotropic source of neutrons of strength go 
neutrons per unit time. Take as the source term S(r) = k,2.a¢(r), and use the 
boundary condition that the flux vanish at the extrapolation radius #. 

a. Find the general expression for the flux distribution ¢(r) in terms of the parameter 
B, where 


1 
B= Ee (ke — 1) 
Note that the flux may have a singularity as r — 0 because of the uniqueness of the 


center point of the sphere. 
b. Determine the expression for ¢(r) in the following special cases: 


rT 2 
Bt = (5) Bi =0 k. = 0 
R ) ) 
c. Describe the physical situation represented by the values of B? listed below. 


Indicate whether the system would be supercritical, critical, or subcritical on the 
basis of the fission sources alone. 


B ay B =) L-? < B? 
2 — 2 — af 3 
> ( ) 0< < ( &) < <0 
d. Sketch the family of functions given by ¢(r)/(qo/47D) in terms of the parameter 
B. In particular, pick out the three special functions described in part b. 


6.7 What fraction of all neutrons produced per unit time in a finite, critical, one 
velocity, cylindrical, bare reactor escape across the curved surface? 
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5.8 A fixed volume V of a homogeneous multiplying material is to be put into the 
form of a right circular cylinder. 

a. Find the condition on the height A (in terms of the infinite multiplication con- 
stant k_, the diffusion length LZ, and the volume Y of the material) such that the 
cylinder be subcritical. 

b. Discuss briefly the physical meaning of results in part a with the aid of a graph 
of k versus the height h. 

§.9 Find the fuel distribution and the corresponding flux that give a constant 
power distribution in an infinite-slab reactor. Assume (1) a bare one-velocity reactor, 
(2) the extrapolation boundary condition, and (3) that the diffusion coefficient is 
unaffected by local variations in fuel concentration. 

6.10 The one-velocity neutron parameters 2. and D are constant over an infinite 
medium. Outside a spherical region of radius R, the absorption cross section is made 
up solely of radiative-capture cross section; inside the spherical region, the absorption 
cross section has the same value as outside but is made up of fission cross section as 
well as radiative capture. For every neutron which is absorbed inside the spherical 
region, »Z,;/2Za neutrons are born from fission; there are no other sources of neutrons. 

a. Find the one-velocity neutron flux both for the regions inside and outside the 
active core. Give the condition for criticality. 

b. Set up the integral equation satisfied by the neutron flux, using as a kernel the 
solution of the diffusion equation for a point source in an infinite medium. Show that 
the solution obtained in part a satisfies this integral equation. 

6.11 A control rod has been designed for an MTR-type reactor in which the lower 
portion of the rod consists of fuel and the upper portion of high thermal absorber 
(nonfuel). The two sections of the rod are separated by a gap as shown below. 
When the control rod is inserted, the gap in the rod will be occupied by water (modera- 
tor). The problem is to determine whether the presence of this cavity of pure modera- 
tor in the core will cause excessive peaking of the thermal flux (and therefore increased 


Control rod 


WMAEWH-E 


Fuel 
Reactor 
core Rod motion 


Note: Reactor core consists of fuel plates immersed in water 


energy deposition) in the vicinity. Examine this problem on the basis of the follow- 
ing model: (1) represent the core (moderator plus fuel) by an infinite homogeneous 
medium and the gap by a spherical cavity of radius a which contains only moderator; 
(2) assume that the one-velocity approximation applies for the thermal flux; and (3) 
let the source of thermal neutrons be uniform throughout the core and cavity regions 
and take it to be some fixed number S neutrons/time/vol. 

a. What are the differential equations and boundary conditions which apply for the 
thermal flux? 

b. Write down the general solution for the thermal-flux distribution throughout the 
entire space. 
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c. Apply the boundary conditions to eliminate one of the arbitrary constants in the 
general solution for each region. How would you evaluate the others? 

d. If all the constants are evaluated (not required here), one can show that the flux 
has the form (Z,. moderator < 2. core) shown in the sketch. 


$(r) 


Determine the effect of the cavity by computing the ratio ¢(a)/¢. (allow only one 
arbitrary constant in the final result). Note that this ratio is a measure of the increase 
in ¢ at the gap boundaries over the flux computed without the cavity. 

6.12 Using the cross sections and assumptions of Prob. 4.8, calculate the critical 
radius of a spherical homogeneous reactor for five ratios of moderator to fuel: Nu /Nr 
= 100, 500, 1,000, 5,000, and 10,000. Assume that neutrons are born at E> and slow 
down, reaching thermal energy at the same space point at which they were born 
(i.e., no fast leakage). Calculate also 

a. The nonleakage probability for thermal neutrons pn_. 

b. The critical mass (and plot versus moderator-fuel ratio). 

c. Mean lifetime of a neutron in the reactor. 

Do not neglect extrapolation distance, work to three-figure accuracy, and take the 
moderator density to be 1.65 g/cm?. 

5.18 The feasibility of a gaseous reactor can be examined on the basis of a rela- 
tively simple model. The present problem is to determine the important features 
and dimensions of such a system on the basis of some reasonable specifications. For 
this purpose the following simplified model will suffice: 

1. The reactor is a bare gaseous sphere of radius Ro. 

. The reactor is critical and at steady state. 

. Energy sources arise from fission reactions only. 

. The outer boundary of the sphere is at absolute temperature T = T(Ro) = To. 
. The gas mixture is a stagnant system at some fixed pressure p. 

. Energy losses in the gas are due to conduction only; therefore, neglect radiation, 
convection, and gravitational forces. 

7. One-velocity diffusion equation gives an adequate representation of the neutron 
physics. 

8. The extrapolation boundary condition is applicable. 

9. The diffusion coefficient D is spatially invariant (assume some suitable average 
value for the mixture). 

10. The coefficient of thermal conduction can be represented by some suitable 
average value f. 

The problem is to find the flux, temperature, and nuclear-density distributions in 
this reactor and its power-generating capacity as a function of the reactor size Ro, 
the surface temperature 75, the pressure p, and the various nuclear and physical 
constants of the gas. 


oo me & Nb 
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Part A: General Solution 


1. Set up the appropriate equations which describe the neutron-balance, energy- 
balance, and the equation of state for the gas mixture which consists of a nonfuel and a 
fuel component (fissionable material). List all boundary conditions. 

2. Show that the neutron-balance and energy-balance equations can be reduced 
to the form 


Neutron: Vid(r) + oe = Q (P5.1) 
Raciu: VT (r) + ae = 0 (P5.2) 
eee ee een (3) eS 2 
where a= kDa +) {yor — [noS? + ;°']} (P5.3) 

2 _ Pees 
= thin + 1) (P5.4) 


and ¢(r) is the flux, T(r) the absolute temperature, k Boltzmann’s constant, ¢ the 
energy release per fission, and n = No/Nr (the ratio of concentration of nonfuel to 
fuel). Let 


= akT 


. = Ropes (P5.5) 


Ri, =Rote € = ade = VRS 
Here, N(r) denotes the total number of nuclei (of all kinds) in unit volume at r, o, is a 
suitable microscopic scattering cross section (may be approximated by nonfuel 
components), and a is some constant (say 0.7104). 

3. With these definitions, 

a. Show that Ry = Ro(1 + u) 

b. Find the criticality condition 

c. Determine the temperature function and show that it may be written (z = r/Ro) 

T(2) = —"* (1 +4)? — 24 (P5.6) 
u(2 + p) 

d. Find also the expressions for the flux ¢(x) and the nuclear density N(x), eliminat- 
ing all arbitrary constants by means of the boundary conditions. 

4. Sketch the functions T(r), ¢(z), and N(z). 

a. What is the condition on yu if the diffusion equation is to yield a reasonable 
representation of the neutron physics? 

b. Find an approximate expression for the temperature at the center of the sphere 
T(0) which is valid when pz < 1. 

5. Critical fuel concentration. Let D = Ayr/3 = 1/30sNey with Nay = p/kT ay and 
Tsay = 67. Thus we compute a diffusion coefficient in terms of some average tem- 
perature of the system 7, which is defined in terms of 7». If we call 


2be. 
= ata?) (P5.7) 
then 
a. Show that the critical fuel concentration ratio n is 
2 —1)-86 
n=n(u;6) = (2 + w)(a — 1) — (P5.8) 


(2 + po /ol” + Op 
where » = w,/o\"). ® 
b. Sketch n as a function of u for various 80. 
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6. Derive expressions for the total power output of the reactor by two separate 
approaches. 


Part B. Computations 

7. Assume that a gaseous reactor is a sphere of the type analyzed in Part A, and 
let the material be UF. so that the fluorine acts as the moderator. Find the critical 
enrichment of U?*5. 

a. Derive expressions for o, and o on the premise that the U#** enrichment is 
negligibly low. 

b. Compute these cross sections using the following data: 


Ur} Ca Cs 
Uss 8 .2b 2.756 0 
F's 3.9 0.01 0 
uss 10.0 687 580 


8. Compute yu, 7(0), 0, n and the enrichment N23;/N2as for the critical system, 
using 75 = 1000°K, Ro = 10m, and p = 100atm. Usef = 1,260 ergs/(cm) (sec) (°C), 
€ = 3.2 KX 10‘ ergs/fission, a = 0.7, and b = 2.5. 

9. Compute the total power output of the reactor. 

10. Compute and plot ¢(z), N(z), and T(z). 
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CHAPTER 6 


FERMI AGE THEORY: THE HOMOGENEOUS 
MULTIVELOCITY REACTOR 


6.1 The Combined Slowing-down and Diffusion Equation 


a. Assumptions and Limitations. The two elementary models devel- 
oped in the preceding chapters allowed us a limited picture of the neutron 
population in a nuclear reactor. The first model, which was considered 
in Chap. 4, confined attention to the slowing-down process, and all 
calculations were based on the infinite-medium concept. The second 
model was developed in Chap. 5, and in this approach the energy depend- 
ence of the neutron flux was removed by the introduction of the one- 
velocity approximation. The use of this model allowed attention to be 
focused on the diffusion process, and the application of the model to the 
determination of the spatial distribution of neutrons in a finite system 
was demonstrated. 

In an actual reactor the two phenomena slowing down and diffusion 
cannot in fact be separated if a complete description of the neutron 
population is to be achieved. As we previously noted, the separation 
was made in the preceding work so as to simplify the presentation by 
limiting the number of analytical methods and physical concepts con- 
sidered at any onetime. It should be recognized, however, that although 
each model may give a poor representation of the general reactor problem, 
there are numerous special situations in which either the slowing-down 
phenomenon or neutron diffusion is the essential feature, and a direct 
application with minor adjustments can be made. This was the case 
when the one-velocity diffusion model was used to perform a reactor 
calculation. In this application it was assumed that the system was 
highly thermal so that the one-velocity model gave a good description of 
the spatial distribution of the thermal flux. 

The purpose of the present chapter is to develop a more general model 
for describing the neutron population in a reactor, a model which com- 
bines the principal features of the two already presented. That this is 
indeed a prerequisite for treating the general reactor problem may be 
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appreciated from a consideration of the various physical phenomena 
which occur in a chain-reacting system. In an actual reactor the neutron 
sources are the fission reactions which take place throughout the fuel 
component of the core. The neutrons produced by fission are distributed 
over the entire energy range (see lig. 4.24) and have an average energy 
in the order of 2 Mev. These fast neutrons from fission are subsequently 
slowed down by various scattering collisions with the nuclei of the reactor 
medium. This sequence of scattering collisions, which results in a con- 
tinual degradation of the neutron energy, is accompanied by a spatial 
wandering as the neutron progresses from one scattering center to the 
next. Thus intimately associated with the slowing-down process is a 
spatial movement or ‘‘diffusion.”’ 

The present diffusion process differs somewhat, however, from the 
previous definition of the word. The previous definition referred to the 
spatial wanderings of a particle which suffered little, if any, change in its 
speed as it passed from one collision to another. It was first used to 
describe the motion of thermal neutrons. It will be useful in the work 
which follows to extend this concept to include the motion of the fast 
neutrons as well. By limiting our study to systems in which the slowing 
down is relatively gradual, we can use the idea of a diffusion process to 
describe the motion of fast neutrons in any small interval of energy. 
This would be the case in reactor systems which consist primarily of the 
heavier nuclear-mass materials. For these materials the energy change 
per collision is relatively small so that a given neutron will suffer many 
collisions in a specified small-energy band. Note that this extension of 
the diffusion concept is in accord with the essential feature of the thermal 
diffusion process, namely, that the neutron experiences many small- 
energy change collisions while in the thermal range. 

The combiif@d process of slowing down and diffusion is correctly treated 
by means of the Boltzmann equation, which takesinto account the angular 
distribution of the neutron population as well as its energy and spatial 
dependence. This more general approach will not be applied in the 
present analysis but will be deferred until the next chapter. We will use 
instead a less rigorous derivation of the combined slowing-down diffusion 
relations which we will later show to be a first approximation to the Boltz- 
mann equation. As in the development of the one-velocity model of 
Chap. 5, the present model will possess all the pertinent features which 
are allowed by the various approximations and constraints imposed on 
the physical system, but we will be unable at this time to demonstrate 
all the motivations or justifications for establishing these conditions. 
Thus we begin our analysis by defining a set of assumptions which will 
form the basis of the neutron-balance relation. All the analyses which 
follow, then, as well as each system to which the general equations are 
applied, must satisfy the conditions given below: 


Google 


270 REACTOR ANALYSIS [cHAP. 6 


(1) The medium 1s isotropic and homogeneous 

(2) The macroscopic absorption cross section of the medium is 
much less than the macroscopic scattering cross section 
over large energy-intervals 

(3) The general dimensions of the system are much larger than 
characteristic neutron lengths such as the diffusion length 

(4) The regions within the reactor which are to be described 
by the combined slowing-down diffusion model are free of 
localized neutron sources and sinks 

(5) These regions do not contain large voids 

(6) Neutron scattering is isotropic in the center-of-mass sys- 
tem (C) 

(7) The mass number of the moderator is sensibly larger than 
unity 


(6.1) 


Except for statements (6) and (7) we offer no explanation in support of 
this particular choice of assumptions. Statements (1) through (5) will 
be justified in Chap. 7 wherein the Boltzmann equation is reduced to the 
present model. It is appropriate to remark on the validity and usefulness 
of assumptions (6) and (7) here inasmuch as we will use the continuous 
slowing-down model to describe the trajectory of the fast neutrons in 
energy space. This model was introduced in Sec. 4.2b in connection with 
the slowing-down process in an infinite medium. It will be recalled from 
that application that the actual trajectory in energy space is a discon- 
tinuous function; however, if the decrements in energy per collision are 
small, the slowing-down track may be approximated by means of a con- 
tinuous function (see Fig. 4.11). It is clear that this would be a good 
approximation to the physical system only if the slowing-down medium 
consists primarily of large nuclear-mass materials. Thus:in the present 
study we exclude hydrogenous substances. Furthermore, the require- 
ment that A > 1 will also tend to satisfy condition (6) [see Eq. (4.30)]. 

It is known from experiment that the scattering in the (C) system is 
nearly isotropic for materials with large A, provided that the neutron 
speeds are in the ev to Mev range. Below the ev range, thermal effects 
become important; above the Mev range, scatterings tend to be forward. 
In the work which follows we will assume that all collisions are isotropic 
in (C) and moreover are purely elastic. We will not consider inelastic 
collisions in the present treatment in the interests of simplicity. Actu- 
ally, those applications of the combined slowing-down diffusion model 
which are most useful involve highly thermal systems. Such systems 
include relatively small nuclear-mass materials and, except for the struc- 
tural members within the reactor, do not serve as a significant source of 
inelastic scatterings (see Sec. 4.1la). 
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b. Neutron Balance in Space and Lethargy. We begin our study of 
the slowing-down diffusion model by establishing the neutron-balance 
condition in terms of the lethargy and space variables. For this purpose 
we introduce the following two functions: 


track length per unit volume per unit time around 
¢(r,u) du = r due to neutrons in that volume whose lethargies 
lie in du about u 


number of neutrons slowing down past lethargy u 


q(Fu) = per unit time per unit volume around r 


Consider a small volume dr of material in a medium supporting a multi- 
velocity neutron flux at steady state, and let us confine attention to those 
neutrons whose lethargies lie in du about u. It is possible to write an 
expression for the neutron balance 
: ; : a(r,u) 

in the differential volume dr du in | | | | | 
the four-dimensional space defined 
by the coordinates r and u (see Fig. Sources ——>- | 
6.1). This balance is obtained by . du 
accounting for all the processes 
which can add or remove a neutron | | | 
from either dr or du. At steady 
state, neutron gains into dr du con- _ aieeiau 
sist of (1) neutrons which slow past Fic. 6.1 Differential volume dr du. 
lethargy u, thus entering du from lower lethargies, and (2) neutrons with 
lethargies in du about u which appear directly from sources in dr. 
Neutron losses are due to (3) neutrons with lethargy in du which are 
scattered while in dr and thereby slowed down out of du, (4) neutrons 
which are absorbed by nuclei while in dr du, and (5) neutrons of lethargy 
in du which escape across the boundaries of dr. 

By calculating each of the above quantities on the basis of events per 
unit time, we may write the balance equation as follows: 


q(r,u) dr + S(r,u) dr du = q(t, u-f gu) dr + 2.(u)o(r,u) dr du 
+ Q(r,u) drdu (6.2) 


where S(r,u) du = number of neutrons with lethargies in du about u 
which are born per unit time per unit volume around r 
from sources 

Q(r,u) du = number of neutrons with lethargies in du about u 
which escape per unit time from unit volume around r 


All the terms in Eq. (6.2) except the last are readily specified by means 
of the concepts and functions already developed. The leakage term 2 
causes some difficulty in the present formulation and can be properly 
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identified only through the use of the Boltzmann relation. This compli- 
cation is similar to that encountered in selecting a suitable leakage term 
for the one-velocity model (see Sec. 5.1c). In fact, it is from the one- 
velocity result that a hint is obtained as to the form to be chosen for the 
leakage in the multivelocity case. If the system were such that neutrons 
spent a great deal of time in the lethargy interval du and made many 
scattering collisions before being reduced to higher lethargies (lower 
energies), there would be some justification for treating all the neutrons 
with lethargies in du as a group of diffusing neutrons of a single speed. 
Then from results such as Eq. (5.51b) for the one-velocity case, it might 
be assumed that the net current of neutrons in du and dr around r would 
be proportional to the gradient of the neutron density. Further, the 
constant of proportionality would be identified as in (5.51c) so that, 
finally, we could write for the leakage 


R(r,u) = — D(u) V’¢(r,u) (6.3) 


This relation can, in any case, be made as an assumption which is to be 
tested by application; however, the approach here indicates that the 
assumed form (6.3) would be especially applicable to media composed 
chiefly of heavy nuclei for which the average gain in lethargy per collision 
would be small, and, consequently, the neutrons would make many 
collisions in the neighborhood of a given lethargy (i.e., the scattering 
process in du could be described as a “‘diffusion’’). 
If we use (6.3) in (6.2), along with the identification 


lim [g(r,u + du) — g(ru)] = © g(t,u) du (6.4) 
du-—0 U 
Then (6.2) may be written 
~ D(u) Vid(r,u) + Za(u) o(t,u) = S(ru) — BS q(r,u) (6.5) 


It is reasonable to assume, under the same conditions, that the relation- 
ship between the flux and the slowing-down density obtained for the 
infinite medium in (4.112) would be a good approximation. Thus we 
write E= pio¢ 
q(r,u) = &2, (u) o(r,u) (6.6) 
In treating the interval du as infinitesimal, we are requiring for the 
validity of (6.4) that the neutrons make infinitely many collisions in 
passing through a finite lethargy interval. In the limit this implies the - 
‘continuous slowing-down”’ model suggested in Sec. 6.1a; thus, neutrons 
take on every value of lethargy in traversing the interval du, since in the 
limit the average gain per collision must be zero. In an actual case, of 
course, the slowing-down process is not continuous; a given neutron takes 
on only a limited number of lethargy values in slowing from fission 
energy to thermal. For a small (but finite) lethargy interval, it may be 
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true that most neutrons which slow down through that interval never 
take on lethargies in that interval. From this viewpoint it is rather sur- 
prising that (6.5) gives good results in application. That the result (6.5) 
is justifiable to a given approximation by consideration of the energy- 
dependent Boltzmann equation indicates that (6.5) is useful because we 
are usually dealing with very large numbers of neutrons. Thus while 
the slowing down and diffusion of any one neutron are by jumps, the 
behavior of the total neutron population closely approximates that of a 
continuous flow (in space and lethargy). 

We conclude the present remarks on the combined slowing-down diffu- 
sion model with the reminder that the set of equations (6.5) and (6.6) are 
to be applied to those situations which satisfy the conditions (6.1). 
Equations (6.5) and (6.6), along with appropriate boundary conditions, 
have been used in situations wherein one or more of these requirements 
have been violated. Although good results can be obtained in some 
such instances, usually requiring considerable modification to the original 
equations, such applications generally yield erroneous results and must 
be used with caution. 


6.2 Fermi Age Theory and Elementary Solutions 


a. The Fermi Age Equation. The purpose of the present section is 
to demonstrate the reduction of the combined slowing-down diffusion 
equation (6.5) to the Fermi age relation (which is mathematically iden- 
tical to the standard form of the heat-conduction equation) and to display 
the solutions of this equation for several elementary source distributions. 
The reduced equation will be given in terms of the spatial coordinates of 
the position vector r and the lethargy u. It will be convenient in carrying 
out this derivation to treat simultaneously the analytically equivalent 
problem of the time-dependent one-velocity flux equation which is the 
generalization of the steady-state relations (5.51). The time-dependent 
equation describes the distribution of neutrons in space and time, whereas 
the slowing-down relations give the distribution in space and lethargy. 
‘However, the lethargy and time variables are mathematically similar 
quantities, each being defined for the real, positive range. Furthermore, 
the neutron-balance relations for these two situations are mathematically 
identical. Thus the two problems may be easily treated together. 

The slowing-down diffusion relations which are to be reduced are given 
by (6.5) and (6.6). The corresponding relations for the time-dependent 
one-velocity flux distribution are 


— DV*4(r,t) + Zeb(r,t) = — 2 nie, (6.7) 
o(r,t) = vn(r) (6.8) 
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The neutron-absorption cross section 2, and the diffusion coefficient D 
are defined for the one-velocity v specified by the problem. The function 
n(r,t) is the corresponding neutron density and is expressed in neutrons 
per unit volume. The two differential equations (6.5) and (6.7) may be 
written in terms of a single function by applying the coupling relations 
(6.6) and (6.8). If we omit the source term, the results are 


oe V7q(r,u) aa au q(r,u) = _— - q(r,u) (6.9) 
— DvV?n(r,t) + Zavn(r,t) = = n(r,t) (6.10) 


We eliminate the linear terms in these equations by introducing integrat- 
ing factors in the variables u and ¢, respectively, i.e., by defining two new 
functions Q(r,u) and N(r,t) which are related to q(r,u) and n(r,t) by 


q(r,u) = Q(r,u) exp | - [ aor | (6.11) 
n(r,t) = N(r,t) exp E . La ar | (6.12) 
0 


Note that q(r,u) is the slowing-down density for a system which includes 
absorption represented by the cross section 2, and that the exponential 


uDa(u’) du’ | _ 
exp| [ ED, (w’) a p(u) 
is the resonance-escape probability for the lethargy interval (0,u) accord- 
ing to the previous definition (4.113); thus Q(r,w) must be the slowing- 
down density for this system in the special case that Z.(u) = 0. We 


observe, furthermore, that n(r,t) is the neutron density for a system with 
absorption and 


= : ‘| — g—Zev 
exp [ I, Zav dt’ | em Henk 


is the fraction of neutrons which traverse the path vi without being 
absorbed. If 2, = 0, n(r,t) = M(r,t); thus we identify the function 
N(r,t) as the neutron density for the same system with the absorption 
cross section zero. 

The substitution of (6.11) and (6.12) into (6.9) and (6.10) yields 


Seay VOC u) = = Olen) (6.13) 
DvV?N(r,t) = = Nir) (6.14) 


These equations reduce to the standard form of the heat-conduction equa- 
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tion by changing from the variable u to 7, a function of u, by 


dr _ Du) = 
and from ¢ to the function 7 of ¢ by 
dy _ 
a Dv (6.16)* 


For the transformation u— + we write Q(r,u) — Q(r,r), and for t— 9, 
N(r,t) > N(r,n). (This is a commonly used notational convenience 
which, if misunderstood, can lead to mischief.) The application of these 
transformations to (6.13) and (6.14) gives the relations 


v7Q(r,r) = = Qr,7) (6.17)s 
V2N(r,9) = 5, Ne) (6.18) 


which are in the standard form of the heat-conduction equation. The 
first of these equations (6.17) is called the Fermi age equation; the variable 
r is called the Fermi age and will be discussed in greater detail later in this 
section. Each of the above relations is expressed in terms of the spatial 
coordinates given by r and a timelike variable 7 or 7. The solutions to 
this class of partial differential equations are well known in the case of 
several elementary source distributions. However, in order to provide a 
greater insight into the physical situations involved, we will develop in 
detail the solutions to the slowing-down problem for the cases of the plane 
and line-source distributions. The corresponding solution to the point- 
source problem is easily obtained by the same methods. These methods 
can also be applied to the three elementary solutions to the time-depend- 
ent problem. 

b. Elementary Sources in Infinite Media. Our purpose here is to 
display the solutions to Eqs. (6.17) and (6.18) for the three elementary- 
source distributions, namely, the plane, the line, and the point. In the 
case of the slowing-down problem, we define the physical system by 
specifying the ‘initial condition” that neutrons of lethargy u = 0 are 
released steadily according to some known spatial distribution. These 
high-energy source neutrons subsequently enter a slowing-down process 
and wander through the system until they are absorbed. The problem 
is to determine the spatial distribution of these neutrons for all u > 0; 
that is, we should like to know how the neutrons spread out through the 
medium as they progress from collision to collision, each time losing a 
fraction of their energy. The corresponding space-time problem defined 
by (6.18) gives the distribution of neutrons which first appear in the 
medium from prescribed sources according to some ‘‘initial condition,” 
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beginning at say t= 0. This condition gives the number of neutrons 
released into the medium at that time. The solution to (6.18) which 
satisfies this initial condition describes how these neutrons are distributed 
throughout the medium for all subsequent time. 

The calculation to be performed first is the determination of the slow- 
ing-down density of neutrons that originate from a plane isotropic source. 
We specify that the source emits neutrons of lethargy zero (corresponding 
to some high energy) at the rate go neutrons per unit area per unit time. 
This problem is clearly one-dimensional, and, for convenience, we place 
the source plane at the origin of the z axis. ee at differential 


equation is obtained from (6.17). gut) 
y 4 
a Pe x#0,7r>0 (6.19) 
Ox? d Or : : ; 
—-e<cr<c@ 


The conditions which describe the source are 


(1) go neutrons per unit area per unit time appear at z = 0,7 = 0 
(2) No sources other than those at x = 0 (6.20) 


(3) ff Qer)dr=4 Q(-27)= Qer) 1 > 0 
Note that condition (3) follows immediately from the definition of Q as 


the slowing-down density in the absorber-free medium. The actual 
slowing-down density is obtained from the relations 


q(z,r) = Q(z,r) p(u) with r = r(u) (6.21) 


as given by (6.11) and (6.15). 

The differential equation (6.19) may be reduced to a more elementary 
form by applying a Laplace transform £{ } to the Fermi age variable r. 
We define 


O(z,s) = £{Q(z,7)} = fo” ee Q(z7) ar (6.22) 


where the transform variable s is real and positive. The initial conditions 
(1) and (2) require that for all z # 0 


Q(z, + 0) = lim Q(z,r) = 0 (6.23) 


r>0 


Thus the Laplace transform of (6.19) is 
2 
FO(z,8) — #(z,8) = 0 (6.24) 


which has the general solution 


@(z,s) = A(s) exp (—2x V/s) + B(s) exp (x V's) (6.25) 
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We have left the arbitrary constants A and B as general functions of the 
transform variable s inasmuch as s appears as a parameter in (6.24). 
These constants are evaluated by the application of condition (3), the 
Laplace transform of which is 


I ” (2,8) dx = 2 Q(—z,8) = Q(z,8) (6.26) 
0 8 


The substitution of (6.25) into this integral requires that 
A(s) t exp (—2 V/s) dz + B(s) [ exp (x V/s) dx = 3 


When z is positive, B(s) must be taken identically zero in order that the 


q(x, u) 


O< ug <u, <ug<ug<->>@ 


Fic. 6.2 Slowing-down density for a plane source. 


slowing-down density remain finite (for all positive values of x). With 
this choice the above relation yields the result A(s) = qo/2 Vs, and 
(6.25) may be written 


@(z,8) = go €xXp (—2 v3) 
2s 
The Laplace inversion £—'{@(z,s)} of this transform yields the solution 


to the differential equation (6.19) which satisfies the conditions (6.20). 
For both positive and negative values of z the result is 


xz>0 


z 4 _ goe 7"! ** 
Qe) = £-@(e,8)} = VS (6.27) 
Recalling (6.21), the slowing-down density with absorption is obtained 
from (6.27) and is 


qop(u) ete) 
[4arr(u)}* 


In Fig. 6.2, g(z,u) is plotted as a function of x for several values of u. It 
is helpful to remember that 7 as defined by (6.15) is a monotonically 
increasing function of u. 


q(z,u) = (6.28) * 
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We observe from this figure that q(z,u) has two important features. 
First, we note that for any given value of lethargy the slowing-down 
density is greatest at the source plane zx = Q; and second, the effect of 
the resonance-escape probability p(u) is always to lower the magnitude 
of g(z,u) for given z. It is clear from the figure that the high-energy 
neutrons which have suffered, on the average, only a few collisions are 
concentrated in the vicinity of the source. This effect is in keeping with 
the continuous slowing-down model which allows the neutron a degrada- 
tion of energy that is continuous in time as it wanders through the 
medium.! It is to be expected, then, that the neutrons of lowest energy 


a(x,u) | z>0o 


O 
u 
Fig. 6.3 Slowing-down density at a given space point as a function of lethargy, 


will be found farthest from the source (see, for example, the curve u = wu; 
in Fig. 6.2) and will have distributed themselves more uniformly through- 
out the medium. However, regardless of the neutron energy in question, 
the greatest density of neutrons of any given energy is at the source 
proper. 

Consider also q(z,u) as a function of the lethargy. At some space 
point |z| > 0, the slowing-down density will have the form shown in Fig. 
6.3. The slowing-down density, and therefore also the flux, of high- 
energy neutrons (u near zero) is low because most neutrons which have 
migrated as far as x will have also suffered several scattering collisions 
and thereby had their kinetic energies reduced. The density of low- 
energy neutrons at z is also relatively low because of two factors: (1) neu- 
trons of low energy have diffused far from the source and are spread out 
over such a large volume that their density in any given locality is low, 
and (2) the presence of neutron-absorbing materials causes the continual 
removal of neutrons from the slowing-down stream and progressively 
fewer neutrons are available in the lower-energy regions. 

Let us examine now the analogous problem of the distribution of one- 
velocity neutrons in the space-time system. Consider, then, an isotropic 
plane source of neutrons in an infinite medium. The initial condition is 
that a burst of go neutrons per unit area is released from the source 
(placed for convenience at the origin) at time, say, ¢ = 0. These neu- 
trons have speed v, and they retain this speed for all subsequent time; 


1 Actually, one also expects this to happen in the discontinuous model. 
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that is, no energy loss results from collision. The differential equation 
which describes the distribution of the source neutrons in space and time 
is obtained from (6.18); thus, 


he _ @ n>0 
az3 N(z,n) = a7 N(z,) 


—-o<r<cow ez) 


The conditions which must be satisfied by N(z,n) are 


(1) go neutrons per unit area at 7 = 0, x = 0 
(2) No sources in the medium except atx = 0,7 =O (6.30) 


(3) if N(az,n) dx = 440 oo = N(z,n) 


Again we find it convenient to specify the source strength in terms of a 
function defined for an absorber-free medium, N(x,n). This function is 
related to the actual neutron density through Eq. (6.12), namely, 


n(z,n) = N(z,n)e™™ (6.31) 


where x? = Z,/D and n = x(t) = Dut. The solution to (6.29) which 
satisfies conditions (6.30) can be obtained by the procedure used for the 
lethargy-space problem. The result is easily shown to be 


qoe *2%te— 27/4 Dut 


 (4xDot)? (6.32) * 


n(z,t) = 
The x dependence of this function has a form similar to q(z,u) shown in 
Fig. 6.2. In the present case the curves would be drawn for fixed values 
of time ¢ as a parameter. At small values of t, n(zx,t) would show a 
sharply peaked form much like the shape of q(x,uo). This curve would 
represent the spatial distribution of neutrons soon after their release from 
the source plane at x = 0. As ? increases, the density function n(z,t) 
flattens much like the curves for uw, ue, etc., of Fig. 6.2, indicating that as 
time progresses the neutrons wander farther from the source plane and 
tend to spread more evenly throughout the medium. One can also sketch 
from Eq. (6.32) a density-time function for given x analogous to the curve 
of Fig. 6.3. Such a curve would show how the density at a specified sta- 
tion would vary as the initial neutron burst passes by. In this case the 
interpretation of the curve would be as follows: At short times after the 
burst, the neutrons have not yet had time to reach point x, and therefore 
the density would be low; very long after the burst, the neutron density 
has fallen everywhere because of spreading out and absorption. Thus 
from the viewpoint of an observer at x, a pulse of neutrons passes some- 
time after the initial burst at the source. The time at which the maxi- 
mum neutron density occurs at x is 


wo 


¢ = Dy(3D3.)4 


(6.33) 
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The calculations of the neutron distributions in both the space-lethargy 
and space-time problems for the line- and point-source distributions are 
quite similar and will not be considered here in any detail. However, a 
few of the essential features of these two problems differ markedly from 
the preceding ones, and in order to demonstrate them more clearly, we 
will outline briefly the analysis of the lethargy problem for a line source. 
This system is axially symmetric, and the appropriate differential equa- 
tion is 

ALS Qo) | =FQr) p>0r>0 (6.34) 
where p denotes the radial distance from the line source. The function 
Q(p,7) must satisfy the conditions 


(1) go neutrons per unit time per unit length of source 
line released at p = 0,7 = 0 
(2) No sources other than at p = 0,7 = 0, ie., for (6.35) 
> 0, , +0) = 0 
p Q(p ) Slp.cd=4.S (pis le) 
(3) fi), Q(e,7) dr = qo 


The volume integral specified in (3) is over a cylindrical region of unit 
height and infinite radial extent. Equation (6.34) may be reduced to the 
modified Bessel equation of order zero by the application of the Laplace 
transform on the age variable r. If as before © is the transform of Q, 
then the transform of (6.34) is 


10 


2S |e C0) | - 50(08) = 0 


and has the solution 
O(p,8) = A(s) Io(o V8) + B(s) Kolp V8) 


The coefficients A(s) and B(s) are obtained from condition (3). The 
appropriate relation is found to be 


A(s) [ “Teste BO f Kolo Valo dp = 2 (6.36) 


The first of these integrals is divergent; therefore A(s) = 0. The value 
of the second integral! is 1/s. Thus from (6.36), B(s) = qo/2x, and 


@(p,2) = WKele Vs) 


1 See, for example, G. N. Watson, ‘‘Theory of Bessel Functions,” 2d ed., p. 388, 
Cambridge University Press, London, 1952. 
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The Laplace inversion yields the function Q(p,r) from which we obtain 


qop(u)ePr/ar) 


q(p,u) = mney (6.37) 


It is easily shown that in the case of the point source at r = 0, and of 
strength go neutrons per unit time, the solution is given by | 


gop(u)erar 


q(r,u) = [der (uy]h (6.38) * 


The solution for the corresponding space-time problems may be 
obtained in the same way. These results are, for a line source (go neu- 
trons per unit length at ¢ = 0), 

qoe 2s" e— PA Dot 


n(p,t) = Ie Dot (6.39) 
and for a point source (go neutrons at time ¢ = QO), 
—Zatl{o—r?/ADvt 
n(r,t) = 4 — (6.40) 


(4x Dut)? 


c. Kernel Method and Distributed Sources. It will be convenient to 
summarize here the general expressions for the neutron density and the 
slowing-down density due to point sources. These relations will be useful 
in treating the problems encountered in reactor calculations which have 
more general source distributions. From Eq. (6.38) we obtain, for an 
infinite medium, the slowing-down density, past lethargy u at r, that 
results from a unit point source of neutrons of lethargy wo at fo, (wo < wu), 

_ p(u "Ug elt — tal?/4r(u jo) 


Q(¥,U;To,uo) =  [4er(usuo)t (6.41) 


where the age r(u;uo), in accordance with (6.15), is defined by 


a ' , 
T(U;uo) = [; eae = 7(u;0) — r(uo30) = 7r(u) — r(uo) (6.42) 
In the same way, we generalize the one-velocity time-dependent problem 
by specifying the neutron density at r and ¢ in an infinite medium due to 
the release of one neutron at time ty from the point fo, 


4Dov(t is. to) 
[4x Dv(t — to)]}! 


In terms of the position vectors r and fo, these functions depend only on 
the length |r — ro|, the distance of the field point r from the source 
point ro, which replaces the length r in the right-hand members of Eqs. 
(6.38) and (6.40), i.e., the distance of the field point r from the source 


eis 2 
exp | ~20t — ty) — fa tt | 


n(r,t;¥o,to) ae (6.43) 
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point 0. This simplification arises, of course, from the assumptions of an 
isotropic source and a homogeneous medium. 

The general expressions for the slowing-down density (6.41) and the 
neutron density (6.43) due to a point source may be utilized to derive 
expressions for the corresponding functions in systems with distributed 
sources. Both of these relations represent solutions to linear partial 
differential equations; thus the principle of superposition is applicable to 
situations which involve either. A procedure which may be adopted for 
this purpose will be demonstrated in detail for the lethargy-space problem 
only. The technique presented below is readily applicable to the one- 
velocity time-dependent problems. 

Equation (6.41) gives the slowing-down density at r past u due to a 
point source of unit strength releasing neutrons at ro with lethargy wo. 
We now suppose that S(ro,uo) specifies a neutron source that is dis- 
tributed both in space and in lethargy, that is, the source emits S(ro,u) 
neutrons per unit time per unit volume per unit lethargy at ro with 
lethargy wo. By (6.41), the slowing-down density, at r past u, due to the 
neutrons appearing at fo, Uo 1S 


= S(Fo,to) p(t jo) ea !t —Fel?/4r(u uo) 


q(r,u;Fo,Uo) = (4er(ustua) (6.44) 


for uo <u. However, all neutrons which appear from sources at leth- 
argies less than u can contribute to the slowing-down density past u. The 
total contribution of all these sources is obtained by integrating the 
expression (6.44) over the lethargy range (0,u) and over all space con- 
taining sources. For convenience we select an origin for the lethargy 
scale such that no neutrons appear in the system with u < 0. If S(r0,10) 
were, for example, the fission sources in a reactor, then « = 0 would be so 
selected that the fission spectrum would show negligibly few neutrons of 
energy greater than the energy corresponding to lethargy zero. In 
general notation, the expression for g(r,w) may be written 


q(r,u) = [yaw f, q(r, U:To,Uo) dro 


|r — To| 
S(ro,to) p(u;uo) exp S(ru) pune) exp | — EAT | de, ae dro 
[ dus | a Ue) (6.45) 


nn CnC tT) Le suo) |? 


The application of this result to a specific calculation will be demon- 
strated for the case of a line source of neutrons of lethargy zero. If we 
assume the source strength to be go neutrons per unit time per unit 
length of line, then the final expression for q(r,u) should agree, of course, 
with the result (6.37). The appropriate statement of the source distribu- 
tion for this case is 


S(r,u) = go 4(x) d(y) 6(u) (6.46) 
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where we have selected the z axis as the source line. S(r,u) dx dy dz du 
is the number of neutrons which appear in the volume element dx dy dz 
per unit time and which have lethargies in du about uv. The number of 
neutrons emitted by a unit length of source line is easily computed by 
integrating the expression (6.46) over the appropriate space and lethargy 
range: 


qo iM dz i dy [-. dx fc. 5(x) 5(y) 6(u) du 
= go neutrons/time/length 


Note that the lethargy integration Js formally written for the interval 
(—«,e). In point of fact, the variable u is defined for u > 0; thus we 
have implied that 


ie 6(u) du = [ 6(u) du = 1 


The proposed calculation for the slowing-down density, in an infinite 
medium, due to a uniform line source of zero lethargy neutrons may be 
computed from (6.45), using the source (6.46): 


q(x,y,z,u) 


a . ° 7 1 [* S(tto) 5(%0) 5(yo) plu jwo)e elim) duo 
gat a) i a aia) ames 


where r2 = (x — Zo)? + (y — yo)? + (2 — 20)”. The lethargy integra- 
tion yields 


q(x,y,z,u) = ee [. dZ9 iz dyo a 5(0) 5(yo)e1"/4"™ Axo 


The zo and yo integrations reduce this relation to 


—p1/4r(u) © 


where we have defined p? = x? + y?. The zo integration may be written 
in the form of the error integral, and it is easily shown that the final 
expression for g(r,u) reduces to the expression (6.37). 

d. The Slowing-down Length. We conclude this section with some 
remarks on the physical significance of the Fermi age. The age was pre- 
viously defined by means of the differential equation (6.15). In integral 
form this variable is given by 


Pies _ [{* Dw’) du’ 
7(u;0) = r(u) = i 5, (vy (6.47) * 
An alternate expression which is commonly seen is 
— [* Diu’) du’ 
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The presence of 2, instead of 2, in (6.47) results from the particular 
choice of the relationship between the slowing-down density and the flux 
made in (6.6). It should be remembered that this relationship is justi- 
fiable only in a medium of light absorption, that is, one in which 2, ~ 2, 
[see (4.112) and related discussion]. Thus in most cases in which the 
present theory is expected to be useful, the two choices of r give nearly 
the same result; however, for consistency, the definition (6.47) will be 
used here and in the remainder of this work. 

It is possible to draw some conclusions about the relationship between 
the age and the slowing-down process by inquiring into the average dis- 
tance traveled by a neutron in slowing down. The calculation which 
follows is analogous to the one presented in Sec. 5.5a in connection with 
the average distance traveled by a thermal neutron from the point at 
which it enters the thermal range to the point at which it is absorbed. 
Here the problem is to compute the average distance traveled by a neu- 
tron while it slows through a given lethargy range. Consider an infinite 
medium in which we have a point source of unit strength which emits 
neutrons of zero lethargy. The slowing-down density due to the neu- 
trons released by this source (arbitrarily placed at r = 0) was found to be 


p (u) e7r7/4r(u) 


Sa (6.49) 


Let us compute the average value of the radial distance squared r? at 
which neutrons from this source acquire lethargy u by means of the 
relation 


ru) = ih rf(r;u) dr (6.50) 
where f(r;u) dr = probability that a neutron acquires lethargy u in dr 
about r 


This probability is obtained by taking the ratio of the number of neutrons 
slowing past u in the spherical shell dr to the total number slowing past u 
throughout the entire medium. Thus 


q(r,u)4er? dr 
[, ee q(r,u)4err? dr 


The substitution of this relation along with (6.49) into (6.50) yields the 
result 


f(rju) dr = (6.51) 


4r?(u) = r(u) (6.52)* 


The linear dependence of the average r?(u) on 7r(u) is a general result. 
The constant of proportionality is determined by the source distribution. 
Thus, in general, the square root of the Fermi age is a measure of the 
slowing-down length of a neutron. 
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It is seen from Eq. (6.48) that roughly the square of the scattering 
mean free path appears in the numerator of the integral for the age and 
£ appears in the denominator. This leads us to the gross observation 
that a large age,.and therefore a large slowing-down length, is associated 
with a large scattering mean free path and a large nuclear mass. A large 
scattering mean free path clearly implies long free flights between scatter- 
ing collisions; thus for a given energy loss per collision, a neutron in a 
medium of large \, need travel a greater distance, on the average, to slow 


TaBLE 6.1 AGE oF Fission NEuTRONS IN VaRIOUS MoODERATORS? 


! Estimated age 


Age to indium : nee YO 

Material >. from indium thermal, -- 

ecg ee ntaes | to thermal, cm? em?, . .. 
H,0* 26.7 1 27.7 
D;O° (0.2% H20O) | __........ 109. 

(4.7% HO) | ........ 93 . 

(8.2% H:O) | ........ SS 5 78. 
Be(1.85 g/cm?) 80.+2 17.2 97 .2 
BeO(3.0g/cem’) | ........ are 105 + 10 
C(1.60 g/cm?) 311 +3 53 364 


* See also U.S. Atomic Energy Commission, ‘‘ Reactor Handbook: Physics,”’ p. 485, 
McGraw-Hill Book Company, Inc., New York, 1955. 

6 This figure is reported by T. V. Blosser and D. K. Trubey, ‘An Investigation 
of the Slowing Down of Fission Neutrons in Water,’’ Neutron Physics Division Annual 
Progress Report for Period Ending Sept. 1, 1959, Oak Ridge National Laboratory, 
ORNL-2842, pp. 109-112, Nov. 9, 1959; a summary of the most recent measurements 
is given in U.S. Atomic Energy Commission, Power Reactor Technology, 2 (4), 31-33 

1959). ; 

¢ pee W. Wade, ‘‘Neutron Age in Mixtures of Light and Heavy Water,” E. I. 
du Pont de Nemours & Co., DP-163, June, 1956. ft 

through a given energy interval than it must in a medium with a small j,. 
Consequently, the neutrons slowing down in the former system will tend 
to spread out more than those in the latter, hence, a larger r?(u) and a 
larger age. Likewise, if we fix the scattering cross section, then a neutron 
slowing down in a medium with a large nuclear mass (small £) must make 
many more collisions (travel farther) to slow to a given lethargy than it 
would have to make in a medium of small nuclear mass. Thus any effect 
which tends to lengthen the slowing down process will yield a larger 
Fermi age. : 

These rather elementary conclusions have considerable significance in 
the selection of suitable moderators for a given type of reactor. Presum- 
ing that a moderator is desired (i.e., the chain reaction is dependent on 
the thermal, or low-energy, properties of the fuel), the choice of materials 
may in some instances be limited by over-all size considerations. For 
example, if for some reason a small thermal reactor is desired, it is obvious 
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from the results obtained above that the choice of moderators is limited 
to those materials which have the smaller values of the Fermi age (from 
fission energy to thermal). The intention here, of course, is to slow down 
the fission neutrons in as small a volume as practical; this can be accom- 
plished only if the characteristic dimension of the moderator is much 
larger than the slowing-down length (ie., if ~/r « moderator size). 
Table 6.1 lists the Fermi age (to thermal!) of some materials of interest 
to reactor technology. 


6.3 The Unreflected Reactor in Age Theory 


a. Monoenergetic Fission Neutrons. The general results obtained in 
the two preceding sections may be extended to systems of practical impor- 
tance. In particular, we examine here the application of the combined 
slowing-down and diffusion equations to the analysis of systems which 
include fission sources. We begin the analysis by developing the appro- 
priate relations for a reactor in which the neutrons produced by fission 
appear at some fixed energy Ey > E,,. As in previous calculations, Eo 
may be selected to correspond to some average energy computed from 
the fission spectrum. The techniques used in this calculation will then 
be applied to the analysis of a reactor in which the fission neutrons appear 
according to some spectrum 3(u). It is clear that the first model based 
on the monoenergetic source is a special case of the second if 3(u) is 
defined in terms of the delta function 5(u). However, both calculations 
will be performed in detail so as better to demonstrate the methods used. 

The simple reactor model we propose for these analyses may be defined 
in terms of the following assumptions: 


(1) The reactor is bare, finite, and homogeneous 
(2) The medium is multiplying; neutrons appear only from 
fission sources 
(3) The nuclei of the medium are at rest (6.53) 
(4) The slowing-down process terminates at thermal energy 
(5) Neutrons in the thermal range can be treated as a single 


group 


As mentioned, our first model is based on the assumption of mono- 
energetic fission sources. The use of a monoenergetic spectrum for the 
fission neutrons as a first model seems justified in view of the fact that the 
actual spectrum is a sharply peaked function (see Fig. 4.25). Thus a 
delta function placed in the vicinity of the peak will yield a reasonable 
description of the fission spectrum, especially in regards to its influence 


1 “* Age to thermal’’ usually implies the age of fission neutrons which have slowed to 
thermal energy. 
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on the neutron population at the higher end of the lethargy scale, i.e., 
the thermal group. Practice has shown that this model is entirely ade- 
quate for many bare-reactor calculations. 

The combined slowing-down diffusion equations which will be used 
for the study of the multiplying medium are 


— D(u) V86(r,u) + Eau) (tu) = S(ryu) — 2 a(r,u) 
0O<u < Up (a) 
g(r,u) = &2,(u) (r,u) O<u < un (b) (6.54) 
—DuVou(t) + B2¢u(t) = q(tyua) (0) 


Note that the coupling equation which involves the total cross section has 
been selected. Experience shows that this relation gives satisfactory 
results for the systems of interest here. The last of these equations 
(c) describes the spatial distribution of the neutrons in the thermal range 
by means of the one-velocity model. It is clear that the source term! in 
this equation is indeed the rate at which neutrons slow down into the 
thermal range from above (direct contributions to the thermal group 
from the fission process are negligibly few). For the case of the mono- 
energetic fission neutrons, the source term in the slowing-down relation 
may be written in the following form: 


S(r,u) du = E i a Zy(u’) (r,u’) du’ + vEP oa (t) | 5(u) du (6.55) 


This relation gives the number of neutrons which appear per unit volume 
and time around r with lethargies in du about u. Note that we have 
used the delta function 6(u) to represent the fission spectrum; the origin 
u = 0 may be selected so that it corresponds to the peak of the 3(u) 
curve. The factor in the bracket gives the spatial distribution of fission 
neutrons; the first term of this expression represents the number of neu- 
trons produced by fast fissions, the second term, the number produced by 
thermal fissions. The delta function 6(u) gives the lethargy dependence 
of S(r,u) and states that neutrons which appear from fission enter the 
system only at u = 0. Note that the above description assumes that 
the space and lethargy distributions of the source neutrons are independ- 
ent; thus all fissions in this reactor model have the same energy spectrum, 
regardless of where they occur in the system. 

The distribution of fissions in the reactor as a function of lethargy, at a 
given space point, is given by the function f(r,u), see illustrative sketch, 
Fig. 6.4. Thus f(r,w) du gives the number of fissions, per unit volume and 
time at r, due to neutrons with lethargy in du about u. Evidently, the 
integral of this function over the entire lethargy range gives the total 


1 Cf. Sec. 5.4g, especially Eq. (5.210). 
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number of fissions at r due to neutrons of all lethargies. Note that the 
thermal fissions at r are represented by a “spike” Z'P¢u(r) 6(u — wy) 
at u,,.! Clearly, v times the area under the curve in Fig. 6.4, including 
the “‘area’’ under the ‘‘spike’’ at u,,,, is the bracketed factor ( (6.55). 
The purpose of the present section is to solve the differential equations 
(6.54) for two cases of the source function S(r,u). For the first case we 
use the monoenergetic fission source given by (6.55) and look for the solu- 
tion to (6.54) which satisfies certain boundary conditions. In a system 
of finite extent these conditions are specified on the outer surface of the 
medium. An appropriate set of such conditions was discussed in Sec. 5.1le 


> Oy, (P)8(u—uy,) 


Ej (u(r, u) +EPO,(e) 8(u—uy,) 


ZL (u)o(e, u) 


f(r, u) 


0 Uu 


Fig. 6.4 f(r,u), the density of fissions as a function of lethargy. 


Y u 
Up 


for the one-velocity model, and suitable approximations for reactor 
application were presented in Eqs. (5.72). We will adopt this set for use 
in the combined slowing-down diffusion model. In this application the 
approximate statement of the outer boundary condition in terms of the 
extrapolation length must be satisfied for eve value of the lethargy. 
Thus we require that 

ofju) =O OSuS ty (a) 

oul?) = 0 | (6) 


where ¥ denotes the position vector to the extrapolated boundary of the 
reactor. The extrapolation length, and therefore the value of ?, how- 
ever, is a function of the transport mean free path [see (5.71)] which 
depends on the neutron speed, i.e., lethargy. Thus properly f is a 
lethargy-dependent function. However, we will assume here that the 
extrapolation length is the same for neutrons of all lethargies;? in so 


(6.56) 


1 The delta function 6(u — uz) is unrelated to the 8(u) in Eq. (6.55). 

2 The usual procedure is to select one value which represents well the bulk of the 
neutron population; e.g., in a highly thermal reactor one might use the extrapolation 
length based on the transport cross section of thermal neutrons. 
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doing, we separate the space and energy dependence of our boundary- 
condition statements. It should be recognized that this is a gross 
assumption and can be justified only if the predictions of the resulting 
model agree well with experiment. The motivation in this choice is to 
develop a simple model to describe the reactor physics which retains the 
principal features of the physical phenomena and yet is easily applied. | 

The analytical model we use in this formulation is based on the separa- 
tion of variables. That is, we look for solutions to Eqs. (6.54) which can 
be expressed as products of a space-dependent function and an energy- 
dependent function. This separation of variables can be achieved, how- 
ever, only if the boundary conditions are stated in a similar manner; 
hence, the particular choice made above. The resulting model, although 
simple in form, is very useful for many reactor applications. Serious 
difficulty is encountered in applying it to actual systems only when the 
transport cross section (and therefore the extrapolation length) is a 
highly energy-dependent function. This proves to be the case for hydrog- 
enous media (see Fig. 4.31). Under these circumstances, the selection 
of a single value of the extrapolation length for the entire lethargy range 
of interest may yield large errors in the leakage estimates of neutrons 
whose lethargies differ considerably from the value corresponding to the 
lethargy average f. Even in these cases, however, this approximation 
is often used to facilitate the calculation. 

It is convenient in developing the solution to Eqs. (6.54) to rewrite 
equation (a) in terms of the slowing-down density q(r,u) in place of the 
fast flux ¢(r,w). In the present case of a monoenergetic neutron source, 
the function S(r,z) in Eq. (6.54a) is properly represented by a delta func- 
tion in lethargy. We will not use this formulation here but will instead 
apply the requirements of the source as an initial condition in the variable 
u when developing the general solution for gq(r,u). The appropriate 
statement of (6.54a) is then 


—a(u) V’q(r,u) + B(u) g(r,u) = — o q(r,u) 0O<u<uy, (6.57) 


which applies for all points r inside the reactor. We have used here the 
abbreviations 


Gi eee ED, (u) 


(6.58) 


As indicated above, we look for a solution to (6.57) which can be written 
as the product of a space-dependent and a lethargy-dependent function. 
Further, we will assume that this space-dependent function involved in 
the fast flux describes also the spatial distribution of the thermal flux. 
We will determine later the consequences of this assumption and examine 
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any conditions it may impose on the system. Thus we select the relations 


q(r,u) = F(r) Q(u) (6.59) 
én(r) = F(r)Wa (6.60) 


where the fast flux is given by 


(ru) = FQ) Wu) with yu) = 8 (6.61) 


The substitution of (6.59) into (6.57) yields 


VF (r) = B(u) — (u) © (u) — — pf 
F(r) au) * a(u) Q(u) = eee 


where B? is an arbitrary constant to be determined by other requirements. 
(For example, the constant B has the form B = x/R for a sphere.) 
From this expression we obtain the differential equations Pa 


V-F(r) + BF (r) = 0 r inside the reactor (6.63) 
Q’(u) + [a(u)B? + Bu] Qu) =O ODASus ua (6.64) 


The solutions to the stationary-wave equation (6.63) which satisfy the 
extrapolation boundary condition have been discussed in Chap. 5 in con- 
siderable detail. In this application, we have from (6.56a) 


F(?) y(u) = 0 therefore F(?) = 0 (6.65) 


The functions F and B? are determined by the reactor geometry ; solutions 
of (6.63) subject to (6.65) for the three basic shapes have been summa- 
rized in Table 5.3. 

The solution to Eq. (6.64) is 


Q(u) = Q(0) exp {— f," [a(u’)B* + Bw’) du’} = (6.66) 
from which we immediately identify the exponentials [see (6.47)] 
exp | —B [, * a(w’) du’ | = Bru) (6.67) 
cn [— f° 00) au] = vo) = Femme ree 
Thus (6.66) reduces to J oo 49 ve ya, we 
Q(u) = Q(0) pluje"Br™ (6.69) 


The thermal-flux equation (6.54c) may now be written in terms of 
these results. We have, with the aid of (6.59) and (6.60), 


[—DuV?F(r) + SPF (r)] Yn = F(t) Q(un) 
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If we rearrange and use also (6.69), then 


VF (r) + \- 3 Ze — Q(0)pue~? 

DuWen 
where piu, = p(un) and t, = 7(u.,). However, we have required that 
the thermal flux and the fast flux have the same spatial form; thus F(r) 
from either the fast- or thermal-flux equations [(6.63) and (6.70)] must 
satisfy the same differential equation. This requirement can be met only 
if the coefficient of the F(r) term in (6.70) is identically B?. If this condi- 
tion is imposed, it follows that ¥,, is given by 


=] F(r) = 0 (6.70) 


Q(0) QW) Pine Bru, 


ee ST vn = Sey BD, (6.71) 


All the functions which appear in Eqs. (6.54) are now completely identi- 
fied. These results are summarized below: 


q(r,u) = Q(0) p(uje2*™ F(r) (a) 
_ Q(0) pluje—8*™ F(x) 
— Q(0) pure? *eF(r) 
du(r) = =® + B2Dy (c) 


where F(r) is defined by the relations (6.63) and (6.65). Note that each 
of the results (6.72) involves a constant Q(0) which is necessarily estab- 
lished by the initial conditions in the reactor prior to the steady state 
described by (6.54). 

The volume integral over the reactor of the above functions yields the 
relations 


I. g(t,u) dr = Q(0) p(ueB*™ I. F(x) de (a) 


ul ‘Meade 0 eee I. F(r) dr (b)—Ss«(6.73) 


—B*rap 
J, outa) dr = WOpae” [rod ©) 


The physical interpretation of these quantities is obvious; for example, 
the volume integral of q(r,u) gives the total number of neutrons slowing 
past lethargy u throughout the entire reactor. This number corresponds 
to the function q(u) obtained for an infinite system [cf. Eq. (4.151)]. In 
fact, for the infinite medium B? — 0, and (6.73a) yields the appropriate 
limiting form of the lethargy dependence. It should be noted that in 


each of the above relations the integral I, F(r) dr is some constant which 


must be computed from the known geometry of the system. 
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The critical equation for the bare homogeneous reactor with mono- 
energetic fission neutrons may be developed from the solutions (6.72). 
By the usual definition of criticality, we require that the number of neu- 
trons introduced into the system be equal to the number produced by 
fissions in the subsequent generation. Thus the source function (6.55) 
may be used to establish the criticality condition. The lethargy integral 
of (6.55) yields 


[0° Sa au =v | f E/(u) 66.) du + ZF bn) | 


This expression gives the total number of neutrons of all lethargies intro- 
duced at point r in the reactor per unit volume per unit time; but, this is 
precisely the number slowing past lethargy zero because, by assumption, 
neutrons from fission appear only at lethargy zero. Thus 


g(r,0) = F(r) Q(0) =f) S(z,u) du = »| fo" 3/(u) (uw) du + Eva | FO) 
(6.74) 


where we have used the relations (6.59) and (6.61). This expression may 
be further simplified if we use Q(z) in place of y(u), and the definition 
y(u) = Z,(u)/EZ,(u). The function ¥(u) is related to Q(u) by (6.61) and 
the solution for @(u) is given by (6.69). The substitution of these rela- 
tions into (6.74), along with (6.71) for Yu, yields 3 


“th 4 
= — Br (u) Ss 
l= vy  /. y(u) p(u) e du + Se DB | (6.75) * 


where the common factor F(r) ©(0) has been canceled out. This relation 
is the critical equation for the bare reactor with monoenergetic fission 
neutrons. 

It is, at times, more convenient to write this relation in an alternate 
form which involves the fast effect. In the present problem it is seen 
that the fast effect « is given by 


da fo 2H) eu) du + fy BP du (©) a 


(6.76) 
[,2P 0 @) ar 
where the integrations are to be performed over the volume of the reactor. 
Note that this expression for ¢ is for a finite system and therefore differs 
from the definition developed for the infinite medium in Sec. 4.8b. If we 
use the results (6.72), (6.76) may be written 


h° y(u) p(uje—B¥\™) du + = Dine Bren (zt + D,,B?)- 


a Dine Beh (=e + Du, B?)-) (6.77) 
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Note that this definition of the fast effect differs markedly from the cor- 
responding result (4.298) for the infinite medium. The difference is due 
to the additional factors in (6.77) which involve the size parameter B?. 
This result, however, is entirely consistent with (4.298) since in the limit 
for infinite media B? — 0, and the two expressions become identical. 

If the relation (6.77) is used in (6.75), we obtain 


l= veLy" Dine 2th 
~ «Eth¢l + L?B?) 


where L? = D,,/Z%. We recognize the factor (1 + L?B?)—! as the non- 
leakage probability for the neutrons diffusing in the thermal range [see 
Eq. (5.217)]. The exponential we identify as 


(6.78) 


pee as _ nonleakage probability during slowing 

eu" $6 = down from zero lethargy to ua, 66509) 
This identification will be demonstrated in Sec. 6.3e. If we use the 
notation of (6.79), and call pni the nonleakage probability of the thermal 
neutrons, then (6.78) may be abbreviated as 


J = nefDinGenPnu (6.80)* 


This relation may be given a physical interpretation. If no neutrons of 
lethargy zero are introduced into the reactor, then 

1. NoPugen neutrons reach u = wy (i.e., do not escape from the reactor 
as fast neutrons or are absorbed during slowing down). 

2. Of these nopugu thermal neutrons, nopigupxi are absorbed by vari- 
ous nuclei (i.e., are not lost by leakage as thermal neutrons). 

3. NoPugunPnif neutrons are absorbed in fuel material. 

4. NoPuguPnify neutrons are produced by these absorptions in the fuel; 
thus, these neutrons are due to thermal fissions. 

5. NoPugupnifne neutrons are produced by both fast and thermal 
fissions. 

6. For criticality, the resultant number of neutrons produced by 
these fissions must equal the number introduced into the system; so 
NoPuGiuPnifne = No, and Eq. (6.80) results. 

It is important to note that (6.80) is the condition on the parameters of 
the system for criticality. If the system is not critical, then we use 
instead the relation 


k = nefpuguDnr (6.81) 
where k = 1 at critical [see discussion accompanying Eq. (5.183)]. The 
multiplication k is different from unity if, for example, the reactor dimen- 
sions are too small for a given fuel concentration (i.e., the neutron leakage 


is excessive). Thus, given a fuel, (6.80) defines the reactor dimension for 
criticality through the parameter B which appears in pyi, gin, ande. If 
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both the size and fuel concentration of a given system are specified, (6.81) 
gives the effective multiplication of the system. 

It is of interest here to identify some limiting cases of (6.81): 

1. For the case of an infinite medium, B? — 0 and (6.81) reduces to 


k = nefpm = ke (6.82) 


2. Ignoring the fast leakage is equivalent to saying that fission neutrons 
slow to thermal at the point where they are produced, in which case 
gn = 1 and 


k = nefDinPN (6.83) 


Note that, although this expression assumes no losses by escape during 
slowing down, fast losses by absorption are still possible. 
3. For the one-velocity finite reactor, 


k = nfpnu (6.84) 


In this case fission neutrons are assumed to appear directly at thermal 
energy. Thus losses by absorption or leakage during slowing down are 
not allowed, and therefore we take gun = pun = 1. Clearly, in the one- 
velocity model all fissions are due to thermal neutrons; so « = 1. 

4. Large, highly thermal reactors (e ~ 1) 


k~ KoGunDNu (6.85) 


This relation is a good approximation for such systems because, although 
fissions by fast neutrons may be negligibly few, losses by absorption and 
leakage during slowing down may be appreciable. The infinite-medium 
multiplication k,, is used to represent the factors nefpu since the fast effect 
e for the large, finite medium (6.77) is very nearly equal to that for the 
infinite medium [cf. Eq. (4.298) for B? < 1]. 

5. No fast fissions (€ = 1) 


k = nfpugGuPnr (6.86) 


In this case the solution of Eq. (6.57) for the slowing-down density yields 
a source term for the thermal-diffusion equation (6.54c) which is propor- 
tional to the thermal flux. In general, the source term gq(r,un) is obtained 
from (6.72a). The factor Q(0) F(r) which appears in this result is given 
by (6.74); but, when e = 1 (i.e., no fast fissions) this expression reduces 
to the form F(r) Q(0) = v2 du(r). If we use this relation in (6.72a), 
then (6.54c) may be written 


— Du Vou(t) + Ze ouk) = rZPPagadall) = kaZeguda(r) (6.87) 


It is important to recognize that this result satisfies the requirements of 
the one-velocity model developed in Sec. 5.4g, namely, that the neutrons 
from fission appear in the same space form as the thermal flux. Accord- 
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ing to (6.87) the system acts as though neutrons slowed down at the same 
space point at which the parent fission reaction occurred but with losses 
due to fast leakage and resonance absorption. This is by no means what 
actually occurs, since individual neutrons migrate from the point of birth 
during the slowing-down process; but, in a single-medium system, wherein 
the problem is so defined as to yield a solution by separation of variables, 
neutrons are found to diffuse in the same space mode at all lethargies, 
including their behavior in the thermal range. 

b. The Use of the Fission Spectrum. With the above model as an 
elementary but useful approach to the problem of the homogeneous bare 
reactor, we turn now to the more general systems which include the dis- 
tributed fission spectrum. All the assumptions established for the 
analysis of the monoenergetic fission spectrum model will be extended 
to the present calculation, except, of course, the description of the 
spectrum itself. We denote this distribution by the symbol 3(u); this 
function will be obtained, in practice, from experimental measurements. 
We choose the origin of the lethargy scale such that 3(0) ~ 0; thus, the 
spectrum 3(u) has the form shown in Fig. 4.25, but with the origin u = 0 
shifted far to the left. The peak in this function occurs in the vicinity of 
u~ 2 (if u = O corresponds to E = 10 Mev). Asin the calculations of 
Sec. 4.6c, it will be convenient to normalize the function 3(u) so that 


- 3(u) du = 1 (6.88) 


This function is related to the fission spectrum in energy space z(E) 
through the equation 


i x(u) du = ie 2(E)dE or ___—(3(u) dul = |2(E) dE| (6.89) 
Note that u = 0 corresponds to Eo, and uy, to Eu. 

If we use 3(u) as the distribution for fission neutrons, the source func- 
tion for Eq. (6.54a) takes the form [cf. Eq. (6.55)] 


S(r,u) du = v ty D,(u’) o(r,u’) du’ + Ey du(r) | 3(u) du (6.90) 


The immediate objective of this calculation is to solve Eqs. (6.54) with 
the boundary conditions (6.56) using the source (6.90). The procedure 
is straightforward and follows closely the analysis of Sec. 6.3a. As 
before, we assume that the solutions for the fast and thermal flux can be 
written in the forms of (6.59), (6.60), and (6.61); we will determine the 
consequences of these assumptions later. The substitution of these 
relations into (6.90) yields 


S(rju) = v 3(u) Lf Z,(u’) o(u’) du’ + Eve | F(r) (6.91) 
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Again it will be convenient to normalize this function; that is, we assume 
that one neutron is introduced into the reactor. In order for the chain 
reaction to perpetuate itself, the yield from the resulting fissions must be 
exactly one neutron; therefore, 


[pat f," S@u) du = 1 
= »[ [o" 2Hu) vu) du + Zpva] fF) ar f, 


“" 3(u) du (6.92) 
where i . denotes the volume integral over the reactor. Now, the solu- 


tions F(r) may be taken as a normalized set, 1.e., 
I F(r) dr = 1 (6.93) 


Moreover, the integral of 3(u) is unity by (6.88); therefore, (6.92) may be 
reduced to 


: | i Z,(u) w(u) du + Zu | =1 (6.94) 

We identify this relation as the criticality condition and will consider it in 
greater detail shortly. If we use this result in (6.91), we obtain 

S(t,u) = F(t) 3(u) (6.95) 


The combined slowing-down diffusion equation (6.54a) for a bare 
reactor with the fission spectrum 3(u) may now be written in the notation 
of (6.57) with the source S(r,u) given by (6.95). 


—a(u) Q(u) VF (r) + B(u) Q(u) F(t) = —F(r) Q’(u) + 3(u) F(t) (6.96) 


where we have used (6.59), (6.60), and (6.61). Separation of variables 
yields 
V-F(r) + BF (r) = 0 r inside reactor (6.63) 
Q'(u) + [B’a(u) + B(u)] Q(u) = 34) OSuscu (6.97) 


The solution to Eq. (6.97) is 


ou) : Io G(u’) du’ [f," (u'yelo dw Pare Q(0) | (6.98) 


where G(u) = B’a(u) + B(u). 
The constant Q(0) is determined from the requirement that [see (6.95)]: 
S(r,0) = g(r,0) = F(r) Q(0) (6.99) 
But, by (6.95) and the choice of the lethargy scale, S(r,0) = 0; therefore, 
©(0) = 0. Equation (6.98) may now be written 


Q(u) = fo au’) guzu’) p(uju’) du’ (6.100) 
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where we define 


g(u;u’) = exp a c a(w) dw + B? [ a(w) dw 
=e Blr()—r(")]) (6,101) 


p(u;u’) = exp — [ B(w) dw + [ B(w) aw = ae (6.102) 


Note that g denotes the fast nonleakage probability and p the resonance- 
escape probability in the usual way [see 7 
Eqs. (4.260)]. Clearly, the probability = 
that a neutron will not be absorbed in du 

traversing the lethargy interval (0,u) is 

the product of the probability that it will ss 4(u) 
not be absorbed in the interval (0,u’) and 
the probability that it will not be absorbed 
in (w’,w); thus for u’ < 4, 


p(u;0) = p(u) = plu’) p(u;u’) (6.103) 


from which follows the relation (6.102). 

Equation (6.103) applies since the reso- u 
nance-escape probability for any particular Fic. 6.5 Slowing-down density 
interval is independent of the past history and Design epectsunt: 

of the neutron. The fast nonleakage probabilities are also independent, 
and it follows that 


g(u;0) = g(u) = g(u’) g(ujw’) (6.104) 
Thus we identify the functions (6.101) and (6.102) 


probability that a neutron will not escape 
g(u;u’) = from the system while slowing through lethargy (6.105) 
interval (u’,w) 
_,, _. probability that a neutron will not be captured 
Pi) = while slowing through lethargy interval (u’,w) (6.106) 
Note that with these definitions one can also obtain (6.100) directly by 
physical arguments. Thus to find the slowing-down density past u, we 
compute first the increment dq arising from the neutrons born in du’ 
about wu’ which slow down successfully as far as u without being captured 
or escaping from the system (see Fig. 6.5); 


dq(u;u’) = p(uju’) g(u;u’) 3(u’) du’ 


Then, to obtain the total slowing-down density past u we sum the con- 
tributions from all neutrons born in the range (u’ < u). If we call this 
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number Q(u), integration of dq over the interval (0,u) yields 
Q(u) = fo" datusu’) = fo au’) plusu’) g(usu’) du’ 


in agreement with (6.100). 
The result (6.100) may be used to solve the thermal-flux equation. 
The appropriate relation is [see (6.54c) and (6.59)]. 


— DuV*dult) + Bibu(t) = F(e) f°" au) g(a) p(uaju) du (6.107) 


We have used the slowing-down density q(r,w:) as the source term since 
few neutrons are contributed to the thermal group directly by the fission 
reactions. As in the analysis of Sec. 6.3a, we take the relation (6.60) for 
g@u(r) and determine the condition on y which allows that solution. 
The substitution of (6.60) into (6.107) yields an equation for F(r), which 
when compared to (6.63) shows that 


1 Uth 
Yu = s+ DB? I 3(U) g(Un;u) p(un;u) du (6.108) 


The solutions to the case of the bare homogeneous reactor with a dis- 
tributed fission spectrum may be summarized in terms of the above 
results: 


g(t,u) = F(e) [ * 3(u") g(usu’) p(uju!) du’ (a) 
(eu) = ef aw’) oun) plusu’) de’ (b) (6.109) 


gu(r) = so Doi I ™ y(u) Q(trn ju) p(n ju) du (c) 


The space function F(r) satisfies the differential equation (6.63) and the 
boundary condition F(f) = 0. Note that, except for a constant, the 
above relations reduce to the set (6.72) if we take 3(u) = 8(w). 

We return now to the development of the critical equation which was 
previously recognized as the relation (6.94). This expression may be 
expanded by introducing the solution for ¥(u) from (6.100), using (6.61), 
and yu from (6.108). It is easily shown that the critical equation is 


ess i Gan if (a) gGit) pian 


> 


+ S"(1 + L?B% [seo (Urn ju) D( ten jt) au | (6.110) 


If we introduce the definition of the fast effect ¢ and the thermal utiliza- 
tion f, then this equation may be written in the alternate form: 


1 = nfom. | 


ee 3(u) g(Uenju) p(unju) du (6.111)* 
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c. Reactor Calculations. The results obtained by use of the Fermi age 
model for the flux distributions and the criticality conditions in a bare 
homogeneous reactor may be useful as first estimates in undertaking a 
reactor-design study. It is not to be expected, however, that these 
results will give accurate critical-mass figures for an actual design. Their 
primary usefulness rests with the fact that they do yield, with an economy 
of effort, reasonably dependable numbers. These results will suffice, in 
many cases, to indicate the approximate proportions and other principal 
features of a proposed configuration. More accurate estimates will, of 
course, require more exacting techniques and models, such as the multi- 
group treatments (see Sec. 8.8). 

The criticality relations (6.80) and (6.111) will prove to be useful in 
making quick estimates of fuel concentrations, given a reactor configura- 
tion (or vice versa). For calculations of this sort it is entirely within the 
limitations of the theory to assume that the reactor materials are homo- 
geneously distributed throughout the system, although, in fact, this may 
not be the case. It should be noted that the above-mentioned equations 
are transcendental in the parameter B? through the fast nonleakage prob- 
ability g and the fast effect «, so that a trial-and-error procedure is required 
for solving them. In the situations wherein these relations will be at all 
useful, such as thermal reactors, the fast effect will be very nearly unity; 
thus, in making a first estimate, it may be convenient to take e = 1 and 
then later correct the result when B has been determined from the remain- 
ing factors in the critical equation. 

Better to demonstrate some of the suggestions on the use of the Fermi 
age model, let us consider the problem of determining the critical size and 
minimum fuel mass of a uniform bare reactor. For simplicity, assume 
that the basic constituents fuel, moderator, structure, and coolant have 
all been selected and an estimate of the relative proportions of these 
materials in the reactor is available. Our problem is to find the dimen- 
sions of the reactor with these basic characteristics which has the smallest 
fuel mass. The procedure is straightforward and involves the calculation 
of a number of systems each of different size. 

The critical-mass calculation for any one of these reactors entails a 
trial-and-error procedure. One can either assume a size and compute the 
critical concentration, or vice versa. We will do the latter. The next 
step then is to evaluate the macroscopic cross sections of the reactor 
medium for the entire lethargy range, i.e., Za(u), Z,;(u), D(u), and &, as 
well as the thermal-group cross sections at the operating temperature of 
the system. These data may now be applied directly to the computation 
of the various parameters which appear in the critical equation, i.e., tu, 
Pu, 7, f,and LZ. In the first trial calculation it is convenient to assume a 
value for the fast effect (perhaps e = 1) and check it later. AJl the neces- 
sary data having been collected, B? may be computed from the appropri- 
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ate critical equation by trial and error [see Eqs. (6.80) and (6.111)]. This 
first estimate of B* may be checked by applying it to the calculation of e, 
which can be obtained from Eq. (6.81), for example. If this value of « 
agrees well with the assumed value, the first estimate of B? will be ade- 
quate; if not, the computed value of « may be inserted into the critical 
equation and a second estimate of B? obtained. Asa rule eis very nearly 
unity; consequently, the trial procedure for B? should converge very 
rapidly. 

If this procedure is carried out for several fuel concentrations, a family 
of reactors of various sizes will be 
obtained. A plotof the critical fuel 
mass and reactor size as a function 

Fuel mass of fuel concentration will yield a 
curve of the shape shown in Fig. 
6.6. The symbol N@ denotes the 
fuel concentration required for an 
infinite medium of the constituents 
used in the reactor study. The 
curve to the left of the asymptote 
Fuel concentration ig a mathematical solution to the 
critical-mass equation having no 
physical significance. 

d. Migration Area. The critical 
equation (6.80) takes an especially 
simple form in the case of very large 
reactors. For thesesystems B? <1, 
and the fast effect e, which is relatively insensitive to B?, may be computed 
as though the reactor medium were infinite [i.e., Eq. (6.77) reduces to 
(4.298)]. Thus (6.80) reduces to 


Fia. 6.6 Critical fuel mass and reactor 
size as a function of fuel concentration. 


1 = nfePinGthDni = KoGthDNL (6.112) 


Moreover, if also 74.8? K 1, then gun & (1 + B*ru)~!, and (6.112) may be 
written 


Ie ke 
1 OF Bry + OB) ~ T+ BM (O18 
where Ment D (6.114)* 


and the term in B‘ has been neglected. The quantity M? is called the 
migration area and M the migration length. Thus the factor (1 + B?Af?)—! 
is an estimate of the combined leakage losses from the reactor due to 
escapes which occur during both the slowing-down process and thermal 
diffusion. The number J/, then, is a measure of the combined slowing 
down and diffusion length so that M? is the mean square distance from 
the point of birth as a fast neutron to death in thermal capture. Note, 
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finally, that the migration length can serve as a measure of the size of a 
reactor. - 

e. Fast Nonleakage Probability. The identification of the fast non- 
leakage probability g(u) [see Eqs. (6.67) and (6.105)] is demonstrated by 
means of a simple probability argument. The calculation is carried out 
by using the technique developed in Sec. 4.3b for computing the reso- 
nance-escape probability for hydrogen. As in that calculation, we com- 
pute first the probability of a particular event associated with a single 
lethargy interval Au; and then extend this result to the range (0,u). The 
probability that the neutron will not escape from the system while slowing 
through the interval Au; is denoted as g(u, + Au;;u;); therefore 


g(u; + Au;;u;) = 1 — (probability of escape in Au,) (6.115) 
The probability that the neutron will escape while traversing Aw; is given 
by 


Total leakage of neutrons in Au;from system Au; / J(r,u;) -dS 


Total neutron population i - q(r,u,;) dr 
(6.116) 


where iF and i . indicate integrations over the surface and volume, 
respectively. Now 

J(t,u;) = — D(u) Vo(t,u;) = — D(us) ¥(u;) VF (r) 

q(r,ui) = &2,(u;) o(r,us) = EXe(us) w(us) F(r) 


where we have used Eqs. (6.59) through (6.61). We substitute these 
expressions into (6.116).and apply Gauss’s theorem to obtain 


— D(u,) Au; I, Vo(r,u):dS —D(u) vu) Au Le V-VF(r) dr 
eEi(ui) f o(rui) a eDi(u) vu) f F(e) dr 
The application of (6.63) to the fraction at the right yields B?D(u,;) Au,/ 
€Z,(u;). Thus the probability of nonleakage while the neutron is in Au, is 
B?D(u,) Au; 
£Z.(u;) 
The probability that the neutron will not escape in traversing the interval 


(0,u) is obtained by taking the product of the individual probabilities for 
each Au,;; thus 


g(u; + Au,;u;) = 1 — (6.117) 


au) = ou) = [] fa — BBO Am] (6.118) 
and Ing(u) = ym [ — sed) ~ > BBtu) Sa (6.119) 
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(We have assumed here that the neutrons lost by escape from the system 
are few in comparison to the total population.) In the limit as Au; > 0, 
the summation goes over into an integral, and we obtain 


g(u) = exp | -# [FA] (6.120)« 


6.4 Applications of Fermi Age Theory 


a. Diffusion-length Experiment Using Fast Source. The application 
of the general results developed in the preceding sections of this chapter 
may be demonstrated by means of two elementary calculations which 
have some practical importance. The first of these is the estimation of 
the diffusion length of thermal neutrons in a given material from a 
knowledge of the thermal-flux distribution in a block of this material. A 
simplified treatment of this problem has already been given in Sec. 5.5b; 
however, the calculation presented there was based on the assumption 
that the neutron source was thermal. We now discard this restriction 
and consider the more general situation wherein the source yields mono- 
energetic neutrons of some energy Ey) > Ew. The present calculation is 
of interest, therefore, when ‘‘thermal-neutron columns”’ are not immedi- 
ately available and fast-neutron sources must be employed for the 
experiment. 

The particular problem to be considered is the determination of the 
thermal-flux distribution along the axis of a long parallelepiped (com- 
posed of the material for which the diffusion length is to be measured) 
which has a plane source of monoenergetic (Eo > Eu) neutrons placed at 
one end. As in the thermal-source experiment of Sec. 5.5b, the thermal- 
flux distribution is of interest here because the final expression for this 
function involves the diffusion length of the material. For the region in 
the block that is far from either end, this expression has a simple approxi- 
mation of exponential form which is, in fact, similar to the result (5.246). 
Thus, as in the thermal-source formulation of this problem, the diffusion 
length can be obtained experimentally from flux measurements along the 
axis of the block. 

In general, the application of the Fermi age model to finite systems 
which contain localized neutron sources is a complicated problem. We 
will avoid the mathematical difficulties involved in solving the more 
general situation described above and consider instead a more simple 
geometric configuration. In place of the block, which may be the actual 
geometry used in the experiment, we select an infinite medium (of the 
material in question) which contains a plane source of neutrons of energy 
E,. This particular configuration is proposed because it allows a con- 
siderable simplification in the analysis without distorting the final results, 


Google 


SEC. 6.4] FERMI AGE THEORY 303 


namely, the expression for the axial distribution of thermal neutrons far 
from the plane source. Thus, although this elementary model avoids 
the mathematical complications of the actual geometry, it does yield an 
accurate description of the physics of interest here. 

Consider, then, the problem defined by the following set of assumptions: 
(1) an infinite medium with scattering and absorption cross sections, and 
(2) one which contains a plane isotropic source (qo neutrons per area per 
time) of neutrons of energy E> placed at the originz = 0. The appropri- 
ate set of differential equations for this system is 


— D(u) $5 o(2,u) + Balu) (ee) = — 2 glu) (6.121) 
q(z,u) = §Z.(u) o(z,u) (6.122) 
— Du £5 dul) + Boule) = 4(e,0) (6.123) 


The initial condition and neutron-balance requirements are 


(1) lim Q(z,u) = 0 
ono (6.124) 
(2) f° elz,u) dz = dq 


where we use, as before, q(z,u) = Q(z,u) p(w). The slowing-down features 
of this problem were discussed in Sec. 6.2b. The solution for q(z,u) is 
given in (6.28). This function, evaluated at u = uu, is the source term 
in (6.123): 
—a?/4r 

— Dadi) + Bhdu(e) = BT = Sz) (6.125) 
The general solution to this equation was developed in Sec. 5.2d by use of 
the kernel method [see Eq. (5.97)]. In the present case the source S(z) 
from (6.125) may be substituted directly into (5.97), and the integration 
will yield ¢(z). We note, however, that the system in question involves 
only one space variable z. Thus although the general form (5.97) is 
applicable here, it is by no means necessary, and, in fact, some labor can 


be eliminated by using the one-dimensional kernel relation [see Eq. 
(5.78)], namely, 


du(z) = Si EC S(¢) e-*l2-$1 de (6.126) 


where L? = D,,/=*. For this problem S is given by (6.125), and (6.126) 
takes the form 


pee) en ‘ dt (6.127 
dun (Z) = 2x Din(4arin)! ae exp | — Are, = x|2 _ g| f ( . ) 
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This result may be written in terms of the error function erf (zx), defined by 
erf(x) = | “e-"ds (6.128) 
0 
Thus (6.127) reduces to 


du(z) = a [2 cosh xz + e-* erf(B:) — e* erf(B2)] (6.129) 
th 
where 


z Z 
ae Ure x Vin = tev (6.130) 
Equation (6.129) gives the thermal-flux distribution, in an infinite 
medium, that results from a plane source of neutrons at the origin z = 0. 
The resonance-escape probability and the age which appear in this 
expression are measured from u = 0, which corresponds to the energy Eo. 
As previously indicated, the only interest in this result is in its form for 
large values of the variable z. We expect that the asymptotic solution 
will give the correct form for the thermal flux in the case of the actual 
geometry for regions far from the source. We obtain the asymptotic 
form for (6.129) by introducing the expansion for the error function in the 
case of large x, namely, 


a eee Se ee ee re 
erf(2) = 1 — - wat = + ) (6.131) 


The difference of the two error functions which appear in (6.129) may be 


written in terms of this expansion, thus 


e—** erf(81) — e* erf(82) = —2 sinh xz 
2x Wr exp (—2?/47un — 27a) 


—— Ra a RE at e e e 


Vx (22/4tin — x27) 


The substitution of this expression into (6.129) yields [neglecting terms in 
exp (—2z?/47u)] 


tale) ~ (MP) ew (6.132) 


This result is to be compared to 
diun(z) ~ Ae*soot (6.133) 


which is the solution to the problem of Sec. 5.5d in the case of an infinitely 
long parallelepiped [cf. Eq. (5.246) for the case €— ]. For a one- 
dimensional space, it is clear that [see Eq. (5.248)] 


k300 = x (6.134) 
so that Eqs. (6.132) and (6.133) are identical in form. 
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Thus, diffusion-length measurements, in which a block of the material 
in question is exposed to a fast-neutron source, can be carried out by 
following the procedure used in the case of the thermal source. At large 
distances from the source, the thermal flux varies exponentially, and the 
diffusion length can be obtained from simple foil activation measurements 
along the axis of the specimen. However, as before, these foils should 
not be placed near the ends. At the far end of the specimen (opposite 
the irradiated face), the so-called end effects discussed in Sec. 5.5d are 
encountered. The vicinity of the irradiated face is also to be avoided in 
positioning the foils inasmuch as the thermal flux in this region takes a 
Gaussian-like distribution such as described in Sec. 6.2a (see Fig. 6.2). 
Moreover, if the neutron source is a collimated beam, this distribution 
will tend to peak well within the interior of the specimen, and the simple 
exponential behavior will not appear until much farther inside (see Sec. 
5.7¢ and Fig. 5.31). 

Finally, it should be noted that the result (6.132) is generally valid, 
that is, the thermal flux has the same functional dependence at large dis- 
tances from the source regardless of the energy of the source neutrons. 

b. Method of Images: Infinite Slab with Plane Source. The second 
example that will be considered is the calculation of the slowing-down 
density, in a slab, which results from a plane source of fast neutrons 
placed at the center. This example is included so as to demonstrate a 
technique that can be applied to finite systems which contain localized 
sources such as planes, points, or lines. The method of Laplace trans- 
forms used to obtain the elementary solutions associated with the infinite 
media (Sec. 6.2) is not useful here because of the conditions which must be 
satisfied in the finite geometries, namely, that the flux and slowing-down 
density vanish at the extrapolated boundary and that the initial condition 
(corresponding tor = 0Q) be satisfied at the source plane. In the case of 
the infinite media, the boundary conditions, of course, did not appear, 
and the initial condition was easily satisfied by means of a simple integral 
relation [e.g., (6.20)3]. The basic approach used in these calculations 
can be applied to the finite system as well; however, in applying this 
method to the present case, it is necessary to represent the source by a 
delta function and to expand the results in infinite series of eigenfunctions 
of the transformed (7 — s) differential equation. The solution obtained 
in this way is not available in closed form and must be expressed by 
means of an infinite series. No advantage is to be gained in pursuing 
this course since similar results can be obtained with much less effort by 
the use of other methods. 

We treat the present problem by the method of images. Thus we 
take the infinite-medium solution for the slowing-down density due to a 
plane source and, by ‘constructing a system of ‘‘alternating sources”’ 
outside the slab, reduce the flux at the extrapolated boundaries to zero so 
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as to satisfy the required conditions. The differential equation for the 
slowing-down density is given by (6.19). The solution to this equation 
must satisfy the boundary conditions: 


(1) tim] f* Q(e,r) dz] = go 
(2) Q(z,r) = Q(—2,) (6.135) 
(3) Q(+4,r) = 0 


The last relation follows by virtue of the fact that the slowing-down 
density is proportional to the fast flux through the coupling equation 


Fic. 6.7 Superposition of images. 


(6.6), and, in the usual way, we have required that the flux at all energies 
satisfy the extrapolated boundary condition. The general solution to 
(6.19) is, in the case of an infinite medium, 


 qoe toa 44 
Q(z,7) =  (4ar)h (6.136) 


where Q(z,r) = q(z,r)/p(r), and gives the slowing-down density in an 
infinite medium (with no resonance absorption) due to a plane source of 
r = 0 neutrons at z = 2’. 

The conditions required for the slab geometry may be met by distribut- 
ing an infinite set of source planes of strength +4 to either side of the 
slab, as shown in Fig. 6.7. The effect of these alternating ‘‘positive”’ 
and ‘‘negative’’ sources of neutrons at +24, +44, ... on the flux is 
evident from the figure. Note, for example, how the negative source at 
+24 just cancels the flux at boundary +4 but is inadequate to correct 
for the condition at —d. The major correction at — 4 is provided by the 
negative source at —2d@. The small error in the flux at —d due to the 
source at +24 is now corrected by a positive source at —4d, and so on. 
The slowing-down density at x due to any particular source of r = 0 neu- 
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trons in this alternating system may be written 


__ n —|z—2nG|2/47 
Q.(2,7) = ee n=0,+1,... (6.137) 


The combined effect of this infinite set is obtained by superimposing the 
contributions of all the sources; thus, 


Q(z,7) = », Q.lzr) = Gy : (—1)re-208144" (6,138) 


n= —o n= —o 


In order to demonstrate that this infinite series is indeed the desired solu- 
tion to the problem, we must show that it satisfies the boundary condi- 
tions (6.135). The first condition is seen to be satisfied if we observe that 


lim a| a : :. e— (z— 2nd) 2/47 az | 
— lim ines > en (r—2na) 2/47 az | —_ 0 


lim il es gf en zlar az | = ] 


Condition (2) is satisfied by virtue of the geometric symmetry of the 
image system. We can show that condition (3) can also be satisfied by 
examining the boundary x = @. The slowing-down density Q(4,r) is 


and that 


Q(d,r) = al » (— 1)*el4—-2n8|2/4r 


nea-— © 


_ Jo —G2/4r _. p—G2/4r —(8G)%4r _  . , 
= Gar)i [e e +e ] (6.139) 
Thus it would appear that each term in the series is canceled out by one 
other, and we obtain 


Q(4,7) = 0 
The result (6.138) satisfies the differential equation (6.19) and the condi- 
tions (6.135) and is therefore the solution to the present problem. 
In carrying out a calculation it is convenient to approximate the 
infinite series by taking the predominant terms. A reasonable estimate 
of Q(z,r) is obtained from the expression 


Q(z,7) > 


cs nr) le ist — e-(4t2G)%/4r _ e— (2—24)?/ 47) (6.140) 
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for z >0. Note that the terms in n > 2 have been neglected since 
these terms decrease at least as fast as e~"’/*" as n increases. 


6.6 Reactor Temperature Coefficients 


a. Temperature Changes and Reactor Stability. A problem of con- 
siderable importance to the control of nuclear reactors is the evaluation 
of the temperature coefficient of the reactor system. It is customary to 
define the temperature coefficient as the change in the multiplication 
constant (or reactivity) of the system due to a change in the operating 
temperature of the reactor. Thus the temperature coefficient is a meas- 
ure of the inherent stability of the reactor. For example, if for some 
reason there is an increase in the temperature of the reactor (perhaps due 
to a change in the power demands on the system), then if the temperature 
coefficient is positive, the multiplication constant will increase, which, in 
turn, will cause the rate of energy production to increase and further 
raise the temperature of the system. Such a system would be unstable 
and would require a positive and continuous influence of a control system 
to maintain itself in the steady-state condition. On the other hand, if 
the coefficient is negative, the effect of a temperature rise on the neutron 
population (and therefore on the power production) would be to decrease 
the number of neutrons (and power), so that the temperature would then 
decrease. Thus in these systems temperature ‘‘disturbances” would 
eventually disappear, and the reactor would return to steady state even 
in the absence of external control orders. 

The evaluation of the temperature coefficient for bare homogeneous 
reactors is a relatively easy task and in many instances amenable to 
analytical methods. This is not the case, however, for more complex 
systems such as heterogeneous media and reflected configurations. For 
these systems, numerical methods are more useful, and changes in multi- 
plication constant are obtained by making repeated calculations for k for 
successive small changes in the temperature-dependent parameters of the 
system. Here, attention is confined to the bare homogeneous system, 
and the emphasis is placed on presenting some of the fundamental con- 
cepts involved in the computation of temperature coefficients. The 
material presented in this section is meant to serve only as a demonstra- 
tion of a few of the more important ideas and approaches which can be 
utilized in such calculations. Furthermore, the present methods devel- 
oped for homogeneous systems may be useful, at times, for obtaining a 
preliminary understanding of the temperature response of a particular 
reactor system wherein accurate calculations might be unduly involved 
and not entirely necessary. In any case, the temperature-sensitive 
parameters considered here are of general interest to all reactors. The 
essential difference in approach taken for the treatment. of nonhomogene- 
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ous systems is due primarily to the fundamentally different forms 
in which these parameters may be described for these more complex 
configurations. 

Temperature changes in a reactor can affect the neutron population 
and, therefore, the multiplication constant in two fundamentally different 
ways, namely, by changing the nuclear (or microscopic) properties of the 
materials and by changing the density and size (macroscopic properties) 
of the reactor components. The various properties affected by tempera- 
ture are: (1) nuclear: (a) the neutron slowing-down range, (b) thermal 
group cross sections as influenced by average neutron energy, and (c) 
Doppler effect; (2) physical: (d) density of the reactor materials and 
(e) neutron leakage as influenced by reactor size (and migration area). 

A change in the neutron slowing-down range is effectively a change in 
the thermal base. Thus temperature changes which directly affect the 
distribution of the thermal-neutron group do in fact define a new thermal 
energy (E,,). Changes in E,, in turn affect such quantities as the age and 
the resonance-escape probability which are defined by integrals whose 
limits involve this number. 

Temperature changes may also directly affect the neutron cross sec- 
tions, and this dependence appears in both the thermal-group cross sec- 
tions and in the fast cross sections. The effect on the thermal group 
indicated in (b) above is sensed through the function m [defined by 
(4.200)] which appears in (4.209). For most of the quantities appearing 
in the multiplication constant which are functions of the thermal-group 
cross sections (e.g., f), it will frequently suffice to assume that the cross 
sections are temperature independent (i.e., are not affected by changes in 
neutron speed), as with the o., or to assume a simple 1/v dependence in 
the thermal range, as with the o.. The temperature dependence of such 
cross sections is easily determined and will be demonstrated shortly. 

There is a second temperature effect on cross sections which appears in 
the fast range and is especially important in nuclei which possess pro- 
nounced resonances, such as the nuclear fuels. Even though many of 
these materials retain a nearly 1/v dependence around thermal energy, 
the deviation from a simple 1/v behavior is not negligible; moreover, in 
many instances such materials also possess resonances close to the thermal 
range. These characteristics enter not only into the evaluation of the 
temperature coefficient of the thermal group properties, but also into the 
temperature coefficient of such quantities as the resonance-escape prob- 
ability which involve integrals of cross sections over the fast (resonance) 
range. Properly, the fast cross sections which are used in such functions 
must be computed from an integral relation of the type (4.210) which 
accounts for the thermal motion of the nuclei. The temperature depend- 
ence of the fast cross section appears, of course, through the distribution 
function 2 defined by (4.198) which involves the temperature of the 
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material 7'y. Thus variations in Ty affect It, which in turn affects the 
fast cross-section dependent quantities. This phenomenon is the 
so-called Doppler effect and is discussed in connection with the tempera- 
ture coefficient of the resonance-escape probability. 

The temperature dependence of the material density and reactor size 
are easily defined in the case of bare homogeneous reactors. A change in 
the temperature produces, of course, a change in the various nuclear 
densities which are involved in the macroscopic cross sections. More- 
over, the thermal expansions which accompany increases in temperature 
influence directly the physical size of the system and therefore affect the 
neutron leakage. 

b. The Multiplication Constant. The temperature coefficient of a 
reactor is obtained by computing the temperature derivative of the multi- 
plication constant. In each of the analytical models so far developed for 
homogeneous systems, it was found that the multiplication constant 
could be expressed as a product of several factors. (It will be shown ina 
later chapter that this is also the case for heterogeneous and multi- 
regional reactors.) On the basis of our most advanced model (Fermi age) 
we obtained the expression 


k = nefpuguPnr (6.81) 


The temperature coefficient is computed by taking the temperature 
derivative of this relation; thus, 


ka? oT pn OT ) OT | FOP gn OT Dy aT 


(6.141)* 


This equation gives the fractional change in k due to a unit change in 
temperature T. The total change 6k due to a change in temperature 67 
is clearly 


ak 
$k = (Sr) 6T (6.142) 


where the derivative is obtained from (6.141) and evaluated at the 
original temperature of the system prior to the introduction of the change 
57. In some instances it is more convenient to work with the reactivity w, 
which we define 


yg = -—— and k= (6.143) * 
It follows that in terms of the reactivity the temperature coefficient 


takes the form 
Ow re] l 1 ok 
aT = n(} - i) = OT onah) 


which gives the change in reactivity due to a unit change in temperature. 
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Note that, in the event that the reactor was initially at steady state 
(k = 1), 
dw ok 
aT ~ oT (6.145) 
c. Temperature Coefficient of the Thermal Utilization. The tempera- 
ture coefficient of the thermal utilization for a homogeneous system is 
obtained from the usual relation (3.23); thus we compute 


af a mr 1 az 1 axm 
gn ~ apap e ap | 0-9 | an Sr — ap ar | ou 


where the cross sections 2{F) and 2 refer to the thermal group properties 
of the fuel and nonfuel components, respectively. The temperature 
derivative of these cross sections is obtained from the relation 


gz a 


0a aN 
ap = ap (Ne) = Nan toon (6.147) 


where AN is the nuclear density of the material (nuclei per unit volume) 
and oa refers to the microscopic thermal-group cross section. If we let 
N = 9/13, then, 


— (6.148) 


where 9U is the total number of nuclei of a particular material in the 
reactor and l is a characteristic dimension of the system such that the 
volume of the reactor is the cube of f. It should be noted that ; is the 
usual coefficient of thermal expansion of a material. We denote this 
derivative by a, and observe that it is related to the temperature deriva- 
tive of the density p (mass, or weight, per unit volume) of the material by 
the equation | 
o-1dT 3par (6.149) 
The derivative of the microscopic cross sections o is obtained from the 
definition of the thermal group (4.209) and depends, of course, on a 
detailed knowledge of the energy dependence of ¢ in the vicinity of kT. 
Unless otherwise noted, we will assume in this treatment that (1) all 
absorption cross sections og, vary as 1/v in the thermal range and (2) 
scattering and transport cross sections a, and o,, are energy (temperature) 
independent. In the case of a 1/v dependence, it was shown previously 
that the thermal-group cross section is also 1/v [see (4.234)]; therefore, in 
the case of the ag, 


1 
5. aT aT (6.150) 
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where T is the ‘“‘base’’ temperature and refers to the initial state of the 
system. If we use the results (6.148) through (6.150) in (6.147), we 
obtain 


102. ah Loz, 
= aT = (30 + zt) and Eat > 3a (6.151) 


The application of the first of these relations to (6.146) yields 


7 of 7 3(1 — f)(ao — ar) (6.152) « 


where for convenience we have characterized all the nonfuel components 
by the parameters ag and Io. We find, then, that for a homogeneous 
reactor, wherein we have assumed a 1/v dependence for the absorption 
cross sections, the temperature coefficient of the thermal utilization 
depends only on the coefficient of thermal expansion of the materials 
involved. In a system wherein the bulk of the reactor materials are 
solids, the temperature coefficient of f will be relatively small since the a; 
values for solids are in the order of 10-*/°C. However, in the event that 
an appreciable fraction of the constituents are fluids (for example, the 
moderator may be in liquid form), the f term in (6.141) may be of com- 
parable magnitude with the others. 

d. Temperature Coefficient of the Thermal Nonleakage Probability. 
The temperature derivative of the thermal nonleakage probability is 
obtained from (5.217). It is easily shown that 


2 2 
lo épw n.(z aL? | om) 6.153) 


Pui OT L? 6T ' B? aT 


where pz is the leakage probability of thermal neutrons according to the 
definition (5.220). By the usual relation 
D D phe, D 
L? = z, = I) sr ew fa | — Dx) (1 — f) (6.154) 


It is a good approximation to take D ~ Do, then, 
L? =~ L3(1 — f) (6.155) 


where LZ = Do/Z, the diffusion length for the nonfuel materials. It 
follows from Eq. (6.155) that 


Now, “70 = [3 (6.157) 


Do oT 3 aT 


8Do_ af 1 ]__p7 [1 eNo, 1 do 


ali, : 1 dDo l oe | 
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But, by our assumption that d0,,/9T = 0, and the relation (6.148), we 
have 


1 aDo _ 
Do OT = 3ao0 (6.159) 


We substitute this result, along with (6.151), into (6.157) and obtain, for 
the nonfuel components, 


) 1 
For the complete system 
OL? _ 72 1 __1 of 


The temperature derivative of the buckling B? will involve some char- 
acteristic dimension lz of the reactor. If we define 


2 
B? = (i) (6.162) 
lr 
where % will depend on the geometry of the system, then 
1 9B? 2 Al 
Bt of ~~ I, aT et62) 


The substitution of (6.163) and (6.161) into (6.153) yields 


DOD ip OR ew OT ee cok 
pu. OTP (7. ar +i —yar °% zt) on 
If we use also (6.152), then, 


1 Opwr _ | 2 dle _ ene | eee 
Pu. OT af aT 3a0(2 — f) — 3far st | (6.165) * 


e. Temperature Coefficient of Fast Nonleakage Probability. We 
compute the temperature coefficient of the fast nonleakage probability to 
thermal g,, from the expression (6.79). Thus 


109m _ _ pe (1 erm , 1 AB? 
Jin oT - ee Tth oT B? oT 


As before, the B? term is obtained from the relation (6.163). The tu, 
term we compute from Eq. (6.47). This implies that the Fermi age 
model is applicable to the system in question and therefore all the require- 
ments for the validity of this model are satisfied. Of immediate concern 
to the present calculation is the condition that Z,(u) K Z,(u). Thus, if 
the integral expression for the age 


. - |” D(u) du 
ee Jo EDU) 


(6.166) 
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is to yield a good estimate of the slowing-down length for fast neutrons, it 
is necessary that the concentration of the highly absorbing materials 
(fuels) in the reactor be low. In these instances, 2, ~ 2,., and we may 
use the form (6.48) for the age 7,,. This will be the case in many situa- 
tions of practical importance. The temperature derivative of 74, may 
then be written 


dra a iN D(u) du _ D(a) dw f | D(u) a (6.167) 
0 


oT =oT EZ,(u) §2,(uu) aT aT | §,(u) 


We apply again the assumption that co, and o,, are temperature independ- 
ent; thus with the aid of Eqs. (6.151) and (6.159), (6.167) reduces to the 
form 


ae = 7 + Gaore, (6.168) 
with a, defined by (6.58). Note that this estimate for the temperature 
derivative of 7, is based on the assumption that the essential effect of 
variations in temperature is to modify the density of the reactor materials. 
We observed above that this is true only if the fuel concentration is low. 
Otherwise, the relation (6.48) for 7, will not apply, nor for that matter 
(6.79) for the fast nonleakage probability. 

The temperature derivative of g,, is obtained by substituting the results 
(6.163) and (6.168) into (6.166). 


(6.169) 


Qh 2 Ole 
Tr 


— “— = 2 See ee oe ee 
Bera ( . 6do TT aT 


f. Temperature Coefficient of ». A first estimate of the temperature 
coefficient of 7 may be obtained from the temperature dependence of the 
fission and radiative-capture cross sections of the fuel. Thus, in the 
analysis which follows, we neglect entirely the temperature effects on the 
neutron yield per fission ». 

When working with the thermal-neutron population, the proper defini- 
tion of n is given in terms of the thermal-group cross sections, and not in 
terms directly of the measured values as presented in cross-section curves. 
It is clear then that the present calculation will involve the various ¢ 
factors derived previously in Sec. 4.7g. 

The quantity 7 is defined by the relation 


g= f= (3.21) 


where for this calculation it is understood that the indicated cross sections 
refer to the thermai-group properties of the fissionable material. These 
are related to the measured cross sections through Eq. (4.247). Note 
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that for purposes of clarity and for consistency with the preceding 
analyses we have omitted the superscript ‘‘th”’ in the thermal-group 
cross-section symbol. In order to differentiate these cross sections from 
the measured values, we denote the latter by o’. The prime notation 
will be extended also to all other quantities referred directly to measured 
data. Thus 


a= — and q! = “1 
Of OF 
These quantities are related by 
_ fy(T) aN, 
a(T) = a'(T) aE). * (T) ¢.(T) (6.170) 
Another useful relation is 
1+ a(T) = (1 + a(T)J614.(T) (6.171) 
Note that 
_ 1+ a’ Fa 
Fite = l + a’ (6.172) 


This factor has been computed by J. A. Harvey! for the standard fuels, 
and some values are given in Table 6.2, along with 1 + a’, as a function 
of neutron temperature T'. 


TaBLe 6.2) Tue Quantity 1 + a’ AND Its ¢ FACTOR FOR THE STANDARD FUELS 


Temperature 


1 J. A. Harvey and J. E. Sanders, Progr. in Nuclear Energy, 1, 1 (1956), and unpub- 
lished work. 
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The substitution of the form (6.171) into (3.21) yields for the temper- 
ature coefficient of 7: 
1 on 1 7) 


+ OW7 CF ’ _ 1 OF i+, 
sp ~pypwap ite) —-—-“& (6.173) 


In this formulation we have tacitly assumed that variations in the tem- 
perature of the reactor are sensed immediately in the average temperature 
T,, of the thermal-neutron population. (Note also that we have omitted 
the subscript 7 on T,.) This is a reasonable assumption in the case of a 
homogeneous system. In these systems all material components of the 
reactor core are intimately mixed, and a change in the temperature of 
one implies an equal change in the temperature of all. The neutron 
temperature 7',, being directly related to the moderator temperature 
Tw [see Eq. (4.211)], will likewise experience the same variation. This is 
not the case, however, in heterogeneous systems. Here, variations in the 
temperature of one component will not in general be immediately sensed 
in all the other components. This looser thermal coupling is especially 
significant in the case of the fuel and moderator components; it is due 
principally to the physical separation of the two as well as to the relatively 
larger mass (i.e., heat capacity) of the moderator. Thus a change in fuel 
temperature does not appear instantly as a change in the neutron temper- 
ature (the neutron temperature in a heterogeneous reactor is also governed 
by the moderator temperature). An important consequence, inciden- 
tally, of this physical separation of fuel and moderator is the greater 
temperature sensitivity of the resonance-escape probability. 

The result (6.173) may be generally applied for numerical computation. 
However, no attempt will be made here to obtain a numerical estimate of 
the temperature coefficient inasmuch as a detailed knowledge of the func- 
tion fi4.(7') and its derivative is required. 

g. Temperature Coefficient of the Resonance-escape Probability. 
The treatment which follows is intended only to give an idea of some of 
the factors which enter into the calculation of the temperature coefficient 
of the resonance-escape probability. There are three such factors: 
(1) the usual effect of temperature on the physical density of the materials 
involved, (2) the effect of temperature on the 1/v portion of the absorption 
cross sections, and (3) the effect of temperature on the resonance regions 
of the cross sections. The first two factors are easily accounted for and 
can be handled by the methods already developed. The third factor, 
which is the Doppler effect,! is perhaps the most interesting consideration 
in any calculation of the resonance-escape probability. Unfortunately, 
its evaluation involves more advanced concepts of nuclear physics than 


1The importance of Doppler broadening of resonance lines in the calculation of 
resonance neutron absorption was first pointed out by J. A. Wheeler. 
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have been considered so far; thus, the present analysis is limited to some 
brief remarks about the nature of this effect, and the reader is referred to 
other sources for more detailed studies.!_ However, for several situations 
of practical importance to reactor technology, the Doppler effect is a 
secondary factor in its influence on the temperature coefficient of a reac- 
tor. These situations will be discussed shortly; the formulation which 
follows is best applied to such systems. 

An estimate of the temperature coefficient of the resonance-escape 
probability for a homogeneous system of low fuel concentration may be 
obtained from the general relation (4.113). For the present calculation 
we write this expression in the form 


_ _ [°° Z.(E) dE 
Dun = exp iz #S(B)E (6.174) 
If we separate the cross sections into the fuel and nonfuel components by 
means of the usual notation, then the integral in (6.174), which we denote 
I, may be written 
I ack, as [N ro (E) ai Noo?(E)] dE/E (6 175) 
Bw EN ro (BE) + Noo (EB) + Nerof?(E) + Noo (E)] * 
Let us also separate the scattering cross section for the fuel o{” into its 
two parts, the potential scattering o(” and the resonance scattering o‘"); 
thus? 


oP) zz oP) + ol) (6.176) 
In this formulation, the o denotes the usual energy-independent portion 
of the scattering cross section and the o‘F the resonance structure. We 
will assume that the scattering cross section 0 for the nonfuel materials 


has no resonances and can be well represented by an energy-independent 
function. Let us define, then, the cross section 


gp = OP + AG g() (6.177) 
F 
The substitution of this relation into (6.175) yields 


_ 1 f* (oP + Noo /N rl dE/E 


fe Jt = Lol + ol? + Nool/Nol 
Eth Tp 


(6.178) 


1 See, e.g., H. Feshbach, G. Goertzel, and H. Yamaguchi, Nuclear Sci. and Eng., 
1 (1), 4-20 (March, 1956); see also Secs. 10.3g and 10.3h, especially Table 10.4 and 
Fig. 10.17. 

2 See, for example, J. M. Blatt and V. F. Weisskopf, ‘‘Theoretical Nuclear Physics,’’ 
pp. 398-411, John Wiley & Sons, Inc., New York, 1952; and D. J. Hughes, ‘‘Pile 
Neutron Research,’’ pp. 258-266, Addison-Wesley Publishing Company, Reading, 
Mass., 1953. 
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where we have assigned £ some average value by the method outlined in 
Sec. 4.5c. The above expression is a general form which may be utilized 
for estimating the resonance integral I, and we will consider such calcula- 
tions later in conjunction with the analysis of heterogeneous reactors. 
For the present our interest in this result is focused on estimates of the 
temperature coefficient of the integral proper. In this calculation it will 
suffice to examine an approximate form for the integral based on the 


or) 


O E, E 
sah cs Resonance structure ————>- 


Fic. 6.8 Absorption cross section of a nuclear fuel. 


assumption that the nonfuel terms involving the o are small in com- 
parison with the fuel terms. Thus, 


~ tl f° P(E) dE/E 
ms E L + ~ [oi (E) + of? (E)] 


th 


(6.179) 


It should be recognized that the cross sections which appear in this rela- 
tion are the so-called effective cross sections which take into account the 
thermal motion of the nuclei. We observed in Sec. 4.7c that only in the 
case of very-high-energy neutrons could one assume that the relative 
speed (or energy) between neutron and nucleus was well approximated 
by the absolute speed of the neutron in the laboratory system of coordi- 
nates. At the lower end of the energy scale, the thermal motion of the 
nuclei must be taken into account, and a suitable formula was given in 
Eq. (4.210) for computing the appropriate reaction rates. In the present 
case we require the expression for the absorption cross section: 


voFi(y) = ie o2(\v — Vi)|\v — VIMt(V;Tw) dV (6.180) 


where for convenience we have retained the notation in terms of the 
neutron speed v. The cross section o% in the integrand takes various 
forms, depending on the value of v which is involved. For convenience 
we separate the integral of (6.179) into two parts, the first extending 
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from E,, to E, (some energy just below the first resonance) and a second 
which begins at E, and extends over the entire resonance range (see 
Fig. 6.8). The energy F; is so selected that in the interval (£,,,#1) the 
cross section o‘)(v) has approximately a 1/v form.! In the resonance 
range, o{")(v) may be regarded as the sum total of contributions from 
various resonances. We define then 


: o?\(E) dE/E 


1+ [oSP(E) + of (E)] 
Pp 


Eth 


E, 
_ (co/v) dE /E 2 
where J; = he. (6.182) 
Eth 
Pe _ 20 : — 22) dE/E ay . oP)(E) ae (6.183) 
= (oH) + of (E)] 
E, E\ 


We have assumed that there are no scattering resonances (i.e., o{?) = 0) 
in the interval (£.,,/;), and in the interval (£1, ©) the 1/c, ee is much 
less than unity (i.e., the fuel concentration is very dilute). The co 
denotes a constant. The cross section which appears in the integral 9; 
is obtained from the reaction-rate relation (6.180) by summing the con- 
tributions from each resonance, using for the c? the appropriate single- 
level Breit-Wigner formula.? 

Our present interest is not in the accurate evaluation of the resonance 
integral J but only in obtaining an estimate of its temperature derivative. 
If we use the form (6.181), we can write the temperature coefficient of 
Ptr &s 


1 Op, 6] I a 
oro - le (61 +82) | =- — or ae a ($1 + 52) (6.184) 


It follows from our definition of o, [see Eq. (6.177)] and the temperature 
derivatives of the nuclear density N [see (6.148) and (6.149)] that 


Ia 32) 
aT = Syy (Go ~ ar) In Da (6.185) 


The temperature derivative of 9: we compute from (6.182). By changing 


variables in (6.182) we have 
_ vm dv _ Co \ Co 
9G; = 2Co [ v(v + Co/a,) wa Co/0>) = 20 p In ( ;‘.) In (1 + 1) 
(6.186) 


1 See Eq. (4.234) which demonstrates that, if ¢° ~ 1/v, then so also iso" (v) ~ 1/v. 
2 Blatt and Weisskopf, op. cit., pp. 391-394. 
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For convenience we let », > © [i.e., we ignore the second term in (6.186) 
as small compared with the first], then 

(F) 


I, ~~ 20, In E + oH ~~ 2of (vn) (6.187) 
P 


0 


wherein we have used the definition co/v,, = o/’(vy,) and assumed that 


Moderator temperature T', 
O rea (E) 


T,>T; 


E;, resonance energy 


(Neutron cross section in vicinity of resonance) 
Fia. 6.9 Doppler broadening of resonance. 


oP) (v.,)/op K 1 (a dilute system). Now o‘¥)(v,,) represents the thermal- 
group cross section for a 1/v dependence; therefore by (4.245), 


; 
$§, = 2\P(kT,) (Fr) (6.188) 
and the temperature derivative of 9; is 
a5, _ _ al (kT,) (xT)! 
aT T 4T aR?) 


The temperature derivative of the integral 92 is obtained from (6.183). 
It has been shown that for many situations of practical interest, in 
particular for systems wherein the fuel concentration is very low [¢, > © 
in Eq. (6.177)], 52 is relatively insensitive to temperature variations.! 
Thus, although a change in the temperature of the medium causes changes 
in the cross section as given in (6.180) through a change in the distribution 
of the nuclei represented by I2(V,T), these changes are such as to pre- 
serve the area under the individual resonances (see Fig. 6.9). This 
phenomenon is called Doppler broadening. The over-all effect on the 
resonance integral is small and will be neglected in the present calculation 
of the temperature coefficient. The principal contribution to the tem- 
perature coefficient of p,, is derived, then, through the 1/v portion of 
oF"), Thus we set 092/dT = 0, and by substituting (6.189) and (6.185) 


1See, for example, L. Dresner, CF55-12-147, Oak Ridge National Laboratory. 
Feb. 2, 1956; and Nuclear Sci. and Eng., 1 (1), 68-79 (March, 1956). 
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into (6.184) obtain 


1 Opn 32 (kT T,\* 
J oP = SEO (ao — ar) In pu + Ere) (The) (6.100) 


which reveals that the temperature coefficient of the resonance-escape 
probability for a dilute homogeneous system is positive in so far as its 
dependence on the fuel cross section is concerned. 


6.6 Application to a Heavy-water-moderated Reactor 


a. The Argonne Research Reactor: CP-5. We demonstrate the 
application of the Fermi age model by calculating the critical mass and 
temperature coefficient for the Argonne National Laboratory research 
reactor, the CP-5. This reactor has a large heavy-water-moderated core 
and nearly all the fissions which occur are due to thermal neutrons. It 
is to be expected, then, that the Fermi age model will yield a good descrip- 
tion of the essential features of its neutron physics. 

A detailed report on the CP-5 reactor is given in the Atomic Energy 
Commission document! ‘‘ Research Reactors’’; a few of its principal char- 
acteristics are summarized here. The reactor core proper is an upright 
cylinder of D.O 2 ft high and 2 ft in diameter in which are immersed 
MTR-type aluminum fuel elements (see Fig. 5.28). The sides and 
bottom of the core are reflected by 2 ft of D.O, and this region in turn is 
surrounded by 2 ft of graphite. The top of the core is reflected by 24 ft 
of D.O alone. The fuel elements, of which there are 16, consist of box- 
like arrays of fuel plates fabricated of a uranium-aluminum alloy, com- 
posed of 17.5 per cent aluminum and 82.5 per cent uranium. For com- 
putational purposes we will assume that the volume fraction of aluminum 
in the core is v4; = 0.0688 and that of D20, vp. = 0.914. The reactor 
was designed to produce 1,000 kw of heat, and at this power level the 
temperature of the D,.O is 49°C. 

b. Critical-mass Calculation. Our immediate purpose is to compute 
the mass of U?*5 required to make this reactor critical in the hot-clean 
condition and to determine the average thermal flux in the core during 
full-power operation. 

If the core of this reactor were entirely bare, we could use Eq. (6.80) 
directly to determine the critical fuel concentration. Since the present 
configuration is completely reflected, we require a modified relation which 
will take into account the effect of the reflector. We observed in Chap. 1 
that the purpose of the reflector is to decrease the neutron escapes from 
the core and thereby reduce the critical fuel concentration of the system. 
Clearly, if we were to ignore the reflector altogether, our estimate of the 


1 McGraw-Hill Book Company, Inc., New York, 1955. 
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critical fuel concentration could be much too large. We should like to 
attempt a somewhat more realistic calculation. The scheme by which 
we propose to make such an estimate involves the idea of an equivalent 
bare reactor. Thus we will look for a bare cylindrical reactor which can 
be made critical with the same fuel concentration as the actual reflected 
reactor. It is understood that this equivalent bare system will have the 
same internal configuration of fuel elements and distribution of nonfuel 
materials as the reflected system. If there were some way to estimate the 
size of the bare system, then Eqs. (5.204) and (6.80) could be used to 
compute the critical concentration. A suitable procedure, called the 
reflector-savings method, is developed for this purpose in the general 
theory of multiregion reactors (Chap. 8). This method allows one to 
estimate the increase in the various dimensions of a bare multiplying 
medium, over that of a specified reflected configuration, which would be 
required if both systems were to be critical with the same fuel concentra- 
tion. 

In the present calculation we estimate the proportions of the equivalent 
bare cylinder by utilizing reflector savings data obtained from more 
advanced reactor physics models than yet considered in this work.! 
These data, which were computed by H. Garabedian and are based on the 
two-group theory, indicate that the reflector savings for a D.O reflector 
62 cm thick is about 23cm. In the CP-5 reactor the 62 cm of D.20 on the 
sides and bottom of the core is supported by an additional 62 cm of graph- 
ite. This thickness of graphite reflector, if used alone, would correspond 
to a savings? of about 50 cm. We will attempt to account for the com- 
bined effect of this two-region reflector configuration by selecting an 
intermediate value of 30 cm for the reflector savings. That is, we are 
estimating that the presence of the D.O-C reflectors at the sides and 
bottom of the core is equivalent to 30 cm of core material in each of those 
directions. The reflector-savings estimate for the top of the core is 24 cm; 
this corresponds to a reflector of infinite thickness, according to Garabe- 
dian’s calculations. The equivalent bare cylinder obtained from these 
estimates is therefore 60 cm in radius and 115 cm high. Thus we assert 
that a bare cylinder of this size composed of the same core materials 
would be critical with the same U2** concentration as that required to 
make the CP-5 critical. 

On the basis of the selected bare-core configuration, we estimate the 


buckling to be 
2 2 
B? = (is) at: (i) = 0.002353 cm-? 


1 “Reactor Handbook: Physics,” p. 494. 
*Ibid., p. 484. 
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For the proposed calculations we will also use the following data: 
n = 2.08 Tn = 130 cm?*f Pn =e= 18 


The fast nonleakage probability g,, based on these data may be computed 
from Eq. (6.79); it is found to be g,, = 0.7364. 

We compute next the macroscopic cross sections of the core con- 
stituents. These calculations are based on the microscopic cross-section 
data of Table 2.2. In the usual way we estimate first the effective 
neutron temperature from Eq. (4.211). It can be shown that this 
temperature is 330°K. We use this figure to compute the macroscopic 
absorption cross sections for the D,O and the aluminum based on the 
assumption of a 1/v dependence for a... We obtain from Eqs. (2.54) and 
(4.245) 


zi = 0.00002311 cm— and DA) = 0.0009531 cm—! 


The density of D20 at 49°C has been taken as 1.08 g/cm?. 

The absorption cross section of U?** required to support this system is 
computed from (6.80), which, for the present purpose, is conveniently 
written in the form 


DB? + 2) 


YP) — 
, NEPinGen — 1 


(6.191) 
The 2 refers to the nonfuel components D,O and aluminum and has the 
value 0.0009762 cm—!. Because of this relatively low nonfuel neutron 
absorption cross section in the core, it is to be expected that the critical 
fuel concentration will be low. As a first approximation we take the 
diffusion coefficient in (6.191) to be that of pure D.O at 49°C. If we 
assume that the microscopic transport cross section of D.O is independent 
of temperature around thermal energy, then the only effect on 2,, will 
be through changes in the density of the material. In that case we may 
use the relation (see Table 5.1) 


D(20°C) p(20°C) 


D(A9°C) = ate 


= 0.890 cm (6.192) 
It follows that 2° = 0.005775 cm—!. The thermal-group absorption 
cross section for U?** at 330°K is of) = 561.4 barns. For a core volume 
of 179,000 cm?, this yields a U2*5 critical mass of 


2 Aue Ar V as 
Gol"? 


My = = 718.3 ¢ 


{ Taken from ‘‘Reactor Handbook: Physics,’ p. 770, and corrected for reduced 
DO density at 49°C (see “Reactor Handbook: Engineering,’ p. 30, for D2O0 density 
versus temperature). 

§ Taken from ‘‘ Reactor Handbook: Physics,” p. 770. 
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Provided that our guess for the reflector savings is reasonably close, and 
that the U2** is available in the nearly pure form, the above mass estimate 
should be a reliable figure for the U2*5 required to make the CP-5 critical 
at the full power condition before the reactor becomes contaminated with 
fission-product fragments and various other poisons. In order to deter- 
mine the fuel loading for the contaminated condition, we would require a 
knowledge of the fission-product buildup during a fuel cycle. Suitable 
methods for computing these concentrations are developed in Sec. 9.6. 
In the absence of such information we will estimate the critical loading for 
the hot dirty condition from the published value of 1.15 kg for the critical 
mass. The corresponding value of the fission cross section is 


—~yn(7) (115) _ -1 
Zr = DS (=), (sis) 0.007681 cm 


This result may be used to compute the average thermal flux ¢ in the 
CP-5 when fully contaminated and at a full power. If P is the reactor 
power and é€ the energy per fission, then 


ee P| 106 
~ 8L5Vere (3.17 & 10—!) (0.007681) (179,000) 
= 2.29 X 10! neutrons/cm?/sec 


The project data in the “ Reactor Handbook”’ gives 2.3 X 10!* neutrons/ 
cm?/sec for the average flux. 

c. Estimate of Temperature Coefficient. The role of the temperature 
coefficient in determining the stability of a reactor was discussed in 
Sec. 6.5a, and some formulas for estimating the value of this coefficient 
for the various factors which appear in the multiplication constant were 
developed in subsequent sections. It should be recognized that, in 
calculating the temperature response of these quantities, the coefficients 
per se are temperature-dependent functions and may vary in both magni- 
tude and algebraic sign over the entire operating range of the reactor. 
Thus a complete study of the temperature coefficient for a given system 
must necessarily consider all possible operational conditions to which the 
reactor may be subjected. A particular situation which is always of 
interest in the design of a new system is the initial startup condition; this 
situation may also be encountered during later stages in the life of the 
reactor, although under somewhat modified circumstances, whenever the 
reactor is started up following a prolonged period of shutdown. In each 
of these situations the reactor is brought to criticality from a cold con- 
dition. When steady state is achieved at some specified power (flux) 
level, the temperature stabilizes at some higher steady value. During 
this entire operation the temperature coefficient, as well as the tempera- 
ture, 18 varying in time. Some indication of the thermal sensitivity of 
the reactor system can be obtained from an estimate of its temperature 
coefficient. 
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We demonstrate the calculation of a temperature coefficient by con- 
sidering the initial startup condition of the CP-5 and show how this 
coefficient may be used to predict the excess reactivity (or multiplication) 
of the reactor at room temperature. Specifically, we compute the 
temperature coefficient of the hot clean reactor from the temperature 
derivatives of its thermal utilization, fast nonleakage probability, thermal 
nonleakage probability, and resonance-escape probability. The change 
in k for a given change 5T in temperature is then easily computed from 
the relation (6.142). 

The data required for this calculation have already been obtained in 
main part in the preceding study of the CP-5. In addition to these, we 
will need the coefficients of thermal expansion for the various constituents 
of the core. These are 


Qa; = 2.38 x 10-°/°C 
ar = 1.94 & 10-5/°C (for a 30.5% U-AI alloy) 


The linear coefficient for D2O we obtain from the relation! (6.149). Its 
value is 


ee 670 
Qn0 = — 3057 = 9.876 X 10-§/°C 
For the calculation which follows we will assume that the reactor 
parameters listed below are independent of temperature and have the 


indicated values: 


B? = 0.002353 ecm-? tT, = 130 em? 
Jen = 0.7364 Per = — 1 


For convenience in reference we list also the following results from the 
calculations for the CP-5 in Sec. 6.6b: 


2. = 0.006751 cm™ L? = 131.8 em? Pui = 0.7633 
pr = 0.2367 f = 0.8554 k=1 


These data apply to the critical reactor at 49°C. 
We compute first the temperature coefficient of the thermal utilization. 
By (6.152), 


1 af 

f oT 

The temperature coefficient of the fast nonleakage probability is 
obtained from (6.169), which requires an estimate of a,. Now 


= Vw 
27 


= 3(1 — f)(ao — ar) ~ 3(1 — Sf) (ano — ar) = 3.443 & 10-5/°C 


eh 


1 This value is based on the data given in the ‘Reactor Handbook: Engineering,” 
p. 30. 
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For D,, we use 0.890 cm, and the denominator we compute from the 
relation 


ED, = ErZh) + Eno ZfP2 + Eq Qala? —~ Eno B{P2 


The value for £p,o we take as 0.527 (see Fig. 4.7) and for 20, 0.4252 em—!; 
these yield a,, = 3.974. Then, by (6.169), 


th 


If we assume that the reactor does not change size with temperature (i.e., 
the physical dimensions of the core tank do not change with temperature), 
then 


— =) = —14.95 & 10-°/°C 


The temperature coefficient of the thermal nonleakage probability is 
computed next. The appropriate relation is given in (6.165) 


1 ODNL = Z OlR = 7 a = 1 
Pu. OT = PL E aT 3ao(2 — f) — 3far a | 


If again we assume that the reactor-core dimensions are temperature 
independent, the first derivative is zero, and the remaining terms yield 


A opxt 


p OT Ss — 45.94 x 10-§/°C 
NL 


The estimate for the temperature coefficient of the resonance-escape 
probability is obtained from the relation (6.190) which is based on the 
assumption that the fuel concentration is very low. More precisely, 
we require that in the resonance range [see (6.181)] 

(P(E (F)( Fe 
a (0) Fae) «1 forall E (6.193) 
P 
This condition is well satisfied for the concentrations of U2®5 with which 
we are concerned in the present calculation. Here 


yo) 


tpEah + a gO) ~ Ne (6.194) 
and by (6.190) 
1 Opn gy oiP(kT.)Ne (1Ts\! 
Da oT 3(do ar) In pu + ETE 47 (6.195) 
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From the CP-5 data we have p,, = 1; thus the first term is zero. For the 
second term we compute 


OP (KT, )Ne = ($$4) (0.005775) = 0.007072 cm 


and for 2{0 ~ yi = 0.4252 cm—!, T = 322°K, T, = 293°K, and 
£ = 0.527, we obtain 


1 OD. = —§ /o 
mor 8.20 X 10-5/°C 


These results we now use to estimate the temperature coefficient of the 
CP-5 at 49°C. Substitution into the general relation (6.141) yields 


1 ok | -_— 
kat = 49.25 & 10-5/°C 

The excess multiplication 5k for the cold clean reactor (at 20°C) is com- 
puted from (6.142); thus, 


1 ok 
bk =k (; sr) 6T = 0.01428 
for 6T = —29°C. The multiplication constant at 20°C is therefore 
k = 1 + 5k = 1.0143, and the reactivity is [see Eq. (6.143)] 


dk 
o> & = 1.41% 
PROBLEMS 


6.1 Consider an infinite nonmultiplying medium. Within a spherical region of 
radius F in this medium, go neutrons per unit time are being emitted uniformly in 
space at age zero. Show that the slowing-down density q(r,r) is given by 


alr) = = plu) NE rea) {3 \! ext Ge =< Ga 


— sinh (=) eorrenie| 


where 7 is the radial distance from the center of the source sphere, r = r(u), and 


etfs x exp | [*Eau!) du! 
enf(s) = = fe ™ an p(u) = exp { ip ee | 


6.2 Isotropic sources of zero lethargy neutrons are distributed uniformly over a 
spherical surface of radius a. 

a. What is the slowing-down density due to this source distribution in an infinite 
medium? 

b. Sketch the slowing-down density ¢(r,u) as a function of r for various values of u. 

6.8 A point source in an infinite medium is emitting neutrons of zero lethargy 
isotropically at a constant rate in time. Assume that the slowing-down process may 
be described by means of the Fermi age model once the first collision has occurred. 
Thus at points of first collision, the neutrons enter a continuous slowing-down process. 
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a. Find an expression for the mean square distance traveled from the source point 
to the point at which neutrons acquire lethargy u. Complete the analysis up to the 
final step of integration over the radial distance variable. 

b. If one were to consider the last scattering as a ‘‘free ride,’?’ what would be the 
appropriate expression for the slowing-down density q(r,u)? Note that neutrons will, 
in general, reach lethargy u at some point r’ which is different from r, and the prob- 
ability of a successful last flight to r must be taken into account. (Leave this result 
in integral form.) 

6.4 It is desired to increase the thermal flux in‘’the moderator region of a large 
reactor in order to accommodate a certain experiment which is to be performed in 
that region. This increase is to be achieved by introducing a very thin foil (of 
thickness ¢) of fissionable material in the vicinity of the experiment. Use the follow- 
ing model to examine this situation: (1) The moderator region is an infinite medium. 
(2) There are no fission sources anywhere except in the foil, which may be treated as 
an infinite plane source. (3) In the absence of the foil, there is a uniform source So 
of thermal neutrons in this medium. (4) The foil is entirely transparent to fast 
neutrons, but has thermal cross sections 2°") and Z,. (5) Neutrons from fissions in 
the foil appear with zero lethargy and can be assumed to slow down according to 
Fermi age theory. 

a. Derive an expression for the thermal flux as a function of the distance from the 
foil. For this calculation use the kernel method and recall that if the diffusion equa- 
tion for thermal neutrons is written in the form 


—Dindu(z) + FP ¢u(z) = S(z) (P6.1) 
then the solution is 
bute) =f oles2') S(2’) ae’ (P6.2) 


The cross sections in Eq. (P6.1) refer to the diffusion medium, and the source function 
S(z) may be defined so as to include all the remaining neutron sources and sinks in the 
medium. The function ¢(z;z’) is the plane-source kernel and gives the flux at z due to 
@ unit source at x’. The final result for ¢u(z) is to include only the nuclear constants 
of the system, So, and @. | 

b. Check the solution by showing that it reduces to the proper value when (1) z, the 
distance from the foil, is large and (2) the foil is removed. 

6.6 Consider a bare homogeneous spherical reactor with moderator and fuel cross 
sections as specified in Prob. 4.8 and Prob. 5.12. 

a. Find the critical radius, using Nmoa/Ntue1 = 10,000. Include the fast-leakage 
correction only in so far as it affects the thermal fissions; that is, neglect fast leakage 
in computing the fast fissions. 

b. Suppose that a material which has negligible absorption cross section for neu- 
trons, except at thermal, is spread uniformly throughout a bare critical reactor. If 
the amount of this material used is such as to cause a change 82“ in the total thermal- 
absorption cross section, find the change 5k/k due to the change 82*"/=*. 

c. Suppose, further, that the introduction of the absorber specified in part 6 is to 
be compensated for by an increase in the size of the reactor; that is, more fuel-modera- 
tor mixture is added to the outer dimensions of the system. Find the fractional 
change 6k/k in terms of the change 6R/R. Neglect the extrapolation distance and 
the effect of 5R on the fast effect. Show that by neglecting products of L*B* and Bry, 
the result may be written 


2B'ru, + Lt) 6R 
1+LB? R 


= 


8k 
k 


Google 


FERMI AGE THEORY 329 


d. An absorber of the type described in b is added to the reactor in a such that 
Nuoa/Nave = 10,000 (where Nate = nuclear density of the added material). The 
thermal-absorption cross section of this material is 1.0 barn. Find the increase in 
the size of the reactor necessary to maintain criticality. (Neglect the additional 
absorber which would be spread over the additional volume of the reactor.) By 
what percentage does this increase the mass of the fuel? 

6.6 a. Calculate the critica] radius of the reactor of Prob. 6.5, using Nmoa/Ntuet = 
1,000. This time include the fast-leakage factor in all terms of the critical equation. 
It is suggested that the calculation for criticality be carried out by assuming various 
values of B? and computing the corresponding k. The B? which yields k = 1 will 
define the critical size. 

b. Calculate (8k/87’) for a reactor in which fission neutrons appear at one energy. 
For this calculation assume the following: 

(1) The change in temperature affects the fuel density only. This situation could 
occur in the case of a liquid fuel wherein the coefficient of expansion of the liquid is 
much greater than that of the solid elements of the system (81/87 = 0 for all nonfuel 
components; / = characteristic length). 

(2) All microscopic cross sections are temperature independent. 

OUth 

(3) oT = 0 

(4) Deu) ~ E.(u) ~ 2 (u), where 2 (u) = scattering cross section of nonfuel 
components. 

c. Compute and plot the leakage, absorptions, and fissions per unit lethargy as a 
function of lethargy. Graph the thermal contributions by a block at uy. 
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CHAPTER 7 


TRANSPORT THEORY 


7.1 Introduction 


A complete description of the neutron population must specify simul- 
taneously the distribution in space, energy, time and direction of motion. 
The primary objective of this chapter is to develop techniques and 
computational procedures for determining the angular distribution of 
neutrons. For this purpose we introduce the following function which 
gives the most general description of the neutron density: 


number of neutrons at time ¢ in volume dr 

about r, whose speeds lie in dv about v and 
n(r,v,Q,t) dr dv dQ = whose directions of motion (velocity vectors) (7.1) 

lie in differential solid angle dQ about 

direction Q 


In the usual way we define also a neutron flux: 
o(r,»,0,1) = vn(ry,0,0) (7.2) 


Thus ¢(r,v,Q,¢) is the total track length traveled per unit time by the 
neutrons described in (7.1). In most of the analysis presented in this 
chapter it will be convenient to work with this function rather than with 
the neutron density. 

The general problems with which we will be concerned here deal with 
homogeneous and isotropic media. Although this is not the most gen- 
eral situation of interest in reactor analysis, the transport model developed 
for these media has sufficient generality to treat a large variety of practical 
reactor problems. Thus again we avoid questions of anisotropy and 
inhomogeneity, arguing that these are highly specialized situations which 
are not amenable to the general methods of reactor analysis and, therefore 
lie outside the scope of the present work. 

We will lead up to the calculation of the neutron flux defined by (7.2) 
by introducing first a somewhat more limited description of the neutron 
population, namely, the one-velocity model. The appropriate function 
is ¢(r,Q,t). By omitting, for a time, the problem of describing the dis- 
tribution of neutrons in energy space, we can focus attention on the 
directional properties of the neutron motion. Thus our first objective 


is to construct a picture of the neutron population which gives its dis- 
330 
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tribution in both space and direction of motion. This problem is treated 
in Sec. 7.2. The more general model of the transport theory which 
accounts also for the distribution of the neutrons in energy space is 
considered in Sec. 7.3. 

The analytical method employed in both of these presentations involves 
the use of expansions in spherical harmonics. In each case the original 
integrodifferential equation, which states the neutron-balance condition, 
is reduced to an infinite set of coupled equations in the various harmonics 
of the function ¢. By truncating the series expansion for the flux, this 
set can be further reduced to finite size (depending on the accuracy 
desired), and it is shown that in first approximation the resulting equa- 
tions yield the diffusion theory and Fermi age models. 

A second general technique for treating the angular distribution of the 
neutron flux is presented in Sec. 7.4. This is the method of integral 
equations. Solutions for the dzrected flux ¢(r,Q) are derived on the 
basis of the one-velocity model for various media of infinite extent. The 
application of these solutions for the infinite medium to systems of 
finite size is demonstrated in the case of the homogeneous slab and 
sphere. 

Section 7.5 deals with the application of the spherical-harmonics 
method developed for the one-velocity model of Sec. 7.2 to two situations 
of interest to reactor analysis. The emphasis is placed on various 
aspects of the computational procedure involved in such calculations and 
on the selection of suitable boundary conditions in terms of the directed 
flux. 

The last section is devoted to the application of the transport model 
of Sec. 7.3, which includes the energy dependence of the neutron flux, to 
the calculation of the age in hydrogenous mixtures. This is the so-called 
Fermi-Marshak method. Computations are performed for various 
metal-water mixtures of practical importance to reactor design, and the 
results are compared with several other techniques for estimating the 
neutron age. 


7.2 The One-velocity Transport Equation 


a. Neutron Balance. We begin our study of the transport model by 
introducing the one-velocity approximation. For the analysis of this 
section we use in place of the more general description ¢(r,v,Q,t) the 
following definition of the neutron flux: 


¢ = $(1,Q,t) = v n(r,Q,t) (7.3) 
= total track length per unit time at time ¢ in unit volume 
about point r of v-speed neutrons whose directions of motion 
lie in the unit solid angle about Q 


The direction (unit vector) Q is specified by means of the co-latitude 
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angle 6 and the aximuth angle y (see Fig. 7.1). The velocity vector 
which describes the neutron motion is given in terms of the neutron speed 
through the relation 


v = 2Q (7.4) 


It is important to recognize that the function defined by (7.3) is related 
to our previous description of the 
one-velocity flux (5.2) through the 
equation 


o(r,) = |, o7,0,1) da 


Thus our present definition simply 
selects from the entire population of 
neutrons of speed v those which are 
a moving in a particular direction. 

With the foregoing definitions, we 
may proceed to construct, by con- 
sidering the neutron balance, an equa- 
tion governing the neutron density. 
Consider, then, the set of neutrons of 
speed v in the volume element dr about r at time ¢ which have velocity 
vectors that lie in dQ about Q. From conservation requirements it must 
be true that 


2(6, ¥) 


Fig. 7.1 Direction vector in labora- 
tory system of coordinates. 


number of neutrons of 
direction Q gained per 


Number of neutrons he ; 
unit time in dr from 


moving in direction Q 


I vhich aah + II} scattering collisions 
ree PPC et ae ; which scatter the 
time from sources in dr : 
neutron from all direc- 
tions Q’ to Q 
net number of neutrons 
: : d : number of neutrons of 
moving in direction Q nee 
: direction Q which are 
that are lost per unit ae 
— III] .. — IV] removed per unit time (7.5) 
time by leakage from dr by absorption 
through the bound- oe y P 
. collisions 
aries of dr 
number of neutrons of 
direction Q which are h ae : 
removed per unit time aes Eee ee 
— V = VI | net number of neutrons 


from dr by being scat- 
tered into a new 
direction 


of direction Q in ar 
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Consider now the individual terms in this equation. The first term 
describes the rate at which the one-velocity neutrons with direction in 
dQ appear from sources in dr. Call this function S; then, the first term 
of (7.5) is given by 


S(r,Q,t) dr dQ (7.6) 


The second term of (7.5) gives the rate at which neutrons arrive in the 
differential element dr dQ by being scattered into the direction about Q 
from all other directions. To determine this quantity we compute first 
the number of neutrons of direction Q’ that are scattered into the direc- 
tion Q by collisions which occur in dr at time ¢. The integral of this 
quantity over all directions Q’ yields the required term. Now, 


2.¢(r,Q’,t) dr dQ’ (7.7) 


gives the total number of scattering collisions in dr per unit time experi- 
enced by neutrons with directions in dQ’ about Q’. Of this number a 
certain fraction f(Q;Q’) dQ will emerge from these collisions moving in 
directions that lie in dQ about Q. Formally, we define the function 
{(Q;Q’) as the frequency function for the change of direction from Q’ to 
Q. Note that [cf. Eq. (2.11)] 


probability that a neutron with an initial velocity 
directed along Q’, when scattered, emerges from 
the collision with a velocity vector which lies in the 
solid angle dQ about Q 


f(Q;Q') dQ = (7.8) 


Thus the product of (7.7) and (7.8) gives the number of neutrons initially 
directed along Q’ which are scattered into the direction about Q while 
occupying the volume dr. The integral of this product over all Q’ gives 
the total number of such contributions to dr dQ from all directions. For 
the second term of (7.5) we have, then, 


i 2,¢(r,Q’,t) f(@;Q’) da’ da dr (7.9) 


The third term of (7.5), which represents the net losses from dr dQ due 
to the leakage of neutrons through the boundaries of dr, may be derived 
from a detailed count of the neutron passages through the surfaces of the 
volume element dr = dxdydz shown in Fig. 7.2. This element 1s 
selected for computational convenience such that its surfaces are oriented 
parallel to a Cartesian coordinate system erected in the space in question. 
Let us consider first the face dx dy at station z. Now the number of 
neutrons with velocity vectors directed along Q (in dQ) which will pass 
through this face in unit time is the number of such neutrons included in 
the volume which would be swept out by translating the face dr dy a 
distance equal to v in the negative Q direction. (This swept region of 
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space is shown in Fig. 7.2.) Thus the number of neutrons entering 
dx dy dz through the face dz dy at z per unit time with directions in dQ 
about Q is 

n(x,y,2,Q,t) dQ(v-k) dz dy (7.10) 


where K is the unit vector in the z direction. Similarly, the number 


x(i) 


Fic. 7.2 Volume element dz dy dz. 


of neutrons with direction Q leaving the volume element through the 
dx dy face at z + dz per unit time is given by 
n(z,y,2 + dz,Q,t) dQ(v - k) dx dy 


If dz is taken sufficiently small, a good approximation to n(z,y,z + dz,Q,t) 
18 


0 
N(x,Y,2 + dz,Q,t) = n(z,y,z,Q,t) + az n(x,y,z,Q,t) dz 


Therefore the net loss from dr per unit time of neutrons of direction Q 
through the dz dy faces is 


2 n(z,ye,0,) de dy de do (v+k) = 2 9(,0,)(Q-) deda (7.11) 


where we have used (7.4) and the usual definition for the flux. Analogous 
considerations for the other two faces lead to the following result: The 
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net loss per unit time from dr of neutrons of direction Q in dQ by leakage 
(transport) across all faces is equal to 


E 6(,.0,)(0-1) +2 oana-j) +2 o¢an@- i) | ar da 
wa. (128 4 124 +k 28) «ean = 0- Vedra (7.12) 


where i and j are the unit vectors in the x and y directions, respectively, 
and the definition for the gradient operator V has been introduced. 

Term IV in (7.5) is the number of neutrons lost from dr dQ per unit 
time by absorption; this is given by 


Yad(r,Q,t) dQ dr (7.13) 


Term V gives the rate at which neutrons are scattered out of dr dQ into 
new directions. This term may be represented by the form (7.7) with 
Q’ replaced by Q. 

The last term VI is the time-rate of change of the neutron density in 
drdQ. This may be written 


z < n(t,Q,!) dQ dr = £ o(r,a, t) da dr (7.14) 


The substitution of the results (7.6) through (7.14) into the verbal 
statement (7.5) yields the equation 


= ° o(r,,t) + Q-V¢(r,Q,f) + 2.¢(r,Q,t) 
= S(r,Q,t) + i 2.¢(r,Q’,t) f(Q;Q’) dQ’ (7.15)* 
~ 


where we have combined the losses from scattering and absorption into a 
single term, using the total cross section 2,, and have canceled out the 
common factor drdQ. This integrodifferential equation for the neutron 
flux is usually called the one-velocity transport equation. In the general 
case it is very difficult to work with Eq. (7.15); however, in many cases 
the angular dependence of the quantities involved is sufficiently weak 
that certain approximations may be made which reduce (7.15) to a more 
tractable set of equations. In the work which follows we demonstrate 
one procedure for doing this which involves the use of expansions in 
spherical harmonics. 

b. Frequency Function for Scattering Collision. Before proceeding 
with the analysis it will be convenient to exhibit some of the properties 
of the scattering function defined in (7.8). A useful geometric device for 
describing this function consists of defining it as the probability that the 
velocity vector of a scattered neutron pierce a particular area on the sur- 
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face of a sphere drawn about the collision point (see Fig. 7.3). Thus if 
the collision occurs at the center of the sphere, then f(Q;Q’) dQ is the 
probability that the vector v passes through the area dQ on its surface. 


x 


Direction of 
incident neutron 


2(6,¥) 


2 . 
Direction of 
emergent neutron 


Unit sphere 
Fic. 7.3. Scattering angle in laboratory system of coordinates. 


From the definition of a frequency function, it follows that 
1 f(Q;Q') dQ =1 (7.16) 


One of the fundamental assumptions in this analysis is that the medium 
in question is homogeneous and isotropic. An immediate consequence 
of this assumption is that f can be a function only of the angle between 
the directions Q and Q’. We call this angle 6) and define 


COS 0) = wo = Q- Q’ 
If we introduce also the function 


probability that a neutron moving in direction 
19 (u40;Q’) duo =| Q’, when scattered, emerges with a new direction | (7.17) 
whose cosine lies in duo about po 


then it follows that 
RS an, i hs 
f(Q;Q ) — Sa Y(u0;Q2 ) (7.18)* 


Thus the general function f may be replaced in this treatment by the 
function » which applies specifically to the isotropic medium. We use 
this formulation throughout the remainder of this analysis. 

c. Expansion in Spherical Harmonics. The transport equation (7.15) 
may be reduced to a set of differential equations by introducing a suitable 
series representation for each of the functions which are involved. In 
this formulation we make the expansions in terms of an orthonormal 
set of spherical harmonics. We begin with the frequency function y 
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defined in (7.17). Since this function is defined by means of the single 
variable yo, a suitable series representation can be given in terms of the 
Legendre polynomials! P,(zo). Thus 


nave’) = (F2E*) 9 Pun (7.19) 


1n=0 


The coefficients y, are obtained in the usual way by applying the orthogo- 
nality properties of the Legendre polynomials. It follows that 


De =f, 9(u030’) Py (uo) dio (7.20) 


Let 6’ and y’ denote the arguments of the direction Q’, and let u = cos 6. 
Clearly, uo is completely defined by the quantities yp’, u, ¥’, andy. The 
Legendre polynomial P,(u0) may be written in terms of these variables 
by the application of the addition theorem? which involves the associated 
functions P8. 

9 


Palus) =D) op gy Pw) PH) es (7.21) 
B= -n 


The definition of the associated functions used in this treatment follows 
that given by Sommerfeld :* 
ds 


P8(u) = sin’ @ ie 


P,(u) (7.22) 
This definition applies for » > 0 and —y7 <8 <7. The associated 
functions with negative index 8 are related to those with positive index 
through the equation 


— B)! 
pe = (—1)6 0 — 8)! ps 7.2 
which applies for the 8 and » intervals given above. Note that 
Pye) = P,(u) (7.24) 
P8(u) =0 forB>n (7.25) 
Some of the associated functions of lower index are given below: 
P3(u) = 3(1 — u?) Py'(u) = —gu(l — n?)! 
Pim) = 3u(1 — uw?) P2?(u) = (1 — 2?) (7.26) 


P3(u) = $y? — 1) Pi(u) = —2Py'(u) = (1 — ?)! 


1 Refer to Eq. (4.21) and the discussion for definition of the lower-degree poly- 
nomials. 

2 A. Sommerfeld, ‘‘ Partial Differential Equations in Physics,’’ p. 134, Academic 
Press, Inc., New York, 1949. 

3 Tbid., pp. 126-129. 
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The substitution of Eq. (7.21) into (7.19), followed by the application 
of Eq. (7.18), yields a series representation for the scattering frequency 
function f. 


pasa) = 2) (E15, YO BM pau) Pew’) e+ (7.27) 
7=0 B=-n 


We follow this general procedure to obtain suitable expansions for the 
neutron flux and the source function S. For these functions, however, it 
will be necessary to develop the expansions in the complete set of spheri- 
cal harmonics. In this work we define these to be the orthonormal set: 


Yu(Q) = Yiu) = ApPr(ue (7.28) 


with n = 0,1,...and—-n <mc<n. The complex conjugate of this 
function is 


YR (Q) = ArPr(ue ww = (—1)"¥Y,"(Q) (7.29) 


which applies for both positive and negative m. The coefficients H™ 
are defined by the relation 


o— (2n + 1)(n — m)!}3 
= eer | ee) 
Note that 
_m. (n+m)!,,, 
H; = (n — m)! H™ (7.31) 


The orthogonality property of the spherical harmonics is stated 
|g YE(Q) V2(Q) da = [7 du f° YEu¥) Yauy) dy = 0885 (7.32) 
a a n “=: -1 ad 0 a \K, n \H, mun . 


The symbol 6* denotes the Kronecker delta and is zero if n # aand unity 
ifn =a. 

The flux and the source may be expanded in terms of the functions 
(7.28). Thus 


ba n 


¢(r,Q,1) = $m (r,t) ¥"(Q) (7.33) 
pa i. 
Sa) = ) Y see yr@) (7.34) 


n=0 m=—-n 
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with the coefficients to be computed from the integrals 


on(rt) =f o(,0,0) Yx(Q) da (7.35) 
Snir) =f) S(e,a,) Yx(a) da (7.36) 


An inspection of the series for f(Q;Q’) given in (7.27) reveals that by 
regrouping the various factors behind the summation signs one can express 
this series in terms of the spherical harmonics (7.28). It is easy to show 
that (7.27) may then be written in the form 


saa’) = ) ) v¥e(a) veo’) (7.37) 
7=0 B=—7n 


The transport equation (7.15) may now be expressed in terms of these 
expansions. The substitution of (7.33), (7.34), and (7.37) into (7.15) 
yields 


(13 +a-V+ 2.) » on(r,t) Yx(Q) — » Sr(r,t) YR(Q) 


= [ . z.) ante) Y"(Q’) > » ¥5(Q) YP(Q’) dQ’ (7.38) 
n,m 7=0 B=—n 


The integral in this equation may be reduced to a simpler form; thus 
bad ” 
=.) rte) ) vy >) Yea) [L, Yr(@’) Ye(Q’) aa’ 
n,m =( B= —» 
= 2, ) ox(r) ».¥7(Q) 


where we have applied the orthogonality property (7.32). The substitu- 
tion of this result into (7.38) yields, upon rearranging, ™ 


ps Y7(Q) (2 = +Q-V+2—- 2.0.) on(r,t) — ss(e. | =0 (7.39) 

This infinite set may be separated into coupled equations in the 
harmonics ¢” and S™ by multiplying through by Y8* and integrating over 
all Q with the aid of the orthogonality property (7.32). For the first, 
third, fourth, and fifth terms we obtain immediately 


£S (et) + Zea8(rl) — Byadh(e) — Kr) (7.40) 
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The leakage term may be evaluated by expanding the operator Q- V 
into the form 


7) : re] : : rr) 
Be EG rn oe nanan (7.41) 


and by using the exponential forms for the trigonometric functions of y. 
Then, the second term in (7.39) yields 


> YR(Q) Q- Ver(r,t) 


a » ne | + m)Pr_1(u) + (n+ 1— Fete) | ny 
be 2n+1 Ox 


+5 Pau) G - i2) efvm+) gin 8 
] 0 . 9 i¥(m—1) 9] me 
or 9 PR (u) ay +1 32) ° sin 07 @R(r,t) (7.42) 


where we have used the recursion relation! 


pP™(p) oe (n + m)P?_1(u) a “ = 1 a m)P™,,(u) (7.43) 


If the first term of (7.42) is multiplied by Y8°(Q) and integrated over Q, 
it can be shown that the result is 


>, Smee | Pr wemveca) aa(2 42) 


| = [Sto oe titel 3 y 
(2a + 3)(2a + 1) ax "at! 


The remaining terms in (7.42) may be reduced in the same way. For 
these calculations the recursion relations 


_ Prti(e) — Patil) 
(2n + 1) sin 0 
eens ener = = -1 
+ (n +m — 1)(m+n)PRri(u)] (7.45) 
are needed. By this procedure the contributions of all the terms in 


(7.42) may be evaluated, and if these results are combined with (7.40), 
it can be shown that the set of equations (7.39) reduces to the form 


(7.44) 


1 Tbid., p. 132. 
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_ -s 2 (r,t) — Didh(r,t) + S8(r,t) + Ean, ¢8(r,t) 
_{[(@+1—-s)(e+1+ 8) |} a 
[Ree | as Ano 


(a — B)(a +p) |} A 
+ Ee =)ea + 5 | ag Pant) 


1fa .a (a+ ps)(a+e—1)/],, 
+3(2-12) [Gt MetO— DM prey 740 


(a-B+2)(a—-Bt+i)},, 
" (2a + 3)(2a + 1) J eteie.9| 


1fa,.a (a — B)(a-B-1)}' 1, 
+3(4 +3) | - @a + 1)@a —1) b67i (t,t) 


(a+ 6+ 1)\(a +B + 2) } 1 
+ eT Set | e2hce0| 


The index a in this set takes on all integer values a = 0,1,2,... , and 
6 takes all values from —a to +a. For cases of practical importance 
Eqs. (7.46) may be reduced to a finite set of simultaneous equations by 
taking only the first few values of a, say, a = 1, 2,... 5. Several 
applications of Eqs. (7.46) to the calculation of the angular distribution of 
neutrons in situations of interest to reactor analysis are presented in 
Sec. 7.5. 

d. Diffusion Approximation. A first-order approximation of Eqs. 
(7.46) effectively removes the angular dependence of the neutron flux. 
However, this approximation is extremely useful and, in fact, forms the 
basis of the diffusion-theory model developed in Chap. 5. For this 
reason it will be instructive to examine the details of the approximation 
and to demonstrate the rigorous derivation of the diffusion equation 
(5.21). 

It will be recalled that the diffusion approximation is based upon the 
assumption that the neutron-flux distribution is nearly isotropic (see 
Secs. 5.1b and 5.1d). This assumption is equivalent, analytically, to the 
requirement that the series expansion for the flux (7.33) be well repre- 
sented by the first two terms. Consider, therefore, the set of Eqs. (7.46) 
for values of a = 0,1. This means that in the series expansion (7.33) 
we retain only the terms involving ¢3, ¢7', $9, and ¢}, all coefficients of 
higher indices being taken as identically zero. In order that our analysis 
be consistent, we will also require that the source function S be isotropic 
so that all S8 = 0, except S$. Note that to assume otherwise is to imply 
that the sources have strong directional properties, and it would follow 
that the angular distribution of the neutron population in their immediate 
vicinity would also be nonisotropic. 

With these conditions imposed on Eqs. (7.46), it is clear that this infinite 
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coupled set reduces to the four equations 


1 @ 
— (Fat 2) 8 + 88 + Zanes = Te Sot 
1 /a .a 1 /a,.a 
~ Yalan — 1a) + Za (ay tae) oD 
1a 1 /a,.a 
“ae 2) ¢7' + Zy¢7' = ete) oo (7.48) 
— (Gat %) ot + Bast = Te 5. (7.49) 
vo : i 4/3 Ox : 
1d 1 rs) Am:) 
— (Fat %) a + Bist = Te (5 #52) 0 (7.50) 


The first two coefficients of the scattering function y are obtained from 
the relation (7.20). These are 


yo = f°, 9(u0j") Po(uo) duo = [7 o(u0j0’) duo =1 (7.51) 
pr = f n(u03Q’) Pa(ue) duo =f" 9(w0;0’)uo duo = wo (7.52) 


where uo represents the average value of the cosine of the scattering 
angle [cf. Eq. (4.30)]. We demonstrate first the reduction of Eqs. (7.47) 
through (7.50) to the familiar diffusion equation for the case of a system 
at steady state. Thus the derivatives d/dt — 0, and it follows immediately 
that Eqs. (7.48), (7.49), and (7.50) for the functions ¢7', $°, and ¢} yield 
the solutions 


1 a F) 
Fe, pee Be ee 7.53 
A/S6 (2: — Teno) (3; ‘ 4 *s oon) 
o— _ 19 7.54 
% V/3 (2, — Samo) 8X a oo 
1 a a 
Doles oes ir ee) 7.55 
a /6 (EZ: — Lepo) (3; ‘ 4 “ ee) 


where we have used (7.52). As a notational convenience we introduce 
the symbol D to define the ratio 


S 
I 


——_—__.. (7.56) 
3 (2, = Zetto) 


We call this quantity the diffusion coefficient and recognize that it is the 
function previously given by Eq. (5.44). The substitution of the results 
(7.53) through (7.55) into (7.47) yields a single second-order partial dif- 
ferential equation for ¢8. If we apply also the definition (7.56), then for 
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the steady-state condition the appropriate equation is found to be 


~Z.68 + SB = -ZDER-F DT - TDF = —V - Dv¢s 


Ox 
(7.57) 


The functions ¢§ and S$ may be replaced by the “‘total’’ quantities ¢(r) 
and S(r), inasmuch as each represents the isotropic component of their 
respective functions. We compute, therefore, the total functions ¢(r) 
and S(r) from relations of the form (7.5). For this computation we 
require appropriate expansions for the steady-state functions; thus, the 
relations (7.33) and (7.34) are replaced by the set 


o(r,a) = ) gm(x) Yx(a) 


(7.58) 
S(x,a) = ) Sz) ¥x(Q) 


Then, the total track length ¢(r) of all neutrons of speed v, regardless of 
their direction of motion, is given by 


g(r) = 7 ¢(r,Q) dQ = » $"(r) t ¥"(Q) dQ = o (7.59) 
Q 


n,m 


and the total number S(r) of neutrons of speed v produced by sources is 


0 
S(r) = ‘ S(r,Q) dQ = » S™(r) [ Y™(Q) dQ = a (7.60) 
where we have used the definition of the spherical harmonies (7.28) and 
the orthogonality property (7.32). 
The substitution of these results into (7.57) yields 


—V-> DVo(r) + 2.¢(r) = S(r) (7.61)* 


which in the case of a uniform medium reduces to the usual form (5.22). 

e. Net Current. The net current relation (5.19) introduced in the 
development of the diffusion theory may be derived from the first-order 
solution to the transport equation. For this purpose we introduce the 
following definition: 


net number of neutrons which pass per unit time through 
J,(r) = a unit area at r which is so oriented that the normal to its (7.62) 
surface is in the direction s 


This number can be computed from the neutron density n(r,Q) dQ, 
which gives the number of neutrons per unit volume around r with 
velocities which lie in dQ about Q. The number of these neutrons which 


Google 


344 REACTOR ANALYSIS [cHAP. 7 
pass through the area dA shown in Fig. 7.4 per unit time is given by 
[v n(r,Q) dQ](Q-s)dA = ¢(r,Q)(Q-s) dA dQ (7.63) 


where s is the direction normal todA. This relation is the contribution 
to the net current through dA (with normal s) of neutrons with velocities 
in dQ about Q. The net current through dA 
of neutrons moving in all directions J,(r) dA 
is obtained by integrating (7.63) over all Q. 


Jt) dA =dA Io $(r,Q)(Q +s) dQ 
=dA { s [ fo $(r,Q)Q da|} (7.64) 


The expression at the extreme right is of the 
form 


J.(r) = s+ J(r) (7.65) 
Thus the net current through dA of normal s 

Fic. 7.4 Neutron veloc- : 
ity and the surface dA. may be regarded as the component in the s 


direction of a vector J(r) which we shall call 
the vector net current and define as [cf. Eqs. (7.64) and (7.65)] 


J(r) = [ o(,a)a do (7.66) 
The integral is evaluated by noting that Q may be written in the form 
Q =icosé+jsin 6cosy + K sin 6siny (7.67) 


(see Fig. 7.3) and using the spherical-harmonics expansion for ¢(r,Q) 
given in (7.58): 


J(r) = > on) a Y"(Q)Q dQ | (7.68) 
We note that 
cos 6 = ne (7.69) 
Ane cos = om (Yi(@) — Y>1(a)] (7.70) 
sin @ sin y = mie [Y\(a@) + ¥z(a)] (7.71) 


If these relations are used in (7.68) and the integrations performed with 
the aid of the orthogonality properties of the Y™, it may be shown that 


Je) = SP i + sip lO) — OO — gap lOO) + oF") (7.72) 


A first-order estimate of this function may be obtained by using 
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expressions of the form! (7.53) through (7.55) for ¢}, ¢;', and ¢}. The 
result is [with the application of (7.30) for H] 


Ja) = -D Vie [id ot) +52 a8) +E o800 | 


As in the case of the diffusion equation (7.61), this expression may be 
written in terms of the total flux ¢(r). If we use, then, (7.59) and note 
that H$ = (41r)-}, it follows that 


J(r) = — DV9(r) 


which is the relation (5.19). 

f. One-dimensional Problems. The general results obtained in Sec. 
7.2d reduce to much simpler form in the event that the flux and the source 
are functions of a single space variable x. In these situations the system 
must have azimuthal symmetry, and the angular distribution of the flux 
and the source may be completely specified by a single angle, namely, the 
angle 6 which the neutron direction of motion makes with the z axis. 
If cos @ = uy, then it is convenient to define the flux in these systems in the 
following manner: 


total track length per unit volume per unit time 
_ around z of all neutrons whose directions of motion 
$(2,u,t) du = with respect to the x axis are such that the cosines (7.73) 


of these directions lie in the conical shell dy about zu 


In our selection of a suitable series expansion for the scattering function 
y we found it convenient to use the Legendre functions, since both y and 
the P, are defined by a single variable uo over the same interval (—1,1). 
It is clear that the flux defined by (7.73) has these same properties in so 
far as the variable u« is concerned. Thus we select as a suitable series 
representation for (7.73) the form [cf. Eq. (7.19)] 


seni 7 (2 as ‘) n(z,t) Pa(u) (7.74) 


n=Q 


The coefficients ¢,(z,t) are obtained by the application of the orthogo- 
nality properties of the Legendre polynomials. In the usual way we 
compute 


1 
on(z,t) = f°, bem) Pau) de (7.78) 
These coefficients are related to the quantities ¢°(z,t) used in the general 
spherical-harmonics expansion of the function ¢$(r,Q,t) [see Eq. (7.35)]. 


1 Note that the analysis of the steady-state problem is identical to the time-depend- 
ent case considered in Sec. 7.2d, except that all coefficients used in the expansions are 
functions only of r. 
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This relationship is easily demonstrated. First, we observe that 
$(z,u,t) 1s obtained from ¢(r,Q,t) by integrating the latter function over 
all azimuthal directions y, since ¢(z,u,t) gives the track length of all 
neutrons whose directions of motion are at an angle 6 to the x axis regard- 
less of their azimuthal orientation. We have, then, 


$(2,n,t) = ie $(x,Q,t) dy 


= ) ona,t) HePr(u) fem dy = 2x Y o8(z,t) H8P,(u) (7.76) 
n,m n=O 
where we have used the expansion (7.33) for $(27,Q,t), the definition 
(7.28) for the Y™, and recognized that P°(u) = P,(u), and that the 
integral over y is zero except when m = 0. If we compare the result 
(7.76) with the form (7.74), it follows that 


bn = T70 (7.77) 


An appropriate set of coupled differential equations analogous to the 
relations (7.46) may be developed for the one-dimensional formulation of 
the transport equation by performing a series of operations on the general 
result (7.39). First we integrate this equation over all ¥ so as to collect 
the contributions to the neutron population of all processes which yield 
neutrons whose direction cosines are yz irrespective of their azimuthal 
orientation. This step is analogous to the integration performed in 
(7.76). If we use the fact that for a one-dimensional system 


a-vV= ue (7.78) 


then it may be shown that the y integration of (7.39) yields 
HP, (uv) (424,242, — zy,) 42(z,t) — $%X(z,t)| =0 (7.79) 
n? n\b vy ot b Ox t 24n n\y n\~) : 
n=0 


where we have introduced a description of the source S which is con- 
sistent with the requirements of the present system, namely [see Eq. 
(7.34)], 


Qa = 
S(a,u,t) = [ S(2,0,1) dy = 2n » S%(2,t) H°P,(u) 


n=@0 
t-) 


5 » (= as ‘) Sa(x,t) Pa(u) (7.80) 


n=(Q 


and the coefficients S° and S, are related exactly as ¢° and 4,. 
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The second step in the development is to multiply (7.79) through by 
P.(u) and integrate over the interval —1 <»<1. We obtain: 


lo —_ 040 2 000 2 
G42 2.0) HEd8 (57 <i) - AwSa\ 5a 4 I 


a ) Ho af? uP, (u) Pa(u) du =0 (7.81) 


n=0 


where we have used again the orthogonality properties of the P, functions 
and have suppressed, for the moment, the argument of ¢°. The integral 
is evaluated by using the recursion relation (7.43); for the present case 
m = 0, and this equation reduces to 


MPr_i(u) + (nm + 1)Payile) 


uP, (u) = aon + 1 


(7.82) 


The substitution of (7.82) into (7.81) yields, upon integration, 


2 2 
pare 040 — 00 
C5 a Zt.) Habe € a i) Hae € = ) 


4 2(a + 1)H2,, @ go, + 2aH? , 
(2a + 3)(2a + 1) dx “*t! " (Qa — 1)(2a + 1) i 


oo-1 = 0 (7.83) 


This result may be written in terms of the coefficients ¢, and S, by 
applying the relation (7.77), and the corresponding one for S. Thus 


oo da(x,t) ~~ Z1ha(Z,t) a Sa(z,t) + LMaba(x,t) 


_fatl 3 
— (¢ 7 aE dati(x,t) + (5-2 + i) ar da—i(t,t) (7.84)* 


wherea = 0,1, .... This set of coupled equations corresponds to the 
relations (7.46), and the complete description of the flux and source is 
to be obtained from the expansions (7.74) and (7.80). As in the more 
general formulation, estimates of the spatial and angular distribution of 
a one-velocity neutron population can be obtained to various degrees of 
accuracy depending upon the value of a at which the set (7.84) is trun- 
cated. The sample applications of the spherical-harmonics method 
mentioned previously will be performed, using the above set of equations. 

We conclude the present discussion of the one-dimensional problems in 
transport theory with some remarks about the diffusion approximation 
and the relation of the partial currents introduced in Chap. 5 to the 
directed, or angular, flux. For this purpose we require the steady-state 
first-order approximations to the Eqs. (7.84). These are obtained by 
retaining only terms for a = 0, 1; thus, the diffusion theory is based on 
the requirement that terms in a > 2 are negligibly small in comparison 
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to those for a < 2. The appropriate set of equations are [using S. = 0 
for a > 0 and Eas. (7.51) and (7.52)] 


< $1(t) + Lado(z) = So(z) (7.85) 
Fay $02) + Bi — Zane)oi(z) = 0 (7.86) 
which when combined yield 
—D Sy do(z) + Zedu(z) = So(2) (7.87) 
(2) = —D & bola) (7.88) 


where we have used (7.56) and assumed that the medium is homogeneous. 
Now, from (7.75), 


= > = __ total track length 
go(z) = | ~1 $(z,n) du = $(z) = of all neutrons 


di(z) = ie $(x,u)u dp (7.90) 


(7.89) 


We can identify ¢, from the results of our neutron-leakage calculation 
for Eq. (7.5). If we note that $(z,u) = n(z,u)(v-i) and bear in mind 
the definition of (7.73), it is clear that 


number of neutrons crossing unit area per unit time 
(with area oriented so that its normal is in z direc- 
ee tas a (7.91) 
tion) in a direction whose angle with z direction has 
cosine in dz about yu 


$(z,u)edp = 


Thus the integral (7.90) is the net neutron current in the z direction at z. 
Moreover, if we write 


J(a) = ox(z) = [2 oew)edu + [Poe mudu — (7.92) 
and use the first-order (diffusion) approximation 
$(x,u) = $60(z) + Fu di (Zz) (7.93) * 
from (7.74) in (7.92), we obtain 
J (x) = [4¢0(z) + 441(z)] — [4bo(z) — $¢1(2)] = 54 (2) — 9-(@) (7.94) 
where we have defined 
jx(c) = [> ozu)u du = 4402) + $4x(2) (7.95) 
jc) = [* o(zm)u du = 460(z) — 441(2) (7.96) 
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If we note that ¢; = —Dd¢, = —D¢’, then it is seen that these results 
for the partial currents are identical to the relations (5.49). 

g. Boundary Conditions. A general set of boundary conditions were 
described in Sec. 5.le, and it was pointed out that all these conditions 
could not be satisfied in detail when used in conjunction with the dif- 
fusion theory. In addition, it was mentioned that these conditions could 
be met only when applied with the more precise transport-theory model. 
As a matter of fact, not even this is possible, from a practical viewpoint. 
To illustrate this point, consider the vacuum-interface condition stated 
in (5.54). An analytical statement of this condition for the one-dimen- 
sional model of Sec. 7.2f would be 


¢(0,u) =0 uw <0 (7.97) 


where for convenience we have specified the vacuum boundary to be at 
x =0. According to (7.97) no neutrons may return from the directions 
—1 <y <0, 1.e., from the vacuum. Now the variable u« takes on all 
values in the indicated interval; but, in actual computation, the expres- 
sion for the directed flux must be obtained from a truncated set of 
equations based on (7.84), and this solution will necessarily involve a 
finite number of arbitrary constants. Thus it is not possible to satisfy 
(7.97) rigorously. In actual practice this difficulty is circumvented by 
introducing an alternate set of conditions,! which although not rigorous 
are at least consistent with the statement (7.97). One such set was 
suggested by Marshak, and these require that the following integral of 
the flux vanish at a vacuum interface: 


ie $(0,n)Pn(u)du =O m=1,3,5,... (7.98) 
It is interesting to note that the integral for m = 1 yields the relation 
0 
Jo, $On)u du = 0 (7.99) 


We note immediately from (7.96) that this integral is in fact the partial 
current in the direction of negative z, i.e., the return current from the 
vacuum. Thus, condition (7.99) requires that there be a zero net cur- 
rent from the vacuum; however, it should be recognized that inward 
currents from certain directions are still possible, provided of course that 
the gains from these be exactly balanced by flows outward from other 
directions. This condition on the inward current is precisely the state- 
ment of (5.57a) used in the diffusion theory. The vacuum-interface 
condition based on the requirement that the integral (7.98) for odd m 
vanish at the surface is a convenient extension, then, of the diffusion- 
theory relation. 


1 A.M. Weinberg and L. C. Noderer, ‘‘Theory of Neutron Chain Reaction,” vol. I, 
pp. 11-18, Oak Ridge National Laboratory, CF 51-5-98, May 15, 1951. 
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The rigorous statement for the interface condition between two dis- 
similar media is that the directed flux for each specified angle be contin- 
uous through the interface boundary. If we denote these media I and 
II, then we require that 


$(R,Q) = ¢n(R,Q) for all Q (7.100) 


where the vector R refers to the coordinates of a specific point on the 
interface boundary, and Q is any general direction. Thus (7.100) states 
that there be the same number of neutrons per unit volume around 
point R in medium I that are moving in direction Q as there are per 
unit volume around R in medium II. In the event that the flux is a 
function of a single space variable z, (7.100) takes the form 


b1(X0,m) = r1(Zo,n) —-l<yz<l (7.101) 


where x» denotes the position of the interface. A numerical example of 
the application of this boundary condition for the P3; approximation! is 
given in Sec. 7.5. 

h. Time-dependent Equation in First-order Approximation. We 
conclude the present section with a discussion of the approximations 
involved in deriving a first-order solution to the transport equation which 
includes the time dependence. As in the case of the steady-state results 
obtained in Sec. 7.2d, time-dependent relations (7.47) through (7.50) may 
also be reduced to a single second-order partial differential equation 
involving the total track length ¢(r,t). However, the essential features 
of this equation may be determined from a study of the one-dimensional 
system developed in Sec. 7.2f. Consider, therefore, a system wherein 
the spatial distribution of both the flux and the source can be specified 
by a single variable x and the angular distribution by the variable u. 
The appropriate relations for the first-order approximation are obtained 
from (7.84) by taking only the terms ina = 0,1. Again we use Sz = 0 
for a > O and for convenience assume that S is not a function of time; 
then, 


19d F) 
— 5 5 Poltst) — Zado(z,t) + So(z) = = oi(z,t) (7.102) 


—" 


— 0 
“F < 1(z,t) = Z:1(z,t) a Zuo (7,t) re 3 Ox o(Z,t) (7.103) 


This pair of equations may be reduced to a single second-order equation 
in do by differentiating (7.102) with respect to ¢ and (7.103) with respect 
to x and eliminating the mixed (¢ and x) derivative term in ¢;. The 


1 Tt has become customary to refer to the order of an approximation in the spherical- 
harmonics technique by indicating the highest-order harmonic retained from the 
infinite set of coupled equations. 
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result is easily shown to be 


1+ 32,D\ 0 3D 3? 
(+2) Fy o(x,l) + >? 3F $(z,t) 


= S(x) — 20(2,) + DZ, (zt) (7.104) 


where we have used (7.56) for D, along with the fact that ¢o(z,t) = 9$(z,t) 
and So(x) = S(z) [see, for example, (7.75)]. In treating specific problems 
with this equation, it may be necessary to use Eqs. (7.102) and (7.103) 
to evaluate the initial and/or boundary conditions. 

It is of interest to compare Eq. (7.104) with the general form (5.21) 
which had been assumed in the development of the diffusion-theory 
model. Two distinct differences are revealed: (1) an additional term in 
the second derivative of t has appeared, and (2) the coefficient of the first 
derivative term in ¢ has been altered. Inasmuch as the above result was 
obtained directly from the transport equation, one might expect Eq. 
(7.104) to be a more accurate statement of the nonstationary problem 
within the limitations of first-order theory. Evidently, the diffusion- 
theory model (5.21) implies certain additional assumptions or limitations 
which have resulted in the omission of the two features noted above. 
Some of these are considered in the discussion which follows. It should 
be recognized, however, that the adequacy of the first-order formulation 
(7.104) can be determined in the final analysis only by comparison with 
experiment since the error involved in the omission of the various higher- 
order terms is not evident, a priori. 

Before discussing the discrepancies between Eqs. (7.104) and (5.21) 
it would be in order to comment further on the nature of Eq. (7.104). 
This equation in its general form is the so-called telegraphist’s equation. ! 
The unique feature of this equation is that it describes physical phe- 
nomena which exhibit both wavelike characteristics and residual dis- 
turbance effects. The wavelike behavior is given by the second-order 
term in ¢, and the residual disturbance effect, by the first-order term in t. 
Wave effects propagate with a finite velocity, and time-dependent 
neutron phenomena should properly include such a term since time-wise 
variations in neutron population cannot be sensed at a given distance 
from the source in less time than it takes a neutron of speed v to reach 
that point. However, after the passage of this ‘‘wave,”’ the disturbance 
persists and this effect is described by the first-order term. 

The essential feature of diffusion phenomena, on the other hand, is that 
all disturbances propagate with ‘‘infinite” velocity, i.e., any disturbance 
at any point in the medium is sensed everywhere instantly. It is of 
interest, then, to determine the limiting form of Eq. (7.104) for very large 


1 See, for example, P. M. Morse and H. Feshbach, ‘‘ Methods of Theoretical 
Physics,’’ Part I, p. 865, McGraw-Hill Book Company, Inc., New York, 1953. 
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neutron speed. For this calculation let us impose the condition that 
both vD and Z,v remain finite as v— o. Thus in the limit we require 
that the diffusion medium have vanishingly small absorption cross section 
and a very large transport cross section. In taking the limit, it is con- 
venient to write (7.104) in the form 


0?n O7n 


E + = 324(0D) on +4 S (oD) 5% = S —(2.0)n — (»D) 5% (7.108) 


asv— o, this equation reduces to. 


on 0?n 

OL = S — Lan + Dv Or? 
which is in the form (5.21). Thus the differential equation previously 
selected to describe time variations in the neutron population is a good 
approximation only if the absorption cross section is very small and the 
transport cross section very large. For those situations in which these 
conditions are not well satisfied, Eq. (7.104) may yield a better one- 
velocity first-order relation. 


7.3 The Boltzmann Equation with Energy Dependence 


a. Assumptions and Limitations. The details of the neutron slowing- 
down process and the role which it plays in determining the principal 
nuclear properties of a reactor have been discussed at some length in the 
introductory sections of Chaps. 4 and 6. In order to retain a greater 
degree of generality in this development, we select as the basis for the 
present model only the most elementary physical features of the processes 
involved. In this way we derive a general statement of the Boltzmann 
(transport) equation which includes the distribution of the neutrons in 
energy space. The only limitations which are imposed on the general 
results of this analysis are the two simplifying assumptions listed below: 


(1) The medium is isotropic and homogeneous 
(2) Neutron slowing down is due only to elastic-scattering (7.106) 
collisions with nuclei 


The first assumption is customarily made in dealing with problems of 
reactor physics. Problems that involve inhomogeneity and anisotropy 
on a microscopic scale are highly specialized situations and fall outside 
the scope of this work. Gross inhomogeneities, such as multiregion 
media, on the other hand, are of considerable interest here. The trans- 
port model is extremely useful for treating heterogeneous reactor con- 
figurations and boundary conditions; some remarks have already been 
made in Sec. 7.2g on the latter application. 


Google 


SEC. 7.3] TRANSPORT THEORY 353 


The purpose of assumption (2) is to simplify the calculation. As 
previously noted, the slowing-down process is due to the joint effects 
of both elastic- and inelastic-scattering collisions, and the relative impor- 
tance of the two processes is determined by the neutron energy and com- 
position of the media. By ignoring the inelastic process in the present 
analysis we imply that the system in question is relatively free of heavy 
nuclei. These systems will therefore tend to be thermal. Another 
reason for omitting the inelastic phenomenon is that a useful and accurate 
model is not yet available for describing the energy spectrum of neutrons 
emerging from an inelastic collision. In the absence of such information 
one can always utilize experimental data, but this approach is most 
effective when working with the multigroup formulation. 

The assumptions (7.106) are the only limitations to be imposed in the 
derivation of the Boltzmann equation, and it is important to note that 
no specific relation has been selected to describe the neutron-scattering 
function. Thus the results of this analysis will be generally applicable to 
many systems of practical importance. In order to demonstrate the 
application of these results a particular scattering law is later selected, 
namely, isotropic scattering in the center-of-mass system of coordinates. 
However, this specific calculation will not be introduced until the general 
relations have been developed. 

The purpose of the analysis which follows is to establish a suitable 
neutron-balance relation which takes into account the dependence of the 
relevant functions upon the neutron energy, direction of motion, time 
and spatial coordinates. The balance condition, which is an integro- 
differential equation, is then reduced to an infinite, but simpler, set of 
coupled integro-differential equations by expanding the flux, the neutron 
sources, and the scattering function in spherical harmonics. The deriva- 
tion of the Fermi age model from these results is then demonstrated. 

b. Neutron Balance. A neutron-balance condition may be written in 
terms of the flux ¢(r,v,Q,¢) dr dQ dv [see Eq. (7.2)], and this relation will 
give the net change in the number of neutrons which occupy the volume 
dr, whose speeds lie between v and v + dv, and whose velocity vectors lie 
in the solid angle dQ about Q. A statement analogous to (7.5) which 
accounts for all the physical processes that can affect this population 
may be written for the present case. In this formulation, however, we 
must include in addition to the specifications of (7.5) the requirement 
that the neutrons involved in the counting process be limited to those 
which occupy the speed interval dv about v. Thus Eq. (7.5) may be 
immediately extended to the present application if we replace the 
quantity ¢(r,Q,t) drdQ by ¢(r,v,Q,t) dr dvdQ. There is one important 
modification which must be made, however; this occurs in the term which 
involves the scattering integral. Before discussing this, let us first 
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consider the remaining terms. For these we can write 


E = ¢(r,v,Q,t) aa Q- Vo(r,v,Q,t) + Ze(v) ¢(r,v,Q,t) — s.0) | dr dv dQ 
(7.107) 


The first term gives the time rate of change of the neutrons which occupy 
the space dr dv dQ, the second, the losses due to the net transport of 
neutrons through the boundaries of dr, the third, the losses from this 
space due to neutrons being absorbed or scattered out or ‘“‘slowed out”’ 
(of the dv interval), and the fourth, the contributions from sources. 

Now for the scattering-integral term. The total number of neutrons 
scattered into dr dv dQ per unit time from all possible speeds v’ and 
directions of motion Q’ is obtained by taking the number of neutrons in 
dr dv'dQ’ which experience scattering collisions, namely, 


2.(v’) o(r,v’,Q’,t) dr dv’ dQ’ 


and multiplying it by the probability that a scattering collision in 
dr dv’ dQ’ throws the neutron into speed in dv about v with direction 
in dQ about Q. We denote this probability f(v,Q;v’,Q’) dvdQ and 
define [cf Eq. (7.8)]. 


probability that a neutron with an initial 

speed v’ and direction of motion Q’, when 
f(v,Q5v',Q’) dv dQ = scattered, emerges from the collision with (7.108) 

a speed in dv about v and direction of 

motion in dQ about Q 


The product of the total scatterings and this probability integrated over 
all accessible v’ and Q’ gives the total gain in the neutron population of 
the differential element dr dv dQ due to the neutrons scattered in from 
higher speeds and different directions of motion: 


foe: 9(60",0',) Zo") f(0,09',0) dr dv!’ dQ! dv dQ (7.108) 


The total neutron balance is obtained by adding (7.109) to (7.107) 
according to the sign convention of (7.5). If the differential dr dv dQ is 
divided out, the result is found to be 
La 
at 


cc | 


$(r,v,Q,t) aa Zi (v) $(r,v,Q,t) +aQ- Vo(r,v,Q,t) ao S(r,v,Q,t) 
+ / o(r,v’ Qt) 2.(v’) f(v,Q5v’,Q’) dv’ dQ’ (7.110) 
where v’ = v’Q’ and denotes the velocity vector of the incident neutron. 


Equation (7.110) is the Boltzmann (transport) relation which describes 
the distribution of neutrons in space, velocity, and time. This relation 
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is completely general within the limitations of the conditions (7.106). 
Specific situations can be described by defining the source function S and 
the scattering function f(v,Q;v’,Q’). 

c. Azimuthally Symmetric Scattering from Stationary Nuclei. In line 
with the concluding remarks above, further calculation is not possible 
until additional information on the properties of the system in question 
is supplied. This brings us to the third general assumption which will 
be imposed in the derivation, namely, 


(3) All nuclei of the medium are stationary (7.111) 


As we well recognize, this assumption implies that the neutron speeds 
involved in (7.110) are much greater than the speeds due to the thermal 
motion of the nuclei. Thus, all results obtained throughout the remainder 
of this analysis apply only to the neutron population well above the 
thermal range. 

The application of this assumption, along with (1) of (7.106), to the 
Boltzmann equation reduces the scattering function f(v,Q;v’,Q’) to a 
much simpler form. If the medium is isotropic and homogeneous, then 
the scattering process must be azimuthally symmetric about the initial 
direction of motion of the neutron (see Sec. 7.2b). Or, more specifically, 
the probability that a neutron be scattered into any particular direction 
must depend only on its initial and final energies and on the angle between 
its original direction Q’ and its direction after collision Q. As before, 
we denote this angle @) (see Fig. 7.3). If we define the directions 
Q’ = 0'(6’,¥’) and Q = Q(6,~), then the scattering angle 6) in the 
laboratory system of coordinates may be written in terms of the com- 
ponents of these vectors by means of the relation 


cos 00 = wo = Q-°2 = w+ V1 —- ww V1 — 2" cos YW — YW) (7.112) 


where » = cos 6 and dQ = sin 6d@ dy = |dudy|. The frequency func- 
tion for azimuthally symmetric scattering can be obtained from the 
general function f(v,Q;v’,Q’). If we include a statement of the condition 
in the definition of this function, then f may be written [cf. Eq. (2.9) as 
another example of a conditional frequency] 


f(v,Q;v',Q') dv du dp = f(v,u,p;v’) dv du dy (7.113) 
probability that, given a neutron with velocity vector v’ before a 

= scattering collision, the neutron speed after collision is in dv about v 
and its direction, in du dy about Q(u,y) 


The velocity vector v’ is used here to represent the condition on the proba- 
bility, namely, that the initial coordinates of the neutron be v’, uv’, and y’. 
For the present calculation, scattering collisions are assumed to be 
azimuthally symmetric about Q’. That is, it is equally probable that 
the final vector Q will lie in any position on the conical surface which has 
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Q’ as its axis and a vertex angle 6) (see Fig. 7.5). Thus the final direc- 
tion of motion will depend only on the scattering angle between the initial 
and final directions. We define, therefore, the function [cf. Eq. (7.17)] 


probability that a neutron with velocity v’ 
q(v,u0;v') dv dup = is scattered into the differential element (7.114) 
dv dup about v and po 


to describe azimuthally symmetric collisions. This function is related to 


n 


f by [cf. Eq. (7.18)] 


; 1 / 
Q° L(V, nH jV ) = on q(v,40;V ) (7.115) 


We will use the function q henceforth in the 
Fic. 7.5 Scattering angle 6 integral of (7.110). 

in laboratory system of d. Expansion in Spherical Harmonics. The 
rooreme tee, neutron-balance relation based on the assump- 
tions (7.106) and (7.111) may be written in the form 


~ = $(r,9,0,1) + Zi(v) 6(77,0,1) + O- V9(r9,0,1) 


= S(r,0,0,1) + 5 [ , $(t,0',A',1) Z(0') (0,no;v’) do’ du’ dy’ (7.116) 


with the aid of (7.115). As this equation now stands, further calculation 
is not possible until some additional information is supplied on the 
functions ¢, S, and q. For convenience, we assume that all these func- 
tions can be expanded in infinite series of spherical harmonics. On this 
basis we may write for the frequency function q 


acoso’) =) (27F 1) qgtose?) Pans (7.117) 


7=0 


where in the usual way we compute 
1 
aa(viv’) = f°, a(0,n0;¥") Py(uo) duo (7.118) 


Expansion (7.117) may now be substituted into the scattering integral 
of (7.116); however, it is necessary first to express the functions P,(s0) 
in terms of the variables 6, y, 6’, and y¥’. The addition theorem for 
Legendre polynomials (7.21) may be used for this purpose, and the pro- 
cedure involved is identical to that used in Sec. 7.2c for the series repre- 
sentation of the function )(u0;Q’). In carrying out this calculation it is 
convenient to introduce also the spherical harmonics Y™(Q) defined by 
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Eqs. (7.28) through (7.30). After some algebra, it can be shown that 


a(vjuoww’) = 2x YY ag(v;v’) YQ) Yea’) (7.119) 
2=0 B=—» 


Note that this result is entirely analogous to (7.37). 
The flux and source terms are expanded in the complete set Y"(Q); take 


bes n 


oa 2. 
S(r,v,Q,t) = S™(r,v,t) Y™(Q) (7.121) 
»» Ps . 
with g™(r,v,t) = Io ¥"(Q) ¢(r,v,Q,t) dQ (7.122) 
Sr(r,v,t) = Io ¥"(Q) S(1,v,Q,1) da (7.123) 


The substitution of expansions (7.119) through (7.121) into (7.116) yields 


E +a-V+ 2.() | » on(r,v,t) Yr(Q) — by Sr(x,v,t) Yx(Q) 


- :. 2,(0’) >, e060 > arto dv’ > v4(Q) 
nym 1=0 B=-» 


x [. Y™(Q’) Y8°(Q’) dQ’ (7.124) 


The application of the orthogonality property (7.32) to the integral over 
Q’ reduces the right-hand side of Eq. (7.124) to 


d, ¥x(Q) J, 200’) o2(E0',0) an(viv’) ao’ 


and (7.124) may then be written 

1d 
> >, Yraw {[23 40-0 + 20] or000 — srte0.9 
n=Q0 m=—n 


P<" [ on (1,v’,t) Z,(v’) Qn(v;V") w| = 0 (7.125) 


The next step in the analysis is the separation of this equation into a 
set of coupled differential equations in the harmonics for the flux and the 
source ¢” and S™. The procedure is straightforward and requires the 
multiplication of (7.125) by some harmonic Y8*(Q) and integration over u 
and y. The details of this calculation are identical to those encountered 
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in the reduction of the one-velocity transport equation to a set of coupled 
relations in the various harmonics [see Eqs. (7.39) through (7.46)]. Thus 
it is easy to show that [cf. Eqs. (7.39) and (7.125)] 


- + z.() | g2(r,v,t) + S8(r,v,t) + [ PE (1,0",t) Z.(v") qa(v;v’) dv’ 


(a+ 1— s)(a+1+4 8) 
a (Qa + 3)(Qe + 1) [2 ag Perit) 


(a — B)(a + 8B) 
Bs a + 1) (2a st sl & $6 _1(r,0,t) 


ox 
1fa Fi (a + B)(a + B — 1) 
tala) erties | gP-l(rv,t) (7.126) 
(a —- B+ 2)(a — B+ 1) 
(Qa + 3)(2a + 1) Oe NT | eacewol 


0 (2 — B(a-—B-—1)}',,, 
+3(¢+ ’ | | Nay (2a + 1)(2a — 1) Pati (F,v,1) 


(a + 6 + 2)(a +6 +1) 
‘re (2a + 3)(2a + 1) | dEi1C6.)| 


wherea = 0,1, ... and —a <8 <a. 

e. Isotropic Scattering in Center-of-mass System. Again, in order to 
make further progress in this development, we require additional infor- 
mation about the system which is to be described by Eqs. (7.126). The 
next step we take is to specify further details about the scattering func- 
tion q. Before introducing this information, however, it is convenient 
to transform the relevant functions from the speed variable v to the leth- 
argy variable u. We make this transformation in the case of the func- 
tion q by defining a new function 8 such that 


oe 


= 8(u,mo;v’)J dv duo = q(v,u0;v’) dv duo (7.127) 
where the symbol J denotes the Jacobian 
_ [du 
J = dp (7.128) 


and the lethargy u corresponds to the speed v. Thus (7.127) states that, 
if q dv duo is the probability that a scattered neutron acquires coordinates 
v and po, then this must be identically the probability that it have also 
the coordinates u and yo. Note that the Jacobian relates the differential 
volume in v, uo Space to the corresponding volume in wu, wo space. 

In order to use the new scattering function 8 in the general results 
(7.126) we require a series expansion of the form (7.119). Take, then 


8(u,u0;V') = 8(u,uo;u’,Q’) = : oer *) 8,(u3;u’,Q’) Pa(wo) (7.129) 


n=O 
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where we have replaced the statement of the initial velocity v’ by the 
initial direction of motion Q’ and the initial lethargy u’. The coefficients 
8, are computed from the relation 


8,(u;u’,Q’) = fe 8(u,p0;u’,Q’) Pa(uo) dyo (7.130) 


The expansion (7.129) is not yet in its most useful form. Further 
simplification may be achieved by observing that the frequency function 
8(u,u0;u',Q’) may be written in terms of the conditional frequencies 
Y(po;u,u’,Q’) and g(u;u’,Q’) [see Eq. (2.11)]; thus 


8(u,u0;u’,Q’) = y(uo;u,w’,Q’) g(u;u’,Q’) (7.131) 
where 


10(20;,u’ 2’) duo = probability that, given a neutron with 
coordinates u’ and Q’ before collision and 
lethargy u after collision, the neutron has 
been scattered through angle cos yo in (L) 

q(u;u’,Q’) du = probability that, given a neutron with 
coordinates wu’ and Q’, the neutron is (7.133) 
scattered into lethargy interval du about u 


(7.132) 


It is evident from the definition of the frequency y and the energy relation 
(4.18) that »(wo;u,u’,Q’) is necessarily a delta function. This follows 
from the fact that, given the initial and final lethargies of a scattered 
neutron, there exists only one angle through which the scattering can 
occur. That angle (or the corresponding yo which we denote by £) is 
obtained from the energy relation 


E’ 


i as Ay 


(A? + 2nA + 1) (4.18) 

where E’ is the neutron energy before collision and 7 is the cosine of the 
scattering angle in the center-of-mass (C) system. The cosine 7 is related 
to the corresponding cosine yo for the (L) system through the equation 


1+ An 


Ho = po(n) = (1 + 2An+ A?! (4.27) 


If we transform from the variable # to u and eliminate 7 from (4.27) by 
means of (4.18), we obtain 
po(u,u’) = ¢ = (A + lei’ — (A — Ie t™™) (7.184) 


The angle cos™! yo is related, then, to the difference of the initial and final 
lethargies of the neutron through the above expression. 

The integral (7.130) for computing the coefficients 8, may be written 
in terms of the functions » and g. If we recognize that y is a delta 
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function, and write 
(uo 5,2’ ,Q’) = 8 (uo ot? g) (7.135) 


then the substitution of this result, along with the application of (7.131), 
into (7.130) yields 


Bn (wju',Q’) = g(w;u',Q’) i 5(uo — $) Pa(wo) duo = g(uju’,@’) P,(¢) 
(7.136) 


This result is a general relation from which we can compute the coefficients 
8, to describe any arbitrary scattering process which satisfies the four 
fundamental assumptions already imposed. All we require in any case 
is the appropriate form of the function g which relates the initial and final 
lethargies of the scattered neutron. Thus at this point we must introduce 
additional details about the physics. 

As we have previously observed there is one scattering law which, 
although simple in form, describes reasonably well many of the physical 
situations of interest to reactor physics. We introduce this feature as a 
fourth assumption. 


(4) Elastic scattering is isotropic in the center-of-mass 


system of coordinates (7.137) 


The coefficients 8,, which correspond to this particular scattering process 
are easily computed if we recall that the frequency function for the change 
of lethargy in the case of isotropic scattering in (C) was given by [cf. 
Eq. (4.50)] tap Og ee eee ee ee 


ew’ —wu 


, , 1 
l—ea wsusuting (7.138) 


= 0 elsewhere 


g(u;u’ 2’) 


The substitution of this expression into (7.136) yields 
P,(g)e""—™ 


l—ea 


8,(u;u’,Q’) = (7.139) 
Thus these functions relate the initial and final lethargies of the scattered 
neutron with the cosine of the scattering angle in the (L) system. We will 
use these results in the analysis which follows. 

f. Boltzmann Equation in First-order Harmonics and Isotropic Scatter- 
ing. The first-order approximation to the set (7.126) is obtained by 
truncating the series expansion for the flux at a = 1. This reduces the 
infinite set of equations to four simultaneous equations in the harmonics 
$3,¢7', ¢{, and ¢}. All higher-order terms are assumed to be small as 
compared with these and are therefore neglected. In setting up these 
equations it will be convenient to use the lethargy in place of the speed and 
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redefine the flux by means of the relation 
o(r,u,t) |dul = (r,v,t) |do| (7.140) 


We have already transformed the scattering function q to the correspond- 
ing function 6 in lethargy, and the transformation of the remaining quan- 
tities in (7.126) is straightforward; therefore we write immediately 


— [55+ 200 | $o(r,u,t) + So(r,u,t) +f do(r,u‘t) D,(u’) 8o(u;u’ ,Q’) du’ 


0 1 {9a 2s 
= 3 Or o3(r,u,t) — Vb & —t x) $1 '(1,u,l) 


1 
i a +43) eh(r,ut) (7.141) 


be Ee 5+ z(u) or '(r,u,t) + [ br (ryu’t) Z.(u’) 81(u;u’,Q’) du’ 


a a & + iz) bo(t,u,t) (7.142) 


= [FF + 2a) | otter +f ote Zw!) exuin’,a") de 


1 @ 
= V3 ar bo(r,u,t) (7.1438) 


— [23 + 20] orca +f ottee's9 2600) (use a 


. 0 
2 Fi & - 32) $8(r,u,t) (7.144) 


where for simplicity we have taken the source to be isotropic. Note 
that this set of equations corresponds to Eqs. (7.47) through (7.50). 

For the special case of isotropic scattering in (C), we can compute the 
coefficients of the scattering function from (7.139). We require here 


only the first two: 
= eu’—¥ mn te" —t 
=~ %&=7— we 


where ¢ is given by (7.134). The substitution of these expressions into 
the Eqs. (7.141) through (7.144) yields the first-order approximation to 
the Boltzmann equation for the case of isotropic scattering. It is 
important to recognize that even in this form the flux distribution is 
given by a set of integrodifferential equations; thus, although the problem 
has been considerably simplified, the final analysis is by no means trivial. 

g. Combined Slowing-down Diffusion Equation. An elementary solu- 
tion to Eqs. (7.141) through (7.144), which is the basis for the Fermi age 
theory, can be obtained if we impose an additional limitation on the 
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properties of the system. Let us assume, therefore, that 


(5) Collision densities 2,(u’)¢8(r,u’,t) are slowly varying func- 


tions over the lethargy range of the scattering integral (7.146) 


In this case we may expand 2,(uw’)¢8(r,u’,é) in a Taylor series about the 
point wu. From these expansions we select the approximations 


Bau") 8(tyulyt) = Za(u) o8(r,ut) + (w’ — w) & E(w) $8(e,u,f)] (7.147) 
Lalu’) Pi(r,u’,t) ~~ Z.(u) of(r,u,t) (7.148) 


If these approximations are used in the scattering integrals of Eqs. (7.141) 
through (7.144), the resulting expressions may be evaluated in terms of 
elementary functions and the integral equations thereby reduced to a 
set of partial differential equations. The details of the calculation 
follow. We observe first that the range of integration in the scattering 
integrals extends from u-+ Ina to u, where a@ is defined by (4.20). 
(These limits were discussed in Sec. 4.2d.) Then, if we substitute the 
expression for 8) from (7.145) and the approximation (7.147) into the 
integral of (7.141), we obtain 


1 


l—a 


[ i‘ Po(r,u’,t) D.(u’)e*’—* du’ 
fw 2. (wu) $o(r,u,t) * 


l—a ut+ine 


r.(u) 49(¢,,)] : * (ul = wer du (7.149) 


e’—* du’ 


_t @ 
1—adu 


-- 


Also, the substitution of (7.148) into the scattering integrals of Eqs. 
(7.142) through (7.144), along with the expression for 8; from (7.145), 
yields the results 

_i 
l—ea 


| i" bi (r,u’,t) Z.(u’)ger—™ du’ 
8 u 
~~ Z(u) pi(r,u,t) tex du’ (7. 150) 


l—aea ut+tina 
— . , | , 
The three integrals which appear in these expressions are easily computed, 
and it may be shown that 


/ : | "  gulmu dy! = I (7.151) 
l—ea ut+tine 
“ ! I : udu! = (7.152) 


(u’ — uje"—* du’ = —£ 
1 —a@ Jutine 
ee ie te"-* du’ = ar (7.153) 
l—-—a utina 3A ee 
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where we have used the definition (4.42) for & and (4.30) for yo. The 
function ¢ which appears in (7.153) is the cosine of the scattering angle 
in (C) which corresponds to the lethargy change from w’ to u. 

We substitute the results (7.151) through (7.153) into the expressions 
(7.149) and (7.150), and these in turn are used to approximate the set of 
equations (7.141) through (7.144). Thus, 


ot be it 2s) 8 Fs, xO + 8 = at 
“(57 2s) oi! + BbaT! = — (a + 452) #8 (7.155) 
~tat? i) ot + mB! = Ta 3. (7.156) 
- Gat? 1) 41 + HBO = a (5, — FH) a (7.157) 


This set of four partial differential equations, then, are the first-order 
approximations to the Boltzmann equation which satisfy the require- 
ments (7.106), (7.111), (7.137), and (7.146). 

The steady-state solutions to these equations are easily obtained by 
setting 0/dt— 0 and defining a new function ¢(r,u,t) > ¢(r,u). The 
solutions for the higher harmonics are 


ep (2 Lng 2) 68 (7.158) 


d= — V/3 D 2 $9 (7.159) 


a a o(2 ae 2) ei (7.160) 


where we have used the definition 


¢;° 


Ao 
| 


1 


Du) = seu) — meu] 


(7.161) 


for the diffusion coefficient. The substitution of Eqs. (7.158) through 
(7.160) into the steady-state form of (7.154) yields a single secund-order 
equation in $9 [cf. Eq. (7.57)]. 


2.68 + S$ — Ex (2.98) = —V- DVGS (7.162) 


This result may be written in terms of the total flux ¢(1,u), which is 
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related to $2 by the equation [cf. Eqs. (7.59) and (7.60)] 


So(r,u) 


o(r,u) 
0 H? 


o(t,u) = ao andalso S(r,u) = 
0 


(7.163) 
The substitution of these functions into (7.162) yields, for systems wherein 
= is independent of r, 


— D(uw)¥*9(t,u) + Za(u) o(t,u) = Seu) — ES (2,(u) 66,u)] (7.164) 


As will be demonstrated shortly, this is essentially the form assumed for 
the combined slowing-down diffusion equation of Chap. 6. 

h. Coupling Equation. It was shown in Chap. 6 that the Fermi age 
model when combined with a suitable coupling equation and a diffusion 
equation for the thermal flux gave a reasonably accurate picture of the 
space and energy distributions of the neutron population in a reactor. 
A suitable expression for the thermal-flux distribution has already been 
developed, and it was shown that the source term in this relation was in 
fact the slowing-down density at thermal energy. In order to combine 
the description of the fast-flux distribution given by (7.164) with an 
equation for the thermal flux, we require, therefore, an expression which 
couples the fast flux with the slowing-down density. 

We derive here an expression for the slowing-down density which is 
based on the assumption that the lethargy values in question are far 
removed from the source value. Let 


number of neutrons slowing past lethargy 
q(r,u) = u per unit time in unit volume around (7.165) 
space point r 


This number is given by the combined contributions of all the scatterings 
which occur at lower lethargies and which can throw neutrons into the 
lethargy range > u. The appropriate expression is 


iei= I * su’) o(¢,u’) (=) du’ (7.166) 
u+ina = 


a 


As in the case of the scattering integrals which appear in the Boltzmann 
equation, we assume that 2,(u’)¢(r,u’) is a slowly varying function over 
the interval of integration and therefore may be approximated by the 
first two terms of a Taylor Series, 

] 
Se Balu’) 66,0’) & Blu) o(F,u) + (ul = a) = [B,(u) 6,0) 


Ly 


Q 
Xe 
If fe ise is substituted into the integral of (7.166) and the inte- 
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gration carried out, the resulting expression for the slowing-down density 
18 


g(tu) = E2.(u) H(t,u) + a > [2.(u) 4(¢,0)] (7.167) 
where a= ve = —¢£ (7.168) 


Equation (7.167) is the accurate expression for the coupling relation 
between the thermal-flux equation and the combined slowing-down dif- 
fusion equation. 

We summarize the above results: 


— D(u) V29(t,u) + Eau) o(r,u) = S(t,u) — ES [2.(u) o(6,u)] (7.164) 


(ru) = EZ.(u) o(r,u) + a2 [Z(u) o(6,4)] (7.167) 
— DaVoulr) + DPou(r) = q(r,ten) (7.169) 


i, Fermi Age Model. We develop the relations used in the Fermi age 
model by considering successive approximations to the three equations 
(7.164), (7.167), and (7.169). We begin by solving Eqs. (7.164) and 
(7.167) for q(r,u); thus, 


q(r,u) 7 £Z,(u) $(r,u) a y[Z.(u) o(r,u) _ D(u)V?$(1r,u) _ S(r,u)] 
(7.170) 


where y= = (7.171) 


The first term on the right-hand side of (7.170) is the predominant one 
for reactors of reasonable size. For very small reactors, the second term 
can be of comparable magnitude because of the large leakage (represented 
here by the Laplacian term). The number y is of the order of & and 
ranges from zero to unity (see Fig. 4.18). 

In the case of large reactors, wherein the absorption is known to be 
small, a good approximation to (7.170) can be obtained by neglecting 
the y terms entirely. This approximation is acceptable, however, only 
if the source term is also small in the lethargy range of interest. Ina 
multiplying medium such as a reactor, the neutron sources are the fissions. 
In the derivation of the slowing-down density, it was assumed that the 
lethargies in question were far removed from the representative value for 
the fission spectrum. But, at these lethargies the contribution of the 
fission spectrum 3(u) to the neutron population is very small. Thus the 
omission of the source term does not introduce large errors. A first-order 
approximation to (7.170) may be taken, then, as 


g(t,u) ~ EE,(u) $(r,u) (7.172) 
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and the corresponding expression for (7.164) is 


— D(u)V29(r,u) + Balu) (0,u) = Sern) — 2 g(e,u) 


which is Eq. (6.5). The source is included in this relation since it may 
very well be of comparable magnitude to the other terms. It could be 
argued that its omission from (7.170) was permissible only because it 
represents a correction on a correction (the y term). 
A second-order approximation to (7.170) for large reactors is obtained 
by neglecting the leakage term only: 
q(t,u) ~ &Z,(u) o(r,u) + yZe(u) o(t,u) — yS(t,u) (7.178) 
This expression may be simplified if we use the approximation y ~ £; then 


a(en) (E20) orn) |- £S(r,u) (7.174) 


which is to be used in conjunction)with (7,164). 
A set of equations which has proved to \be very useful in reactor cal- 
culations, wherein the Fermi age model is applicable, is 
S 


q(r,u) =\£2,(u) o(r,u) / (6.6) 
— D(u)V*9(t,u) + Za(u) (Gu) = Su) — S a(t,u) (6.5) 


which are the equations used in Chap. 6. These relations hold if 2.(u) < 
Z.(u), and u is much larger than the values corresponding to the bulk of 
thefission neutrons. = — 

We conclude the present section by summarizing the basic assumptions 
that have been introduced in arriving at the Fermi age model as repre- 
sented by (6.5) and (6.6). (1) The medium is isotropic and homo- 
geneous. (2) Neutron slowing down is due to elastic-scattering collisions 
alone. (3) All nuclei of the medium are stationary. (4) Elastic scatter- 
ing is isotropic in the center-of-mass system. (5) The angular distribu- 
tion of the flux is nearly isotropic. (6) The collision density is a slowly 
varying function of lethargy over the maximum allowable jump per 
collision. (7) The neutron constants (Z,D) are not functions of the 
spatial coordinates. (8) The reactor is large. (9) E~y and 2 < &,. 


7.4 Methods of Integral Equations: One-velocity Model 


A second general approach to the problem of determining the angular 
distribution of the neutron flux may be developed by utilizing the methods 
of integral equations. These methods are generally quite powerful, and 
formal solutions are readily derived even for nonhomogeneous systems 
with complex source distributions. Unfortunately, the mathematical 
techniques required for these applications are of a somewhat sophisticated 
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nature; moreover, actual computations, even for systems of relatively 
simple geometry, can become quite involved and laborious. However, 
there are specific reactor-physics situations in which the integral-equation 
methods are indeed easily applied and can yield accurate results with 
reasonable effort. A good example of this is the Serber-Wilson method 
presented in Chap. 8. The methods and general results developed in 
this section serve as a basis for these applications. 

In the presentation which follows, we derive the formal solution to the 
one-velocity transport equation (7.15) for several media of practical 
importance. The general treatment follows that of Case, de Hoffmann, 
and Placzek.!. The reader is referred to the work of these authors for a 
much more complete development of the general methods and results. 

a. Neutron Distribution in Media with Zero Cross Section. As an 
introductory calculation we derive the neutron-flux distribution in a 
system which has zero cross section; media with more complex neutron 
properties are examined subsequently. If ¢(r,Q) is the directed (angular) 
flux in the usual definition, then for the present system to be at steady 
state, we must require that the neutron losses from unit volume around 
r and from unit solid angle about Q, which can be due to leakage alone, 
be balanced by the neutrons supplied from the sources S(r,Q). It 
follows, then, that [cf. Eqs. (7.5) and (7.15)] 


Q-V¢(r,Q) = S(r,Q) (7.175) 


It is convenient for the purpose of integration to write the leakage term 
Q-V¢ as a partial derivative along the direction Q. Thus, if s is a vari- 
able which increases along the direction Q, then 


7) 
Q:-Vv= OF (7.176) 
and (7.175) takes the form 
= $(t,Q) = S(r,Q) (7.177) 
Integration over the variable s yields 
o(r,a) = [ S(r,a) ds + go(t,Q) (7.178) 


The function ¢o(r,Q) denotes the solution to the homogeneous equation 
Q-V¢(r,Q) = 0 (7.179) 

and it will be arbitrarily taken as zero for all subsequent analyses. A 
1K. M. Case, F. de Hoffmann, and G. Placzek, ‘‘Introduction to the Theory of 


Neutron Diffusion,’’ Los Alamos Scientific Laboratory, 1953, available through the 
Government Printing Office, Washington, D.C. 
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more convenient way of writing the integral of (7.178) is (see Fig. 7.6) 
o(r,a) = [° S@ — Ra,a) dR (7.180)» 


The solution (7.180) states that the total directed flux ¢(r,Q) is the sum 
total of contributions from all sources which lie on 
the segment of a line through r parallel to Q for which 
0O< R< «. Clearly, sources off this line cannot 
contribute to the flux at r (in direction Q), nor can 
sources on the line at stations R < 0. 

The integral equation (7.180) is the solution to the 
differential equation (7.175), and this general result 
will be very useful in the work which follows. As 
will be shown shortly, the neutron-balance equations 

O for other, more complex systems may be reduced to 
Fic. 7.6 Integra- the form (7.175); consequently, their solutions can 
tion variable # and be written down immediately from (7.180). Before 
Dele POE: proceeding with these calculations, however, we will 
develop an alternate expression for the solution (7.180) which is obtained 
by transforming the line integral to a volume integral. This form will 
be especially convenient for describing the more complex systems. 

The transformation is carried out by introducing the angular delta 
function 52(Q + Q’), which is defined 


§(Q-Q’) = 0 Q' ~a (7.181) 


It has the property that 
J 9(8") 6:(@ - 2’) da’ = g(a) (7.182) 
Note that the function 6. differs from the usual delta function for direction 
6(Q -Q’ — 1), where [cf. Eq. (7.135)] 
6(Q-Q! — 1) = 8(uo — 1) (7.183) 


We have used here our earlier notation Q - Q’ = cos 0) = wo. If (7.183) 
is integrated over all directions (i.e., over all possible orientations of Q’ 
to Q, see Fig. 7.1), we obtain 


1 2a 
[3-0 — 1) da = [bo — 1) duo fo" do = Qn (7.184) 


Thus the functions 6.(Q - Q’) and 6(Q-Q’ — 1) are related through the 
equation 


6:(Q+Q’) = = 3(Q-Q' — 1) (7.185) 


The angular delta function 5, may be used to define the source S(r,Q) 
which appears in the integral of (7.180). For this purpose we introduce 
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the identity 

S(r,Q) = te. S(1,Q’) 8:(Q + Q’) da’ (7.186) 
Then, (7.180) may be written 


$¢(r,Q) = if "dR [ S(t — RQ’,Q’) 5:(Q +a’) da’ 
qQ’ 


eas Ge Se es , 
= [ L S (: ; e) 5, (a £) dR dQ! (7.187) 
where we have defined the vector 9 by the relations 
e= RQ’ doe = R*dR da’ (7.188) 


The above expression may be further simplified by using the integration 
variable r’ which is related to @ through the equation 


r=r-—o0 and R=(|r—r'| = lol (7.189) 


We use this variable in (7.187) and note that the integration extends over 
all space V. 


creas o(/-n8) od) 
S @ ai ") 5, (a ee r) dr’ 
= | eee ie ee ee Ae 2; 


This result may be used to compute the total track length ¢(r), which 
is defined by Eq. (7.59). The substitution of (7.190) into (7. 59) yields 


7) (a. a (v.25 ")&(a-' 5") ar ao da 
Cc eon I a coaeamaee < emia 
_ fst “y 
m bi Sea (7.191) 


We demonstrate the use of these results by evaluating the integrals 
(7.190) and (7.191) for the case of a point source. Let 


S(r’,Q) = SoA(Q) &(r’ — ro) (7.192) 


which states that the source distribution S is a point source of strength 
So located at ro and emitting neutrons with an angular distribution A(Q). 
The substitution of this expression for S into (7.190) gives for the directed 


flux 
So a(t = =) bo (a. - = ro) 
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which states that there is a flux at r arising from neutrons traveling in 
direction Q only if Q lies along the vector r — ro; its magnitude is given 
by SoA/|r — ro|?. In the same way we compute for the total flux 


S, s(F= Fs) 
_ \t=tol/ (7.194) 


[f= Tol? 


¢(r) = 


This result tells us that the total flux of neutrons at r due to a point source 

at [> 1s precisely the number of neu- 

a 2 trons which leave ro that are headed 

directly toward r, reduced, of course, by 
the usual 1/r? factor. 

b. Neutron Distribution in Purely 
Absorbing Media. The neutron dis- 
tribution in a purely absorbing medium 
may be derived from the general results 
for the medium of zero cross section 
presented in Sec. 7.4a. We begin with 
a statement of the neutron-balance 
condition. The appropriate differen- 
tial equation is obtained from (7.175) 
by adding an absorption term to the left-hand side; thus, 


Q-V¢(r,Q) + Z(t) o(7,Q) = S(r,Q) (7.195) 


Fic. 7.7 The stations r and r’. 


which states that the only loss mechanism for neutrons from unit volume 
around r and unit solid angle about Q is by transport (Q-Vd¢) and 
absorption (Za¢). Gains are due only to the source S. Note that this 
formulation does not yet include the neutron-scattering process. 

Equation (7.195) may be solved by reducing it to the form (7.175), for 
which the general solution (7.180) has already been obtained. This 
transformation is accomplished by introducing the integration factor 
e*, where 8, the optical thickness, is defined by the equation 


B(r;r0) = [, 


The variable w denotes various stations on the line parallel to Q which 
passes through the field point r (see Fig. 7.7). Thus we define B(r;ro) as 
the ‘‘optical thickness” of the straight-line path joining the field point r 
with some reference point fo. Call the length of this path @, 1.e., let 


6=\|r—T| (7.197) 


This number, then, corresponds to the variable s in Eq. (7.176). The 
derivative Q- V may therefore be written 


|ro—rt| 


La(fo — wQ) dw (7.196) 
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But by (7.196) and (7.197) 


oe = %.(fo — |ro — r|Q) = E,(r) (7.199) 


We use this expression, along with (7.198), in (7.195) and obtain 
— + Lad — S (7.200) 
The integration factor e® may now be introduced. If we note that 


7) dp 

pane B) = Bo 

3B (pe*) = ge® +e Fy 
then (7.200) may be written 


a Se? 
aB (ge?) = Zz. 


which is in the form (7.177). Integration over B gives 


B’-8 da’ 
$= | oe (7.201) 
where B’ = B(r' sto) = - Beay La(Fo — wk) dw (7.202) 


We use the definition for 8 from (7.196) and obtain (see Fig. 7.7) 
i —_ |ro—r’| = = 0” _ 
B-~p= ae ZYa(fo — WQ) dw = , LYa(fo — wQ) dw | 
=/, * ¥4(r — wQ) dw (7.203) 
In the notation of (7.196), 
I, ‘ Za(r — wQ) dw = B(r — R;r) = B(r’;r) (7.204) 


with r' =r—R. If we use this result in (7.201) and note that 
dp’ = ~,d0’ = 2,dR 
we obtain, finally [ef. Eq. (7.180)] 
o(r,Q) = ‘. ” S(r — R,Q)e-8«-R) dR (7.205) 


Thus the expression for the directed flux in a purely absorbing medium 
may be obtained from the result for the medium with zero cross section 
by merely introducing the attenuation factor e~* into the integrand of 
(7.180). 

The expression for the total flux ¢(r) is computed from (7.59), using 
the result (7.205). We first transform (7.205) to the volume integral 
form corresponding to (7.190). This is 


‘ Q’ © Q’)e— fr’) 
¢(r,Q) = [em se eens (7.206) 


\r — r’|? 
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Substitution into (7.59) yields 


ra 


S(r’,Q’)e—8'®) dr’ 
\ 10° a ine 
It must be remembered that the Q’ which appears in (7.206) and (7.207) 
is in fact the direction given by R/R. 
We demonstrate the use of these results by computing ¢(r,Q) and 
¢(r) for the case of a point source. As an example let us take an isotropic 
source of strength So at the origin; then, 


S(r,a) = z So8(r) (7.208) 
Substitution into (7.206) yields 
$(r,Q) = = bs (a ‘) ¢—A(0) (7.209) 


which states that the flux of neutrons with direction Q at r is zero except 
when Q coincides with the line connecting r with the position of the source. 
And, in this case, the flux is the total number of neutrons emitted per 
unit solid angle (So/4rr?) reduced by the attenuation losses according to 
e-*, The total flux may be computed in the same way. Substitution of 
(7.208) into (7.207) gives 
Soe ~8O#) 
¢(r) = ar (7.210) 


as is to be expected. 
The special case of a homogeneous medium is of great practical impor- 


tance. In such media the optical thickness reduces to the simple form 
B(r’ x) = Z,|r’ — r| (7.211)* 
and the results (7.206) and (7.207) may be written 


: 2 S(r’,Q’) 52(Q - Q’)e—*lt’—#l dr’ 
= — ZR — NS OI ae wa es a ee 
‘4 ¢(r,Q) = [ S(r — R,Q)e dR = I 


lr — r’|? 
(7.212) 
'Q’\o-—Zelr’ —-t| , 
< and (o2 | eee (7.213) 
V |r =f Ke 
For the case of the isotropic point source (7.208), these solutions yield 

i _ Sob2(Q + r/r)e—*r 

. ¢(1,Q) = ae car (7.214) 
N. Soe- 2? 

g(r) = = (7.215) 


An interesting and useful application of the concepts developed for the 
purely absorbing medium is in the calculation of escape probabilities 
from arbitrarily shaped volumes. If P(r) is the probability that a 
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neutron born at r within the volume V escape, then the average escape 

probability P.,. for a distribution S(r) of isotropic neutron sources in V 

is defined by 

I S(r) P(r) dr 

P,.. = ———"—"—_— (7.216) * 
i S(r) dr 


In general for convex shapes, P(r) is the total neutron current emerging 
from the surface of volume V arising from a unit isotropic source 
located at r inside V. To compute this quantity we begin with the 
probability for escape through the element of area dA on the surface A 
of volume V (see Fig. 7.8). If dQ denotes the element of solid angle 


Fic. 7.8 Volume V and orientation of neutron path. 


subtended by the area dA from the point r, then dQ/4r is the fraction of 
neutrons emitted by the source which is headed in the direction of dA. 
Now suppose V contains a homogeneous material of absorption cross 
section Yq, and let the distance of dA from r be s, then exp (— 2,8) is the 
probability that a neutron will travel from r to dA without experiencing 
an absorption collision. Thus the fraction of neutrons actually passing 
through dA is exp (—2Z,s) dQ/4z, and P(r) is simply the integral of this 
quantity over all directions; therefore, 


P(r) = = f. eae (7.217) 


In the case of a uniform distribution of isotropic sources throughout V, 
we obtain for P.,. the expression 


= 20 —Z,8 
Pw = 7p I [, e-*- dQ dr (7.218) 
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This result may be further developed by interchanging the order of inte- 
gration. To compute the volume ele- 


y 2 ment dr we picture the volume V as 

consisting of a series of tubes of cross 

dA section (Q -n,) dA and length so, as shown 

n ‘ in Fig. 7.9. The symbol n; denotes the 


inward directed normal to the surface dA 
(and n the outward directed normal so 
that n; = —n). Then the volume element may be written 


dr = (Q-n,) dA ds (7.219) 
Substitution into (7.218) yields 


os Ait. . Zee . F 
Paar fff e—** (Q-n;) dsdQdA 


= 1. — p— X48 n.- 
or ye inVE, I. [, (1 — e-*%)(Q-n;) dQ dA (7.220) 


Fig. 7.9 Volume element. 


The general problem of computing the escape probability from a volume 
V is closely related to the problem of computing the average flux in the 
volume were it to be immersed in an infinite medium supporting a uniform 
isotropic flux. This relationship has considerable practical importance; 
moreover, the two problems are analytically equivalent. To demon- 
strate this equivalence, consider a body V of the shape and material 
assumed in the calculation of the escape probability to be located in an 
isotropic bath of neutrons such that at great distances from V the total 
track length is ¢,. Then the number of neutrons incident upon the 
body per unit time per unit solid angle from direction Qo» through the 
surface element dA is 


Qo 


Now if $(r,Q) is the directed flux at rin V, then the total track length at 
r is given by (7.59). Further let $(r,Q;ro,Qo) be the directed flux at r 
due to a unit source at ro radiating neutrons in direction Qo, and let 
S(To,Qo0) be the source strength. Then 


d(r) = Io ¢(r,Q) dQ = ie dQ i. $(1,Q jr0,Qo) $(to,¥0) dQo (7.222) 


If we use for S the relation (7.221) and define § to be the neutrons released 
per unit area per unit time at the surface, then the above relation becomes 


¢(r) = ee f. dQ I, Qo +n $(r,Q:79,Q) dQodA (7.223) 


This result may be written in an alternate form by the application of the 
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reciprocity theorem,! which states: The directed flux at rin direction Q due 
to unit source at ro radiating in direction Qo is the same as the directed 
flux at ro in direction —Qp» due to unit source at r radiating in direction 
—Q. Therefore 

$(r,Q 3¥0,Qo) = (Fo, — Qo;r, —Q) (7.224) 


Substitution into (7.223) yields 
¢(r) = $e f ia | Qo: n (fo, —Qo;r, —Q) dQodA = (7.225) 
4x Q Qo 


which gives the total track length at r inside V produced by sources on 
the surface A arising from the presence of the isotropic bath in the 
surrounding space. If we reverse the sign of the variables of integration 
Q and Q), then ¢(r)/¢. is immediately identified as the fraction of 
neutrons born at r which escape through A; thus, 


Pa) = an (7.226) 
and by (7.216), we have 
Poe - (7.227) 


which states thatthe average escape probability from a volume V con- 
taining a uniform distribution of isotropic sources may be obtained by 
computing the average flux distribution in the same volume if it were 
placed in a uniform field ¢,. ‘ 

The calculation of escape probabilities is often most conveniently 
carried out by means of the chord method developed by Dirac.? For this 
analysis we refer to Fig. 7.10, which shows 
an arbitrary convex volume V. As be- 
fore, n; is the inward directed normal at 
dA and s(Q) is the chord length from 
dA in the direction Q. Let us assume 
now that the number of chords of length Fic. 7.10 Chords through vol- 
between s and s + ds in the solid angle me v. 
dQ is proportional to Q-n,, the cosine 
of the angle between the inward directed normal at dA and Q. Note 
that the direction Q in Q-n,; corresponds to the direction in s(Q). On 
this basis the total number of chords in V with lengths between s and 
s + ds is proportional to the integral 


iP of _ eee 


1 Tbid., p. 16, for proof of this theorem. 

7P.A.M. Dirac, ‘‘Approximate Rate of Neutron Multiplication for a Solid of 
Arbitrary Shape and Uniform Density,’’ British Report M.S.D. 5, Part I, General 
Theory, 1943. 


Google 


x 


376 REACTOR ANALYSIS [CHAP. 7 


where the directions Q over which the integration is performed are selected 
such that s <s’ <s-+ds. If this relation is divided by the total 
number of chords in V, using the cosine weighting mentioned above for 
each direction Q, the fraction h(s) ds of all chords with lengths between s 
and s + ds in V is given by 


[,a4 f Q-n; da 
h(s) ds = 44. “9-00 (7.228) 
f dA f Q-n; dQ 
A Q 
where the only restriction on the region of integration in the denominator 
isQ-n; > 0. 


The denominator of this expression is easily evaluated. Thus, for 
dQ = du dy in the usual notation, we have 


[a4 [oa-nida = [aa fy udu [7 av =A (7.229) 


The average chord length § through V may then be defined by 


ne i} s h(s) ds (7.230) 
The application of (7.228) and (7.229) yields Ve 
= fof aa [ Q-n; da (7.231) 
TA Je Ja = 2(s) 


Interchanging the order of integration 


Bees, cab a3 _4V 

= =] [aa | so naa =, | aa - A (7.232) « 

since integration over all values of s extends the Q integration to all 

possible directions from dA. This result was previously cited in (5.295). 
The expression for § may be used to reduce the formula (7.220) for 


computing the escape probability, which we now write in the form 


Pa = ayy. [44 | (1 — e-%) (Q-n,) da 
Deg A Q 


l 
= —__. dA l — e~%as Q- rY dQ 7.2 
— | in f, “uy EEE) dX (7.233) 


where we have separated the integration over Q into two parts. First 
we integrate over all directions leading to chord length s, then over all 
chord lengths from the smallest to the largest. Now, it follows from 
(7.228) and (7.231) that 


laa ee ee | aa | Q-n;daQ 
s A Q=-(s) 
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The substitution of this relation into (7.233) yields 


ee es ee see 
Pee = 5S. ie dae ) faa foo n; dQ 


and -~&P, = = I mL wm en %t)h(s) ds (7.234) x 
a 8min 


An important application of this general result is given in Chap. 10 in 
connection with the problem of computing the resonance-escape proba- 
bility for fuel lumps in a heterogeneous reactor. 

The evaluation of the chord-distribution function h is easily demon- 
strated when the volume V hasa simple shape. As an example, consider 
a slab of width a (see Fig. 7.11). Let chords of 
length s make angle @ with the z axis, and let 
pw = cos 6. Then for any chord s’ with inclination 
6’, wehaveQ -n, = cos & = yw’, and with dQ = dy’ dy’, 
(7.228) reduces to 


iia gal wat aya 
ee aaa ae : ce A A 


2 
ae OTe “ ds (7.238) 


Fia. 7.11 Chord 


keeping in mind that yu implies chords of length s. through lab: 


The result (7.229) has been used in evaluating the 
general relation for (7.228). For this case the average chord length is 
shown from (7.230) to be § = 2a. 

c. Multiplying Media with External Source. We examine here media 
which exhibit both elastic-scattering and fission interactions between 
neutrons and nuclei in addition to the absorption property considered 
in Sec. 7.4b. In the present development we introduce an alternate 
formulation of the one-velocity transport equation (7.15) which combines 
into a single integral term both the scattering and fission processes. This 
is accomplished by defining a new quantity c which is given by 
vz ,(r) “1 2, (r) 

z.(r) 
where the various cross sections and » have the usual definitions. Accord- 
ing to (7.236), c is the average number of neutrons produced per collision. 
The neutron-balance condition may be written in terms of this number. 
For the steady-state system it takes the form [cf. Eq. (7.15)] 


Q- Vo(r,Q) + Z(t) o(r,Q) = Zr) c(t) f, o(6,0") [*(Q;0') da’ + S(r,0) 
(7.237) * 


c(r) = (7.236) * 


where f*(Q;Q’) dQ = probability that, when a neutron with 
direction Q’ suffers a collision, it yields a 
secondary (product) neutron with direc- 
tion in dQ about Q 


(7.238) 
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Note that this function describes the general collision process consisting 
of scatterings and fissions. The average yield per collision corresponding 
to f* is the quantity c of (7.236). It follows that the integral of (7.237) 
multiplied by cZ,; gives the number of neutrons which emerge from all 
collisions with direction in unit solid angle about Q. In the case of a 
nonmultiplying medium c = 2,/2,; and f*(Q;Q’) = f(Q;Q’), as given by 
(7.8). Finally, it should be mentioned that the source function S which 
appears in (7.237) does not include the contributions from fission and 
therefore differs from the function S given in Eq. (7.15). 

In the present calculation we assume that all collisions are isotropic in 
(L); therefore, 


f*(Q;2') = 7. (7.239) 


The integral which appears in (7.237) now reduces to the expression for 
the total flux ¢(r) [ef. Eq. (7.59)], and (7.237) may be written 


Q- Vo(e,Q) + Z(t) (1,0) = - LAr) (x) o(r) + Sz,@) (7.240) 


If this equation is compared to (7.195), we observe immediately that the 
two relations are of the same form, the only difference being due to the 
>, which appears at the left of (7.240) (in place of the Z,), and the addition 
of a source term at the right which augments the external sources S. 
Thus the solution to (7.240) may be obtained by applying the result 
(7.205). In place of the source function S which appears in (7.205) we 
use the two-term source of (7.240) and modify the definition of the 
optical thickness 8 so that it is given in terms of the total cross section 2, 


in place of 24. In this way we obtain the solution 
¢(r,Q) = iE [ Zr — R) c(r — R) ofr — Rye FS" -F*) dR 
0 
+ L S(r — R,Q)e—8"&-RO dR (7.241)x 


The expression for the total flux is obtained from the general result (7.207). 
Again noting that the source consists of the two functions on the right- 
hand side of (7.240) and that 8 is defined in terms of 2,, we have 


Ka = f [sea + Lewy 20) oe |" raea 


Ir — rp? 


4\ where Q’ = R/R [as used previously in Eqs. (7.206) and (7.207)]. Both 


f 
t 


| 
\ 


of these relations are integral equations and may be solved by means of a 
Neumann series! which is developed by successive approximations. The 


1See, for example, H. Margenau and G. M. Murphy, ‘“‘The Mathematics and 
Physics of Chemistry,” pp. 504-505, D. Van Nostrand Company, Inc., Princeton, 
N.J., 1943. 
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method, although straightforward, is laborious, especially if the conver- 
gence of the series is slow so that several terms are required. The method 
consists of making successive estimates of the function which appears in 
(7.242). For example, a first estimate of ¢ is obtained by ignoring the 
¢ integral at the right of (7.242). The resulting expression for ¢ involves 
only the integral of the function S, which is specified. This solution may 
then be used in the ¢ integral of (7.242) and a second estimate for ¢ 
obtained. Higher orders of accuracy are obtained by continuing this 
process. When ¢(r) has been computed to the desired accuracy, it may 
then be used in (7.241) to obtain the directed flux ¢(r,Q). 

The solution to the general time-dependent system is easily developed 


from the above results. In the notation of the present method, the non- 


stationary one-velocity transport equation is 


7 o(r,Q,t) + Q- Voe(r,Q,t) + U(r) (1,Q,t) = ; 2e(r) c(r) p(r,t) 
(7.243) 


wherein we have omitted the external source term S to avoid undue 
complication. The solution to (7.243) is obtained by seeking a number 
a such that ¢(r,Q,/) may be given in the form 


o(r,Q,t) = o(r,Q)en* (7.244) 


The technique by which this is accomplished is discussed under the section 
on the Serber-Wilson method. If we substitute (7.244) into (7.243), we 
obtain immediately 


Q- V9(r,Q) + Z(r) o(F,Q) = 2 Z(t) c(t) a(t) (7.245) 


where we have defined 
Sap - (7.246) « 


This quantity may be called an ‘“‘effective-removal”’ cross section and is 
related to the actual-removal (total) cross section by the addition to 2, 
of a ‘‘time-absorption”’ term a/v. If solutions of the form (7.244) exist, 
then we have succeeded in reducing the time-dependent problem to an 
equivalent steady-state problem which describes the neutron economy 
in a system with total-removal cross section 2 and a source term identical 
to that of the actual system. 

d. Source-free Infinite Multiplying Media. Of particular interest in 
reactor technology are multiplying media which contain no external 
neutron sources (i.e., sources other than the fission reactions). For 
these problems, the transport equation takes the form 


Q + Vo(r,Q) + Z(t) o(,A) = Z(t) c(t) f $(,0') f*(Q;0") da’ (7.247) 
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If the distribution of neutrons emerging from collisions is isotropic in (L), 
then the solution to this equation is 


¢(r,Q) = Pa [ ” yr — R) e(r — R) o(r — R)e-#°-B) dR (7.248) 


The total flux is given by 


)- 2 | Eee 


Sera (7.249) 


If the medium in question is homogeneous, then 8 reduces to the form 
(7.211), and the above solutions may be written 


¢(r,Q) = rat [ d(r — R)e**® dR (7.250) 
>> \ p-Zalr—8'| d , 
Ae ¢(r) = = [ees (7.251)* 


We now demonstrate some of the properties of these functions which 
will be useful for later applications. 

1. Elementary Solution for $(r) in Media. The elementary 
solution to Eq. (7.251) for the infinite medium 
is eBt, The quantity B is an eigenvector, and 

p(p.6,¥) its magnitude is determined by substituting 
go(r) = eB* into (7.251). Thus 


cD, ea de —r'|+tBer’ ar’ 


a cet | eo ar 
eB ra fe ro? (7.252) 
—._—«If we define 9 = r — 1’, then this equation may 
be written 
Fig. 7.12 Eigenvector B 1 = chs eT herve do (7.253) 


and coordinate system. 4n ly p? 


where we have canceled out the common factor e®*. To evaluate the 
integral we define 
e = 0(0,0,¥) do = p* dp du dy 


with » = cos @ (see Fig. 7.12). Then (7.253) yields 


_ ch” ; oF ZyptiB _cXij4r, (8B 
1-2 | do [au [ e— 7 “dy = 7 B en S, 


Thus e®* is a solution to (7.251) for an infinite medium, provided that 


(=) tan! (=) = : (7.254) % 


2. General Solution for o(r) for Infinite Media. The general solution 
to Eq. (7.251) is obtained by superimposing the elementary solutions 
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eB, If we define the eigenvector B by the relation 
B = Bu 


where wu is a unit vector (a direction), then the general solution may be 
obtained by integration over all directions u; thus 


g(r) = , a(u)e*But du (7.255) x 


The eigenvalue B is computed from (7.254), and the arbitrary function 
a(u) is analogous to the arbitrary constant which always appears in the 
steady-state solution to the diffusion equation for a multiplying medium. 
Its value can be determined in these cases only by specifying the initial 
condition of the system. 

3. o(r) Is Solution to the Stationary-wave Equation. If we compute the 
Laplacian of ¢(r) using (7.251) and (7.255), we obtain 


V76(r) = i a(u)V%eBer du = —B? , a(u)e2r dy (7.256) 


Thus the solution (7.255) for the infinite medium satisfies the differential 


equation 
V?o(r) + Bg(r) = 0 


We recognize this relation as the appropriate neutron-balance equation 
for a multiplying medium at steady state in the one-velocity approxi- 
mation (ef. Eq. (5.161)]. Solutions of the transport equation are there- 
fore also solutions of the ‘diffusion equation” (properly called the 
stationary-wave or Helmholtzequation). Conversely, solutions of the dif- 
fusion equation will also satisfy the transport equation exactly in the 
case of infinite media. Solutions of the diffusion equation for finite 
geometries, on the other hand, do not; however, if these solutions are 
applied in regions far from boundaries, the transport equation can be 
approximately satisfied. In these regions the angular distribution of the 
flux is nearly tsotropic (which is a limitation of the diffusion theory), and 
the diffusion theory results should give a good approximation to the 
spatial distribution of the neutrons. Thus solutions to the diffusion 
equation are the asymptotic solutions to the transport equation. 

4. Directed Flux $(r,Q) in Infinite Media. The general solution for 
¢(r,Q) in an infinite homogeneous medium is obtained by substituting 
the general expression (7.255) into (7.250); it is easy to show that inte- 
gration over F yields 

ch, [° Dea iat ee a(u)e'Su+ du 
¢(1,Q) = = | dR [ewer OE RAM aa . 1 + iBu- Q/5, 
(7.257) * 


The application of this result to the infinite-slab problem is demonstrated 
in the analysis which follows. 
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e. Infinite-slab Reactor. An approximate solution for the angular 
distribution of the neutron flux in an infinite slab of multiplying material 
may be derived from the general solutions for infinite media developed 
in Sec. 7.4d. The present formulation of the problem follows the work 
of A. H. Wilson.? 

Consider a uniform infinite slab of half-width a oriented with respect 
to the x axis, as shown in Fig. 7.13. The problem is 
to determine ¢(r,Q) throughout this medium. The 
general solution for ¢(r,Q) in an infinite medium is 
given by (7.257); however, this solution does not 
apply directly to the present problem since one di- 
mension of the medium is finite. Nevertheless, it 
is possible to develop an approximate solution to 
the slab problem from the results for the infinite 
medium. 

The directed flux in an infinite medium wherein the spatial distribution 
of neutrons is given by a single variable xz, and therefore by a single angle 
6, has been given by Wilson. In this special case $(z,@) is symmetric in 
x and 6, and the elementary solution for ¢(7,6) may be written in the 
form 


Fig. 7.13 Infinite- 
slab reactor. 


cos Br + . cos @ sin Bz 
ie t 


re é) _ 1 et Bz e—tBz 
aD 1B 1B * B? : 
L+ = cos 0 oo pares Oe e 


(7.258) 


As usual, the eigenvalue B is to be computed from (7.254); this may be 
demonstrated by substituting (7.258) into (7.250). The above expres- 
sion, then, is an exact solution to the transport equation. However, it 
has no direct physical application for two reasons: (1) it applies only to 
the infinite medium; and (2) not all the solutions (7.258), for the various 
values of B from (7.254), are positive. In spite of these facts, (7.258) can 
be used to construct physically useful solutions. The technique is to 
replace the actual finite body by an infinite medium for which (7.258) 
gives mathematically exact solutions and so construct the solution that 
the regions of the infinite space, wherein ¢ < 0, are outside the boundaries 
of the real system. This approach is analogous, then, to the method of 
images which was used for the Fermi age solution to the slab problem 
(see Sec. 6.4b). In general, this method cannot yield an exact solution 
to the medium with a finite dimension since it is not possible to satisfy 


1A. H. Wilson, The General Properties of the Transport Equation and Its Use in 


Determining the Multiplication in Bodies Having Spherical Symmetry, A.E.R.E. 
Harwell, M.S. 105A, Dec. 7, 1944. 
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the boundary condition completely. However, an approximate solution 
can be obtained which can be useful for actual applications. 
The boundary condition we should like to satisfy is [cf. Eq. (7.97)] 


W 


o@0)=0 5 


<60< 4 (7.259) 
Inasmuch as this condition can be satisfied only in part, we select instead 
the less restrictive requirement that there be no neutrons returning to the 
slab along directions normal to the faces; thus, we ask that 


¢(a,r) = (7.260) 


If this condition is applied to the solution (7.258), the following equation 
is obtained: 


- % 
26° oe cot Ba = 2 (7.261) 
Ps; ae | = >) ; 


This equation is to be solved simultaneously with the eigenvalue relation 
(7.254). The joint solution yields the criticality requirements for the 
slab. It is convenient to write this pair of equations in the form 


cot Ba = = (a) 


(7.262) « 
tan (B/c2Z,:) __ 
B/ey, Ot (6) 


As in the diffusion-theory problems, the specification of the cross sections 
(i.e., fuel concentration) yields the size a, and vice versa. For example, 
if the fuel concentration is specified, then 2; and c [from (7.236)] may be 
computed, and Eq. (7.2626) yields B. The substitution of this result 
into (7.262a) gives the half-width of the slab a. 

Since boundary condition (7.260) satisfies the correct relation (7.259) 
only at @ = x, it is of interest to determine the directed flux ¢(a,@) for 
other directions. Wilson has performed this calculation for the case 
c = 4/r and Ba = r/4. The resulting values of ¢(a,@) are shown by the 
broken curve in Fig. 7.14 to a relative scale. The representation of the 
physical situation by the approximate condition (7.260) is evidently not 
too poor. As is to be expected, ¢(a,0) # 0 for any value of 6 different 
from 7; however, over a sizable angle ¢(a,6) K ¢(a,x/2). 

There is an alternate condition to (7.260) which yields somewhat 
better values of B. This condition corresponds to the diffusion-theory 
requirement that the partial current from the vacuum be zero [see (5.57)]. 
The appropriate statement in terms of the directed flux ¢(r,Q) is [ef. (7.64) ] 


dA f; _ 6(a,Q)(Q+s) dQ = 0 (7.263) x 
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where dA is an element of area on the boundary surface a, s is the out- 
ward pointing normal to dA, and the integration extends over all Q 
directed into the medium from the surrounding space. In the slab 
problem, ¢ = ¢(z,@), and (7.263) reduces to 


[ "2 (2,6) cos 6 sin 6 d0 = 0 (7.264) 


where we have used the differential dQ = sin 6d@dy. This condition 


Directed flux at surface $(a, 6) 


0 20 40 60 80 100 120 140 160 180 
Inclination to x axis 6, degrees 


Fig. 7.14 Directed flux at surface of slab. 


will yield ¢(a,6) < 0 for some values of 6; but the effect of this on the 
estimate of the inward current will be compensated for by the contribu- 
tions from the remaining directions. 

The substitution of the infinite-medium solution (7.258) into (7.264) 
yields, after integration, 
Bj — (2./B) tan” (B/2,) 
S| ml + B/S) 


A comparison of this result with (7.261) reveals that the right-hand side 
of (7.265) is always less than B/Z,; thus these two conditions give different 
values of a for a given set of cross sections. This discrepancy is well 
demonstrated by the sample computation forc = 4/# and B/Z; = 1. In 
the case of the boundary condition ¢(a,x) = 0, Eq. (7.261) yields 
Ba = 0.785, whereas the no-return current condition (7.265) yields 


cot Ba = (7.265) 
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Ba = 1.017. Thus the two conditions presented above would give 
noticeably different estimates of the slab thickness for a critical system. 
This discrepancy is due to the fact that the neutrons in each case are 
emitted from the slab in a nearly isotropic distribution. Figure 7.14 
shows this tendency for both cases (the solid-line curve refers to the 
no-return current condition). Only if the neutron emission is mainly 
along the outward normal to the surface will the two methods agree well. 
This is the case for spherical geometries, an example of which follows. 

f. Bare Spherical Reactor. We consider here a second demonstration 
of the technique of constructing approximate solutions for the directed 
flux in a finite system from the results for the infinite medium. In this 
example we analyze a homogeneous multiplying sphere of radius a. It 
was shown previously that the directed flux in an infinite homogeneous 
medium could be written in the form 


¢(r,Q) = os i ” g(r — R)e“2*# dR (7.250) 


The elementary solution to this equation is e®*, where the eigenvalue B 
is computed from (7.254). It was also shown that this solution satisfied 
the stationary-wave (diffusion) equation (see Sec. 7.4d). Now, the 
only solution of the diffusion equation (5.161) which is spherically 
symmetric and finite everywhere is [cf. Eq. (5.166)] 

¢(r) = Asin Or (7.266) 
This function will also satisfy the integral equation (7.250); thus, we may 
use this relation for the total flux ¢(r) under the integral sign. The result 
18 


© 0} = —2Z,R 
say aa f sin (Blr — R|)e-2" dR 


Ir -—R 
_cXA [* sin [B(r? + R? — 2rRy)te—** dR 
ee eine oeR ah (7.267) 


where yp Is the cosine of the angle subtended by the two vectors r and R 
(i.e.,r-R = 7Ry). Note that in the present system ¢(r,Q) — (7,6). 

All the statements which have so far been made apply to the infinite 
homogeneous medium. We now assume that the solution (7.267) is 
valid in the interior of the specified sphere. If (7.267) were an exact 
solution for this finite system, then we could satisfy the boundary con- 
dition ¢(a,0) = Oforx/2 < @<-. Since this is not the case we attempt 
to satisfy this requirement in part. As in the slab problem, if we ask 
that ¢ > 0 everywhere within the sphere, then the appropriate condition 
to be satisfied is 


¢(a,r) = 0 
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which is identical to (7.260). The application of this approximate bound- 
ary condition to (7.267) yields the equation 


cL:A ["e**® sin Bla+ R)dR _ cd,Ae* [* e-™ sin Bsds _ 0 
4g 0 at R 7 An a 8 7” 
(7.268) 


This equation gives the eigenvalue B which satisfies condition (7.260). 
The integral which appears in this relation is more conveniently written 
in the form 


[ = ¢ 2 sin Bs ds 


eo 
am i [e—2( 2-48) —_ e—2r+iB)| ds 
8 21 Ja 8 


= =, [Ex(2a — iBa) — E\(Z,a + iBa)] = — Im E,(2,a + éBa) 
(7.269) 


where E,(z) is the exponential integral [see Eq. (5.306)] and Im E,(z) 
denotes the imaginary part of E,(z). The exponential integrals of com- 
plex argument have been tabulated and will be discussed in detail in 
connection with the Serber-Wilson method. 

From the above results we find, then, that the condition ¢(a,r) = 0 
yields the requirement 


—Im E,(Z,a + 7Ba) = 0 (7.270) « 


This condition is to be used in conjunction with the eigenvalue relation 
(7.254). Asin the case of the set (7.262), (7.270) together with (7.254) 
yield either the size or the fuel concentration, given the other. 

The boundary condition which requires that there be no return current 
from the surrounding vacuum [see (7.263)] may also be applied to the 
present problem. Wilson has carried out this calculation, and the 
detailed analytical statement of this condition is given in the previously 
mentioned report.!_ He finds, however, that the result agrees with (7.270) 
to within a few per cent. Since the resulting expression for the no-return 
current condition is quite complicated, it is suggested that the more 
simple form (7.270) be used. 

We conclude the present section with a few remarks about the calcula- 
tion of the directed flux ¢(r,@) within the finite sphere. These calcula- 
tions have been performed by Wilson, and the reference report presents 
several series representations of this function which are suitable for com- 
putational purposes. These include special expansions for both B/Z, > 1 
and B/2, «1, as well as a general solution which is given in terms of 
Bessel functions and Legendre functions of the second kind. 


1 Thid. 
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7.5 Applications of Spherical-harmonics Method 


In this section we illustrate the application of the spherical-harmonics 
method by considering two problems of some practical interest. Both 
problems deal with steady-state one-dimensional systems, and the cal- 
culation is carried out on the basis of the one-velocity model developed 
in Sec. 7.2f. In the present applications the general time-dependent 
relations given in (7.84) reduce to the following set of differential 
equations: 


—Zba(t) + Zarnda(a) + S42) = (HET) F pease 


n d 
+ (7-3) Ay dn—i(z) (7.271) 


where n = 0,1, .... Our immediate objective in each case will be to 
obtain solutions of this set of equations which satisfy the particular 
boundary conditions that define the two problems. Since the method 
we will use is independent of the order of the approximation (i.e., the 
value of n), we will truncate the set (7.271) at n = 3. This yields the 
so-called P3; approximation which is the next more accurate model after 
the diffusion theory. It is of interest to note in this connection that only 
the odd-order approximations yield higher degrees of accuracy. For 
example, if n = 1 is the first-order approximation (P1), = 31s the second 
order. The approximation corresponding to n = 2 yields the same order 
differential equation (second) as does the n = 1 approximation. Thus 
the n = 2 calculation yields no new information about the angular 
distribution of the flux, and so we must go to n = 3 for a more accurate 
model. In the same way n = 41s of the same order as n = 3, and so the 
next better approximation after P; is Ps, and so on. 

The P; approximation of the one-velocity transport model is obtained 
from Eqs. (7.271) by retaining all relations which involve the harmonics 
¢, forn < 3. These are 


—Zido + Z.Yodo + So = ¢ $1 (a) 
—Zidri + ZM1¢1 + Si = a gd: + : < do (b) 
3 dx 3 dx 
3 d 2d (7.272) 
—Zide + LTaY2g2 + S2 = 5 dz g3 + Bie $1 (c) 
—Zi¢3 + Z.Y3¢3 + S3 = eo d2 (d) 


where we have neglected the ¢, term in (d). 
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In the first calculation which follows we compute in detail the angular 
distribution of the neutron flux in the vicinity of an interface between 
two dissimilar media. This example demonstrates the application of the 
interface-boundary condition (7.100). The second example deals with 
a slab of multiplying material, and in this calculation the emphasis is 
placed on the specification of the vacuum-interface condition and on the 
estimation of the critical width of the slab by means of the various models 
which have been developed. 

a. Angular Distribution of Neutrons at an Interface. Consider two 
semi-infinite media of different nuclear properties which have the plane 
zx = 0 as a common boundary. There exists throughout this entire 
space a uniform one-velocity isotropic neutron source. The problem is 
to compute and compare the distribution of the one-velocity directed 
flux in the two media according to the P; approximation. 

For this application the general steady-state solution to the transport 
equation in the P; approximation (7.272) reduces to the somewhat simpler 
form. 


a + Zodo = So (a) 
2 dos ldo, +4, =0 (b) 
3 dx 3 dx 
3dd; . 2ddy (7.273) 
5 ds } 3 dz 1 72e2 = 29 (c) 
3 dde _ 
7 Oe + 23¢3 = 0 (d) 
in which we have defined 
Zr, = 2, — Ty, (7.274) 


and have recognized that for an isotropic source S, = 0 for all n > O. 
Since the above equations describe the directed flux in a homogeneous 
medium which contains a constant source, the application of these 
equations to a two-medium system requires that a separate solution be 
obtained for each region and the two results matched at the common 
surface x = 0. 

We solve the four simultaneous equations in (7.273) by eliminating the 
three harmonics ¢1,¢2, and ¢3 and thereby obtaining a single fourth-order 
differential equation in ¢o. The solution of the fourth-order equation 
may then be substituted into (7.273) and corresponding expressions 
obtained for the higher harmonics. The procedure is straightforward 
and will not be discussed in detail here. Suffice it to say that the calcula- 
tion may be carried out by first eliminating ¢3 from (7.273c) by means of 
(7.273d), then ¢; and finally ¢2 by performing several differentiations of 
the Eqs. (7.273a), (7.273b), and (7.273c). The resulting expression for 
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¢@o may be written in the form 


d‘do do 


nae PF gar = eae (7.275) 
where 
= 3 — 22 9021 425 = 
a=ar, B=atasy tippy, oY = okt (7.276) 


Equation (7.275) is an ordinary differential equation with constant 
coefficients. Its solution is easily shown to be 


go(x) = ae™ + be-™ + ce™™ + de-™ + s (7.277) 


wherein a, b, c, and d are constants to be established from the interface 
condition, and the roots of the characteristic equation, m and n, are 


given by 
Arak 1 
m= [21+ yt - 3) 
- —\ (7.278) 
n= |Z (1- 1 -F)| 


The solutions for the various harmonics are obtained by substituting 
Eq. (7.277) into the set, Eqs. (7.273). Thus Eq. (7.273a) yields ¢1(z), 
Eq. (7.2736), 2(x), and Eq. (7.273d), $3(x). The results are 


b d 
oi(z) = —Xo (¢ emz — em < ens a om) + f (7.279) 
go(x) = $¢Mae™ + 4Mbe-™ + 4Nee™ + 4Nde—™ — Bfliz — FX 
(7.280) 
$3(z) = re (—amMe™ + bmMe-™ — cnNe™ + dnNe-™ + 32;f) 
3 
(7.281) 


where f and g are constants of integration and 
M = (as ™ 1) N= (er _ 1) (7.282) 
m n 


If the solutions (7.279) through (7.281) are used in Eq. (7.273c), then a 
comparison of the coefficients of like functions of z reveals that both f 
and g must be identically zero. 

The above relations are the general solutions which apply to each of 
the two media in question. Specific solutions are obtained for each 
medium by requiring that the flux remain finite for all x. This immedi- 
ately identifies several of the integration constants, and it may be seen 
that for the medium which occupies the space x < 0 (which we denote 
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by the index M), Eqs. (7.277) through (7.281) reduce to the set 


G(r) = aemue + comme + si (7.283) 
@(xr) = — ry (= emux + Cc ew) (7.284) 
mn au 
d(x) = Mae + 4N yce™ (7.285) 
g(x) = —- — (ama M ye"? + cnuN ye™*) (7.286) 
3 


If we denote by the index F the medium which occupies the space x > 0, 
then the appropriate solutions are 


8 (x) = bee + denne se (7.287) 

g(x) = ZyP (>. ems + & are) (7.288) 
Mp Np 

o$ (xr) = ie poe—™= + 4N pde—"r= (7.289) 

o$?(z) = (bmpM re—™r* + dngN re-"*) (7.290) 


Tas 


The parameters m,, n;, M,, and N,; are computed from (7.278) and (7.282), 
using the appropriate cross sections for the particular medium 17. 

The constants a, b, c, and d are obtained by the application of the inter- 
face condition (7.101), which, in the present notation, may be written 


ou (0,u) = dr(0,n) —-lszl (7.291) 


The P,; approximation for the directed flux ¢(7,) is obtained by terminat- 
ing the series [cf. Eq. (7.74)] 


o(z,u) = ) = Ba ‘) (2) P.(u) (7.292) 


3=0 


at s = 3; thus, introducing the definition of the functions P,(«), we have 


(2m) ~ db0(t) + Foi(z)u + $o0(z) (Bn? — 1) 
+ 463(xz)(5u® — 3) (7.293)« 


If we apply this approximation to each side of (7.291), then for all values 
of s we must have that 


$40) = o{(0) (7.294) 


since » is an independent variable. The application of the condition 
(7.294) to Eqs. (7.283) through (7.290) yields the following four simul- 
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taneous algebraic equations in a, b, c, and d: 


1 1 
a—b+e~d = S0| tm — san 
M) F) (M) (P) 
fat | lo + [le + [Bla -0 
™mM mr TMM Nr (7 29 5) 
Mya — Mpb + Nuc — Nerd = 0 ; 
muM x m Mp nuNu npN p 
[Pape ]o+ [apr"]¢+ [Faaet] e+ [Bet ]e=0 
The solution of these equations for the four unknowns when substituted 
into the harmonic relations (7.283) through (7.290) gives a complete 
description of the directed flux through the two regions M and F. 
We illustrate the above method by means of a sample computation. 
Let 
rim) = 0.0022 ztF) a mF) = 42) 
2) = 0.9982) BY = 0.5 AP = 0 


So _ 19 So _ 05 esi 
TaD De) ae 
If we assume that », = 0 for n > 1, then it follows that 
ney 
Zo = Ze — Do = Za 21 = Le — Bei = Ze (1 = me) (7.297) 


Do = 2 Zs = 2 


These data may be used to compute the parameters m, n, M, and N. 
The results are: 
mu = 1.9742(") MM = 0.054772( 
Mu = —0.9921 Nu = 0.00003333 
2.4412(/) np = 0.98762(/) 
— 0.7481 Nr = 0.5382 


The substitution of these values into Eqs. (7.295) yields for the coefficients 
a = —0.09324 b = 0.2517 
c = —8.634 d = 0.5212 

The solutions for the harmonics ¢(z) are then 


(x) = 10 — 0.09324e!-9742"2 — 8 G34¢9.054772 Mz 
do (z)  0.3153¢9-05477 2x 


= 3 
=" OY 
| || 


P(x) = 0.04625e!-9742.002 e28) 
G(x) = —0.03913e1-9742M= 
and 
PP (x) = 0.5 + 0.2517e-2-441 = 4. 0.521 2e—9-9876 2172 
(FP) = —2.4412,\P)z —0.98762,% )z 
g(r) = 0.05156e + 0.2635e (7.299) 


$§"(zx) = —(0.09414¢e—2-4412."z + 0.1402e—9-98762,.z 
$F) (x) — — 0.09849e—2-4412."z + 0.0593G6e—9-98762,.7z 
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The corresponding solutions for the P; approximation (diffusion theory) 
are of interest for purposes of comparison. The appropriate differential 
equations are obtained from (7.271); these equations were developed in 
Sec. 7.2£. 


— D¢y (x) + Zado(z) = So (7.87) 
¢:1(z) = —D¢,(z) (7.88) 
The general solutions for ¢o and ¢; are 
go(z) = Aex* + Ce + Se (7.300) 
oi(z) = —AxDe™ + CxDe-™ (7.301) 
where x? = 2,/D. In the region M these reduce to 
S 
P(x) = Aexue + sa (7.302) 
(7) = —ADauxue™* (7.303) 
and in the region F, | 
of (x) = Cer? + = (7.304) 
¢{? (x) = CDrxre—"* (7.305) 


We compute the constants A and C by the application of the boundary 
condition (7.294). This yields 


Sol (1/2) — (1/22)) _ (Dw 
= =e eg Deas and C= ( Bet) A (7.306) 


The angular distribution for the flux ¢(z,) is given by 
o(x,u) = $60(z) + $61(2) yu (7.93) 


The appropriate solutions to these equations for the system defined by 
the constants (7.296) is found to be 


(2) = 10 — 8.728¢9-06537 24s 


A 


G(x) = 0.3153e9-08587 2:02 (7.307) 
and P(x) = 0.5 + 0.7722¢—1-2252M2 
P(x) = 0.3153e7 1228202 (7.308) 


Table 7.1 lists $(2,u)/do(z) for various zx and » according to the P3 
approximations given by (7.298) and (7.299). The numbers in the 
parenthesis are the corresponding values obtained from the diffusion- 
theory relations (7.307) and (7.308). 

These results have been used to compute the total flux ¢0(z) throughout 
the vicinity of the interface. Figure 7.15 shows this distribution at 
various stations measured from the interface x = 0 in units of mean free 
paths [1/2{"] for each region. The particular choice of constants given 
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in (7.296) represents reasonably well the relative properties of a moderator 
(scattering) (Af) type material and an absorber (F) type material. It 
is of interest to note the relative suppression of the flux in the absorber 


P, approximation 
—— — —— P, approximation 


Relative total flux 


Ri 
2 
Distance from interface in mean free paths 


Fig. 7.15 Total neutron flux in the vicinity of the interface between absorbing and 
scattering materials. 


region as compared to the scattering region. Note also that the relatively 
higher neutron density in the scatterer results in a net flow of neutrons 
into the absorber region. 


TaBLE 7.1 ANGULAR DISTRIBUTION OF FLUX AT INTERFACE ACCORDING TO 
P,; anp P; APPROXIMATIONS 


Distance 
from p= —l i | »=0 w= uml 
interface 
ACM) 0.2724 0.3708 0.4956 0.6269 0.7453 
(0.2431) (0.3716) (0.5000) (0.6284) (0.7568) 
§A,040) 0.2660 0.3352 0.4862 0.6579 0.7890 
(0.1954) (0.3477) (0. 5000) (0.6523) (0.8046) 
0 0.3268 0.2558 0.4546 0.7215 0.8548 
(0.1282) (0.3141) (0. 5000) (0.6859) (0.8718) 
aM”) 0.3379 0.3441 0.4190 0.6154 0.9859 
(0.2209) (0.3605) (0. 5000) (0.6395) (0.7791) 
AelP) 0.3725 0.4022 0.4231 0.5593 0.9348 
(0.3088) (0.4044) (0. §000) (0.5956) -(0.6911) 


Figure 7.16 shows the relative distributions of the directed flux at 
various angles to the x axis. Sketches a through e in the figure reveal 
that, at all stations in the neighborhood of the interface, there is a 


Google 


394 REACTOR ANALYSIS [cHAP. 7 


relatively larger number of neutrons moving in the directions 0 < uw < 1; 
1.e., the majority of the neutrons are headed into the interior regions of 
the absorber. Only at relatively large distances from the interface in 
both media (several mean free paths) does the distribution become 
isotropic. This is shown in Fig. 7.16f. These results demonstrate well 
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Fic. 7.16 Angular distribution of neutron flux around the interface between an 
absorber and a scatterer (MFP, mean free path): (a) scatterer, 1 MFP; (b) scatterer, 
+ MFP; (c) interface; (d) absorber, + MFP; (e) absorber, 1 MFP; (f) scatterer or 
absorber, « MFP; (g) composite sketch of directed flux for several values of yu. 
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the assertion made previously on the validity of the diffusion theory, 
namely, that the flux distribution according to this model gives an 
accurate representation of the flux only in regions far removed from 
boundaries. 

Figure 7.16g is a composite sketch of the directed flux for several values 
of u. It allows a comparison of the relative density of neutrons moving 
in a particular direction to the total neutron population at each station. 

b. Infinite-slab Reactor. Consider an infinite slab of multiplying 
material with width 2a operating at steady state. The neutron sources 
in this system are the fission reactions, and on the basis of the one- 
velocity model we find that the number of neutrons produced per unit 
volume per unit time is given by the expression 


By [_, o(z,m) du = vByho(2) = S(z) (7.309) 


The appropriate set of equations which describe this system in the P; 
approximation are obtained from (7.273), using the definition (7.309) 
for the neutron sources. Thus, 


d 
Ot + Bide = 0 
3 dx 3 dz 
(7.310) 
3dé, 2d 54 4 
5 dx 5 dz oo 
d 
= ots + 23¢3 = 0 
where the Z, for all n > O are given by (7.274), and the symbol 24 is 
defined by aie 
Lo = 2 — Tao — vly = Te — vis (7.311) 


The general solution to Eqs. (7.310) is given by the relations (7.277) 
through (7.281). Note that in the present notation, however, the 
symbol Zo is replaced by 2. Because of the symmetry of the present 
problem, some of the arbitrary constants which appear in the general 
solution can be eliminated. For this purpose we introduce the following 


condition at the center of the slab (a = 0): 


i P.(u) (Ou) du =O n=1,3,5,... (7.312)« 


This is analogous to the requirement (7.98) which is imposed at the 
surface of the slab. The substitution of the expansion (7.292) into (7.312) 
yields 


1 
» (+ ‘) ¢.(0) [. P,(u) Pa(u) du = ee ') ¢n(0) = 0 (7.313) 


as=Q 
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Thus it follows that 
(0) =O = ¢;(0) = 0 (7.314) 


If these requirements are imposed on the relations (7.279) and (7.281), 
we obtain the pair of equations 


Mm(b — a) + Nn(d — c) = 0 <(b-a)+=@-6) =0 (7.315) 


which constitute a condition on the quantities (b — a) and (d — c). 
Since the determinant of these equations does not vanish, the only 
acceptable solution to (7.315) is 


b-a=0 d—c=0 (7.316) 


From this result it follows immediately that the general solution for 
$o(x) may be written in the form [see (7.277)] 


$o(z) = A cosh mz + C cosh nz (7.317) 
and the Eqs. (7.310) yield 
¢i(z) = — 2 5 (7.318) 
$2(z) = jaar cosh mz + 4CN cosh nz (7.319) 
$3(4) = — Tax. = (mM A sinh mz + nNC sinh nz) (7.320) 


The arbitrary constants A and C are obtained by applying the outer 
boundary condition (7.98). For the case n = 1, this yields at t = a 


3 
0 
» (2: as ‘) .(a) [ Pi(u) P.(u) du = ¢o(a) — 2¢1(a) + ; ¢2(a) = 0 
s=0 ; 

(7.321) 
and for n = 3, 


3 
0 
y (2: us ‘) $.(a) [ P;(u) P.(u) du = —0(a) + 5¢2(a) 


— 8¢3(a) = 0 (7.322) 


The application of these two conditions to the expressions (7.317) 
through (7.320) yields two equations in the unknowns A and C, and these 
may be reduced to the form 


C cosh ma + (22,/m) sinh ma + (5M/8) cosh ma 


A cosh na + (225/n) sinh na + (5N/8) cosh na (7.323) 
14 2 af + 22% tanh ma —-l1+- Day as NE atinane 
e he ae ee eee (7.324) 
: oP te dnhna —1l+- 2 N + pLLLLLN nh na ) 
8 n Tae 
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where (7.324) may be identified as the criticality equation for the infinite- 
slab reactor in the P; approximation. ~~ 

Consider as a numerical example of the slab problem the system defined 
by the following set of parameters: 


De = 0.22, De = 0.82, 2y = 0.12, 
y = 2.46 po = 0.5 (7.325) 
pas = — 0.0462, D1 = 0.62, D2 = 23 = DF 
These data yield for the quantities m, n, M, and N the values 


m = 1.9372, n = 0.296572, 
M = —1.022 N — 0.05820 


The substitution of these results into the criticality equation (7.324) 
gives the half-width a of the infinite-slab reactor which will be critical 
with the composition (7.325). This solution is found to be 


az, = 4.196 P3 approximation (7.326) 


The value of A/C is computed from (7.323), and the result yielded is 
A/C = —0.00002898. Thus the total flux according to (7.317) is 


go(z) = C[cos (0.29652,7) — 0.00002898 cosh (1.9372,r)] (7.327) 


This system may also be analyzed on the basis of the P: approximation. 
The total flux in this case is given by ¢0(r1) = A cos Bx. In order to 
obtain a consistent comparison of the P; and P; calculations we discard 
the usual extrapolated boundary condition ¢0(@) = 0 in favor of the 
no-return current condition j_(a) = 0. From the diffusion-theory expres- 
sion for j_ given in Eq. (5.49) we obtain the condition 


tan Ba = (7.328) 


aie 
2DB 
And, from the expression for the buckling (5.126), we have 


BY? ow fe EN Sp. 2a 


using D = 1/3(2; — wod.). The substitution of the data (7.325) into 
these relations gives 


2 = 0.2878 Ba=1.261 a2, = 4.382 
t 


for the P; approximation. The expression for the flux is 
go(z) = A cos (0.28782,-r) 


It is of interest also to compute the half-width a on the basis of the 
integral-equation technique developed in Sec. 7.4e. For the boundary 
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condition (7.260) ¢(a,r) = 0, we have the requirements (7.262). In the 
present problem 


Urs 7.046 

Zt 
and from (7.262b) we obtain B/Z, = 0.3781. The substitution of this 
result into (7.262a) yields the critical width Ba = 1.209, or in mean free 
paths, 
2 


2a = Ba (33 


) = 3.198 (7.330) 


If we apply instead the no-return current condition (7.264), the 
criticality equation is given by (7.265). For B/S; = 0.3781, we obtain 
Ba = 1.343. The corresponding solution in mean free paths is 


2a = 3.552 (7.331) 


We summarize these results below: 


No return 
a= current 
2a 3.198 3.552 


It is of special interest to note that the diffusion-theory methods, even 
in the P; approximation, yield significantly different solutions from those 
of the integral (transport) theory model. This is to be expected in the 
present application since the system in question is relatively narrow 


2,-0.2, £,=082, 
x, = 0.12, Bb, =0.5 
Based on surface boundary 
condition that odd moments 
of flux vanish 
| 
Mean free paths from center or slab (2, x) 


Normalized flux @,(x) 


0.2 


Fig. 7.17 Total flux distribution in an infinite bare-slab reactor by P, and P,; approxi- 
mations. 
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(roughly seven mean free paths). Note, however, that the P; calculation 
agrees more closely with the integral-equation results than does the P; 
calculation. Finally, it should be recognized that, if a lower fuel con- 
centration had been selected, the slab width a would have been larger 
and all four solutions would be expected to agree more closely. 

The total flux distribution in the slab reactor defined by (7.325) is 
shown in Fig. 7.17 for both the P: and the P; approximations. 


7.6 Computational Methods for the Neutron Age 


The purpose of this section is to display three computational methods 
for the neutron age that are especially useful for hand calculation. 
These methods are based on various approximate models which involve 
some rather gross idealizations of the physical system. It is convenient 
to discuss these at this point since they serve well to demonstrate the 
application of the Fermi age model and the transport-theory methods 
developed in the preceding sections. 

The particular utility of the first model, which was developed by Fermi 
and others, is in application to water-metal mixtures. The second model 
is a rationale for extending these results by similarity techniques, and the 
third is useful for materials of large nuclear mass. It should be pointed 
out that each of these methods was designed primarily as a fast hand tool. 
With the advent of the fast computing machine there is perhaps less 
interest in these methods; nevertheless, the development of the analytical 
models is helpful for discussing some of the physical features of each 
system. 

a. Fermi-Marshak Method for Hydrogenous Mixtures. A _ very 
instructive and useful application of the general Boltzmann equation 
(7.110) is the calculation of the neutron age in hydrogenous systems. 
This problem was first considered by Fermi,! and later by Ornstein and 
Uhlenbeck? and by Marshak.? The present treatment, which draws 
principally from the work of Marshak, is based on several simplifying 
assumptions about the physical situation that render the method 
especially attractive for computing the neutron age in water-metal 
systems. Other more accurate models for describing the neutron popu- 
lation in general hydrogenous systems are developed and discussed in 
considerable detail in Chap. 12. Special attention is given there to 
provide a complete mathematical treatment along with a comparison of 
the analytical and physical features of each model. The analysis which 
follows, on the other hand, is intended primarily as a demonstration of 


1E. Fermi, Ricerca sci., 7 (2), 13 (1936). 

?L. S. Ornstein and G. E. Uhlenbeck, Physica, 4, 478 (1937); and R. E. Marshak, 
MT-17 Series T.1.B. (1943). 

3R. E. Marshak, Revs. Mod. Phys., 19, 3 (1947), esp. pp. 200-201 and 209-211. 
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the transport-theory methods and to derive a suitable formula for 
computing the age. For these reasons some of the purely mathematical 
steps are omitted from the analysis and left for detailed discussion in 
Chap. 12. 

We know from our earlier study of the Fermi age model that the age 
7(u) is proportional to the quantity r?(u), the mean radial distance 
squared at which fast neutrons from a specified source reach lethargy u; 
the constant of proportionality in this relation is dependent upon the 
nature of the source [see, for example, Eq. (6.52)]. Our ultimate objec- 
tive, then, is to compute r?(u). For this purpose we introduce the 
following model: 


(1) The slowing-down medium is infinite, homogeneous, and 
isotropic 
(2) Neutrons of lethargy u = 0 appear in this medium at a 
constant rate from a single plane source of unit strength 
located at r = 0 
(3) The nuclei of all nonhydrogenous materials in this (7.332) 
medium are of infinite mass 
(4) Elastic scattering is isotropic in the center-of-mass sys- 
tems of coordinates 
(5) The absorption cross section of the medium is small com- 
pared to the scattering cross section 
The system defined by these assumptions is evidently one-dimensional 
and at steady state, and in this case the general Boltzmann relation 
reduces to a somewhat simpler form. The appropriate equation is 
obtained from (7.116); in terms of the lethargy variable this may be 
written 


+ Vo(r,u,Q) + Bu) $(r,u,Q) = S(r,u,Q) 
+ 5 I E(u’) du! [ $(r,u’,Q’) 8(u,no;u’,Q’) dQ’ (7.333) 


where we have used the definition (7.114) and the transformation (7.127). 
In the one-dimensional system the transport term reduces to the deriva- 
tive as given in (7.78), and ¢(r,u,Q) — $(2z,u,Q) and S(r,u,Q) — S(z,u,Q). 
A more convenient pair of functions is defined by the integrals 


o(zuu) = fo" 62,40) dy 


(7.334) 
S(2juu) = [." S(2,u,Q) dy 


after (7.76). For an isotropic plane source producing monoenergetic 
neutrons at lethargy u = 0, the function S(z,u,Q) = (1/47) 6(x) 6(u). 
Therefore, 


S(z,u,u) = $ 6(z) 8(u) (7.335) 
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If Eq. (7.333) is integrated over the interval of y, and the expressions 
(7.78), (7.334), and (7.335) are applied, the result is 


ad < $(x,u,n) + Z.(u) o(x,u,") =4 6(x) 5(u) 
+o [muy aw [) ceiu'n') eCuuasw’ 2") da’ (7.386) 
u’ QQ’ 


Equation (7.336) gives a complete description of the neutron distribu- 
tion in the system specified by the model (7.332). If the solution of this 
equation were obtained, the resulting expression for $(z,u,u) could be 
used to compute the quantity 2x?(u), the mean-square perpendicular 
distance from the source plane at which neutrons reach lethargy wu; this 
calculation could be carried out by using a technique similar to the one 
employed in Sec. 6.2d. The immediate problem, then, is to determine 
the relationship between r?(u) and z?(u). 

Let us define a function f(u;z,y,z) such that 


probability that neutron of lethargy 
f(u;z,y,z) dx dy dz = zero released at origin reaches (7.337) 
lethargy u in dz dy dz at station (z,y,z) 


Since z, y, and z are independent variables, this function may be written 
in the form 
f(ujz,y,z) = filujz) fa(usy) fa(ujz) (7.338) 


where the f,; are the frequency functions for the individual variables. 
We use this form to compute r?(u); thus, 


r(u) = fref(ujz,y,z) dx dy de ee) 
Ficu) a [7 faluie)de [ folusy) dy [, fulusa) (at + vt 28 de 


wherein we have used r? = x? + y? + 22. Since 


z(u) = / 2. x7fi(usr) dx (7.340) 
it is obvious that 
r(u) = x*(u) + y2(u) + 2%(u) = 32%(u) (7.341) 
Thus the age may be computed from the relation 
r(u) = $r2(u) = $22(u) (7.342) 


The quantity z#(u) in turn is obtained from the definition 
= xz? dz ip $(z,u,u) dQ 
fc. dx ie $(z,u,u) dQ 


which corresponds to the relation (6.50) [see also (6.51)]. 


r(u) = (7.343) 
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The calculation of the age requires therefore the solution of Eq. (7.336) 
for the flux ¢(z,u,u). In carrying out the calculation (7.343), it is actually 
more convenient to work with the Fourier transform of the collision 
density than with the flux proper. This technique is generally useful for 
computations of this type, and we will have occasion to apply it to other 
problems later, specifically to the calculation of the age using the Christy- 
Wheeler kernel and in the analysis of hydrogenous systems (Chap. 12). 
We develop the appropriate relations required for this technique in the 
analysis which follows. Since our primary interest here is to demonstrate 
an application of the Boltzmann equation, we will not examine all the 
details of the mathematical analysis but will instead concentrate atten- 
tion on the reactor-physics aspects of the problem. Thus the present 
analysis is to serve as an outline, and the reader is referred to the report 
by Marshak and to Chap. 12 for further analytical details. 

In accord with the remarks above we replace the flux ¢ in Eq. (7.336) by 
the collision density F, where 


F(x,u,u) = 2e(u)b(x,u,n) (7.344) 
We use also the mean free path 


1 


= 1 a 
A(t) = Z.(u) a 5.(u) (7.345) 


the approximation being based on assumption (5), Eq. (7.332). The 
substitution of these definitions into (7.336) yields 


a 1 
Ae(u) pu ae F(z,u,u) + F(z,u,n) = 5 5(u) 6(z) 
+ = i du! [ F(z,u’,u’) 8(tt,y0;u’,Q") dQ’ (7.346) 
ys 0 Q’ 


We compute next the Fourier transform ${ } of this equation. If we 
call 


S{F(x,u,u)} = (Eun) = ae / ” F(a,up)et dx (7.347) 


then, the transform of (7.346) is 
5(2) 
2/2 
+ = . aw’ | B( Eu’ pw’) 8(u,u0;u’,Q’) dQ’ (7.348) 
2 Jo Q’ 


[1 — tAc(u) Eu]@(E,u,n) = 


Our purpose is to obtain an approximate solution to this equation which 
may be used to compute x?(u). This may be accomplished by reducing 
the above form to a set of coupled equations through the use of suitable 
series expansions for the functions @ and 8. The procedure is similar to 
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that followed in Secs. 7.2 and 7.3. We define, therefore, the following 
expansions in spherical harmonics: 


», (2A) en(Gu) Pal (7.349) 


m= 


(E,u,u) 


8(u,u0;u',Q’) = > ; 8.(u;u’,Q’) Y8(Q) Y8"(Q’) ~— (7.350) 


a=0 ~B=-—a 


where (7.350) corresponds to the expansion for q(v,u0;v’) given in (7.119). 
The coefficients ®, and 8. are obtained in the usual way by applying the 
orthogonality properties of the spherical harmonics. 

The substitution of these expressions into (7.348) yields 


(1 — a(udeal YF) ba(Gu) Pale) = 5 


1 2m + 1 : ‘ : ee ; 
+ 5 ( 5 ) Jo elem) Daas a 


xD) rea) f ve) Paw) da’ (7.351) 


B=-a 


m=(0 


The integral over Q’ is easily evaluated with the aid of the orthogonality 
properties of the spherical harmonics, if we note that P,(u) = Y°(Q)/H%. 
With this reduction, (7.351) takes the form 


tr — pend )) (2H) aoa(Gu) Pa) 
aa (7.352) 


= 5(u) 1 2m + 1 . ’ tal , 
= +h > ( ; ) Paw i Sn(£,U’) Bn (uju’,Q') du 


This relation reduces to an infinite set of coupled equations in 9,, if we 
multiply through by various P,(u) and integrate over all u. Thus, for 
the case n = 0, we obtain 


Bo(E,u) i tre(u) E,(£,u) aa uO) + > : o(t,u’) 8o(u jw’ ,Q’) du’ 
0 


V 2x 
(7.353) 
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and for n > 0, 


1£d.(u) 


ba(Gu) — SEs [dn + 1bars(Eu) + mbsr(Eu)) 


= = if " ®,(£,u’) 8.(u;u’,Q’) du’ (7.354) 
x Jo 


The systems of interest to the present application are hydrogenous 
mixtures of various substances. It is convenient from the standpoint of 
the neutron physics to separate such mixtures into hydrogen nuclei and 
all other nuclei. If we denote by the index H the quantities that refer 
to the characteristics of the hydrogen nuclei and by the index O the 
properties of all other materials, then the scattering function 6 may be 
written 


(Ma (fA) (Da lo) 
pie - ae es = with 3, = 2094 50 (7.355) 
pun 
Let A= S, 
> 
then l1-A= 5 (7.356) 
Sad 6 = AB” + (1 — AB (7.357) 


But, we know from our previous study of the Boltzmann equation that 
for isotropic scattering in the (C) system [see Eqs. (7.131), (7.135), 
and (7.138)] 


A(tt,uoju'ta') = Shue = Set (7.358) 


l-—a 
In the case of hydrogen, this yields 
gD) = 5(uo = tH)ew—" (7.359) 


where from (7.134) 
fH = ebv'—w) (7.360) 


By assumption (3) of Eq. (7.332) all other materials have infinite mass; 
therefore the scattering from these nuclei is isotropic in (L), and the 
change in lethargy is taken to be zero. It follows that the appropriate 
scattering function must have the form 


8 = 4 6(u’ — u) (7.361) 


Note that the integral of this function over all u and uo is unity. If this 
function and (7.359) are used in 8, the scattering function for a hydrog- 
enous mixture may be written in the form 


8(u,u0;u',2’) = A(u’) 6(uo — Su)e“—* + H{1 — A(u’)] 8(u’ — u) (7.362) 
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The coefficients 8, may be computed from the integral relation (7.130). 
For example, 


8) = A(u’)e*'—* + [1 — A(u’)] &(u’ — wu) 


= 2A(u’)elu'—») (7.363) 


These functions may now be substituted into Eqs. (7.353) and (7.354) 
and the various harmonics %, obtained from a simultaneous solution of 
a finite set of these relations which yields an aoceptavle approximation 
to the transform function ®. 

The relationship of the function & to the mean-square distance 2z?(u) 
is now demonstrated. To begin with we note that the formula (7.343) 
may be written in terms of the collision density F; thus 


[7 etx [ F@un) do 
f * dz i F(x,u,n) dQ 


r(u) = (7.364) 


The function F, however, is the inverse Fourier transform of ®; i.e., 
1 - 
F(z,u,u) = F-'{O(E,u, = —— P(Eu,u) et dé (7.365 
(z,u,u) = $-*{6(E,u,n) oa | eeu E (7.365) 


Moreover, ® is given by the expansion (7.349); it follows, then, that the 
integral in the denominator of (7.364) reduces to 


tae 1 . . 2m + 1 —itx 
a Pau) da = [ da Jd ( ; ) &a(6) P,(u)e-i dé 


l Cy 
= —_—_ ® —ifz : 
orn rE. o(t,w)e* dt (7.366) 


wherein we have applied the definition (7.28). The integral which 
appears in the last equation is the first of a set of functions called the 
moments of &o. The general definition for the mth moment is, 


m) = (=1)° a —itz 
Fy (z,u) ee ae Emo (E,u)e*& dé (7.367) 
Note that . 
F®(2,u) = Fo(a,u) = + [ So(z,u)e dt —«(7.368) 


is the Fourier inversion of the coefficient $o(¢,u). Evidently, 


[, F(z,u,u) dQ = om Fo(x,u) (7.369) 
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In an analogous fashion we introduce also 


“™ “ 
Om (Eu) = —— ™ Fo(x,u)et*= dx 7.370 
g™ (£,u) p= [ z™ Fo(x,u)e ( ) 
and observe that 


OO(Eu) = Bo(Eu) = re iz Fo(z,u)e*** dz (7.371) 


which is the Fourier transform of Fo(z,u). If these relations are used in 
the integrals of (7.364), we obtain the results 


:. az F(z,u,u) dQ = ani... Fo(x,u) dz 


Vi 
= Dat 20(0,4) (7.372) 


oo 1 a0 
[- x? dx [Poem dQ = OH [. x? Fo(x,u) dx 


2n {a 
= — oHe E $o(6u) | . (7.373) 
The expression (7.364) may then be written 


1 ee _ __ | (07/0?) o(E,u) 

x*?(u) = 2r(u) = “be(Eu) |. (7.374) « 
Thus we find that the calculation of the age requires a knowledge of the 
zeroth-order harmonic of the Fourier transform of the collision density. 
This function $9(£,u) may be obtained from the solution of Eqs. (7.353) 
and (7.354). Since only ®o and #, are involved, one needs to solve only 
the relations 


(6(u) 
vis 
i(Eu) — 5 HMw) bolGu) = + og) eu) a 


bo(E,u) — idu(u) E41(E,u) = ° | Balu!) Bo(tsu’,a) du’ 


(7.375) 


and substitute the resulting expression for ®p into (7.374). 

The remainder of this analysis is primarily of a mathematical nature 
and of little interest to the present purpose. The details of this calcu- 
lation have been carried out by Marshak and are presented in the refer- 
ence report. In this calculation Marshak uses the coefficients for the 
scattering function given in (7.363) and obtains an approximate solution 


for y from Eqs. (7.375). This result, when applied to (7.374), yields for 
the age of a neutron of lethargy u, which first appears in the system 
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at lethargy a < u, the following expression: 


ruse) = 5 | + EY Tala) Tala) + Cu) Ta(uie 


+ [;(u;a) + I2(a)Ia(uja) + Ie(u;a) — Ta(uja) (a) | (7.376)* 


This equation applies when u ~ a. The various functions in (7.376) are 
defined: 
I,(a) = Ae(ale* 
I,(a) = d,(a)e* 
Ii(uja) = I * T(w) dw 


Ii(usa) = I " 1\(w) dw 


(7.377) 
I,(u;a) = I ae 
Ie(usa) = I " Ty(w) dw i ” I,(8) de 
I(a) = i " I3(w) dw 
and h(a) = 5 + I “ [1 — A(w)] dw (7.378) 


Age calculations!:? for fission neutrons in various metal-water mixtures 
of interest to reactor design have been carried out using the Fermi- 
Marshak equation (7.376). These results are given in Fig. 7.18 for 
aluminum, stainless steel, and zirconium as a function of the metal-to- 
water volume ratio. 

b. Equivalent Mean-free-path Method for Water-Metal Mixtures. 
An essential feature of the model used in the Fermi-Marshak calculation 
of the age in hydrogenous systems was the assumption that all nonhydrog- 
enous materials in the mixture have infinite mass. Thus this model 
attributes the entire mechanism of neutron slowing down to the scatter- 
ing collisions with hydrogen nuclei. The heavier materials in the mixture 
serve primarily to ‘“‘spread out”’ the neutron population, and the amount 
of this spreading-out effect at any particular energy is determined by the 
relative magnitude of the macroscopic scattering cross section of these 
materials and of the hydrogen at that energy. Since the macroscopic 
scattering cross section of the hydrogen in most metal-water systems of 
interest to reactor design is appreciably larger than the cross section of the 


1L. W. Nordheim, G. Nordheim, and H. Soodak, ‘‘Slowing Down of Neutrons in 
H;0 and in Graphite,’”’ Metallurgical Project CP-1251 (A-1827), Jan. 20, 1944. 

2 Nancy M. Dismuke and M. Ruth Arnette, “Age to Thermal Energy (0.025 ev) 
of Fission Neutrons in H,O-Al Mixtures,’’ Mon P-219, Dec. 5, 1956. 
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nonhydrogenous materials, 2, over the entire slowing-down range, the 
details of the energy structure of 2° affect little the age of the mixture. 
And, in first approximation, the spreading-out effect of the nonhydrog- 
enous materials may be described by an appropriate energy—average 


Stainless steel — water 
at 450°F 


Metal — water volume ratio 
Fro. 7.18 Age of fission neutrons in water mixtures by Fermi-Marshak method. 


scattering cross section. Thus the principal factors which determine 
the age in metal-water mixtures are the volume fraction of water and the 
average scattering cross section of the metal. 

To illustrate this point further, consider the water mixtures of two 
different metals a and b. Let the average scattering cross section of 
metal a be greater than that of metal b. If the volume fraction of 
water is the same for each system, then we would expect that the age in 
svstem a would be greater than the age in system b. However, if the 
two metals are not too dissimilar [i.e., if 2° is not much different from 
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=], it is clear that there exists some volume fraction of water v® for 
system a, where v° > v®, such that the ages in the two systems are 
identical. If one could somehow determine this value of v, then a 
knowledge of the age in system 6 could be used to estimate the age in 
system a. 

A clue as to how two different metal-water mixtures might be compared 
is obtained from the Fermi-Marshak expression for the age. We observe 
that this result is completely specified by the mean free path in the 
mixture. Thus, if as argued previously, the details of the energy struc- 
ture of the metal cross section are not a primary factor in the determination 
of the age, then any two systems with the same mixture mean free path 
would exhibit the same age. One might argue, then, that the comparison 
could be based on a representative value of ).. 

Let us defer for the present the question of how one is to determine an 
appropriate value of \, and inquire first into the details of the comparison. 
If \{? denotes the mean free path in a water mixture of metal 7, then by 
the usual relations 


ee v;:p0R VypOcV@ =1 
N ~ | eae a — A (7.379) 


where for the present systems \; = X,, and 


densityt of metal z 


oo = density{ of water in system containing metal 7 
v; = volume fraction of metal 2 
v = volume fraction of water in system containing metal 1 


The other symbols in the equation have the usual definitions. The 
volume fractions are related by (3.26); thus, 


Vv, + vw = 1 (7.380) 


Now consider water mixtures of two different metals a and b. If the 
age for a given slowing-down range is to be the same in the two systems, 
then by our arguments above we require that 


\@ = \e (7.381) 


For the \{" we use expression (7.379), and introducing also the relation 
(7.380) for the v®, (7.381) yields the condition 


rape” , poor 


Aa Aw 


Up pyr) eer 


(1 —~ Va) = Ab 


7 — vu) (7.382) 


Suppose that the age has been determined accurately by some method for 
system a and that these data are available as a function of the volume 
fractions of metal and water as shown in Fig. 7.18. These results may 


t These densities refer to the pure material at the specified temperature. 
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then be used to estimate the age in system ), since given a volume fraction 
v, of metal for system b, we can compute from (7.382) the volume frac- 
tion v, for system a which would have roughly the same age. Using 
this value of v, we could read off immediately from the age-versus- 
volume fraction curve for system a the age for system b which contains 
a volume fraction v, of metal. 

The expression for v, in terms of »» obtained from (7.382) may be written 
in the form 


_ %»(% — x) + (x — 1) 


Ve 6,—1 (7.383) 
where we have defined 
0) (b) @) A 
fem, Pw Oo. wes Po, w ; 
x= piagvia) 0; = | A; soars | (7.384) 


It is sometimes more convenient to work with the metal-to-water volume 


fraction V,;, where 


_ vy ees V; 
V; = pa) and vy, = C+, (7.385) 


Equation (7.383) may be written in terms of this ratio; thus, 


y, = Vols — 1) +x - 1) 
* — Ve(8a — O) + (82 — x) 


This relation, or (7.383), may be used to relate one metal-water system 
to another. We observe that the comparison is based on some suitable 
value of the microscopic scattering cross sections of the water and metal 
in each system and on the densities of the various constituents. Evi- 
dently this technique may be used to extrapolate data from one metal- 
water system to another as well as from one temperature to another. 

The selection of representative scattering cross sections to be used in 
(7.384) may be based on flux-averaged values. If we assume as a rough 
approximation that the flux is 1/E, then we may compute the a, from 
the relations 


(7.386) 


Eo 
frame . y, 
= <2 reer [ o,(u) du (7.387) * 
gr E 


where E; < Eo and (Ey— E;) is the slowing-down range of interest. 
The equivalent mean-free-path technique has been applied to several 
systems of engineering interest, and the agreement with more accurate 
methods is surprisingly good. Table 7.2 lists some values for the age to 
thermal of fission neutrons in stainless steel-water mixtures at 450°F 
for various metal-water ratios. Column 2 gives the age as computed 
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from the Fermi-Marshak relation, column 4 the age as estimated by the 
present method using Al-H.O data, and column 6 the age estimated from 
Zr-H.O data. Columns 3 and 5 list the metal-water ratios for the alumi- 
num and zirconium mixtures which correspond to the stainless-water ratios 


TaBLE 7.2 AGE OF Fission NEUTRONS IN STAINLESS STEEL-WATER MIXTURES 
AT 450°F 


; From Al-H;0 data | From Zr-H;0 data 
Volume ratio of 7, cm? 
stainless to water | Fermi-Marshak AL-H.O ratio Zr-H,0 ratio 2 
(1) (2) (3) (5) (6) 
0 0.332 : 0.472 41.5 
0.3 0.500 ; 0.779 48.5 
0.6 0.652 ; 1.038 54.5 
1.0 0.799 ‘ 1.346 62.0 


listed in the first column. The scattering cross sections for these cal- 
culations were computed from (7.387). These are listed in Table 7.3, 
along with the appropriate densities: 


TABLE 7.3 
SS-H,.0, Zr-H,0, 
450°F 68°F 
p&” = 0.834 g/cm? = = 1.0 
Po = 7.75 PAl = = 6.43 
ov) = 39.3 barns = = 42.7 
gi) = 6.8 = = 9.0 


c. Age Calculations by Christy-Wheeler Kernel. The calculation of 
the age on the basis of the continuous slowing-down model has two 
serious shortcomings. The first arises in connection with the scattering 
properties of materials at high energies, and the second because of the 
use of the slowing-down density in place of the flux in the calculation of r?. 

The first of these considerations is important when the scattering cross 
section is small at high energies and/or exhibits forward direction 
tendency [see, for example, Eq. (4.31) and related discussion]. In both 
instances the neutron will travel large distances from its point of origin 
before the scatterings become sufficiently frequent and isotropic to 
justify the use of the continuous slowing-down model. Usually after the 
first collision the neutron energy is markedly lower, and these considera- 
tions become less important. Thus it is possible to improve the con- 
tinuous slowing-down model by computing from the actual source dis- 
tribution the distribution of first scattering collisions and using these 
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as the starting points for the slowing-down process. This approach 
is another extension of the first-collision source model introduced pre- 
viously to illustrate the kernel method (Sec. 5.7). 

The second correction is an attempt to improve on the use of the 
slowing-down density in the calculation of r? by introducing a more 
accurate statement in terms of the neutron flux. If the usual coupling 
relation [for example, Eq. (4.93)] were exact, then the use of either the 
flux or the slowing-down density would yield the same result; since this is 
not the case, a correction is required. The distinction becomes important 
when determining the end point of the neutron trajectory involved in the 
r?(u) calculation. If this is to be represented by an absorption reaction 
at the specified lethargy, which is the phenomenon observed in making 
age measurements with the use of absorber foils, then the neutron flux 
¢(r,u) is required. Since in general a neutron reaches lethargy u at some 
point r’ different from r, a relation is required between ¢(r,u) and q(r’,u) 
which accounts for local spatial variations in the neutron distribution. 

As in our earlier work, we compute the age from the value of r?(u) for 
a point source of fast neutrons in an infinite medium. For this purpose 
we select a point source of unit strength at the origin of a suitable coordi- 
nate system in the medium. The calculation of r?(u) is based on the 
continuous slowing-down model which has been modified to include the 
first and last flight corrections proposed above. Consider, therefore, a 
source for the continuous slowing-down process which consists of the 
first-scattering centers of neutrons emitted from a point source at the 
origin. If the scattering cross section of zero lethargy (source) neutrons 
is 2,(0), then the number of first-scattering collisions per unit time in 
dro at ro 1S given by 
D.(O)e—* "0 dro 

dar? 


S(ro) dro = (7.388) 
These are the sources for the slowing-down process. For each neutron 
scattered at fro, 

p(u)e lt’ —rol*/4r(u) dy’ 


G(|r’ — rol) dr’ = (dart) 


(7.389) 
slow past lethargy uw per unit time in volume dr’ around r’. The first 
scattering sources then give rise to a slowing-down density at r’: 


g(r’u) =f G(|r’ — rol)S(r0) dre 


In order to determine the flux ¢(r,uw) we must first convert the expression 
for qg(r’,u) into a source strength. This is accomplished by multiplying 
q by du/t, where = is the average gain in lethargy per collision; this 
product gives the number of neutrons actually occupying the interval du. 
To obtain the flux at r we integrate this source with the transport kernel; 
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thus, 
o(t,u) du = | | acm) a T(\r — r'|) ae’ 


where 


(7.390) 
Note that the above expression for ¢ also follows immediately from Eq. 
(7.242) for the case of a homogeneous, nonmultiplying medium with no 
direct external sources at lethargy wv. It is of further interest to note that 
this relation for ¢ reduces to the usual coupling equation when q is 
spatially independent [cf. Eq. (4.93)]. For the present case 


o(ru) = : / T(\r — r'l) i G(|r’ — rol) S(t) dro (7.391) 


This expression has been referred to as the Christy-Wheeler kernel. 

It will be more convenient in this calculation to work with the neutron 
flux ¢(z,u) from a plane source than with the function (7.391). From the 
function ¢(z,u) we can compute x?(u) and then, with the aid of (7.341), 
obtain r?(u). An expression for $(z,u), analogous to (7.391), is 


$(2,u) = : / " T(|2 — 2'l) de’ : ” G(\x" — 20)S(20) do (7.392) 


It should be recognized that in this relation the function G is the plane 
Gaussian kernel [see, for example, the form (6.28)], and 7 and S are the 
one-velocity plane transport kernels. The explicit forms of these func- 
tions are not required for this calculation; if desired for other purposes, 
these may be obtained from the integral relation (7.191) by introducing a 
suitable delta-function representation! of the source [see Sec. 5.2d]. 

The quantity zx?(u) may be obtained, formally, by substituting the 
expression for ¢(z,u) from (7.392) into the relation 


f-. x?o(x,u) dx 
i; oe o(z,u) dx 


As in the case of the Fermi-Marshak model, it will be more convenient 
to evaluate the above expression by introducing the Fourier transform 
of the neutron flux. Therefore, let 


z(u) = 


(7.393) 


1 = 
Hole! = Ow) = |” oawetde (7.394) 
Fj—e 
1 These kernels have been computed in the Case-de Hoffmann-Placzek paper. See 
p. 4 in the reference report. 
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Now, the nth moment of ©(&,u) is given by [cf. Eqs. (7.367) and (7.370)] 
(n) = es i n téz 
O™ (Ew) Vix |. x"p(z,u)e'® dx (7.395) 


It follows, then, that 
[-. o(z,u) dx = Y2r 0(0,u) 


« (7.396) 
i. t°o(z,u) dx = — V/2x 8(0,u) 
Thus (7.393) may be written [cf. Eq. (7.374)] 
7 on O(EW) 
xr?(u) = — ~ @(Eu) = (7.397) 


The calculation of z?(u) requires, therefore, the evaluation of @(£,u). 
This may be obtained from (7.392). If g(&), s(€), and 6(£) denote the 
Fourier transforms of the functions G, S, and T, respectively, then, since 
(7.392) is the convolution! of these functions, i.e., 


TeGsS = - [ T (|x — z'|) dz’ [ G(|z’ — xo) S(to) dzo (7.398) 


it follows that 


5{ TGS} = 6(t) g(é) 2(€) (7.399) 
and S{$(z,u)} = O(E,u) = + a(t) g(t) 8(é) (7.400) 


The numerator of (7.397) may be computed from this expression. For 
this purpose we require 
ae 
2x Of? 
where the primes denote differentiation with respect to —&. The deriva- 
tives indicated here may be expressed as the various moments of the 
transforms of the functions 7, G, and S, as defined in Eq. (7.395). If 
we note that all the odd moments of these transforms vanish at § = 0, it 
is seen that 
0? Ms Ms ‘ 
£ | Fa OCEm |, = 070) o(0) 5(0) + 900) 80) (0) + 8”(0) 910) 000) 
The application of this result and (7.400) to (7.397) yields 
g’(0) — s"(0) _ a""(0) 
g(0) s(0) (0) 


1 See, for example, I. N. Sneddon, ‘“‘ Fourier Transforms,”’ pp. 23-27, McGraw-Hill 
Book Company, Inc., New York, 1951. 


O(E,u) = 6’gs + g'’88 + 8''g6 + 2(s'9'6 + 8g’@’ + 8'96’) (7.401) 


(7.402) 
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The terms at the right are the z?(u) values for the kernels G, S, and T,, 
respectively; for example, 


Ty = BW) 
Thus z?(u) = x2(u) + 23 (u) + 22 (u) (7.403) 
But, r2(u) = 32z2(u); therefore, 
r?(u) = ro(u) + rh(u) + r2(u) (7.404) 


The first term at the right is immediately recognized as the r?(u) com- 
puted for a point source on the basis of the Fermi age model [see Eqs. 
(6.49) through (6.52)], since? 


_ frG dr 
— fGadr 


The last two terms are easily computed; thus 


SA eee Lee iF aie 
: Js dr in e-20r dr [2,(0)]? 
0 


r2,(u) = 6re(u) (7.405) 


7 : (7.406) 
tr) = op 


The substitution of these results into (7.404) yields an expression for r?(u). 
If we define the age 7(u) for this system by the relation r(u) = 4r?(u), 


then we obtain 
ee oe 
3[2.(0)]? ~— 3(2.(u)]? 


This expression for the age offers some improvement over the expression 


t(u) = re(u) + (7.407) * 


TaBLE 7.4 AGE OF Fisston NEUTRONS IN BERYLLIUM AND GRAPHITE 


Material Fermi age | Christy-Wheeler | Experiment? 
Beryllium.........| 79.7 cm? 84.0 97 .2 
Graphite.......... 352 364 364 


¢U.S. Atomic Energy Commission, “‘Reactor Handbook: Physics,” p. 485, 
McGraw-Hill Book Company, Inc., New York, 1955. 


7g(u) obtained from the Fermi model and should yield reasonably good 
results for nonhydrogenous materials. Some sample results are given 
in Table 7.4. 


1 The symbol rg(u) denotes the age based on the Fermi continuous slowing-down 
model. 
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d. Age of Fission Neutrons. Inasmuch as the primary source of 
neutrons in a reactor is the fission reactions, it is of particular interest 
to develop a suitable expression for the average age of neutrons which 
appear according to a specified spectrum 3(u). Various methods have 
been developed for computing the age of neutrons slowing through a 
particular lethargy interval, and three of these have been discussed in 
this section. The method selected for a specific application is deter- 
mined, of course, by the material composition of the system. For our 
present purpose we require only that there be an acceptable method for 
computing the age r(u;u’) for the interval (u,u’). These results may then 
be used to compute the average age 7(u) corresponding to the spectrum 
3(u). 

TABLE 7.5 H1IsToGRAM OF Fission SPECTRUM 
(u = 0 corresponds to 10 Mev) 


AUn rt Aun an 
O— 0.5.......... 0.021 3.567 4.......... 0.035 
0.56 1.......... 0.104 4— 4.5.......... 0.0151 
Dae 1b ee se ks 0.207 4.567 5.......... 0.0093 
a 0.231 DA O2002 Sees nts 0.0056 
2— 2.5.......... 0.183 §.6—- 6.......... 0.0034 
2.573.......... 0.117 6—-6.5.......... 0.0014 
OH SO tees 0.067 O20 i si eet 0.0002 


Consider, therefore, a normalized function 3(%) which describes the 
distribution of neutrons appearing from fission sources. If r(w;u’) is the 
age of neutrons of lethargy u which first appeared from 3 at lethargy w’, 
then we define the average age to u for the spectrum from 0 to u by the 
relation 


I, r(u;u’) 3(u’) du’ 
ip a(u’) du 


T= 


(7.408) 


If the integrals are to be performed numerically, this expression may be 
approximated by 
N 


> T(UjUn) 3n Ally 
| aoa . (7.409) 
jn Ally 


n=} 


where the quantities u, may be defined by the relation 


n—l 
Ally Au 
ee n>l1 i 
m=l 
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In many instances it will be convenient to work with the spectrum 3(u) 
in the form of a histogram. One that has been used frequently is given 
in Table 7.5 (see also Fig. 7.19). It should be recognized that the 
quantity 3% listed in this table is the fraction of neutrons which appear 


Au, Aug ae uy Uy 
Fic. 7.19 Histogram of fission spectrum. 


from the fission spectrum in the indicated lethargy interval. Thus the 
3, and 3, are related by the equation 


3n = jn AUn 
In this notation the average age to thermal of fission neutrons is given by 
T 
T(Un) = > T(UsUn) ar (7.410) 
n=l 
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CHAPTER 8 


REFLECTED REACTORS 


8.1 Introduction 


a. Reflector Savings. The bare reactors discussed in the preceding 
chapters can easily be improved from the viewpoint of neutron economy 
by the addition of a surrounding nonmultiplying medium which serves to 
reflect back some of the neutrons escaping from the core and thereby 
allows them further opportunity to cause fissions. The combination of 
materials to be used in a reflector depends, of course, upon the usual 
requirements of materials compatibility, economy, strength, shielding, 
etc. On the basis of neutron conservation alone, there are two major 
benefits to be obtained from the addition of reflectors: 


(1) Neutron escapes from the core are reduced 


(2) Neutrons are moderated in the reflector (8.1) 


In the models which have been used for a bare reactor, the vacuum 
has been treated as a perfect absorber for neutrons; thus, the addition 
of any material whatsoever, no matter how thin or how highly absorbing, 
to the outer surface of the core will be of some advantage, since it will 
always return some fraction (albeit small) of all neutrons incident upon 
it from the core. In our work with the diffusion-theory model we found 
it useful to describe the reflective properties of a medium by means of 
the albedo. This concept is especially appropriate in the consideration 
of multiregion reactor systems. Since the albedo is the fraction of 
neutrons incident on the surface of a medium which are reflected back, its 
value depends upon the thickness of the medium as well as upon its 
absorption cross section. It is clear that, although a thin reflector will 
always return some neutrons to the core, it will also allow a certain 
fraction to diffuse through and thereby be lost to the system. As the 
thickness is increased, the fraction of neutrons lost by escape through 
the outer surface of the reflector is decreased. It is neither profitable 
nor practical, however, to employ reflectors of very large thickness. 
Although the albedo increases with increasing thickness (Fig. 8.1), little 
is gained by extending the thickness beyond a few diffusion lengths. 

The second advantage offered by a reflector is derived from its moder- 
ating properties. This characteristic is especially important in dealing 
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with thermal (or partially thermal) reactors. In all reactor cores, fission 
neutrons appear at all energies, and if the nuclear properties of the system 
are designed so as to exploit the thermal characteristics of the fuel, it is 
necessary to introduce a moderating material into the system. Depend- 
ing upon the engineering requirements of the reactor, it may not always 
be possible or desirable to mix these low-mass materials directly with the 
fuel. In these cases the reflector regions may be composed of moderating 
materials, and much of the slowing down allowed to occur there. Thus 
reflectors in many reactor systems may serve as major sources of thermal 
neutrons. This arrangement has some advantage over systems in which 
the fuel and moderator are intimately mixed, since the slowing down 


Core 

1 
3 0.5 | me ae Wfddda YY 
< YY Bebe (oar 

Y/) Rise Obes 
0 L 2L 3L 4L 
Reflector thickness ¢ 

Fic. 8.1 Albedo asa function of reflector Fic. 8.2 Slab reactor with infinite re- 
thickness. flectors. 


through the resonance range of the fuel takes place in regions which 
contain no fuel. This generally results in an increase in the resonance- 
escape probability. 

The moderating properties of a reflector are not required (or desired), 
of course, in fast reactor systems. There, the principal concern is to 
minimize the amount of low-nuclear-mass materials so as to realize the 
‘‘fastest’”’ neutron spectrum possible. Thus the primary function of a 
reflector in fast reactors is to reduce leakage losses. 

There is a third advantage to be gained from the use of an outer reflector 
on a reactor, namely, that the reflector may also serve as part of the radia- 
ation shield (or the shield may in part serve as a reflector). This effect 
has not been included in (8.1) since for the purposes of this study the 
essential features of multiregion systems are embodied in the first two 
considerations. 

A convenient measure of merit of a reflector is the so-called reflector 
savings. The reflector savings gives the decrease in the critical core size 
of a bare reactor which could be realized by the addition of a particular 
reflector. To illustrate this idea consider, for example, an infinite-slab 
reactor of half-widtha. In the one-velocity approximation, the criticality 
equation is given by 

vi, = Ya + DB? (5.126) 


where B = x/24. This relation defines the critical fuel concentration 
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for the dimension a. Now assume that this slab is reflected by two semi- 
infinite media of graphite as shown in Fig. 8.2. The albedo for a semi- 
infinite medium is given by (5.116), and for the properties of graphite 
listed in Table 5.1, this relation gives approximately 0.92; that is, 92 
per cent of all neutrons leaving the faces of the slab are reflected back. 
Thus the leakage losses expressed by the DB? term in (5.126) are con- 
siderably reduced, and the multiplying slab with the proposed reflector 
configuration could be maintained at criticality with a markedly lower 
concentration of fuel. On the other hand, if we wish to retain the original 
(bare-slab) fuel concentration, the width of the core in the reflected system 
could be reduced. It is this difference in critical size which we call the 
reflector savings; thus if ao is the critical size of a bare system and ar 
that of a reflected system with the same fuel concentration, then we define 


Reflector savings = ao — dr (8.2)* 


This number is a measure of the amount of core material saved by 
the addition of areflector. The reflector savings depends, of course, on the 
relative nuclear properties of the core and reflector as well as on the 
thickness of the reflector itself. In dealing with reflected configurations, 
the number apo is commonly called the equivalent bare dimension and, as 
previously demonstrated in the sample calculation of Sec. 6.6, it may be 
extremely useful in determining the nuclear properties of complicated 
multiregion reactors. 

b. Analytical Models. The general problem of treating the slowing 
down and diffusion of neutrons in the reflected system is analytically 
difficult, even in the case of a highly thermal reactor in which the principal 
interest is centered in the diffusion of thermal neutrons. The principal 
difficulties are involved in making the following calculations: 

1. Losses of neutrons by absorption and leakage as they slow down to 
thermal: the presence of the reflector introduces new absorbing materials 
and a new spatial dependence for the flux, leading to complicated expres- 
sions for the absorption and leakage probabilities. 

2. Spatial distribution of the neutrons which enter the thermal group: 
because of migration of the neutrons during the slowing-down process, 
the spatial dependence of the slowing-down density at thermal will not 
be the same as that of the thermal fissions; moreover, there will be an 
apparent source of thermal neutrons in the reflector, since some neutrons 
are thermalized there. 

In all the preceding chapters the focus of attention was on the develop- 
ment of fundamental concepts and suitable models for describing the 
neutron population in elementary reactor geometries. The two basic 
models so far examined, the diffusion model and the Iermi age, were 
applied to bare reactors. In the present chapter our purpose is to show 
how these methods may be extended, with suitable modifications, to 
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more practical configurations, which, as we have already observed, invari- 
ably involve multiregion media. These modifications are complicated by 
the two primary considerations listed above. The nature of these prob- 
lems is well displayed in the case of the continuous slowing-down diffusion 
model. 

It will be recalled that in developing the age-diffusion model some dif- 
ficulty was encountered in working with boundary conditions involving 
the energy variable. This problem was circumvented by eliminating 
the energy variable from the boundary condition statement for the outer 
surface of the reactor. If the continuous slowing-down diffusion model 
is applied to practical systems involving several regions of dissimilar 
composition, it is clear that a further complication arises in establishing 
workable relations for the interface conditions. We observed above 
that because of this dissimilarity in material composition the spatial 
forms of the neutron flux at various energies differ. Thus it is not possible 
to describe the spatial distribution of neutrons of all energies by means of 
a single function, and so analytical solutions are not generally possible 
for these systems. One way in which this difficulty may be overcome 
involves the use of energ In this method the entire slowing- 
down range is divided into various energy intervals, and an appropriate 
differential equation of the one-velocity diffusion type is used to describe 
the spatial distribution of the neutrons of each group. But, since the 
various groups are coupled through the slowing-down-density term, this 
approach frequently yields a formidable set of simultaneous equations 
which are best handled by means of fast computing machines. The 
computational techniques involved in this method are discussed at some 
length in Sec. 8.8. 

It is clear from the preceding discussion that a very accurate description 
of the neutron population in an actual reactor requires extensive computa- 
tional effort. For the present, our attention will be directed to less 
exacting models which are amenable to hand calculation. We begin 
with the application of the one-velocity diffusion model to multiregion 
media. Since this model cannot account for the distribution of neutrons 
in slowing down, its use in analyzing reflected configurations serves to 
determine only the reduction in neutron escapes that can be achieved by 
a particular reflector. It is important to note, however, that many of 


the metho nd results developed in the one-velocity treatment are 
directly applicable to the igroup model. 
e second basically different approach to the multiregion problem is 


the two-group model. This model attempts to describe the distribution 
of neutrons in both space and energy by separating all neutrons into 
thermal neutrons and nonthermal (fast) neutrons. The spatial distribu- 
tion of neutrons in each group is given by a one-velocity diffusion relation 
in much the same manner as in the multigroup treatment; however, the 
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two-group model developed here differs markedly from the general multi- 
group model in one essential feature. The two-group treatment is an 
exact analytical solution of a particular set of differential equations which 
describe an idealized reactor system, whereas the solution from the multi- 
group method is an iterated (numerical) result. Although the two-group 
model would appear to be very crude, at first glance, it has proved to be 
extremely useful and effective for preliminary analyses of complex 
systems. 


8.2 The One-velocity Model 


a. General Equations. We have noted that in reflected reactors, 
which are dependent at least in part on thermal fissions, the reflector 
serves as an important source of thermal neutrons. It is clear that, on 
the basis of this fact alone, the spatial distribution of the slowing-down 
density at thermal cannot be proportional, everywhere, to the distribu- 
tion of thermal fissions. Since this is a fundamental premise of the one- 
velocity model, it is to be expected that the application of this model to 
reflected systems will yield at best a poor approximation to reality in 
most cases of practical interest. In fact, the most that can be said with 
this model about the distribution of thermal fissions is that it is propor- 


tional to the thermal flux in multiplying regions and zero everywhere 


else. However, there is some advantage to be gained from this applica- 
tion since this model will at least describe the reflective characteristics 
of the various nonmultiplying regions. Furthermore, it often yields a 
useful first approximation to the neutron distribution, and the analytical 
treatment of the one-velocity model will be helpful in developing the 
multigroup methods. 

Throughout the analysis which follows we assume that the reflected 
reactor consists of a central core of multiplying material which is inter- 
nally homogeneous, and surrounding the core, although not necessarily 
covering all its surface, is another internally homogeneous medium which 
is nonmultiplying and which we call the reflector. Thus all the reactors 
considered here are two-region systems. This does not limit our analysis, 
however, since all the fundamental ideas and techniques involved are well 
demonstrated by these systems and are more generally applicable. The 
analysis of systems having three or more different regions can be carried 
out by the same methods. These calculations are merely more laborious. 

The basic relations which give the distribution of neutrons in the core 
(C) and reflector (FR) of a one-velocity system may be written 


— DcVidclr) + 2Odc(r) = vZsoc(r) (a) 
(8.3) 
— DrV*or(t) + 2 dr(r) = 0 (b) 


Google 


SEC. 8.2] REFLECTED REACTORS 423 


The boundary conditions to be satisfied by the functions ¢c and @¢p are 
assumed to be: 


@) Symmetry in the core, or nonsingularity of the flux at the 
core center 
¢) Continuity of the neutron flux at all points of the core- 
reflector interface 6 4 
(3) Continuity of the net current at all points of the core- 4) 
reflector interface 
) The flux must vanish on all extrapolated outer surfaces 
of the assembly 


Throughout the remainder of this section we will be concerned with 
the solution of Eqs. (8.3), using the conditions (8.4) for three basic 
reactor geometries. For convenience in notation we write the differential 
equations in the form 


Viger) + BYdc(r) = 0 BY = 7 vB, — BO} 

ays (8.5) 

Vebr(r) — xboe(r) = 0 2 = a: 
R 


b. Spherical Geometry. The case of a spherical core (radius Ro) and a 
spherical shell reflector (outer radius R,) is particularly simple if spherical 
symmetry is assumed. In this case the general solutions of Eqs. (8.5) are 


éc(r) = c(r) = Ac sin Br Co cos Br 
re) = os ah x (8.6) 
r) Si RT cosh xrr ; 
r(r) r(r) Ar He(y, - 


Since the function cos Br/r is singular at r = 0, we take Cc = 0. Also, 
by condition (4) in (8.4), we have for the present case, 


or2(Rfi1) =0 ~~ with Ri = 2, + 0.71 (8.7) 
If we apply this condition to ¢z, and discard the cosine term in ¢¢, it is 
easily shown that the solutions take the form 

clr) = AST 

8.8) 
_ sinh xe(R, — 1) ( 
or(r) =C es 
The continuity conditions (2) and (3) in (8.4) yield 


éc(Ro) = or(Ro) 
De ¢o(Ro) = Dadig(Ro) (8.9) 
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When the results (8.8) are used in the first of these relations, an equation 
between A and C is obtained; thus 
C= - A sin BRo (8.10) 
sinh x2(Ri — Ro) 
If Eqs. (8.8) are used in (8.9), and the flux relation is divided by the cur- 
rent relation, the constants A and C cancel out and the following equation 
results: 


BRo cot BRyp —1 = — os [xe Ro coth xr( Ry = Ro) + 1] (8.11)* 
Cc 


In order that the system operate at steady state, the above relation- 
ship must be satisfied by the parameters of the core and reflector. This 
relation is, in fact, the criticality condition for the one-velocity two-region 
spherical reactor. The computational procedure involved in the applica- 
tion of this relation 1s straightforward and follows closely the methods 
ia eens ie only difference, of course, is that 
the size and material properties are here related by a transcendental 
equation. To illustrate how it may be used, consider the following situ- 
ation: A spherically symmetric reactor of core radius Ro and outer reflec- 
tor radius Ff, is to be analyzed. The reflector material has been selected, 
and its constants are xr and Dr. The problem is to determine the critical 
concentration of fuel in the core. The usual procedure is first to assume 
a value for Dc. This is easily done, since Dg is determined in large part 
easel Rn ear (presumably known) and only 
slightly affected by the fuel concentration. Given De, then, the right- 
hand side of (8.11) is completely determined, and the left-hand expression 
may be solved for the corresponding value of B. The substitution of this 
result into the B? equation of (8.5) yields the fuel concentration. 

Having determined the quantity B, the flux relations (8.8) are now 
completely defined. Note that, as in the bare-reactor results, the expres- 
sions for the flux include an arbitrary constant A (or C) which is obtained 
from the initial conditions. (It is convenient in some cases to evaluate 
this constant in terms of the total power output of the reactor.) Of 
some interest here is the comparison of the results for the reflected sphere 
and for the bare sphere. These are given in Table 8.1. 

Before discussing the analogous treatment of other geometries, some 
of the physical consequences of the addition of the reflector will be con- 
sidered. The results which follow are developed for the special case of 
the sphere, but similar relations can be obtained for the cylinder and the 
rectangular-block reactors. We begin with a study of the reflected- 
sphere system in which the extrapolated thickness (Ri — Ro) of the 
reflector is small compared to both the core radius Ro and the diffusion 
length in the reflector Lr. (Admittedly the diffusion theory postulated 
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above does not apply well in this case, but the qualitative behavior is 
correctly presented.) 

Now, for small values of the argument, the hyperbolic cotangent is 
given by the expansion 


| Vo aE 
coth z = ; + 3 + (8.12) 


If we assume that Dc ~ Dr, then the application of the first term in the 

above expression to the criticality equation (8.11) yields 
Ro 

R, — Ro 


But, by assumption, the right-hand side is a large number; thus BRy ~ =. 


BR, cot BRyo = — (8.13) 


TABLE 8.1 COMPARISON OF BARE- AND REFLECTED-SPHERE REACTORS 


Bare sphere Reflected aphere 


R, 
Ro 
A’ sin Br A sin Br 
r r 
< Oy Za) a ties Lal] 
D Vass r) De vis ry 


D " 
B= BRo cot BRo —1 = — oe [xgRo coth xe(Ri — Ro) + 1] 
c 


R 


We require, therefore, an expression for cot xz in the case x = r — &, 
where € <1. This is 


cot (r — 8) ~~ 2 (8.14) 
The use of this relation in (8.13) gives 
BR, Ro tg 
TT ee ee d Bre otsS 8.15 
BRo-— +r Ri — Ro ES R, 0 


when &; — Ro— 0. Thus in the limit for very thin reflectors the 
transcendental relation (8.11) goes over into the bare-reactor result. 
(Note that, since we have assumed Dc ~ Dra, the extrapolation distance 
is the same for core and reflector.) 

The approximations introduced above may be used to estimate the 
reflector savings realized by adding a very thin reflector to a bare spherical 
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reactor. Let the critical radius of the bare system be Roo; then by 
definition ; 

Reflector savings = Roo — Ro (8.16) 
where R, is the core radius of the reflected reactor having the same core 


composition. If we apply the requirement that xe(f, — Ro) «1, then 
the criticality relation takes the approximate form 


BR, cot BRy -1~— 2 Oye se 1) (8.17) 


Since, by assumption, the reflector thickness is also small compared to Ro, 
the right-hand side of (8.17) is very large, and it follows from the approxi- 
mation (8.14) that the above relation may be written 


BRe_. _ Dei 


BR, — De T 


If we use the assumption that 7'/ Ro « 1, then the solution of this equation 
for Ro yields 


a. + .) with T= R,— Ro (8.18) 


~ * _ DeT 

Ro= B Dr 

We know from our relations for the bare spherical reactor that Roo = +/B; 
therefore, the substitution of (8.19) into (8.16) gives 


(8.19) 


DcT 
R 


Reflector savings ~ thin reflector (8.20) * 
In many cases of interest Dc ~~ Dr; thus, the addition of a reflector of 
extrapolated thickness 7 = &, — Ro toa bare spherical reactor allows the 
critical core radius to be reduced by the amount 7. The linear relation- 
ship (8.20) does not hold, of course, if the inequalities x2(Ri — Ro) K 1 

And (fi: — Ke)/ Rs <1 are not satisfied. In these cases, the critical 
radius for the reflected system must be computed from (8.11) and the 
result substituted into (8.16) to obtain the savings. It should be borne 
in mind also that the result (8.20) applies specifically to spherical systems, 
although this expression is frequently used as a general relation for other 
geometries when making quick first estimates for the effect of a thin 
reflector. 

The general approach used above may also be applied to a system 
having a thick reflector. In this case we impose the restriction that 
xr(f, — Ro) > 1 and furthermore that xzRo > 1; i.e., both the reflector 
thickness and the core size are to be much larger than the diffusion 
length of the reflector material. Because of the former requirement, 
coth xr(&i — Ro) ~ 1, and (8.11) is approximated by 


BR, cot BRy = — “ (ceo +1) +1 (8.21) 
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By the latter requirement, the right-hand side of this relation is large and 
negative, and therefore the approximation (8.14) applies for the left-hand 
side. It follows that 


and by (8.16) 
; . Deke 
. Reflector savings ~ Dz thick reflector (8.22) * 


L \2 

An accurate calculation for the reflector savings based on the solution re wm 
of the criticality equation for the one- 6. Poe, ar TS 
velocity model will yield a curve of the 
shape shown in Fig. 8.3. The approxi- 
mations (8.20) and (8.22) apply for the 
extreme values of reflector thickness. 

The problem of the spherical one-veloc- 
ity reflected reactor may also be studied 
by means of the albedo concept. Thus let 
us denote the albedo of the spherical shell reflector by a, where 


Reflector savings 


Reflector thickness 
Fic. 8.3. Reflector savings. 


_ fraction of neutrons incident upon the reflector from 


~ the core which are returned to the core (8.23) 


This number is a function of the inner and outer radii of the shell (R,; and 
Ro) as well as the (one-speed) transport and absorption cross sections of 
the material of the shell. In general, a is also dependent upon the angular 
distribution of the incident neutrons; in the present analysis we select 
the distribution which is consistent with diffusion theory. 

The one-velocity flux in the core which satisfies the differential equation 


(8.5a) must now meet the boundary conditions Kp yw 
C ‘ 


44 
(1) ¢c(r) FF 0 for r < Ro . (8 24) a 
(2) J© (Ro) <= aj (Ro) 


The solution of the core equation which satisfies condition (1) in (8.24) is 
given in (8.8). The substitution of this expression into condition (2) in 
(8.24) yields the relation 


aa — BRy cot BRo) = 5(j — “) (8.25) 
l+a 
which corresponds to (8.11). Regarding Ro and De as being fixed, (8.25) 
has the limiting forms [using (8.14)] 


rT Ro 
a—0 Bo ROD for 5, 


a] BR, cot BRy = 1 


> 1 
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If the concentration of materials in the core is held constant, the reactor 
may be kept critical by reducing the radius Ro as the albedo of the 
reflector is increased ; this behavior 
of the critical radius is illustrated 
schematically in Fig. 8.4. The 
albedo of the reflector may be 
increased by (1) increasing the re- 
flector thickness, (2) increasing the 
macroscopic scattering cross sec- 
Albedo a tion of the reflector, and (3) de- 
Fic. 8.4 Critical radius versus reflector creasing the macroscopic absorp- 
albedo for fixed core composition. . . 
tion cross section of the reflector. 
c. Cylindrical Geometry. The general problem of a finite cylinder of 
multiplying material completely surrounded by a reflector cannot be 
easily solved analytically (see Fig. 8.5). For the present we will consider 
two less general cases. The completely reflected reactor is treated in 


Critical core 
radius R, 


| 
| 
| 
! 
| 
| 
| 
| 
1 


0 


Fig. 8.5 Completely reflected cylindrical Fia. 8.6 Cylindrical reactor with side 
reactor. reflector. 


Sec. 8.6 by means of an approximate method which entails an iterative 
procedure. 

1. Cylindrical Core with Reflector on the Curved Surface. The geometry 
and dimensions of the system in question are shown in Fig. 8.6. The 
appropriate forms of the differential equations (8.5) for the case of axial 
symmetry are 


) 0? 
2 p 30 dc(p,z) + O22 bc(p,z) gis B’$c(p,z) = 0 (a) 
pd0p dp Z 
oe si (8.26) 
" ap p ae br(p,z) + 522 br(p,2z) — xerbe(p,z) = 0 (0) 


The solutions to these equations are to satisfy the boundary conditions 
(8.4). In each of the equations (8.26) the flux is separable into a p and 
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a z dependent component; that is, 


¢c(p,z) = F¢(p) Gc(z) 
or(p,z) = Fr(p) Gr(z) (8.27) 


The substitution of these relations into (8.26) yields the equations 
1 a Go (z) 
Bie 4 = — f? 
pF c(p) dp [o c(p)] + Go(z) (a) 


| ee: eee Griz) _ ., 
pF r(p) dp lof’ (e)] + Gr(z) oe ” 


(8.28) 


Since p and z are independent variables, the above relations can be satis- 
fied only if each term is a constant; therefore, we set 


1 1 
F! een, eee 5 1 be (a4) 
eG) [pec (p)] CSF al) [oF p (p)]’ = HAR on 
Ge (z) — _,2 Gp (2) eee | ) 
Gec(z) = Ko G p(z) = MR 
It follows from (8.28) that 
2 + w2 = B? AR — wR = 23, (8.30) 
The general solutions to Eqs. (8.29) are as follows: 
F¢(p) = A 1J o(Acp) 1 A2Yo(Acp) (a) 
Fr(p) = Cilo(Arp) + Crk o(Arp) (b) (8.31) 
Gc(z) = A3 COS ucz + Ag Sin pc2 (c) ; 
Gr(z) = C3 cos pre + Cy sin pre (d) 


In order to meet the boundary conditions (1) in (8.4) the coefficients 
Ae, Aa, and Cy must be taken to be zero, since Yo(Acp) is singular at 
p = 0, and sin ucz is not symmetric about z = 0. Now consider condi- 
tion (2) in (8.4) which requires that the flux be continuous all along the 
core-reflector interface. The application of this condition to Eqs. 
(8.31a) and (8.316) yields 


c(po,2) = r(p0,2) (8 32) 
AJ o(Acpo) Aa cog ficd) = Ca cos re{CrT o(Anpo) + C2Ko(Arpo)] >” 
This equation can be satisfied for all values of z if 
Ke = wr= up (8.33) 


If we absorb the arbitrary constants A,, A3, and C; into a single constant 
A, the solutions for the flux may be written in the form 


dc(p,z) = AJo(Acp) cos uz (8.34) 
br(p,2) = [Cilo(Arp) + C2Ko(Arp)] cos uz 


We now satisfy condition (4) in (8.4) that the flux vanish at every 
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point of the extrapolated outer boundary of the system. Thus, over 
the end faces, 


y oc(p,h) = 0 = AJo(Acp) cos ph (8.35) 
br(p,h) = O = [Cilo(Arp) + C2Ko(Arp)] cos ph ; 


In general, the f’s in these two equations are not identical since they 
involve the extrapolation distance outside the core and reflector; however, 
for cylinders with dimensions large in comparison with the extrapolation 
distance in either the core or the reflector, the h’s are approximately equal. 


In any case, the conditions of (8.35) can be met only if 


cos ph = 0 (8.36) 


so that the difference in extrapolation distance for the core and reflector 
would be difficult to take into account, since we have already required 
that the y»’s be the same. Equation (8.36) can be satisfied only if 


re 
= — 8.37 

of (8.37) 
taking, as in previous work, the lowest eigenvalue. 


The requirement that the flux vanish over the extrapolated curved 
surface of the reflector gives a relation between C, and C;; thus, 


_ _ C2Ko(\rA1) 
Cy = To( nis) (8.38) 
If we call 

. Lo(p) = Lo(Arpi) Ko(Arp) — To(Arp) Ko(Arp:) (8.39) 

the fluxes may now be written 

oc(p,z) = Ado(Acp) cos a 
: (8.40) 
ba(p,2) = CLo(p) cos = 


where C and A are constants to be determined from the interface condi- 
tions on the flux and net current, (3) in (8.4); these are 


AJ o(Acpo) =F CL o(po) 
DcAJo(Acpo) = DrCL(0) 


One of these equations may be used to give a relationship between A and 
C; however, A and C cannot both be determined from (8.41) and, as in 
all reactor problems, there will remain an arbitrary constant which is the 
flux level at steady-state operation. The ratio of the two equations is 
independent of A and C and gives the criticality condition for this system: 


(8.41) 


DeJ 9 (Acpo) ea DrLg (p0) 
< ~Jo(Acpo) —- Lop) ane 
ash wilde f, 
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The results of the analysis given above might be used as follows: 
Suppose that a system is to be built of the type shown in Fig. 8.6 with 


the values of the radii po and p; and the height 2h specified. Also, sup- 
pose that the reflector composition has been selected (i.e., x2 is deter- 
mined). In the core, the concentration of all materials is known except 
that of the fuel. If the fuel concentration is low, as will be the case in 
many real systems, the diffusion coefficient Dc for the core may be 


assumed to be known, since it will be only slightly affected by small 


may be used to¢determine \c,}inasmuch as all the other quantities in this 


changes in listen Then, the criticality condition (8-42) 
relation are now known. ote that from (8.30) and (8.37) 


yi) x 2 
als 


Fusw 6,47 


~ 
) 
nvr 
s 
was 


(8.43) 


With the value obtained for Ac, the buckling may be computed from 
<< f 


(8.44) 


The fuel concentration required to maintain this system at steady state 


is calculated from (8.5) 


a Al ey 6] +3 (8.45) 
2h 

The results given above include, of course, the 

case of the very long cylinder for which the 

quantity (1/2h)? may be neglected in com- 

parison to the other terms. 

2. Cylindrical Core with End Reflectors Only. 
Figure 8.7 shows the geometry and dimen- 
sions for the cylindrical core with end reflec- 
tors. The work of the preceding case may be 
taken over here through the separation of 
variables since Eqs. (8.26) through (8.28) are 
valid for the present calculation. However, 
it is convenient in fitting the present bound- 


Fic. 8.7 
tor with end reflectors. 


Cylindrical reac- 


ary conditions to make a different choice for the algebraic sign of the 


constants. Instead of using relations (8.29), let 


oF’ o(p) Uh [pF c (p)]’ F —i pl r(p) OD [pF Rr (p)]’ = 


Gii(2) _ 
Gr(z) 


—nr2. 


< 


vr 


— 
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It follows from (8.28) that 


E+ wh, = B? —rvE + uh = 3, (8.47) 
The general solutions for the present case are then 

Fe(o) = Ar o(Acp) + A2¥o(Acp) (a) 

Fale) = CiJo(np) + C2YoQhx0) ==) gag) 

Gc(z) = As COS woz + Aq Sin wc2 (c) ; 


Gr(z) = C; cosh prz + Cy sinh pre (d) 


In order to meet the requirement that the flux be finite and symmetric, 
we must have Az = C, = A, = 0. If the flux is to be continuous across 
the core-reflector interface, we also require 


Ae = AR => r (8.49) 


Consider now the reflector located on the positive z axis. (Note 
that the flux in the other reflector may always be obtained by sym- 
metry.) The extrapolated boundary condition at @ yields ¢r(p,é) = 0 
or Gr(@) = 0. We obtain immediately from (8.48d) the relation 


C3 = —C, tanh LRG (8.50) 
If we use the results so far derived in the expressions for the flux, we have 


dc(p,z) = AJo(Ap) cos pc2 


#a(p,2) = CJo(d0) sinh we(@ — 2) Si 
The flux is also to vanish all along the curved surfaces; thus, 
dr(h1,2) = oc(hi1,z) = 0 
and it follows that 
A= » | where »; = 2.405 (8.52) 


and, as before, it is assumed that the extrapolation distance is the same 


for the core and the reflector materials. 


The continuity conditions at the interface may now be applied to 
obtain a relationship between the constants A and C and the criticality 
condition for the end-reflected cylinder. These are: 


eis d.: i ax _ __A cos uch 
Co ahaa a) 


Cant. correr+Douc tan uch = Daye coth ura —h) 2° YE (8.54)e 


Cc 
The calculation of the critical parameters of the reactor ees as 
before, with the relations obtained above and with 


Se) 2 2 
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d. Rectangular Geometry. We turn now to the consideration of 
rectangular systems; again there is no simple solution to the problem of a 
rectangular-block core completely reflected as shown in Fig. 8.8. How- 
ever, there is one geometry which is readily solved by methods similar 
to those used for the reflected cylinder. Consider a block core with two 


Fia. 8.8 Completely reflected rec- Fic. 8.9 Block reactor with slab-reflected 
tangular-block reactor. ends. 


reflecting slabs of the same thickness on two opposing faces, as shown 
in Fig. 8.9. As before, the differential equations for the flux in the core 
and reflector are given by (8.5) and the boundary conditions, by (8.4). 
In Cartesian coordinates, these are 
oe? fe ke o2 
ax? bo(z,y,2) i ay? bc(x,y,2) 4 022 oc(x,y,zZ) 

+ B’dc(z,y,z) =90 = (a) 
0? 0? 0? 
ax? br(x,Y,2) ze ay? r(X,Y,2Z) = az? br(x,Y,2) 


= Xe OR(L,Y,2Z) = 0 (b) 
Here, as in the cylindrical case, the variables may be separated. Assume 
dc(2,y,2) = Fe(x) Ge(y) He(z) 


(8.56) 


bn(2,y,2) = Fr(z) Galy) Hale) ene) 
then Eqs. (8.56) take the form 
Fg(a) , Gey) , Hee) _ _ a, 
Fe(x) * Gely) " Hel) isiee 
H(z) , G2) , ASG) _ | 
Fr(x) Gry) HAr(z) - 
Choose 
Po wy OA ae HE ws 
F(z) : Ge(y) : H¢(z) : (8.59) 
By oe ae ? 
Fr(z) Gr(y) M2 AR) ze 


= , Original from 
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then Eqs. (8.58) become 


Ai + AZ + AZ = B? (a) 

8.60 
wi wb — wh = oh o. ee 
The general solutions for the various functions in (8.59) may now be 
written (taking account of the symmetry requirement to eliminate the 


sine functions) 


Fe(xz) = Ai cos Aue Fr(z) = C; sinh wx + EF, cosh wr 
Gc(y) = Aza COS Agy Gry) = Ce cos poy (8.61) 
Hc(z) = Az cos Az Hpr(z) = C3 cos waz 


In order to meet the requirement that the flux be continuous across the 
core-reflector interface, that is, 

= be(a,ysz) = da(ay,2) (8.62) 
or 

A cos )\1a(cos Azy cos A3z) = C’(sinh pia + Co cosh 1a) COS poy COS p3z 


where Cp = E£,/Ci, we set ee 


oe ee (8.53) 


In order to meet the requirement that the flux vanish at all points of the 
extrapolated outer boundary of the system, we must have 


— 4 
Co= —tanhyid A.=ewe=—s A=w=— 8.64 
0 ann p41 2 Me 9 3 ; M3 oy | ( ) 


(Again the assumption has been made that the extrapolation distance 
is the same outside the core and the reflector.) With these results we 
obtain for the fluxes the expressions 


oc(z,y,Z) = A cos \iz Cos cos oe 
ry NZ (8.65) 
or(x,y,2) = C sinh pi(d — 2) cos Of COS 55 


These solutions apply only to the region on the side of the positive x 
axis; the flux in the rest of the reactor is obtained by symmetry about 
= 0. 
The requirement that the net current be continuous through the core- 
reflector interface yields a relationship between the constants A and C 
and the criticality condition for this system; thus, 


vi _ C sinh ui(d — a) 
(. are: cos \\a (a) (8.66) * 
>Derr tan \1@ = Dry, coth ui(d — a) (b) 
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The parameter y1 is obtained from Eqs. (8.60b) and (8.64), which yield 


ys v 2 oa 2 
2 = (S65 ans = 
By Dr 2 (3) + (3) (8.67) 
The substitution of this result into (8.66b) gives \1; then B? may be 
obtained from (8.60a) using (8.64): : ZL 
fz © 2 7 2 
BP=n+ (a) +: (3) (8.68) 


The block geometry considered here is the only rectangular system 
for which an analytical solution has been obtained. As indicated earlier, 
the completely reflected geometry is difficult to treat analytically. 
Unfortunately this is also true for other more simple configurations such 
as the block core reflected on four sides, with or without corners (Fig. 
8.10). The difficulty in all these cases is that it is not possible to meet 


a 
OT 


——— 
ee tl) | ro 1) Se 
SARS ae Oe) 


Fic. 8.10 Block reactor with slab-reflected sides. 


all the boundary conditions with functions in which the variables have 
been separated. An approximate technique for treating these problems 
is discussed in Sec. 8.6. 

e. Criticality Relation. The one-velocity model as used so far in this 
section is based upon the choice of a thermal-neutron source term which 
is proportional to the thermal core flux itself, that is, v2;¢c(r) [e.g., 
Eq. (8.3a)]. Since neutrons are born at high energy with the spatial 
distribution of the thermal flux in the core, the use of this source term 
neglects the diffusion of neutrons during the slowing-down process. In 
the case of a bare system it is true, of course, that this form of the thermal 
source term is correct, even when allowance is made for the migration 
during slowing down, since the flux preserves its spatial form at all 
energies. However, as we have noted, in a reflected reactor the spatial 
dependence of the flux will in general be different at different lethargies. 
In the analyses which follow, an attempt is made to account for the 
wanderings (and losses) of fast neutrons in reflected systems. 

In order to obtain some idea of what is involved in estimating these 
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effects, let us assume that the following neutron-balance relation! is valid 
for the core region: 


— DeV2dc(r) + LOdc(r) = v-Bppegk bc(r) (8.69) 


We define the factor p# in this equation as the fraction of neutrons, born 
at high energy in the reactor, which is not absorbed in slowing down to 
thermal. The factor g® is the corresponding fraction which is not lost 
by escapes from the reactor. In the present case of a reflected reactor 
these quantities could not be correctly calculated from the relations 
previously derived for the bare systems. Whatever estimate is made of 
these factors for a particular reactor, it must account for the absorbing 
and moderating properties of the reflector as well as the core. 

Suppose that we accept the above equation as applicable to the reflected 
reactor, recognizing that the quantities p% and g*% are to be computed 
by some, as yet unspecified, procedure. This relation may then be used 
to obtain an expression for the multiplication constant. In the usual 
way, we define 


: Ve sPiG th éc(r) dr 
__ neutron production = veh [dct dr (8.70) 


~ total neutron losses = -__p - i: Vbe(r) dr + TO fe oc(r) dr 


where I denotes integration over the volume of the core. The volume 


integral of the Laplacian term, which gives the neutron losses from the 
core, may be computed from the differential equation. We have from 
(8.69) 


; VeLsPinJth Da? = 
Who + | pas | ge = 0 (8.71) 
If we call the term in the brackets B? 
Bt = 5 [rE /ptok — 2 (8.72) 
then V?¢c = — B’dc, and the relation for k reduces to the form 
Pes DUG th 
k = DeB? + 3© (8.73) 


If the system is critical, k = 1 with », = v; therefore, we can compute k 
in the usual way; i.e., 


= 
Ve 
where », 18 obtained from (8.73) by setting k = 1. 


‘The quantity », denotes the neutron yield per fission required to maintain the 
system in steady state. 
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sEcC. 8.2] 
The quantity B? is computed from the criticality relation for the 


particular reflected configuration in question. We summarize these 
relations below for the three elementary geometries previously considered. 


1. Sphere: 
Dc(BRo cot BRo — 1) 
= — DplxrRo coth xr(Ri — Ro) + 1] 
Ry 


2. Cylinder: side-reflected: 


DeJo(dcpo) _ Drbo(oo) 
J o(Acpo) Lio(po) 
Lo(p) = To(Arp1)Ko(Arp) — Lo(Arp)Ko(Arp1) 


2 
BP =r +(— 
oe (=i) 


2 
x2 24 (2 
oe (Gi) 


3. Cylinder: end-reflected: 
Deuc tan pch = Deyn coth ur(& — h) 
2 


2 _ 12 wi\’ B? = yp Pi 
Kp XR + (') Ke 2 @ 
Wi= 2.405 


4. Block: end-reflected: 
Der, tan Aa = Drm coth ui(d —= a) 


2 x\ a\* 
Ome) t 
26 2¢ 


ab 


to 
| 
ay 
a | . 


Q 


B2 


Nee 
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We have noted that the probabilities p# and gZ, in general, are depend- 
ent upon the properties of the reflector. It is possible in some instances, 
however, to use for these quantities the results of the bare reactor calcu- 
lations. This is the case, for example, in large thermal systems of 
spherical geometry in which the slowing-down properties of the core and 
reflector are very nearly the same. Since systems of this type are of 
some practical importance, it is of interest to demonstrate this result. 

Let us consider, therefore, the following general relation for the diffusion 
of thermal neutrons: 


— DV*9(r) + Zable) =» f Byo(r") Geez’) dr’ (8.74) 


where ¢(r) = thermal flux at r in reactor, including all points 
in both core and reflector 
G(r;r’) = probability that a neutron born at r’ becomes 
thermal at r 


(8.75) 


By our previous arguments v2,¢(r’) dr’ is the number of neutrons appear- 
ing per unit time in dr’ around r’ at high (fission) energies. Thus the 
integral term is a generalized expression for the rate at which neutrons 
are entering the thermal group at r for any point in the reactor. Equa- 
tion (8.74) is rigorously correct (within the limitations of the thermal- 
group diffusion model) if the proper kernel G(r;r’) is chosen for the 
system under consideration. In general, G(r;r’) depends upon the high- 
energy cross sections of the reactor materials and the geometry of the 
medium. We will not attempt here to choose an accurate kernel but 
will concentrate on finding a kernel which will be a good approximation 

in some useful cases. 
Let us limit our analysis, then, to the spherical system mentioned 
above. As a first approximation we will assume that G(r;r’) is given by 
the infinite-medium slowing-down 


o(r) kernel of Eq. (6.38): 


‘ —|r—r’|*/4r 
G.(r;"’) = (ae (8.76) 


Reflector Reflector 
It would be reasonable to suppose 
that the source function represented 
by the integral would be strongly 
r peaked in the core region and that 

Fig. 8.11 Flux distribution in large the thermal flux would be peaked 
thermal reactor. also, as indicated in Fig.8.11. This 
is consistent with our assumption 

that the slowing-down properties of the core and of the reflector are nearly 
the same. Thus the core is the primary source of thermal neutrons, and 
since the flux ¢c decays rapidly from the center of the reactor, little error 
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will be made in extending the integral of Eq. (8.74) over all space when 
describing the flux distribution in the core; therefore, take 


— DeV*de(t) + EM belt) = [, Zo(t') Goltz’) de’ (8.77) 


Moreover, because of the relatively small thermal flux in the reflector 
and the rapid decay of the kernel G,, for large values of |r — r’|, we 
would expect that in the reflector region the integral term will be negli- 
gibly small. Thus we assume that the neutron balance in the reflector 
is given by 
— DrV*dr(r) + DL) dr(r) = 0 

which is identical to Eq. (8.3b). 

The integral of Eq. (8.77) may be evaluated by expanding the flux 
¢(r’) in a Taylor series about point r; the first three terms are 


o(r') = o(r) + (F — 1’) - Volt) + H(t — r’)- VPO(r) + + (8.78) 


The substitution of this expression into (8.77), along with (8.76) for G,,, 
yields the following results for the three terms: 


Ey f, O(t) Gales!) de’ = vuole) 
vE, I. (r — 1’) - Vo(r) G.(r:r’) dr’ = 0 (8.79) 
god, f(r — 1’) - VG) Galea’) dr’ 


vl pTuPuV7O(r) 


Since the point r is in the core, the fluxes on the right of these equations 
are core fluxes. The application of these results to the core equation 
yields 


(De + v2 pputn)V?oc(r) + [v2 spun — ZO] Pc(r) = 0 (8.80) 
If we define 


> Preh =a ro Ke = 1 
fy ats is oo rl cc 88] 
Det vtgurn Le + have oe 
where ke = —_ = =e (8.82) 


then (8.80) reduces to the form (8.5a). Since the differential equations 
for the flux in both the core and reflector are now identical to the set 
(8.5), it follows that the multiplication constant is given by the expression 


- vl Deh 
k = Sori + BYULt + kara)] (8.83) 


This equation would be expected to give good results in the case of a 
large thermal reactor with slowing-down properties much the same in the 
core as in the reflector. If this result is compared to (8.73), it may be 


Google 


440 REACTOR ANALYSIS [cHAP. 8 


seen that the analysis above has amounted to obtaining an estimate for 
g®. That this is indeed a reasonable estimate may be established by 
reviewing the results obtained for the bare reactor, using the Fermi model 
(6.81). In that case 

1 
1+ Brn, 


Jn = e Bn ~ (8.84) 
for B’ru, «1 (i.e., large reactors). If this form had been used directly 
in (8.73) for g%, then 


vz ;Dih ~~ vo yp 


FSO + LEB)(1 + Bia) SOU + BALE ral) 


(8.85) 
But this is the relation (8.83) when k,, ~ 1 and p# is taken as pu for the 
core material; thus, the two results (8.83) and (8.85) are comparable. 
It is of interest to note also that (8.85) is in the form (6.113) if we identify 
L?2 + 7m as the migration area A/?. 


8.3 Reactors with Spherical Symmetry : Serber- Wilson Condition 


a. Introduction. The accuracy of the methods used in the one-velocity 
model developed in the preceding section is limited by the interface con- 
ditions selected for the solution of the differential equations. The two 
conditions imposed in these calculations were the continuity of the 
neutron net current and the neutron flux. The purpose of the present 
section is to select a new set of boundary conditions which will give a 
more accurate representation of the neutron flux in the regions of impor- 
tance, particularly in regions wherein the selected analytical expressions 
for the flux are known to be valid. 

In this calculation, the continuity of net-current condition will be 
retained. This choice is made because the net current out of any region 
is proportional to the volume integral of the neutron density (or flux) 
over that region. Thus in computing the neutron leakage from a volume 
V having surface area A, one might use a relation of the type 


Leakage = — I DVo¢:-dA = —D L, V*¢ dr (8.86) 


It is evident from this expression that so long as the computed flux ¢ 
gives a reasonably good picture of the spatial distribution of neutrons 
over most of the region, fairly large errors can be tolerated over small 
portions of the region, for example, near boundaries (see Fig. 8.12). 
The present argument, then, is based on the fact that the net-current 
condition is an integral-type relation and requires simply that a certain 
volume integral of the estimated flux approximate closely the integral for 
the exact calculation. The continuity-of-flux condition, on the other 
hand, although physically acceptable, is not always the best condition 
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to use. This is especially true when using the diffusion-theory approxi- 
mation for the flux distribution, namely, that the flux is well represented 
by an isotropic term and a term in the first derivative. Of course, this 
is not the case near outer boundaries 
and discontinuities in the material 
composition of the system. Thus the 
requirement that the diffusion-theory 
expressions for the flux be continuous 
in these regions can introduce large 
errors in estimating the current at an 
interface. 

In the present treatment we discard 
the condition that the flux be contin- Fc. 8.12 Flux distribution around 
uous at an interface, and select instead pUerlAce: 

a relation of the integral type (as in the case of the net-current condition). 
The boundary conditions to be applied here in place of the continuity 
conditions (1) and (2) of (8.4) are as follows: 


Calculated 
flux 


Interface 


Actual flux 


Flux @ 


(1) Continuity of net current at interface 
(2) Expression for neutron flux must satisfy the transport (8.87) 
equation at the center of the reactor 


The net-current condition (1) of (8.87) is the same as that previously 
used. Condition (2) of (8.87) replaces the continuity-of-flux condition 
and requires that the general solutions which are selected satisfy the 
accurate equations for the flux distribution in the region of greatest 
importance, namely, in the central region of the core. This is known as 
the Serber-Wilson condition and is an integral relation which is applied 
at the center of the reactor. Thus, discontinuities in the expression for 
the flux may very likely result at the interface; however, it is recognized 
that this is of no great consequence since the solutions obtained will not 
be valid in these regions, in any event (Fig. 8.12). 

The method based on the Serber-Wilson condition is especially suited 
to the treatment of reactor systems which are spherically symmetric. 
We will develop the basic ideas involved in this method by analyzing, 
on the basis of the one-velocity model, the simple case of a spherical core 
surrounded by an infinite reflector. However, the method is generally 
applicable to finite systems,! to multiregion configurations, and to multi- 
group (energy) calculations.2_ These problems will not be discussed here. 
In order to demonstrate the effect on the criticality requirements of the 


1A. H. Wilson, The General Properties of the Transport Equation and Its Uses in 
Determining the Multiplication in Bodies Having Spherical Symmetry, AERE-M/ 
S-105A, Dec. 7, 1944. 

? Bengt Carlson, ‘ Multi-velocity Serber-Wilson Neutron Diffusion Calculations,” 
Los Alamos Scientific Laboratory, Report LA-1391, Mar. 24, 1952, declassified. 
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Serber-Wilson condition, the critical radius of a spherical reactor with an 
infinite reflector will be computed for various core and reflector composi- 
tions, and the results will be compared with the computations based on 
the method of Sec. 8.2b (using the continuity-of-flux condition). 

b. One-velocity Transport Equation and Asymptotic Solutions. The 
development of the present method is based on the general one-velocity 
transport equation for nonstation- 
ary systems. For this calculation 
we introduce the following assump- 
tions: (1) the core is a homoge- 
neous multiplying medium with no 
external (nonfission) sources; (2) 
the reflector is a source-free homoge- 
neous medium; and (3) scattering 
is isotropic in the laboratory system 
of coordinates. It was shown pre- 
viously in Sec. 7.4c that the appropriate integrodifferential equation for 
a system of this type could be written in the form 


Fia. 8.13 Coordinate system. 


Q + V6(F,Q) + E(r) (7,9) = - Ble) c(t) (7) (7.248) 
where o(r) = a c(r’) S,(r") o(r’) G(r;r’) dr’ (8.88) 


and the volume integral is to extend over all space. The quantity c is 
given by 
— vd/(r) i >, (r) 


c(r) = S(n) (7.236) 
and the effective absorption cross section by 
E(r) = U(r) + = (7.246) 
The kernel G which appears in the expression for ¢(r) is defined 
G Ma ay e—B(r'sr) 8.89 
(rr) = 4nir — rp? (8.89) 


and £6 is given by (7.196) with 2, replaced by &. 

In the present analysis our interest is in the total flux distribution 
¢(r) throughout a system consisting of a spherical core of radius a and 
an infinite reflector (Fig. 8.13). For convenience in analysis, we place 
the origin of coordinates at the center of the core. Since this is a simple 
two-region problem, the integral of (8.88) is conveniently separated into 
the form: 


$(r) = ccd a bolt’) G(rr’) dr’ + crdo® . or(t’)G(r;r’) dr’ —- (8.90) 
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This relation gives the flux at any general point r in the system in terms 
of integrals involving the flux in both the core and the reflector. The 
notation ( )c¢ refers to properties of the core and (_ )r to properties of 


the reflector; {_ denotes integration over the core, and {_ denotes integra- 
Cc R 


tion over the reflector volume. Also, from our previous definition of c, 
we have 


vB, + BO ze) 
Cc ac ie Cr = sR) (8.91) 
f t 


The kernel G(r;r’) is to take on the appropriate form, depending on the 
relative position of the field point r and the position of the integration 
variable r’. Since we have assumed that the two regions of the system 
are homogeneous, the £ which appears in the expression for 6 will be 
constant over each region, and 8 reduces to relations of the type 


B(r'sr) = Dr — r’| (8.92) 


c. The Serber-Wilson Condition. The Serber-Wilson condition is 
established by requiring that the solutions selected for the flux distribu- 
tions throughout the core and reflector satisfy rigorously the integral 
equation (8.90) at the origin. At this point in the system, (8.90) takes 
on an especially simple form by virtue of the fact that all integration 
paths extend along radial lines. Thus, using (8.92), 


dc(r’)e~2er' dr’ br(r’)e—2ea—Eal’—a) dy’ 
éc(0) = cex® [ eee oe 7 mre" 


(8.93) 


We are dealing here with a spherically symmetric system, so that 
o(r) = ¢(r), and dr = 4xr* dr. With these substitutions, (8.93) reduces 
to 


dc(0) = ccd Ic bc(r)e—2er dr + cxd\” i or(r)e—2ee—=er—-@) dr (8.94) 
It will be convenient to separate the integration over the core into the 
form I = i - i Thus 
be(0) = eB | f° dc(r)eFe dr — f~ ge(r)e-For dr | 

+ cpB® [- be(r)e-2eo-Fatr-2) dr (8.95) 


For the functions ¢c(r) and @r(r) which appear in (8.95) we use first- 
order approximations of the solutions to the transport equation. The 
basis for this choice is derived from the following argument. It was 
shown previously in Sec. 7.4d that the elementary solution to the one- 
velocity transport equation for the source-free infinite multiplying 
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medium was the function e*8*, where the eigenvalue B is given by the 
transcendental equation (7.254). In the present case, it is seen that the 
substitution of this form into (8.88), with G given by (8.89) and £6 in 
terms of 2 in place of Za, gives 


De _, (B\ _ 1 
3) tan! ) =o (8.96) 


We observe, however, that e'®* is also a solution of the diffusion equation 
for the multiplying medium 


V*¢ + B*¢ = 0 B real (5.161) 


as demonstrated in Eq. (7.256) and the subsequent discussion. Thus the 
general solution of the integral equation (8.88), which can be constructed 
from the elementary solution [see, for example, Eq. (7.255)], will also 
satisfy the diffusion equation.! Now the only solution of the diffusion 
equation which is finite everywhere and which is spherically symmetric is 


o(r) = Sr (8.97) 
This function should be a satisfactory solution to Eq. (8.88) at points far 
removed from the boundaries of the medium because in these regions the 
angular distribution of the neutron flux is nearly isotropic, and the dif- 
fusion-theory results will give an adequate representation of the spatial 
distribution of the neutrons. Thus sin Br/r is sometimes called the 
asymptotic solution to the transport equation. 
The transcendental equation (8.96) may be written more symmetrically 


(5) ane (5) -1 (8.98) 


wherein we have introduced the quantity ¢ defined by 


average number of neutrons produced per 
collision in the system described by (7.245) 


vis + Le 
a (8.99) 


Cc 


Note that 

éX = c2, (8.100) 
It is seen from Eq. (8.98) that the requirement that B be real implies 
that € > 1, which corresponds to a multiplying medium [see (7.236)]. 
(In the present context, multiplying means capable of supporting a self- 
sustaining chain reaction.) In the event that the medium is nonmulti- 
plying, € <1 and B is imaginary. Then, it is convenient to define 


1 Wilson, op. cit. 
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B = ix, and Eq. (8.98) takes the form 
tanh! x = 1 


K Cc 


with x = ; (8.101) 


The corresponding expression for the flux is obtained from (5.161) and 
is seen to be 


V2 — x26 = 0 x real (8.102) 


In the analysis which follows we use the solutions to Eqs. (5.161) and 
(8.102) to represent ¢c and ¢r, with B and x defined by Eas. (8.98) and 
(8.101). 

It will be convenient in developing the present analysis to introduce 
another new quantity y, which is related to c through the equation 


g(r) = c(r) — 1 (8.103) 


Thus, physically, ¢ is the excess of neutrons, over the incident particle, 
which is released per collision. If we use the usual definition of 2; 


Z2=2,+2,+ 2, (8.104) 
then g = eo DP, (8.105) 
t 


Some limiting values of c and ¢ are given below: 


Material c ? 
Pure scatterer......................] 1 0 
Pure absorber (no fissions)...........| 0 —1 
Pure absorber (with fissions).........| 7 7-1 


where 7 has the customary definition. Note that c > 1, and g > 0 only 
if the average number of neutrons produced per absorption (7) is greater 
than unity. These parameters may also be defined in terms of the effec- 
tive absorption cross section £. The appropriate definition for € was 
given previously in (8.99). The corresponding expression for the net 
neutron production per collision ¢ is then 


a en ea Ma + =e (8.106) 
It follows from (8.105), (8.99), and (8.106) that 
a 


The asymptotic form to be used in the core region is the solution 
(8.97) of Eq. (5.161). The corresponding solution for the reflector region 
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is given by Eq. (8.102); the only solution to this equation which is spheri- 
cally symmetric is the negative exponential e~"/r. Thus for the present 
analysis we select the following asymptotic expressions, denoted by the 
symbol ¢”: 

sin Br eae: ia 
r Or r 
where B is to be computed from (8.98) and x from (8.101). These are 
conveniently summarized in the forms 


$2 (8.108) 


be Ecaee l+@c  withtanw = = (8.109) 
Zc 

eee eo with x = — (8.110) 

tanh“! x ue = S., 


Note that, if the material composition of the core and reflector is specified, 
the parameters B and x may be obtained directly from the above tran- 
scendental relations. The quantities w and «x have been extensively 
tabulated! as functions of gc and re. 

The expressions (8.108) are now applied to Eq. (8.95). First we note 
that ¢2 must satisfy the integral equation (8.88); therefore 


$8(0) = cod f° ge(r)eFer dr (8.111) 


The substitution of the asymptotic solutions $2 and 4% into (8.95), along 
with the application of (8.111), yields the relation 


cole? , ‘ p2(rje—2er dr = crd(Perne f = oa(rje—*e° dr (8.112) 


[Note that the use of (8.111) allows us to cancel the term at the left of 
(8.95) with the first term at the right.] The equation (8.112) is the 
Serber-Wilson condition. It is based on the requirement that the solution 
for the flux satisfy the transport equation at the center of the reactor, and 
it replaces the condition of continuity of flux at the core-reflector interface. 

The second boundary condition to be used is the requirement that the 
net current be continuous at the interface. For the present calculation, 
this condition is more conveniently stated in integral form; thus, 


Net number of neutrons produced throughout the reactor = 0 (8.113) 


This condition must be satisfied if the system is to be at steady state. 


1 See, for example, D. Sweeney, M. Goldstein, and B. Carlson, ‘‘Tables of Functions 
Associated with the Serber-Wilson Method for Neutron Diffusion Calculations in a 
Spherical Geometry,’’ vol. I, LA-1364 (May 19, 1952), vol. II, LA-1365 (May 5, 
1952), vol. III, LA-1366 (Apr. 30, 1952); also, K. M. Case, F. de Hoffmann, and 
G. Placzek, ‘‘Introduction to the Theory of Neutron Diffusion,’’ pp. 56-57, Los 
Alamos Scientific Laboratory, 1953. 
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However, it applies with equal validity to noncritical systems (non- 
stationary systems) since these systems can always be described by 
means of an equivalent steady-state problem through the use of the 
‘‘effective-absorption”’ cross section 2 [ef. Eq. (7.245)]. If we use the 
parameters appropriate to a system with ‘‘time absorption,” as implied 
in 2, Eq. (8.113) may be written 


L, g(r) S(r) o(r) dr = 0 (8.114) 


This integral may be separated into the core and reflector terms; thus in 
terms of the solutions (8.108), 


PoSc |, 68x) dr = —@aEe f, 622) ar (8.115) 


This integral equation along with (8.112) provides the boundary con- 
ditions to be satisfied by the solutions ¢”. 

d. Criticality Equation. The criticality equation for the spherical 
reactor with infinite reflector is obtained by dividing the flux condition 
(8.112) by the current condition (8.115). Before performing this opera- 
tion, we first evaluate the integrals involved in these expressions. In 
every case, the asymptotic solutions (8.108) for ¢¢ and ¢x will be used. 

The first integral to be computed is that from the left-hand side of 
(8.115): 


a r2 gy 
ge) Grae) eS oS" ine Scab cos eB)- 42116) 
C 4) r B? 
From the right-hand side of (8.115) we obtain 


I. oz(r) dr = 491A [ re" dr = iA (ax + l)e“** =(8.117) 


and from the right-hand side of (8.112) we have 
= —Epr—xr ies 
A [ ee | et 8 _ AR (aSe4+ax) (8.118) 
a r a(x +r) 8 
where £; is the exponential integral.! The term from the left-hand side 


of Eq. (8.112) gives [ef. (7.268)] 


oe) —F ° 
| eon sin Br ar = —Im E,(Sca + iBa) (8.119) 


where Im E(z) denotes the imaginary part of E,(z). 
The substitution of the above results into the relations (8.112) and 
(8.115), followed by the division of (8.112) by (8.115), yields the criti- 


1 Case, de Hoffmann, and Placzek, op. cit. 
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cality condition 


= ecd(Me=e* Im E,(Sca + iaB) hes Cr2i®(ax)?E\(aSp + ax)er at” 


@cSc aps (sin aB — aB cos aB) peEa(ax + 1) 


(8.120) 


This result was obtained by both Wilson and by R. Serber and gives the 
critical radius of the core for a specified core and reflector composition 
(or vice versa). We will discuss this relation in more detail shortly. 


1.0 
0.9 


Fic. 8.14 The functions Q(y,w) and S(y). 


In order to simplify the notation, we introduce the quantities 


= Seca ¢ = Sra 

8.121 
and aB ( ) 
Some of the functions on the left side of (8.120) have been tabulated. ! 
It will be convenient, therefore, to rewrite the criticality equation in 


terms of the tabulated functions (see also Fig. 8.14): 


ac tanw = tanw = y 


Bs 
S(y) = — (sin y — y cos y) 
Os ; (8.122) 
— — — g~yitenwe eo 2 , , 
Q(y,w) oes Im F£, aa? + iy 
' Ibid. 
— ; Original from 
Digitized by . 2 
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If these relations are used in (8.120), we obtain 


Es wQ(y,w) | ee | (xf)? EF + «deft (8.123) * 


GcSc | Sly) PRIR +1 


We have used here the definition for « from (8.110), along with (8.121) 
to obtain 


ax = «Sea = xf (8.124) 


Equation (8.123) is the criticality equation for the equivalent stationary 
reactor. The solution of this equation for a system of given size and 
composition yields the multiplication constant of the actual reactor. 
Before dealing with time-dependent systems, we first examine the prob- 
lem of the stationary, or critical, reactor. 

e. Critical Systems. The steady-state system may be described in 
terms of our present notation as the special case when the reactor period 
1/a is infinite. This corresponds to a — 0 and the effective absorption 
cross section 2 — 2, [see Eq. (7.246)]. Formally, this change affects 
only the 2 terms which appear in the preceding analysis. In every 
instant £ becomes 2, and the results derived above take the forms sum- 
marized below. The criticality equation (8.123) becomes 


1+ ¢c\ Qe) _ _ (1 + or\ ASC + «efoto * 
‘co ye ec oe 


The characteristic equations (8.109) and (8.110) are now 


tan w : B 
Bs =] + YC with a o = ro (8.126) 
K _ x 
and tanh! & = |] + YR withk = rm) (8.127) 


also, x= DO f= Lia and y=xtanw=aB (8.128) 


Equation (8.125) is the criticality equation for a reactor operating at 
steady state. In its present form, this equation relates the properties of 
the core (left side of the equation) to the properties of the reflector 
(right side). Thus, given the properties of the reflector, (8.125) deter- 
mines the critical fuel concentration (or size) of the core. In making 
computations with this relation, it will be convenient to call the core 
term T¢(z,yc) and the reflector term T'r({,¢r). Note that w is deter- 
mined by ¢c¢ [according to (8.126)] and that « is determined by ¢ez (8.127), 
so that the only variables which remain are x and ¢, once the ¢’s (i.e., 
cross sections) have been specified. The criticality condition is that 


T(z, ¢c) = T r(f, eR) (8.129) 


Thus, given a value of ¢, Tr is known. The problem, then, is to find z 
such that Tc = Tr. If the core composition 2° is specified, this value 
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of x gives the critical radius a from relation (8.128); if the magnitude of a 
is specified, (8.128) gives the composition 2{© of the core. 

The solution of Eq. (8.125) has been carried out in parametric form, 
and the results are presented in graphs suitable for criticality computa- 
tions for a range of reactor compositions of practical interest. Figure 8.15 
is a plot of 7'¢(x) for various values of gc, and Fig. 8.16 is a plot of Tr(¢) 
for various values of gr. It should be noted that x and ¢ are related by 
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the ratio of the total cross section in the core to the total cross section 
in the reflector; thus 


ro 
r= Kh = 38 c (8.130) 


The application of these figures to an actual reactor computation 
proceeds in the following manner: (1) Compute ¢c, gr, and 6 from the 
properties of the reactor. (2) Select a value of ¢ and from Fig. 8.16 
find Tr(f{,er). (3) By using this value for 7'c, select the value of x from 
the appropriate curve (for the given gc) in Fig. 8.15. (4) See if this 
value of x and the assumed value of ¢ satisfy Eq. (8.130); if they do not, 
repeat the process until the selected value of ¢ and the corresponding 
value of x do so. 
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The critical core radius x (in mean free paths) has been computed for 
some combinations of g¢ and ¢r which may be encountered in reactor 
design. These data are presented as a function of 6, the core-reflector 
cross section ratio, in Fig. 8.17. For these cases, the critical size can 
be obtained directly from this figure if the core and reflector compositions 
are given. For other combinations of gc and ¢pr, the procedure outlined 
above can always be applied. 
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The results based on the Serber-Wilson method have been compared 
with those obtained from the continuity-of-flux condition. The critical 
radii obtained by using the two methods are plotted in Fig. 8.18 as a 
function of @ for the case gc = 0.2, gr = 0. The Serber-Wilson calcula- 
tions were based on Eq. (8.125), and the continuity-of-flux condition was 
based on (8.11). The appropriate form of (8.11) in the present notation 
is 

Bcx cot Box = 1 — 0 — Brx (8.131) 
where 82, = 3¢c and 62, = —3eor (8.132) 


The flux distributions for the case gc = 0.2, gr = 0, and 6 = 0.8 are 
shown in Fig. 8.19. It is of interest to note the discontinuity in the flux 
due to the application of the Serber-Wilson condition. Also, note that 
the critical mass computed by the continuity-of-flux condition exceeds 
the Serber-Wilson estimate by as much as 40 per cent for small reactors. 
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f. Noncritical Systems. We return now to examine the analysis of 
systems which are not at steady state. The neutron distribution in these 
cases 1s described by the integrodifferential equation (7.243). It was 
noted in Sec. 7.4c that a solution to this equation could be written in the 


%c=0.2 Yp=0 
(For same cross section ratio @ = 0.8) 
Core-reflector interface 3 
Continuity of flux x = 1.85 
oa~ 


Relative flux 


0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 
Radial coordinate in core mean free paths [rz 


Fic. 8.19 Flux distributions. 


form (7.244). The corresponding expression for the total flux is obtained 
by integrating (7.244) over all Q; thus 


o(r,t) = (re (8.133) 


where the period 1/a is yet to be determined. In dealing with the non- 
stationary system we found it convenient to define an equivalent steady- 
state system by introducing the effective cross section 2. The relation 
which determines this cross section, and consequently the reactor period, 
is Eq. (8.123). Our purpose in the present calculation is to obtain a 
procedure for computing @ from (8.123) and, subsequently, the multipli- 
cation constant k of the reactor. 

It will be convenient at this point to work, not with a, but with another 
parameter y which is related to a through the equation 


yu (8.134) 


The effective absorption cross section can be written in terms of y by 
substituting the above expression into (7.246). Thus, for the core 


Zo 
Zo = BOL + 7) or x0 = 


=1+y (8.135) 


& le 
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For the reflector, using (8.130) for 8, 


Be = 2” E oe | = E(1 + 76) (8.136) 
t 
f= ¢(1 + 74) 


We can now write the cross-section ratios which appear in (8.123) in 
terms of y. Observe first that, from (8.107), 


PcLc = Z{(ge — vy) 
.137 
Prior = Z{"(pr — 78) nee 


Thus the cross-section ratios in (8.123) take the form 


(C) (R) 
Bebe fc Pron YR — YO 


The parameters w and x may also be written in terms of 7; the appropriate 
relations are easily found to bé 


tanw 1+ ¢¢ K _Lltor 
» 1l+y and tanh-!x 1+ 78 (8.139) 


With these results (8.123) may be written 


1 + ec\ wQ(y,w) _ (1 + er \ (xf)?BlF( + x)jeforo 


It should be noted that, for the steady-state condition, y — 0, and this 
equation reduces to the form (8.125). 

The problem of computing the multiplication constant k of a noncritical 
reactor entails the solution of (8.140) for the value of y which satisfies 
the specified geometric and material properties of the system in question. 
The multiplication constant can then be computed from the number 
by a simple procedure, as will be demonstrated shortly. In the usual 
problem of interest the size and composition of the reactor are specified ; 
thus x = 2a, ¢ = Z{/a, vc and yr are known, and from these @ can 
be computed by means of the relation 6 = z/f. The determination of 
y involves a straightforward trial-and-error procedure for the solution 
of (8.140). The procedure is first to select a y and compute w and x 
from Eqs. (8.139). Next, the values of y and ¢ are found from Eas. 
(8.135) and (8.136); note that 


Z=2(1+ 7) = = - (B.141) 


These values of y and ¢ are then inserted in (8.140), and, if they satisfy 
the equation, the selected value of y is the solution for the system in 
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question. A sample calculation based on this scheme is included at the 
end of the present section. 

An expression for the usual multiplication constant k may be derived 
in terms of the parameter y. We start with the core equation of the 
equivalent steady-state system (cf. (7.245)]. 


Q + Voc(t,Q) + Zcdc(r,Q) = i Z{ccdc(r) (8.142) 


and integrate over all directions Q and over the core volume. The 
result is 


I dr Io Q + Vde(r,Q) dQ + Sebo = cele (8.143) 
where Po = I oc(r) dr (8.144) 
Now the multiplication constant is defined by 
bs total production (n + Ist generation) a production 
total population (nth generation) leakage + absorption 


(8.145) 


For the actual reactor not at steady state, k ~ 1, and (8.145) takes the 
form 
—_ Ccor\OBe 
leakage + 2 


If we write the total absorptions in terms of Zc by using (7.246), then 


a CoDOBe 
leakage + Zcbhce — y2{be 


The sum of the first two terms in the denominator of this expression is 
identically ccZ\S¢ [cf. (8.143)]; therefore, 


ke p28e (8.146) * 
Cc — ¥ 
A sample calculation in which this method was used is given below. 
The computations are for a spherical reactor with infinite reflector 
having the following specifications: 


gc = 0.3 gr = —0.03 


z= ra = 3.0 f= 2a = 3.3 6=-=091 


sa 
¢ 
The problem was to determine the multiplication constant of this system. 


The values of the various functions appearing in (8.140) have been 
computed for three selected values of y, and the results are listed in 
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Table 8.2. By interpolation it was found that y = 0.1455. The corre- 
sponding value of k is found from (8.146); it is k = 1.127. 


TABLE 8.2 COMPUTATION OF THE MULTIPLICATION CONSTANT 


3.75 
3.29 X 10-4 
1.360 
1.590 


8.4 The Two-group Model 


a. Reactor Equations. The analytical model of a reactor which 
describes the neutron population as two separate groups of diffusing 
neutrons, one fast and one thermal, has a great deal of usefulness in 
reactor calculations. To begin with, it is sufficiently simple from an 
analytical and computational standpoint to permit calculations to be 
made rapidly. Moreover, the relative simplicity of the method allows 
one to trace rather easily the various factors which influence the physical 
features of the system as predicted by the model. Also, for many 
reactors, particularly large thermal reactors, the method gives acceptable 
first estimates of the important characteristics. Finally, there is sufficient 
latitude allowed in the choice of certain parameters which appear in the 
calculation that any given ‘‘family”’ of reactor types can be analyzed 
with increasing accuracy as experience is gained in the selection of the 
best values for these parameters. This feature becomes increasingly 
important as the engineering practicality of certain reactor types is 
established and experimental information becomes available for compari- 
son with the predictions of the model. 

Physically, the two-group model assumes that the behavior of the fast 
neutrons in a reflected reactor can be represented by a single diffusion 
equation (in each region) in terms of suitably selected fast-neutron cross 
sections. The thermal neutrons are represented by a second group in 
the usual way. Thus in the application of the model to the general 
multiregion reactor, two differential equations are introduced for each 
region, one to describe the thermal group and one to describe the fast 
group. The solutions to these equations in each region are coupled to 
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the solutions in adjacent regions by appropriate boundary conditions 
for each group, along with requirements on the solutions at the center of 
the reactor and at the outer boundary. The sources for the thermal 
group are in each region proportional to the fast flux, and in those regions 
containing fissionable material the sources for the fast group are propor- 
tional to the thermal flux. The following treatment is focused on the 
analytical statement and solution of a particular case, the two-region 
reactor with outer region nonmultiplying. The methods developed for 
this case are easily extended (in principle) to more general situations. 

The analytical statement of the two-region system is as follows. 
Consider first the diffusion equations for the fast and thermal neutrons 
in the core: 


Fast group. D,V?¢,(r) + 2) i (r) = v= o2(r) (a) 
(8.147)* 
Thermal group: — DoV?o2(r) + 22 2(r) 


Pcdy i(r) (b) 


The quantity 2% which appears in (a) is to be chosen so that 29 ¢,(r) 
is a good estimate of the slowing-down density of fast neutrons out of 
the fast group atr. The source of fast neutrons is taken to be the neutrons 
produced by fissions caused by thermal neutrons vZ;¢2(r). The parame- 
ters D. and 2® are the thermal-diffusion coefficient and thermal-absorp- 
tion cross section in the core, respectively, computed in the usual way. 
The source term for the thermal neutron equation (0) is taken to be the 
number of neutrons slowing down out of the fast group, reduced by the 
number lost in actual absorption during slowing down. We define 


_ fraction of neutrons leaving fast group which 


Pc ~ reach thermal (in core) Co 


and assume that pc is given by the resonance-escape probability in the 
core. It should be noted that this selection is, to a certain extent, 
arbitrary, since there is still the choice of 24? to be made. Thus, we 
have taken (8.148) as a convenient definition and reserved all necessary 
adjustments in specifying the thermal-source term p,2%¢, for the 
quantity 29”. 

For the reflector we assume the following set of equations: 


Fast group: — D3V?93(r) + 2 ¢3(r) = 0 (c) 
(8.149)* 
Thermal group: — DV? oa(r) + Four) = pep2Posa(r) (a) 


The parameter 22 corresponds to 29 for the core. Both of these quanti- 
ties are called the fast removal cross sections. Note that the form (c) 
explicitly assumes a nonmultiplying reflector material, since a zero source 
of fast neutrons has been taken in the reflector. As in the core, D4 and 
= are thermal properties of the reflector calculated in the usual way; 
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the source term p,2%¢; is entirely analogous to the corresponding term 
discussed above for the core. The quantities D, and D; represent the 
fast-diffusion coefficients in the core and reflector, respectively; these 
must also be chosen in some way to represent the entire fast range. 

b. Group Constants. We can obtain some idea of how one might go 
about identifying and computing the fast-group constants from a study 
of two simpler multiplying systems. Consider first an infinite multi- 
plying medium. In this case there is no spatial variation in the neutron 
flux, either fast or thermal, and the set of Eqs. (8.147) is reduced to the 
form 


21 = vishe whe = Dory $1 (8.150) 


If we take the ratio of these two equations, the constants ¢, and ¢2 
cancel out, and the resulting expression may be written 


IPE = | (8.151) 


A comparison of this relation and the appropriate criticality equation 
for this system which was obtained in Chap. 4, Eq. (4.274), wherein 
« = 1, reveals that the quantity pc may be correctly identified as the 
resonance-escape probability to thermal. This was previously indicated. 

The removal cross sections may be identified from a similar analysis 
for the bare multiplying system. It follows from our study of the Fermi 
age model that the spatial variation in the neutron flux is of the same 
functional form at all energies. Thus we may take 


g(r) = ¢iF(r) and = g(r) = o2F(r) (8.152) 


where F(r) satisfies the differential equation V?F + B?F = 0 and B? is 
given by the various relations listed in Table 5.3. In the usual way, we 
have required that both the fast and thermal fluxes vanish on the extrap- 
olated boundary surfaces of the reactor; the extrapolation distance {fs 
assumed to be the same for the fast and thermal groups. “ 
The application of the above relations to Eqs. (8.147) yields the set 


D,B*$1 + 21 = vZsdo D2B*b2 + LP $2 = PeXR dr (8.153) 


As before we take the ratio of these equations and upon canceling out 
the constants ¢, and @¢2 obtain 


vis D,B? + >) 
B+ RE ~~ pep _— 
This may be written in the form 
MEIDE 1 with L? = Di (8.155) 


ys (1) 
Zp 
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If we compare this result with the Fermi age analysis of the bare reactor 
(6.78) for the case wherein there are no fast fissions (« = 1), then we can 
immediately identify the factor (1 + L?B?)—' as the fast nonleakage 
probability; thus, 

(1 + L?B*)-! = e-8*u (8.156) 


For a large reactor e~2*u ~ (1 + B?ry,)-!, and_we note, then, that 


(8.157) 


This is one way in which one could define the oval cross sections Zr. 
It would certainly be an adequate first approximation. As experience 
is gained from the comparison of theory and experiment, better estimates 
can be made for this parameter. 
The fast-diffusion coefficients may be computed from a suitable expres- 

sion for the neutron leakage. Thus we take ee 

- fD(u) Vo(r,u) du A 

D = Tve(r,u) du sy 


If we assume that, in first approximation, the neutron-energy spectrum 
is the same for all r, and in fact varies as 1/E, then it follows from the 
above expression that an acceptable definition of D,; would be 


(8.158) 


l “th 
D, = ls D(u) du (8.159) 
Finally, from (8.157), 
zy) = Di oe t D(u) du (8.160) « 
x Tth UthTth [0 


In a medium in which the scattering cross section varies only slightly 
with lethargy and in which the fast-absorption cross section is negligible 
in comparison with the fast-scattering cross section, (8.160) may be 
approximated as 


zp ~ 7 ; (8.161) 


Thus the ‘‘mean free path to removal”’ from the fast group is seen to be 


1 _A,%s. _ /mean free path\ /average number of 
zw 3 for scattering collisions to thermal 


) (8.162) 


[see Eq. (4.47)]. The parameter 2%) is usually calculated by choosing a 
fast-diffusion coefficient for the entire group and dividing by the age to 
thermal as in (8.160). Note that (8.147a) may be written directly in 
terms of the slowing-down density gq = 29¢,; thus, 


—TnV7q + q = visoe (8.163) 


where we have used (8.160). 
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c. General Solution. Consider now the analysis of the reflected reactor 
as described by the differential equations (8.147) and (8.149); it is 
understood that the parameters which appear in these equations are to 
be chosen by some means such as that outlined above. The general 
solutions to these equations, for each region of the reactor, will be given 
as a linear combination of two known functions. In selecting these 
functions we will be guided by our previous experience with the one- 
velocity model. The proper weighting factors (coefficients) for the two 
functions in each combination will be determined by the requirement that 
each general solution satisfy the appropriate differential equation from the 
set (8.147) and (8.149) as well as the various boundary and symmetry 
conditions imposed on the system. 

We begin with the differential equations for the core. Let Z(r) and 
Wr) be two functions such that the following linear combinations give 
the fast and thermal fluxes in the core: 


oi(r) = AiZ(r) + CiW(r) 
o2(r) = AZ(r) + C2W(r) (8.164) 


We define the functions Z and W as the solutions to the equations 
V*Z(r) + B?Z(r) = 0 V?Wir) + B2W(r) = 0 (8.165) 


The parameters B, and B; are to be chosen so that the expressions (8.164) 
for ¢, and ¢: are acceptable solutions of Eqs. (8.147). Thus we substitute 
Eas. (8.164) into (8.147) and apply (8.165). The result may be written 
in the form: 


Z(r)[A1D1B? + DMA, — vB,Aa] 
+ W(r)[CiD,B? + C,2® — Cv2,] = 0 

Z(t)[A2D2BY + 22Aa — poBPAl] 
+ W(r)(C2D2B3 + C2 — pcC,29] = 0 


(8.166) 


Since in general B, # B2, Z(r) and W(r) are independent functions. It 
follows, then, that the above equations can be satisfied only if each coef- 
ficient is identically zero. This requirement yields the relations 


= viy = DB} u a0) 
A, = Az Fees =i | (8.167) 
C, = 0, | DBEA 22] - o,f 2e2P_ | 
2—~ V1 vir ae D.B? =e PS 
Or, if we cancel out the factors C; and Aa, 
wii [D,B? + 2P)|[D2B? + 22] = vpceXs=zY (8.168) 


[D1B3 + 2P)[D.Bz + LO] = vpcL TP 
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Thus B? and B3 are solutions of the quadratic equation 


ypczusZy = F 


(B? + x2) (B? + x?) = ~ DiDe~ = woke Ke (8.169) 
where we have defined 
Paty ze) z 
g= oe d=  ke= ad (8.170) 


We find, then, that if the expressions (8.164) are to be solutions of the core 
equations (8.147), with Z and W given by (8.165), the quantities B, and 
B: must be taken as the roots of the B? equation (8.169). These are 


seen to be ene CIE 
ul KING 
B? it 4 ad) + bead (h i 


Since our primary interest in this model is in the application to reactors, 
it is clear that k, > 1. In this case 


[et + xB)? + dehd(ee — DIS, 


ate 


It follows, then, that if 4? and \? are defined as positive and real then the 
solutions to (8.171) are 


B= 2? small and positive 
B? = —»? large and negative 


With these choices, Eqs. (8.165) take the form 
V7Z(r) + w*Z(r) = 0 V2Wir) — *#Wr) = 0 (8.174) 


The solutions to these equations have already been discussed in much 
detail. The » equation yields for Z the trigonometric and ordinary v4 
Bessel functions, and the A equation, the hyperbolic and modified Bessel 
functions. 

We summarize the general solutions for the flux distributions in the 
core with the aid of the results (8.167). If we define 


(8.172) 


(8.173) 


a, = Pez Dy? + 2 ee) 
1 = = ‘ 
Do? + Da yLy 
() as 2 (1) (8.175) 
ae = Decry = Di» + Ze 
— D2? + 22 vZy 


then (8.164) may be written 
gilt) = AZ(t) + CW(n) > 
$x(t) = aAiZ(r) + a2CiW (2) (8.176) 7 


Note that, since in all geometries there will be conditions of symmetry 
or nonsingularity on ¢; and ¢2, the functions Z and W must be chosen 
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to meet those conditions; thus Z and W do not involve any undetermined 
constants. 
We consider next the reflector equations (8.149), which may be written 


Vioa(r) — Ka¢a(r) = 0 


V2o4(r) — x2¢,(r) = — Proy $3(T) (8.177) 
4 
(3) (4) 
wien d= daz (8.178) 
3 4 


The solutions to the above equations are to vanish at the extrapolated 
outer surface of the reflector. By the usual arguments [refer to discussion 
following Eqs. (6.56)] we specify that the extrapolation distance be the 


wo’ same for the fast and thermal groups. Thus, if R’ denotes the extrap- 


ly pees . 


ca 


olated outer surface of the reflector, 
o3(R’) = ¢.(R’) = 0 (8.179) 


We look for solutions to Eqs. (8.177) which may be given as a linear 
combination of the functions U and V, where these functions satisfy the 
equations 


V2U(r) — x2U(r) = 0 V?7V(r) — «2V(r) = 0 (8.180) 
and U(R’) = V(R’) = 0 (8.181) 


Now, the form of the ¢3 equation is seen to be the same as the reflector 
relation used in the one-velocity model [cf. Eq. (8.5b)], and it was found 
that the solution to that equation could be given in terms of a single 
function. It follows, then, that 


és(r) = S,U(r) (8.182) 


where S; is some constant to be determined. The function ¢,4, on the 
other hand, must be expressed in the more general form: 


gar) = Ti V(r) + T2U(r) (8.183) 
The substitution of these relations for ¢3 and ¢, into the ¢, equation of 


(8.177) yields the requirement, 


: = Pro 
T 2 = — 4391 with a3 = Dalx? oe x2) (8.184) 
3 4 


Thus we have for the reflector fluxes 
o3(r) = S,U(r) g(r) = TiV(r) — a3S,U(r) (8.185)x 


d. Criticality Condition. The general solutions (8.176) and (8.185) 
give the thermal and fast flux distributions in both core and reflector in 
terms of the functions Z(r), W(r), U(r), and V(r). These functions, in 
turn, are defined by Eqs. (8.174) and (8.180) and by the symmetry and 
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extrapolated boundary requirements. The only quantities still unde- 
termined are the constants A,, Ci, 71, and S,. ‘Thess may Be computed 
from the core-reflector-mterface conditions which have yet to be applied. 
These conditions are, physically, the continuity of flux and net current 


in both the fast and thermal groups. If we denote by R the core- 
reflector interface surface, then the appropriate analytical statements are 


(1) $:(R) = ¢;(R) 
(2) —D,V¢,(R) -dA(R) = — D3V¢3(R) - dA(R) 
(3) o2(R) = ¢4(R) 
(4) —D.V¢2(R) -dA(R) = —D,V¢,(R) - dA(R) 


(8.186) 


The application of these conditions to the general solutions (8.176) 
and (8.185) yields the following set of equations in the four unknowns 
Ai, Ci, Ti, and Si: 


(Z)A1 + (W)C, + (—U)S; = 0 (a) 
(—D,Z')Ai + (—DiW’)C, + (D3U')S, = 0 (b) 
(a:Z) Ai + (a2W)C, + (a3U)Si1 + (—V)T1 = 0 (c) (8.187) 
(—a,D22') Ay + (—a,.D.W')C, + (—a3;D,U’)S, 
= (DiV’)T, = 0 (d) 


The symbols Z, W, U, V and Z’, W’, U’, V’ denote the functions and 
their normal derivatives evaluated atr = R. NS. Gre w Ua Ww (un v ) 
The above set consists of four simultaneous algebraic equations in the ¢ . 9. 

four unknown constants. Since these equations are homogeneous, it is 

not possible to obtain explicit expressions for all four quantities, and, as 

in all steady-state reactor problems, there will remain one undetermined 

constant (the flux or power level in the reactor). Thus three of the 

unknowns will be determined in terms of the fourth. The only nontrivial 

solution of this system of equations requires that the determinant A of the 

coefficients of Ai, Ci, T1, and S, vanish; that is, 


Z W =U 0 
_| —D,Z’ -—D,W'  D,U’ Oo |_ 
a a,Z aoW a3U —V =e cS tRS) 


—a,D.2Z' —aD.W' —a,D,U’ D,V’ 


This expression may be regarded as the criticality condition for the a 
reflected reactor in the two-group = sbeaeiaalion ance WoL. both 
the group constants and the dimensions of the reactor. In the usual 
way, the specification of the fuel concentration or the core size allows the 
determination of the other through the use of the above relation. Unlike 
the simpler models and applications previously considered, however, the 
computational procedure is somewhat more involved. The details of an 
appropriate procedure will be discussed later in connection with a sample 
calculation, and some computational approximations which have been 
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found to be useful will be demonstrated. For the present we confine 
our remarks to a general outline of the method and the necessary steps 
involved in a computation. 
uppose, for example, that the shape and dimensions of the reactor 
have been specified, and that the composition of the nonfuel components 
is known. The problem, then, is to determine the critical fuel concen- 
tration. The calculation may be carried out by assuming various fuel 
loadings and finally selecting that loading which satisfies all the system 
requirements determined above. It should be recognized that, in this 
procedure, it is necessary to recompute several of the nuclear constants 
Ki, K2, - . . With each assumed value of the fuel concentration. Asa rule, 
only a few of these constants are markedly affected by variations in the 
fuel concentration, so that as a first approximation one need make 
adjustments only for these quantities. When a fairly reliable esti- 
mate has been obtained for the critical concentration, the entire compu- 
tation may be repeated, using the corrected values of the less sensitive 
parameters. 
Once a value has been assumed for the fuel concentration, and all the 


; eae ee —— 
nuclear parameters computed, the corresponding values of \? and yz? 


may be obtained from the general relation (8.171). These values, along 
with the appropriate data for the various functions Z, W, . .. , may 


then be inserted in the determinant (8.188). If the value of the determi- 
nant is found to be identically zero, the assumed fuel concentration is in 
fact the criticat concentration, if not, the procedure is repeated until 
this condition is satisfied. 

In the event that the problem of interest is the determination of the 
multiplication constant of a given reactor system, the procedure outlined 
above is slightly modified. For this case, all the dimensions and nuclear 
constants are fixed and the immediate objective is_to-determine a » 
such that the determinant (8.188) vanishes. This is best accomplished 
by selecting various-values of k, (which is to say ».), computing the 
corresponding values of \? and y?, and finally obtaining the value of A. 
That value of k,,, call it k=, which satisfies (8.188) gives the actual multi- 
plication constant k. Thus if k,, corresponds to the experimental value 
of v, then the multiplication of a noncritical system is given by 
—_ ken 
Ke 

It is of interest to note that the general method outlined here is entirely 
analogous to the one used for the bare-reactor calculations, using either 
the one-velocity or Fermi age models. For example, in the case of the 
Fermi age model, the problem was to solve the equation 


voy e— Bn, 


() pa orm 7 


k (8.189) 
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for B? and then compute the critical dimensions from an equation such 
as B = x+/R (for a sphere). In the two-group model, the equivalent 
relation is obtained from (8.169), which may be written 


Dy Po > 
Ea + Le) + LR ~* or) 
where L? = es and = = (8.191) 

Ky Ko 


Equation (8.190), along with the determinant (8. (8.188), may be regarded 
as the criticality requirements for this model. [Note that the last two 
factors on the teft side of (8.190) give the fast and thermal nonleakage 
probabilities, respectively.] As in the bare-reactor calculation, (8.190) 
is solved for u? (and A?) and the critical size (or concentration) obtained 
from the determinant. 

e. Application to Spherical, Cylindrical, and Rectangular Block 
Reactors. The functions appearing in the determinant (8.188) are sum- 
marized for a few principal geometries in Table 8.3. Note that in each 
geometry, such as that of the block core, the boundary conditions apply 
for all y and z along the core-reflector interfaces. As used in (8.188), 
however, the function cos nay cos n3z appears as a factor in every term, 
and since this factor is not identically zero, it may be factored out of the 
determinant, which, then, becomes independent of y and z. 

f. Comparison with One-group Method. Some idea of the errors in 
the criticality requirements which can be caused by the omission of the 
effects of the fast neutrons in a reactor can be obtained from the compari- 
son of the results based on the two-group model with those of the one- 
group (velocity) model. As a representative case, we consider a spheri- 


TABLE 8.3. SuMMARY OF FUNCTIONS FOR PRINCIPAL REACTOR GEOMETRIES 


Spherical Geometry 


Z(R) = sin ee 
zi = Hom a sn 
W(R) = sinh Me 
\ cosh AR _ sinh AR 
R Rr 
U(R) = sinh ae — R) 


Ye 2 ee Se se) 


W'(R) = 


V(R) = sabe 
vi(R) = — ce _ sinh tid — R) 
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TaBLE 8.3. SUMMARY OF FUNCTIONS FOR PRINCIPAL REACTOR GEOMETRIES 
(Continued) 


Cylinder (Side Reflector) 


Z(R) = Jo(liF) cos lz 
Z(R) = —1,J:(LR) cos lez 
W(R) = [o(I3R) cos 1,2 
W’(R) = 1,7, (I,2) cos la 
fy: 


re I? = yp? — 22 hes 12 =? + 72 


Yoo UR) = [lo(uR) Kole) — Lo(teR’) Ko(sR)] cos ee 
U'(R) = LLU) Ko(uR’) + To(tR’) K,(1,R)] cos 1,2 

*V(R) = [Jo(lsR) Ko(lsh’) — Io(l,R’) Ko(lsR)] cos sz 
V°(R) = 1,[,(2) Ko(lsR’) + To(tsR’) K,(l,i)] cos lz 


Beg thi Regc+l 


Cylinder (End Reflectors) 


Jo 


Z(R) = Jo(mip) cos meh 
Z'(R) = —mJo(mip) sin mh 
W(R) = Jo(mip) cosh myh 
W'(R) = msJ0(mip) sinh msh 


2.405 
m= mi = yp? — m3 m? = \? + m? 


. veg 
we i] ie 
oe oe eG 
or trmeclz 
. eyo 


SS 


U(R) = Jo(mip) sinh m,(d — h) 
U'(R) = —m,Jo(mip) cosh m,(d — h) mi = «i +m? 
V(R) = Jo(mip) sinh m,(d — h) 
V’(R) = — mgd o(mip) cosh ms(d _ h) m} = Py + mi 


e 


Block Geometry 


Z(R) = cOS n1G COB Ney COS N3z 
Z'(R) = —n, SiN N14 COS ney COB N32 
ni = wt — ny — nj 
W(R) = cosh nya cos ney COB naz 
W’'(R) = n, sinh nya cos ny cos n3Zz 
ni=dM+n>+n} mse mas 
U(R) = sinh n,(d — a) cos nzy cos naz 
U’(R) = —ns cosh ns(d — a) cos nzy cos naz 
V(R) = sinh no(d — a) cos ney cos naz 
V'(R) = —n. cosh ne(d — a) cos nay cos n3z 
naewvitnit+n} nent tni+nj 


cal reflected reactor which has the following material properties: 


Core: D, = Dz = 1 cm Reflector: D3 = D, = 1 cm 
ZY = 0.01 cm! 2%) = 0.01 em7 
Pc = 0.90 pr = 0.90 
2) = 0.05 cm—! = = 0.0049 cm“ 
Z, = 0.0229 cm-! T = 22cm 
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where 7 denotes the extrapolated reflector thickness. Table 8.4 lists 
the critical radii of the core for this system based on the two models. 
For comparative purposes the results for the bare reactor, with the core 
properties listed above, have also been included. This table gives also 
the basic relations used in each calculation and the reference equation 
numbers. 


TABLE 8.4 ( Critica, Rapir or SPHERICAL CoreEs)IN VARIOUS APPROXIMATIONS 
ast fissions neglected in all cases) 


Reference Critical 
Method Critical equation ; radius 
equations 
(cm) 
1. Bare core, one- wly 
velocity (no fast De p(1 + L3B2)") = 1 76.8 
leakage) 
B= 
OR 
2. Bare core, one- vZys 
velocity (with fast (=) pen(1 + L2B1)~1e-8"%th = 1 197 
a 
leakage) 
B Tr 
R 
3. Bare core, two- poy’? 
group Zia) Pth(] + Ls3B%)-1(1 + £13B%)-) = 1 (8.155) 197 
Bae 
R 
4. Reflected core,* wry 
one-velocity reo Pe(l + Lc*B%) 1 = 1 (8.73) 66.5 
Do(BR cot BR — 1) = —Da{xgR coth xg(R’ — R) + 1)| (8.11) 
dth = 1 
5. Reflected core, one- vty 
velocity (using Ye pel] + BULe? + ren)! = 1 (8.85) 186 
migration area) 
D,(BR cot BR — 1) = —Dg[xgR coth xg(R’ — R) + 1)} (8.11) 
6. Reflected core, vis . _ (8.188) 180 
A=0 (8.190) 


eR’ = extrapolated reflector outer boundary. 


The strictly one-velocity calculations, methods 1 and 4, are seen to 
give much smaller critical radii than the others; this indicates that the 
fast leakage is quite important in this system. Calculations 2 and 3 give 
identical results because of the large size of the bare core. It is interesting 
to note the comparative accuracy of the ‘“‘migration-area”’ calculation, 5, 
which predicts, in this case, very nearly the same result as the two-group 
method. 

The form of the flux predicted is also of interest; the one-velocity calcu- 
lation, 4, yields the general functional shape shown in Fig. 8.20a. The 
two-group calculation, 6, yields a thermal-flux distribution, which, as 
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shown by Eas. (8.176) and (8.185) and Table 8.3, is a linear combination 
of two functions in both the core and the reflector: 
For the thermal flux in a spherical core, 

éc(r) = ¢2(r) = fe (sin ur + Co sinh Ar) (8.192) 
For the thermal flux in a spherical-shell reflector, 


én(r) = da(r) = os sinh «4(R’ — r) +c, sinh x,(R’ — 1] (8.193) 


where ¢c, $n, Co, and c; are constants to be determined by the calculation 
described above. The spatial form of these functions, as well as of the 


Reflector 


sinh x(R-r) 


“a) > 


R R’ 
(a) (b) 


Fic. 8.20 Comparison of the flux distributions in core and reflector of a spherical 
reactor for the one- and two-group models. 


fast flux, are shown in Fig. 8.20b. The dip in the thermal core flux and 
the peak in the reflector thermal flux result from the thermalization of 
neutrons in the reflector; as indicated by the slope of the curve at the 
core-reflector interface, there is a net flow of thermal neutrons from the 
reflector to the core. A numerical example of a reflected spherical reactor 
is considered in detail in Sec. 8.5. 

g. Evaluation of Criticality Determinant. The evaluation of the 
criticality relation (8.188), although straightforward, is generally labori- 
ous and time-consuming. This is especially true in the case of cylindrical 
geometries wherein the functions Z, W, U, V and their derivatives which 
appear in the determinant each involves several terms. It is possible, 
however, to achieve some simplification in the calculation if one takes 
advantage of the fact that many of the terms in the determinant are 
relatively insensitive to variations in the fuel concentration (or the size 
of the core). This feature may be demonstrated by expanding the 
determinant and rearranging some of the resulting terms. 

We begin by dividing the first column of the determinant by the func- 
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tion Z, the second by W, the third by U, and the fourth by V. In this 
way we obtain the expression 


1 l l ) 
Aa) ek pe: Py Ot 2G (8.194) 
a; A — 3 —]l 
— Dat — Draw Daw DB 
_ VAs _ Ww’ ee U' = y’ 
where f[=7 e%=p7 YEU %bFF7 (8.195) 


Each of these functions is, of course, evaluated at the interface, e.g., in 
the case of the sphere, at r = R. 

We next expand (8.194) in terms of the minors of the fourth column. 
It can be shown, after some algebra, that the resulting expression may be 
written in the form 


es. w(a3D,D, + a2D2D3) — Di DiwB(a1 + a3) + DsDwWB(ai — a) 
D,Dw(a2 — a1) — Di DsB(a2 + a3) + ¥(a,D2D3 + a3DiD,) 
(8.196) « 


In many cases of interest the right-hand side of this equation is rela- 
tively insensitive to the fuel concentration, the influence of which is felt 
through the value of the parameter u. This dependence is easily seen 
from the quadratic equation (8.171) which defines u. Note, in particular, 
that a change in the fuel concentration affects directly the value of 2° 
and thereby the values of x2 and k,. 

The computational procedure to be followed in using (8.196) consists 
in selecting various values of the fuel concentration, computing the cor- 
responding values of » (and A) from (8.171), and evaluating each side of 
the relation (8.196). The right-hand side, call it @(u), and the function 
¢(u) may then be plotted as a function of the fuel concentration, and the 
intersection of the two curves yields the critical concentration. Since 
the function ©(y) will be, in general, a slowly varying function of yu, one 
or two estimates of © will suffice to determine the curve of © versus fuel 
concentration. The function {(u), on the other hand, is a rapidly varying 
function of » and, moreover, has a relatively simple form. For example, 
in the case of a reflected spherical reactor, 


pest = ; (8.197) 

Thus, the evaluation of A for a particular value of u (i.e., fuel concentra- 

tion) is reduced to one, or so, estimate of @(u) and a simple calculation 
of ¢. 

The procedure suggested here is discussed in some detail in the sample 

calculation of Sec. 8.5, and appropriate curves of ¢ and © are presented. 
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8.5 Sample Computation Using Two-group Model 


a. Description of a Nuclear Package Power Plant. As an illustration 
of the use of the two-group model in reactor calculations we consider a 
small nuclear power plant for generating steam and electricity. The 
essential nuclear and engineering features of this reactor are as follows: 
The core consists of a cylindrical array of MTR-type fuel elements 
mounted within a cylindrical pressure shell filled with water. The water, 
which serves both as coolant and moderator, enters the pressure shell 
through a set of pipes, as shown in Fig. 8.21a, and first flows downward 


Control 


(a) 


Fig. 8.21 Nuclear package power plant: (a) actual geometry; (b) idealized model. 


in an annular region surrounding the fuel elements, then upward through 
the fuel elements, and finally out of the shell through another set of 
pipes. The temperature of the entrant water is 432°F, and that of the 
outlet, 450°F. The 450°F water, under pressure, then passes through a 
heat exchanger and produces lower-pressure steam for a turbogenerator 
system. 

The inlet water which first passes through the annular region surround- 
ing the core serves as a side reflector, and the water below and above the 
core, as an end reflector. The individual fuel elements, which are assem- 
bled vertically, consist of a box structure of parallel plates similar to the 
design shown in Fig. 5.28. The structural material of these elements is 
stainless steel, and the fuel-bearing plates are fabricated from an iron 
alloy of U2*5 clad on both sides with stainless steel. The fuel elements are 
55.8 cm long, and the cylindrical cluster has a diameter of 55.8cm. The 
annular region of water which forms the side reflector is 17.8 cm thick, 
and the end caps are 91.1 cm thick. The volume of the core cylinder is 
136,400 cm?, and the volume fractions of its constituents are 


vw = 0.797 Vag = 0.110 Ura = 0.093 (8.198) 
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where vw refers to the water, Ugg to the stainless steel, and vy, to the fuel- 
bearing alloy. 

Our primary interest in this calculation is the determination of the 
critical mass of the hot clean reactor and the radial distribution of the 
fast and thermal flux throughout the core and reflector. An accurate 
analysis of this system must necessarily take into account the completely 
reflected cylindrical geometry shown in Fig. 8.21b. However, since this 
would entail a somewhat involved calculation, we will approximate the 
actual configuration by an equivalent reflected sphere of the same compo- 
sition. This will reduce our computation appreciably and yet not obscure 
any of the essential steps in the application of the two-group model. A 
study of the effect of the corners in the completely reflected cylinder will 
be deferred until the next section. 

For the purposes of the present calculation we assume that the equiva- 
lent spherical system! is one which has the same core volume as the 
actual geometry and a spherical-shell reflector 17.8 cm thick. On this 
basis the radius of the spherical core is R = 31.93 cm, and for con- 
venience we take the extrapolated outer radius of the reflector to be 
R' = 50 cm. It is important to note that the simplification proposed 
here, and in particular the selection of the equivalent system, is not to be 
construed as necessarily representing a good approximation. Its only 
function is to clarify the presentation. 

b. Group Constants. In the calculation which follows we will use the 
following set of data. For the densities of the various constituents of the 
core we take: 


Material Density 
Water (450°F).......... 0.832 g/cm? 
Stainless................ 7.75 
ROY hae 5 exantcetatedancas 7.85 
Fuel ies a tacaoes cede nee 10.9 


where by the term ‘‘alloy”’ we mean the iron diluent which serves as the 
carrier for the fissionable material. According to the notation of (8.198), 
the volume fraction of the core occupied by alloy plus fuel is vx. For 
convenience in computation we define two additional volume fractions 
such that 

Urn = Up + v4 (8.199) 


where vr is the volume fraction of the core occupied by the actual fission- 
able material and v, the fraction occupied by the diluent. This notation 
will be useful when selecting various fuel concentrations (i.e., values of 
vr) for evaluating the criticality determinant. 


1 Alternative procedures for determining equivalent systems is given by F. G. Pro- 
hammer, ‘‘A Comparison of QOne-dimensional Critical Mass Computations for 
Completely Reflected Reactors,’’ ORNL-2007, Mar. 1, 1956. 
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The nuclear concentrations of the components listed in the above 
table are easily computed. These are 


Nw = 0.02219 1074 nuclei/cm? Na = 0.08443 X 107404 
Ns = 0.009169 X 1074 Ne = 0.02459 X 10?4ve 


where we have used the relation (8.199) and the data of (8.198) and 
assumed that the average temperature of the water in the core is 450°F. 

The group constants for this reactor have been computed from the 
methods described in Sec. 8.4b, using the data (8.200). These are listed 
in Table 8.5. 


TABLE 8.5 Two-Group CONSTANTS FOR PacKAGE POWER PLANT 


(8.200) 


Flux group Core Reflector 


Fasteces can tdes tag aes tc = 45.3 cm? tr = 40.0 cm? 
D, = 1.44 em D; = 1.85 em 
Pc = 1.0 Pr = 1.0 
Z® = Di/rc = 0.03179 em=! =) = 0.04625 cm-! 


Thermal.............. D,z = 0.229 cm D, = 0.204 cm 
L? = 16.64 cm? 
2 = 0.01226 em-! 


The thermal-group absorption cross sections will be computed from the 
following data (for neutron temperature of 450°F): 


of”) = 0.4518 barn o4) = 1.80 barns 
o®®) = 1.86 barns o(”) = 444.1 barns 


The corresponding macroscopic cross sections based on the nuclear 
concentrations (8.200) are 


=) = 0.01002 cem-! ZS”) = 0.15204 
S89) = 0.01705 SP) = 10.92vp oan) 
and the values of the various x, 
>| 
= —* = — = 0.02208 cm-? ki = 0.1486 cm7! 
Di, te 
DAK l 
= —* = — = 0.0250 cm~ kg = 0.1581 cm-! — (8.202) 
Ds tr 
> 
= D = 0.06010 cm-? kg = 0.2452 cm-! 
4 


c. Evaluation of Criticality Determinant. In the present section we 
trace through a sample calculation of the criticality determinant, using 
the procedure outlined in Sec. 8.4g. For this calculation we assume one 
value of the volume fraction of fuel vy (i.e., the fuel concentration) and 
evaluate the functions ¢ and © from the Eq. (8.196). In practice, several 
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values of vp will be required to establish the shape of the functions ¢ 
and ©. The value of vr we select for the computation which follows is 
vr = 0.006; since this does not correspond to the critical fuel concentra- 
tion, ¢ will not be equal to © in this case. 

For vr = 0.006, we obtain v4 = 0.087 from (8.199), and by (8.201) 


ZA) = 0.01322 cm! 2 = 0.1058 cm—! 
(2) 
=P) = 0.06552 cm-!_ thus? = “ = 0.4620 em-? (8.203) 
2 
Z, = 0.05496 em ha = "Se = 1.278 


We compute next the roots of the quadratic equation (8.169), using 
(8.171). These are found to be 


p = 0.07606 A = 0.6999 (8.204) 


The various functions which appear in Eq. (8.196) may now be computed. 
We require 


a nl as 
oy = A coth AR R= 0.6686 
Y= 7 = -mcoth uP — 4 = —0.1905 (8.205) 
ete a a at th f—1 = ~0.2766 

ok ae Kg CO K4 RR ‘ 


where we have used the definitions for W, U, V and their derivatives as 
listed in Table 8.3 for the case of the reflected-sphere reactor, and 
T = R' — R. For completeness we list also the constants 


2 (1) 
a, = Dut + 2 = 0.2967 
voy 
=, 2 (1) 
a, = oD t+ Be = —4983 (8.206) 
voy 
(3) 
a, = Pree — 6.461 


Dilxi — i) 


These data, (8.205) and (8.206), may now be used to compute the 
values of © and ¢ from (8.196). For © we obtain 


yw(a3D,D, + a2D.D3) — D,;Dw8(a, + a3) + D;D wWB(a, = A>) 


O= ~ DyDyw(a2 — a1) — Di DiB(a2 + as) + ¥(a1D2D3 + a3D,D,) © 
= —0.1598 (8.207) 
The function ¢ we compute from 
r= = peoot eR — 1 = —0.1193 (8.208) 
= Z = p co y R = é « e 
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using the spherical functions given in Table 8.3. Since the results (8.207) 
and (8.208) are not identical, the determinant (8.188) is not zero, and 
therefore vr = 0.006 does not correspond to the critical fuel concentration. 


Critical fuel 
concentration 


0.006 0.0062 0.0064 0.0066 0.0068 0.0070 
Volume fraction of fuel (vp) 
Fig. 8.22 Solution of criticality determinant. 


Figure 8.22 gives a plot of the functions ¢ and @ over a range of fuel- 
volume fractions near the critical value. The solution to the present 
problem is seen to be 

(UP )crities = 0.006425 


It is of interest to note the shape of the functions { and 8. Evidently, 0 
is a very slowly varying function of vr, whereas { is a very rapidly varying 
function. This behavior was previously mentioned in Sec. 8.4g. 

The critical mass of U?*5 for the present system is easily computed 
from the volume fraction vr. Thus 


Mp = prvpV = (10.9)(0.006425)(136,400) = 9.55 kg 


d. Flux Distributions. The calculation of the fast- and thermal-fiux 
distributions requires the evaluation of the various constants which 
appear in the Eqs. (8.176) and (8.185). For this purpose we need also 
the criticality values of those nuclear constants of the system which are 
functions of the fuel concentration. These may be obtained by the 
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procedure outlined in Sec. 8.5c. The appropriate values are found to be 


z4) = 0.01316 cm“! xf) = 0.07016 cm™! >? = 0.1104 cm—! 
x2 = 0.4820 cm~? k. = 1.316 


a, = 0.2842 a,= —4.859 a; = —6.461 (8.209) 

pw = 0.08057 = 0.7146 

The flux distributions are given by the relations 
@=AZ+ CW  ¢2=aAiZ + a.C\W esas 


g@; = SiU gd, = T1V — a3S,\U 


The constants A;, Ci, T,, and S; are determined from the set of equations 
(8.187). Since, as we have already recognized, these equations are 
homogeneous, it is not possible to. obtain explicit relations for all four 
constants. The most information we can obtain from these equations 
is the ratios between the constants. Thus, the computational procedure 
is to solve for three of the unknowns in terms of the fourth. If this 
procedure is followed in the case of Eqs. (8.187a) and (8.187b), the fol- 
lowing relationship is obtained between C; and A;: 


_ 4 fcD:i — wD; : 
C; <= W (i) A, (8.211)* 


The functions which appear in this expression are given in the notation of 
Eas. (8.195), and in the usual way, these are to be evaluated at the core- 
reflector interface. The result (8.211) may be used to determine S, 
from the relation 


Se x (ZA, + WCi) (8.212) 
[which comes from Eq. (8.187a)] and 7, by 
T, = = [AZ (a, eNO CWakal (8.213)s 


These three expressions, then, give C;, S;, and 7, in terms of A}. 

We now apply these general results to the present problem. For this 
purpose we use the data (8.209) and let Ai = 12.41. This value of A; 
is based on the normalization of the function ¢1; 1.e., we obtain A, by 
requiring that ¢,(0) = 1. Then 


A, = 12.41 C, = —1.548 X 107" 


S: = 0.6986 Ti = —0.8135 (8.214) 
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Core-reflector 


interface 


Relative flux 


Radial distance r, cm 
Fic. 8.23 Radial distribution of fast and thermal flux in reflected sphere reactor. 


The substitution of these results into the flux relations (8.210) yields, for 
the radial distributions, 


— 1.548 XK 10-!° 


g(r) = 12.41 sin ur sinh MW Ar 


sin ar 4+ 7.552 X 107° sm sinh Ar 


ack x3(R’ — r) 
r 


oo(r) = 3.527 —— 
(8.215) 


$3(r) = 0.6986 


sinh «(R’ — r 
Tf 


) 4 4.513 inh ele’ — 1) < ar, 


di(r) = —0.8135 


These functions have been plotted in Fig. 8.23. It is of interest to note 
the peak in the thermal flux near the core-reflector interface. 


8.6 Completely Reflected Systems 


a. One-group Model. A general analytical solution of the completely 
reflected reactor is presently not available. This creates no particular 
hardship when only a rough reactor calculation is required. In these 
cases the effect of the ‘“‘corners”’ in reflected configurations, which is 
generally small, can be entirely neglected since only a very small portion 
of the total neutron population occupies these regions. Thus to ignore 
the corners introduces small errors into the critical-mass calculations 
even though the estimated local flux distributions may be in considerable 
error. When more accurate critical-mass estimates are required, these 
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effects cannot be ignored, and in the absence of analytical solutions, it 
has been necessary to develop various approximate methods. These 
methods are generally of an iterative type and involve the use of the 
‘“fequivalent-bare-reactor’’ concept mentioned previously. In the dis- 
cussion which follows we describe two such methods which have been 
applied with some success to the one-velocity model and to the two-group 
model. 

As a first example, consider the analysis of a completely reflected 
cylindrical reactor on the basis of the one-velocity model. A typical 


Fic. 8.24 Actual reactor and equivalent side-reflected cylinder. 


system of this type is shown in Fig. 8.5 (cf. Fig. 8.21). Let the dimen- 
sions of this reactor be as follows: core, radius po and height 2h; reflector, 
radius p; and height 2a. Given values for these dimensions and the 
composition of the reflector, the problem is to determine the critical fuel 
concentration in the core. 

To solve this problem we study first a cylindrical reactor with side 
reflector only which has the same reflector material, the same fuel concen- 
tration, and the same core and reflector radii (po and pi, respectively) 
as the actual system. Such a system I is shown in Fig. 8.24. The 
only feature of this geometry as yet undetermined is its length (2l). 
Thus our next objective is to find / such that the two systems shown in 
Fig. 8.24 are critical with the same fuel concentration. 

One plausible method of obtaining a first guess for l is that of finding 
the height of a completely bare reactor, III (radius 1), which is critical 
with the same fuel concentration as that in the core of a critical cylinder 
reflected on the ends only (reflector material taken the same as that for 
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the actual system) and having the dimensions shown in Fig. 8.25, II. Thus 
the value of | is determined by requiring that the two systems shown in 
Fig. 8.25 be critical with the same fuel concentration. In this approxi- 
mation the procedure for calculating the fuel concentration for the com- 
pletely reflected cylinder would be as follows: 


Fic. 8.25 Equivalent end-reflected and bare cylinders. 


1. Calculate the buckling B}, for the end-reflected cylinder; thus, 


Vi 2 
Bi, = (:') ji (8.216) 
1 
with ye given by (8.54). 


2. Find J such that system III will be critical with the same buckling; 


thus, compute 
2 2 
Bin = (3) - (:') = Bi, (8.217) 
21 ra 


where B?, is obtained from (8.216). Equation (8.217) yields an expres- 
sion for l: 


eS 
{ = Duc (8.218) 


3. Computation of critical fuel concentration of system I. With the 
value of / obtained from (8.218), find 


if = ¢ 2 
B? (5) = E (8.219) 


where Ac is given by (8.42). Since the fuel concentration of the actual 
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system is to be the same as that of system I, we set 
Bra = Bi (8.220) 


and compute Nr from the relation 
By Er — 2) = Bw (8.221) 


It should be noted in using this procedure that there does indeed exist 
an l for which Eqs. (8.219) and (8.220) hold accurately; however, the 
value obtained by steps | and 2 is only an approximation, and one whose 
validity could be ascertained only with great difficulty. 

b. Two-group Model. The general approach used in the case of the 
one-velocity model is easily extended for use with the standard two-group 
method described in Sec. 8.4. As in that calculation, the primary objec- 
tive here is the estimation of the reflector savings in the direction of each 
axis of symmetry of the reactor. One scheme which has been devised 
for this purpose employs an iterative procedure involving the analysis of 
a sequence of elementary reactors each of which incorporates only one 
feature of the actual reactor geometry. In each of these calculations it 
is assumed that only one face (or pair of faces) is reflected while the others 
are taken to be bare. For example, reactor 1 in the sequence could be 
reflected on the x, face and bare on the x2 and z; faces. Reactor 2 could 
be reflected on the x2 face and be bare on the 2; and 2; faces, and so on. 
The important point here is that each of these elementary systems has a 
sufficiently simple geometry to allow an analytical solution. This is 
carried out with the aid of the two-group model, and each calculation 
yields an estimate of the reflector savings for the face(s) which has been 
reflected. By progressing down the sequence of reactors, a complete 
cycle is eventually made around the actual reactor and a reflector savings 
obtained for every face. 

It should be evident from these introductory remarks that the crux of 
the entire matter is the selection of the dimensions (or bucklings) of the 
bare faces for each of the elementary reactors in the sequence. It is at 
this point that we introduce the iterative procedure mentioned above. 
In carrying out the calculations for the first complete cycle around the 
reactor, it is necessary to make a first rough estimate of the reflector 
savings (i.e., bucklings) for all three faces. These data may then be 
used to obtain an improved estimate for the savings. For example, in 
analyzing reactor 1, the rough estimates for the bucklings in the z2 and 
23 directions may be used to compute a better value for the savings in the 
z, direction. The same procedure may be followed in the case of the 
other two axes x, and 23. This first cycle yields, then, an improved value 
for the bucklings in all three directions. By repeating this procedure 
for several cycles, one can easily obtain a convergent value for the 
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bucklings (reflector savings) for each of the principal axes. It has been 
found in practice that this procedure does indeed converge very rapidly 
and the results appear to be independent of the initial guess which may 
be used in computing reactor 1. Unfortunately it has not yet been 
shown precisely what reactor is analyzed by this rationale since an exact 
solution of a completely reflected system is not presently available. How- 
ever, criticality estimates obtained by this procedure have been found to 
agree surprisingly well with experimental measurements on the ORNL 
Swimming Pool Reactor. 

The application of the two-group model to each of the elementary 
reactors in the iterative sequence described above requires the solution 
of the criticality equation (8.169). For this calculation it is convenient 
to write this relation in the form 


ks, 7 
l= GE ERBH Gb rcBD (8.222) 
1 D l D | 


and ks, is the infinite-medium multiplication constant required to main- 
tain the prescribed system (viz., geometry) at steady state. Note that 
this quantity is entirely equivalent to the number », previously introduced 
for handling noncritical systems. Now, in the case of a noncritical sys- 
tem, it is also possible to write (8.222) in the form 


Kees 
~ (i + L2B2)(1 + 7B?) 


Combining (8.222) and (8.224) we obtain [ef. Eq. (8.189)] 


k 


(8.224) 


For each of the elementary reactor calculations in the iteration we 
require an expression for the buckling B?. This quantity is given by the 
small positive root p? of (8.222) (cf. (8.173)]. The solution for B? is 


} 
B? = ae | — a a | ar + 4rcL} (= = 1) (8.225) 


where we have used (8.189) for k, and the relation M? =7r-+ L?2. An 
approximate expression for the two roots (which will be useful for “‘hand”’ 
calculations) can be obtained by expanding the radical in a Taylor series. 
Thus, one obtains 


l ke | Lire ke 
2 ~ — — —2 cae —_— — 
b= WE ( [ 1) At (§ ) (8.226) « 


aon MPL (ho 27 
r oan ore + YE l (8.227) 
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The application of these results to a reactor calculation utilizing the 
iterative procedure is demonstrated below. 

As an illustrative example consider a completely reflected rectangular- 
block reactor of the type shown in Fig. 8.8. A cross-sectional view of 
this reactor along any principal axis would have the form shown in Fig. 
8.26a. The configuration which will be used in the iteration, however, 


Bare ends (and sides) 


Fic. 8.26 Cross section through rectangular-block reactor: (a) actual cross section; 
(6) simplified reactor. 


Buckling B? 
ds 
a) 


oe 


ie) 
ge 


Multiplication k 


Fic. 8.27 Buckling as function of multiplication for rectangular-block reactor re- 
flected on one pair of faces only. 

is shown in Fig. 8.26b. In the case of the rectangular-block reactor we 
will require three such figures, one for each of the principal axes. In 
each figure the actual core width and reflector thickness will be correctly 
shown for one axis only. The other two pairs of faces are assumed to be 
bare. Figure 8.26b shows the proper sectional view for the x axis. With 
these three elementary geometries as a basis, the first step in the analysis 
is to compute the multiplication constant k; for each axis z,;, assuming 
various values for the bucklings (i.e., bare widths) of the other two pairs 
of sides. The computational procedures outlined in Sec. 8.4 are directly 
applicable here. The next step in the calculation is to graph these results 
in a suitable form, as shown in Fig. 8.27. The notation which has been 
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used in the figure is as follows: 


Axis | Half-width of core| Buckling 
x B, = xr/2a 
y B, = «/2b 
2 B, = x/2c 


with 
Bi, = Bt+Bt Bi, = Bi+B? Bi, = Bi + Bt (8.228) 


and the ‘‘total”’ buckling 
B? = B? + B? + B? (8.229) 


The calculations for the elementary reactors in the iterative sequence 
are carried out with direct application of buckling curves of the type 
shown in Fig. 8.27 and the use of the expression (8.226) for p?. The 
computational procedure might be as follows: 

1. Select a set of equivalent bare core dimensions (i.e., bucklings). 
Denote these a;, 6;, andc;. (Note that this is equivalent to assuming a 
set of reflector savings.) 

2. Compute the corresponding values of B9), BCP, and B{?, where the 
index (1) refers to “first estimate.” 

3. From a set of buckling curves of the type shown in Fig. 8.27, find 
the resulting values of k®, k, and k. 

4. Substitute these three values for k into Eq. (8.226) and compute 
the corresponding values of B? (here called »?). Note that the k,, which 
appears in (8.226) is a fixed number throughout this calculation and is 
determined by the selected fuel loading. 

5. Use these three values of B? to obtain improved estimates for the B,;. 
These may be computed from 


[BO]? = Bk?) — [BYP 
[BO]? = BAK?) — (BY) (8.230) 
[Bo]? = BAK] _ [BY|? 


where it is understood that B® is the second estimate of the buckling 
in the direction z; and is obtained from the value of the total buckling 
B*{k] based on the estimate k‘” determined in step 3. It should be 
recognized that each of these B‘ implies a second estimate of the reflec- 
tor savings in the z, directions, since, for example, from B® we can com- 
pute ds, and (a; — a) is by definition the reflector savings for the rx 
direction. 

6. With these new values of B” the entire procedure is repeated, 
starting with step 2 above. 

The completion of the four basic steps in this procedure constitutes 
a single cycle in the analysis, and each cycle is expected to yield an 
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improved estimate of the reflector savings over the preceding cycle. 
The number of complete cycles to be carried out is determined by the 
accuracy desired, which in turn may be measured by how well the three 
roots B? in step 4 agree. Even a rough guess for qa, 61, and c: based on 
the one-velocity relations (8.20) and (8.22) should yield convergence to 
three significant figures in B? within three cycles. 

We demonstrate this general procedure by working through a numerical 
example. As an illustration we will compute the multiplication constant 


Aluminum tank 


— All dimensions in centimeters 
— Origin of coordinates is 
center of reactor core 


Fic. 8.28 One-eight section of core-reflector geometry of Oak Ridge Research Reactor. 


for a specific fuel loading of the Oak Ridge Research Reactor. The basic 
nuclear and engineering features of this reactor which are essential to this 
study are as follows: (1) The standard core consists of a 4 by 7 vertical 
array of MTR-type fuel elements (cf. Fig. 5.27). The half-width in the 
x direction is a = 27.7 cm, in the y direction b = 16.15 cm, and in the z 
(vertical) direction c = 30.0 cm. (2) This central region is surrounded 
on four sides by a 7.75-cm-thick beryllium reflector. (3) The beryllium 
in turn is contained in a 1.905-cm-thick aluminum tank. (4) Both the 
top and bottom of the core are reflected by a double layer of metal and 
water. The first layer is a mixture of water, stainless steel, and aluminum 
and is 18.73 cm thick, and the second layer is 50 cm of pure water. 

A sketch of the core-reflector configuration of the ORR is shown in a 
} section in Fig. 8.28. Note that the origin of the coordinate system is 
placed at the center of the reactor core. 
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The principal nuclear data for the two-group model are listed below: 


k. = 1.677 Tc = 64 cm? ep = 1 


2) = 0.07992 cm! Dz = 0.269 cm D, = 1.32 cm 
Ve = 107,000 cm? L? = 3.366 cm? M = 67.37 cm? 


The first step in the calculation is the computation of the multiplica- 
tion curves for each of the principal axes of the reactor. These have 


Buckling (B* x 10°) 


0 
0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 
Multiplication constant & 


Fig. 8.29 Buckling-versus-multiplication curves for Oak Ridge Research Reactor 
(standard core loading). 


been carried out by means of the scheme described above; however, in 
the present study it was not necessary to do these by hand since a three- 
group three-region (3G3R) code was available for the ORACLE. This 
was especially convenient in this case since the system is in effect a three- 
region geometry in both zx and y directions, as well as in the z direction, 
if one takes the aluminum container into account. The existing code 
was applied (after a suitable reduction to a two-group model) to this 
geometry, and the multiplication constant k was computed for each axis 
for various values of the buckling for the remaining two directions. 
These results are shown in Fig. 8.29. 

The next step in the calculation is the determination of the buckling 
B? from the multiplication curves. This involves the iterative procedure 
discussed above. The actual iteration was begun with the assumption 
that the reflector savings for the first three reactors were all zero. That 
is, the values used for the B‘ in step 2 of the iteration were taken from 
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the bare-core dimensions. Even with this very crude guess it was found 
that the value of B? converged to four-figure accuracy in four cycles. 
The results of these computations are given in Table 8.6. The figures 
in the left-hand column denote the cycle number. Note that in this 
particular formulation each row represents a complete reactor calculation 
so that in effect we have computed 12 reactors. The numbers in the 
extreme right are the bucklings computed from (8.226) for the value of k 
recorded at the immediate left. Finally, note that the B?, B?, and B? 
values listed under cycle 1 correspond to the bare-core dimensions 
a = 27.7, b = 16.15, and c = 30.0 cm. 


TABLE 8.6 ITERATION FOR THE BUCKLING OF THE ORR ReEacror 


1 2 = 0.003216 B? = 0.01387 
= 0.009460 = 1. B? = 0.008963 
? = 0.002742 B? = 0.01425 


2 2 = 0.001670 B* = 0.006007 
= 0.002934 B* = 0.006007 
= 0.001570 = 0.004604 B? = 0.006422 


3 z = 0.001503 = 0.004585 B? = 0.006127 
y = 9 002767 By, = 0.003321 : B*? = 0.006075 
= 0.001818 = 0.004270 i B? = 0.006075 


4 = 0.001542 = 0.004559 ; B* = 0.006092 
y = 0.002754 = 0.003347 B* = 0.006092 
= 0.001805 y = 0.004296 = 1. B? = 0.006092 


It is seen from the results of Table 8.6 that to four-figure accuracy the 
multiplication constant for the reactor is k = 1.182; this corresponds to 
an infinite-medium multiplication k, = 1.677. To find the k,, (i.e., the 
fuel loading) for criticality, several other guesses of k,, need to be made, 
the corresponding k computed, and the criticality value obtained from a 
graph or by interpolation. 

As remarked previously, it is not known to what solution the proposed 
rationale converges. There is some reason to believe, however, that the 
end result corresponds to the actual reactor. Since an ‘exact,’ solution 
of the completely reflected reactor is not available, a check of the present 
method was attempted by comparing the computed critical mass for the 
Oak Ridge Swimming Pool reactor with the known experimentally deter- 
mined value. This calculation was carried out on the ORACLE using 
a two-group two-region code derived from the (8G3R) code previously 
mentioned. However, one important modification was introduced. A 
subroutine was added to the standard code which carried out the iterative 
procedure described above. This modification reduced the entire study 
to the single task of computing the group constants. These data for the 


Google 


486 REACTOR ANALYSIS [cHaP. 8 
Swimming Pool reactor, along with the principal dimensions of the system, 
are given below: 


TaBLE 8.7 Two-Group Constants FoR ORNL SwimminG Poot REacTOR 


Flux group Core Reflector 


WASt ec Ccos eine a4 tc = 64.0 cm? tR = 32.7 cm? 
D, = 1.320 cm D; = 1.19 cm 
Pe = 1 Pr =i. 
2 = 0.02062 cm- 2 = 0.0363 cm! 


Thermal.......... D, = 0.269 cm D, = 0.1602 cm 
= = 0.01916 cm-! 


Reactor geometry: 

Core: 4 by 7 array of MTR fuel elements (40.48 by 38.450 by 61.28 cm). 

Reflector: Effectively infinite depth of water all around. For calculation assume 
20 cm water reflector in all directions. 


The multiplication constant for the system described above was com- 
puted by the iteration program for several values of the fuel loading (k,.). 
By this procedure a critical mass Mc = 3.050 kg was obtained. The 
known experimental value is M,,, = 3.190 kg. The two-group two- 
region model using the iterative procedure gives, then, a critical-mass 
estimate 4.4 per cent low. 


8.7 Feynman-Welton Method 


a. Introduction. The usefulness of the two-group model in determin- 
ing the space and energy distribution of neutrons in reflected systems was 
discussed in Sec. 8.4. Although this model cannot give a detailed picture 
of the complete neutron-energy spectrum, it is nevertheless a valuable 
tool for obtaining good estimates of the thermal-flux distribution and of 
the critical mass. These computations can be performed by hand; 
however, the labor required is not small, even when one applies the 
approximate method for evaluating the criticality determinant (Sec. 8.4g). 
The effort required is further increased if one wishes to account also for 
the effects of a completely reflected core (Sec. 8.6). 

For many practical applications, such as preliminary studies, the 
primary information required is a reliable estimate of the critical mass. 
Since the two-group model is well suited to this purpose, it is clear that a 
formulation of the method which eliminates a large portion of the compu- 
tational labor would be most useful. Such a method has been devised 
by R. P. Feynman andT. A. Welton. The Feynman-Welton method 
draws directly from the results of the one-velocity integral theory. The 
method effectively separates the space and energy dependence of the 
neutron-flux function and describes the spatial distribution of each 
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energy group in terms of its fundamental mode. However, these simpli- 
fications are achieved at the expense of some accuracy; nevertheless, 
numerical results obtained by this method agree surprisingly well with 
more reliable models, especially in applications to water-moderated 
systems. 

The particular merits of the method are: (1) it allows a two-group 
treatment of a reflected reactor with significantly less effort than required 
by the standard method; (2) it is well suited to small, fast reactor assem- 
blies; and (3) it is especially convenient for making quick criticality 
calculations. 

The method also has several shortcomings. Although it has been 
shown! that the model developed for the bare reactor and for the reactor 
with nonmoderating reflector has a sound theoretical basis, there is some 
question about the validity of the model developed for the reactor with 
a moderating reflector. The treatment in this case is based primarily on 
a physical approach and is somewhat more intuitive in nature than the 
treatment of the simpler systems. For this portion of the development, 
we draw directly from the work of Feynman and Welton.? It should 
be mentioned also that the results obtained for the reactor with moderat- 
ing reflector apply only to spherically symmetric geometries. These 
calculations are further limited by the requirement that the reflector be 
infinite in extent. Although finite reflectors may also be treated by this 
method, the computational procedure rapidly becomes involved and a 
great deal of the usefulness of the method is lost. 

b. Summary of Method for Application to Two-group Model. The 
method developed by Feynman and Welton is a general technique for 
treating the space and energy distribution of neutrons in a chain-reacting 
system. The derivation of the general theory is the main topic of this 
section. The most interesting attribute of the method, however, is the 
relative ease with which the two-group version may be applied to numeri- 
cal computation. Since an alternative treatment of the two-group model 
for a thermal reactor has already been discussed in detail, it will be 
instructive to begin with a comparison of the results obtained by the two 
methods. This comparison will reveal the unique features of the Feyn- 
man-Welton method and serve also to relate some of the new ideas 
involved with concepts previously established. For this purpose we 
require a summary of the fundamental relations developed by Feynman 


1B. Davison, ‘‘Transport Theory of Neutrons,’ National Research Council of 
Canada, LT-18, Chalk River, Ontario, January, 1947. 

7See, for example, U.S. Atomic Energy Commission, ‘Reactor Handbook: 
Physics,’’ p. 450, McGraw-Hill Book Company, Inc., New York, 1955; and R. P. 
Feynman and T. A. Welton, “The Calculation of Critical Masses Including the 
Effects of the Distribution of Neutron Energies,’’ Los Alamos Scientific Laboratory, 
Report LA-524, Jan. 21, 1947, declassified. 
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and Welton; these are presented in a heuristic fashion, accompanied by 
physical interpretations and arguments. The detailed derivation of all 
relations is presented in subsequent portions of this section. 

Consider then a thermal reactor consisting of a spherical core of radius 
a and an infinite moderating reflector. For the present two-group 
model we label the fast neutrons in the core by the index = 1 and those 
in the reflector by 1 = 3. Thermal neutrons in the core are labeled i = 2 
and those in the reflector, 1 = 4. By definition, all fissions are caused 
by thermal neutrons (7 = 2), and all neutrons born from fission appear 
in the fast group. We write the neutron-balance relation for this system 
in terms of the removal density (number of neutrons of group 1 removed 
per unit time per unit volume around r): A,(r) = 2@4¢,(r), where ¢,(r) 
is the neutron flux for group 7 and 2“ denotes the removal cross section 
for groupt. For the thermal group (z = 2, 4), 2 is the usual absorption 
cross section, and for the fast group (2 = 1, 3), it may be approximated by 


(8.157). Then, in the core (where a denotes integration over the core) 


Ai(r) = 1, Si(r’) Py(r;r’) dr’ (8.231) 
A.(r) = I S.(r’) P2(r;r’) dr’ + I Si(r’) Pio(rsr’) dr’ = (8.232) 


where P,(r;r’) dr is the probability that a neutron of energy group 7 
born at r’, after any number of elastic-scattering collisions in both core 
and reflector, is eventually removed as a group 2 neutron in dr about r in 
the core. The function P2(r;r’)dr is the probability that a group 1 
neutron born at r’ in the core escapes removal in the core, is slowed down 
in the reflector, and finally returns to the core to be removed as a group 2 
neutron in dr about r. The source functions S,(r’) dr’ give the number of 
group 7 neutrons produced in volume dr’ about r’ per unit time. Fora 
thermal reactor these are 


LY) Ad(r 
Si(r) =F er aH 


S.(r) = A,(r) (8.233) 


where 2° is the fission cross section for group 2 neutrons. If these are 
applied to the balance equations we note that the removal rate of fast 
neutrons is exactly balanced by the production rate from the fissions 
produced by the thermal neutrons. Clearly the function P; accounts for 
the leakages of fast neutrons in and out of the core. The removal rate 
of the thermals, however, has two components. The first is due to fast 
neutrons slowing down to thermal in the core, and the second, to those 
which have slowed down in the reflector and then diffused into the core. 

In general the removal densities A,(r) are complicated functions, but 
in the present calculation we represent these by rough approximations 
based on the fundamental mode from the one-velocity model. In the 
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so-called lower approximation used by Feynman and Welton, these are 
taken to be of the same functional form for all energies; thus, 


A,(r) = A?yo(r) (8.234) 


where A is some constant and (r) is an elementary function (sin B,r/r 
for a spherically symmetric system). These functions are so selected 
that they provide a good representation of the spatial distribution of the 
neutrons in each group throughout 
the central region of the core (see 
Fig. 8.30). It is to be expected, then, 
that appreciable discrepancies will 
appear at the core-reflector interface. 
This means that the neutron cur- 
rent across the interface cannot be 
well estimated from the derivative of 
Yo(r). To correct for this deficiency 
we introduce the second integral in ' 
: : Fic. 8.30 Comparison of yo(r) and 
Eq. (8.232). It is shown in a subse-  gtiial neutron flux. 
quent analysis that in first approxi- 
mations the kernel P}2 is independent of r and r’ and may be given by 


P2(r;r') ~ w/Vc, where Vc is the volume of the core and w is a constant. 
Then 


pre flux 


Core-reflector interface 


wre?) 


r) a, | nee W , , f , 
[sue Paster) a ~ yr [8 ae = a (8.235) 


Since the integral of S; over the core gives the total production of fast 
neutrons, we can identify w simply as the fraction of all fast neutrons 
produced which are removed in the core as thermals, after slowing down 
in the reflector. Moreover, Eq. (8.235) states that the distribution of 
these removals in the core is spatially uniform. 

Our immediate objective is to obtain the criticality condition appro- 
priate to the neutron-balance relations (8.231) and (8.232). For this 
purpose we require an additional expression for Wo(r) which can be used 
to elminate the integrals in the balance equations. Let us define, 
therefore, 


volt) = uP f vole’) Pelee’) ae’ (8.236) 


where yu” is the number of neutrons produced in group 7 per removal of a 
neutron from group 2; clearly, yu‘ is analogous to the physical quantity 7. 
A physical interpretation of the above relation is easily established if 
both sides of the equation are multiplied through by A{®. Then the 
right-hand side is immediately recognized as the number of neutrons 
produced per unit time in dr’ at r’, namely, pPAPyo(r’) dr’, times the 
probability that a neutron born at r’ is removed at r, and this product is 
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integrated over the core volume. The result is the total number of 
removals per unit volume per unit time at r, namely, A{’o(r), as speci- 
fied by the left-hand side of (8.236). This equation is evidently a direct 
application of the kernel method discussed in Sec. 5.2d. 

If we use the expression (8.234), the integral relation (8.236), and the 
source function (8.233) in (8.231), the result is an equation in Aj” and 
A. <A second relation between these quantities is obtained by making 
similar substitutions in Eq. (8.232); in this case, however, it is necessary 


to integrate over r so as to remove the quantity I yo(r) dr implied in the 


term (8.235). The resulting pair of equations in the unknowns Af and 
A® is homogeneous, and a functional relationship must be established 
between the coefficients in order that there exist a nontrivial solution. 
This is easily obtained by eliminating the A‘; the result is the criticalety 
condition: 

py prem 


To solve this relation for the critical concentration implied in 2 and 
zx?) we require a relation between the yu}? and the dimensions of the 
system. This is obtained from the following differential equation: 


— DYVWAr) + ZOPolr) = wPZOpo(r) (8.238) 


where the function yo(r) is approximately related to ¢,(r) by virtue of 
(8.234); thus, 


(8.237) 


y= 


APypo(r) = 2¢,(r) (8.239) 


Note that this equation is satisfied by the yo of (8.236) by the general 
proof given for (7.256); a specific demonstration of this property of the 
¥ois given shortly. If Eq. (8.238) is integrated over the reactor core, the 


resulting relation may be written in the form 
ee 
s+ DB! (8.240) 


where, in the case of a spherical reactor with infinite reflector, the buck- 
lings B; are obtained from the familiar one-velocity relations: 


(3) 
Bia cot Bia = 1 — as (x3a + 1) with «2 = ide, Z 
D, D; Th 
D xO (8.241) 
B.a cot Bra = 1 — (xa + 1) gS 
Dz D, 


It is interesting to note that each of the B; is computed from an equation 
which involves nuclear constants of group 7 type neutrons alone. More- 
over, the wo(r) used to describe the spatial distribution of neutrons in each 
energy group, although of the same functional form, have different zeros 
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or “‘wavelength”’ since in general B; ~ B», Thecoupling between the two 
energy groups is achieved through the criticality condition (8.237). 
The constant w is computed from the expression 


1 
w= [1-5 | 6 


where, for the spherically symmetric system, 
1 AFL 3x? 
pe 32 (K3 + Ka) (1 + axs3)(1 + ak4) 


These relations are developed later in connection with derivation of the 
reflector thermal source term given in Eq. (8.235). 

The computation of the critical concentration for a given core size 
begins with the solution for the B; from (8.241). These are then used in 
(8.240) to obtain the un. The substitution of these results into (8.237) 
yields the fuel concentration. The details of this model are presented 
at the end of the present section, and suitable formulas are developed for 
a direct computation of the critical concentration. 

c. One-velocity Model. Since the one-velocity integral theory plays 
an essential role in the development of the Feynman-Welton method, we 
will direct attention first to a study of some of the important properties 
of the integral equations which are involved. It will be convenient in 
developing some of the pertinent ideas to begin with an elementary system 
with which we have had some previous experience. Let us consider, 
therefore, a critical one-velocity reflected reactor in which both core and 
reflector are homogeneous media. The basic differential equation for the 
flux in the core of this system is 


— DV?o(r) + Zad(r) = vZr(r) 


We showed previously in our study of the kernel method (see Sec. 5.2d) 
that the solution to this equation could be written in the integral form 


o(r) = v%y ip o(r’) K(r:r’) dr’ (8.242) 


where the integration extends over the core and K(r;r’) denotes the flux 
at r due to a unit point source at r’.. It follows from this definition that 
K(r;r’) is the solution to the differential equation 


— DV*K(r;r') + 2K (r;r’) = o(r — r’) (8.243) * 


CO. = E = 


In general K(r;r’) will be a complicated function, but one which can 
usually be obtained by straightforward methods. An example of such a 
kernel is the function ¢, (and ¢_) which we constructed for use in the 
problem of the slab with the first-scattering sources [cf. Eqs. (5.266)]. 
Another, even more elementary example of the kernel K is given by the 
function (5.84) which applies to the special case of the homogeneous 
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infinite medium. Throughout most of the work that follows we will not 
require a detailed definition of the kernels which are specified, but ask 
only that such functions exist. Thus the introduction of the kernels is 
in main part a convenient formalism which allows an especially simple 
presentation of the neutron-balance equations. 

The basic form of the balance relations used in the development of the 
present method is a somewhat modified version of Eq. (8.242). In most 
instances the cross-section factor which appears in front of the integral 
will be combined into the definition of the kernel. Thus in our later 
analyses, we will deal with kernel functions which have a different 
physical interpretation from those given the function K above. For the 
present we will not be concerned with the detailed physical features of 
these systems but will focus our attention on certain mathematical 
properties of the basic integral equation. Since the equations which arise 
in subsequent analyses will be very similar mathematically to the form 
(8.242), we will be able to deduce the fundamental properties of these 
equations from a knowledge of the properties of Eq. (8.242) and of its 
kernel. 

Equation (8.242) is a homogeneous integral equation!:? and possesses 
solutions only for particular values of the parameter v. Let us denote 


these values »,, wheren = 0,1, . . . , and let the corresponding solutions 
to (8.242) be the functions y,(r). Then 
Wall) = MnDy a Wa(r’) K(r;r’) dr’ (8.244) 


The quantities », are the eigenvalues of this equation and the y, the 
corresponding eigenfunctions. We now demonstrate that the set yn 
is orthogonal on the assumption that the kernel K is symmetric? in the 
variablesr andr’. That is, if A(r;r’) is the flux at r due to a unit source 
at r’, then this must be identical to K(r’;r), the flux at r’ due to a unit 
source at r. Thus, we require that 


K(r;r’) = K(r’sr) (8.245) « 


The first step of the proof is to multiply through equation (8.244) by 
¥m(r) and integrate over the region C. We obtain 


[oe Ymlt) vale) de = rnd; fe dm(t) dr fi Yale’) K(rsx’) de’ (8.246) 


1A discussion of integral equations is given by R. Courant and D. Hilbert, 
‘“‘Methods of Mathematical Physics,’ vol. I, pp. 351-371, 122-136. Interscience 
Publishers, Inc., New York, 1953. 

? Also, H. Margenau and G. M. Murphy, ‘‘The Mathematics of Physics and 
Chemistry,” pp. 509-512, D. Van Nostrand Company, Inc., Princeton, N.J., 1943. 

3 The symmetry property of the one-velocity kernel K is easily demonstrated in the 
case of both the bare and reflected slab and sphere geometries. For example, note 
that $,(z;s) = $_(s;z) in Eq. (5.266). 
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By interchanging the indices n and m we have also 
[aCe Yn(t) dt = vmdy fi dale) de fo b(t’) K(rst’) a 
= mE yf dm(e") de’ fi ya(t) K(rt’) dr (8.247) 


I 


where the last step follows from a change in the order of integration. 
Since we have required symmetry in K, (8.247) may also be written 


[i Yalt) on(t) dt = mmdy fi vnlt’) de" fo valr) K(r'sx) dr (8.248) 


But, the right-hand side of this equation, except for the factor ym, is 
identical to (8.246); therefore, 


[,Ynlt) volt) dr =0 men 


where in general »v, ~ vm. If n = m, this integral will be different from 
zero, and by a suitable construction of the set yn, we can fix its value to 
be unity. In this way, we find that 


i Walt) Ym(r) dr = Smn (8.249) « 


where dn. denotes the Kronecker delta. 

The orthonormal set ¥, may be used to obtain a suitable series expan- 
sion for both the flux ¢(r) and the kernel AK(r;r’). In order that such 
expansions exist, it is necessary that the set ¥, be complete.! We will 
assume that this is the case. Then, we may write 


o(r) = ) dava(r) (8.250) 


The ¢, are the coefficients of the expansion and can be computed from the 
relation 


on = fo va(e) o(r) dr (8.251) 


which follows from the application of the orthogonality properties of the 
y,. In the same way, we can describe an expansion for the kernel K; 
thus, 


K(rr’) = > Kal’) va (t) (8.252) 


The coefficients K,(r’) are obtained in the manner of the ¢,, that is, 
K,(t') = I. a(t) K(r:1’) dr (8.253) 


1 Courant and Hilbert, Op. cit., pp. 359-360. 
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The right-hand side of this equation may be evaluated by the application 
of (8.244), since by the symmetry property it follows that 


xc K(r;r’) dr = [ven K(r’;r) dr = va(r') (8.254) 
Cc C Vana 


navf 


The substitution of this result into (8.253) yields 


K,(r’) = be) (8.255) 
Vnarf 


And, the expansion for the kernel takes the form 


K(rr’) sp Un (r') ¥n(r) (8.256). 


a> ya 


There is an alternate expansion for this kernel which can be obtained 
from the original differential equation (8.243). For this purpose let us 
assume that the coefficients A,(r’) in (8.252) may be written in the form 
[cf. (8.255)] 


K,(r’) = voit) (8.257) 


and compute the quantities A, from the requirement that the expansion 
K(rx’) = ) vole) Yat) (8.258) 


satisfy Eq. (8.243). Direct substitution of this expression into (8.243) 
yields the relation 


(DV? — %,) > ole’) vol) Welt) —é(r — 1’) 


If we multiply through by y,,(r’) and integrate over the region C, applying 
the orthogonality property (8.249), we obtain 


2 VYn(r) — = Y(t) = —¥n(r) (8.259) 


But we know that the function ¢(r) satisfies both Eq. (8.242) and 
V7¢(r) + B*d(r) = 0 
In the same way, the y¥, satisfy (8.244), and 
V(r) + Brvn(r) = 0 (8.260) « 


These properties of the eigenfunctions ¥, were displayed previously in 
the study of the integral-equation methods (cf. Sec. 7.4d). The expres- 
sion (8.260) may be used to eliminate the Laplacian in (8.259); thus, we 
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obtain the relation 


Am = 2. + DB? (8.261) 
and substitution into (8.258) yields 
nD Wr ZAC ZAC) 
K(r;r’) = ~. + DB? (8.262) 
Upon comparing this result with (8.256), we find that 
Vnos _ 
>, + DB? =] (8.263) * 


Thus the eigenvalues v, and B, are related through an equation identical 
in form to the criticality condition for the one-velocity reactor. Thisleads 
us to attempt a physical interpretation of the »,. Several such observa- 
tions, along with other properties of the eigenvalues and eigenfunctions, 
are listed below: 

1. The eigenvalues for a real, symmetric kernel are all real.! 

2. The eigenfunctions y, have an oscillatory character, and all (except 
one?) take on negative values in certain regions of the space C. We 
denote by yo the function which has no nodes in C, by y the function with 
the next fewest number, and so on. In the case of the bare-slab reactor 
in diffusion theory we found, for example, that 

WX 
Yo(r) = cos 5- ¥i(z) = cos 
Note that yo has no nodes, ¥; has two, and yz has four. 

3. The eigenfunctions y,(r) represent the spatial distributions of the 
flux according to these modes, and the coefficients ¢, of Eq. (8.250) give 
the weighting function for each mode, i.e., the fraction of the neutron 
population distributed in each space form pp. 

4. The eigenvalues », may be ordered; thus 


7 ae 2 ie 2 i, (8.264) 


3x 


Sarr 
2G ¥2(r) = cos = 


24 


We are not interested here in establishing a formal proof of this statement. 
For this the reader is referred to the literature on integral equations and 
eigenfunctions.* It is possible, nevertheless, to offer some physical 
arguments based on properties 2 and 3 and Eq. (8.244) which can give 
some insight into the basis of the inequality (8.264). For this purpose 
it will be helpful to think of Eq. (8.244) in terms of a physical system. 


1 Margenau and Murphy, op. cit., p. 511. 

2? Courant and Hilbert, op. cit., p. 458. 

3 See, for example, P. M. Morse and H. Feshbach, ‘“‘ Methodsof Theoretical Physics,”’ 
vol. I, pp. 719-725, McGraw-Hill Book Company, Inc., New York, 1953; also, 
Courant and Hilbert, op. cit., vol. I, pp. 451-455. 
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Thus if y, describes the spatial distribution of neutrons in a particular 
system, then v, may be interpreted as the average number of neutrons 
per fission required to maintain this distribution for all time. We 
observed previously, in statement 2 above, that wo has no nodes, and the 
neutron yield per fission for this system we denote by vp. The distribution 
v1, on the other hand, may exhibit several nodes, and with each there 
will be a region in which ¥; <0. We may think of these regions as 
occupied by certain particles, the presence of which can cancel an equal 
number of actual neutrons. Thus to maintain this system in steady state 
v; must be greater than vp. The same argument may be applied to v2. 
However, v2 is also greater than »; since y2 is a more rapidly oscillating 
function (i.e., has more nodal surfaces) than ¥,, and the ‘‘leakage”’ of 
mutually annihilating particles into one another will be more pronounced. 
From this point of view it is clear that increasing the number of nodal 
surfaces will increase the value of » required to maintain a particular 
space mode y. Thence follows (8.264). 

5. The probability of leakage from the core of neutrons distributed in 
the mode y, is given by 

Vamos 


Leakage = 1 — o where 7, = 5 (8.265) 


and 2, denotes the absorption cross section of the mixture. The above 
relation follows immediately from the interpretation given for v, in 
statement 4 above. Since 


"tn = average number of neutrons produced per absorption 


- = average number of absorptions per neutron produced S:208) 
Then 
Leakage from core Zs a Van UY — } . ZaWn aL 1 
ianlecdionsemducde eee 
al neutrons produce z, iE S Dede ne 


d. Multivelocity Reactor with Energy-independent Cross Sections. 
The analysis of multivelocity reactors is carried out by considering a 
sequence of reactor systems of increasing generality. The systems 
studied in this section, both bare and reflected, will be limited by the 
assumption that all cross sections in the core (and reflector) are energy 
independent. Studies of more general reactors which include energy- 
dependent cross sections and moderating reflectors are considered in 
subsequent sections. 

In the present study of multivelocity reactors it will be convenient to 
separate all scattering collisions into two categories. To the first cate- 
gory we assign all nuclear scattering phenomena which cause substantial 
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changes in the kinetic energy of the neutron. These processes we repre- 
sent by the cross-section symbol Z*. In the second category we place 
all other scattering events which yield relatively small (and presumably 
negligible) changes in neutron energy, and to these we assign the cross- 
section symbol 2. Precisely which of the various nuclear scattering 
processes are to be included in each category is determined, of course, by 
the expected neutron-energy spectrum of the reactor in question. For 
example, if the system contains an appreciable amount of hydrogenous 
materials, then in this model it would be appropriate to assign the usual 
scattering cross section (Z,) of the hydrogenous materials to the group 
represented by 2x. All other materials in this system would cause 
relatively small changes in neutron energy in scattering, and one could 
properly include the scattering cross sections of these materials in the 
group represented by Z.. On the other hand, if the system of interest is 
a fast reactor, it would be in order to associate the 2» with the inelastic 
cross sections of the various materials present and the 2, with the usual 
‘‘elastic’’ cross sections Z,. 

A formal definition of these two scattering cross sections is as follows: 


average number of “‘scattering’’ collisions per unit 
L«(E) = path of travel by neutron of energy & which could (8.267) 
cause a ‘‘substantial’’ change in its energy 


average number of “‘scattering”’ collisions per unit 
2.(£) = path of travel of neutron of energy E which cause (8.268) 
a negligible change in its energy 


The term ‘‘scattering’’ has been included in these definitions to differenti- 
ate these nuclear events from other processes, such as fission reactions, 
which can yield neutrons at markedly different energies. 

The particular merit of this formulation of the scattering phenomena is 
that it allows one to treat a large variety of reactor problems by means 
of the energy (velocity) group methods developed for the present model. 
Thus by a suitable choice of the scattering—cross section assignments it 
is possible to study thermal, epithermal, or fast reactors. 

The cross sections introduced above may be combined with the cross 
sections for the absorption phenomena to obtain a new definition for the 
total cross section; thus, 


>= Sage Sep ee Oe Pare Mae (8.269) 


where 2, and 2; have the usual meanings (2.40). It is convenient to 
introduce also a removal cross section 2, where 


Zr 
so that yy 


La t Le (8.270) 
2, + 2. (8.271) 
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Note that the cross section 2, will be useful for computing the number of 
neutrons lost from an energy group, since both the 2, and <2. are 
‘‘removal”’ processes. 

1. Bare Homogeneous Reactor. We begin our treatment of multi- 
velocity reactors with a study of the bare reactor in which all cross sec- 
tions are energy independent. Neutrons emerging from fission and r« 
reactions will, in general, be distributed according to some specified 
energy spectrum, however. 

For this analysis we introduce the following functions: 


¢(r,E) drdE = total track length per unit time in dr about r 
due to neutrons with energies in dE about E ! 
S(r,E) dr dE = total number of neutrons produced per unit 
time in dr about r with energies in dE about E 
P3(r;r’) dr = probability! that a neutron produced at r’ is 
removed in dr about r 


(8.272) 


The function Pa(r;r’) defined here will be the kernel in the integral- 
equation formulation of the neutron-balance equation; note that it is 
independent of energy in this particular model in which the cross sections 
are energy independent. It should be noted that this definition differs 
from that given the function K(r;r’) used in the preceding section. 
Whereas the kernel K represented the flux at r due to a unit source at 
r’, the kernel Ps implies a function of the type K multiplied by Z,. This 
relationship may be seen more clearly if we consider, for example, the 
quantity 2,K(r;r’) dr, a physical interpretation of which is 


2~,K(r;r’) dr = number of neutrons removed per unit time in dr 
about r due to one neutron released per unit 
time from r’ (8.273) 
= probability that neutron released at r’ is 
removed in dr about r 


The last statement follows from the fact that the flux K is due to a unit 
source. 

In setting up the neutron-balance relation it will be convenient to use, 
in place of the flux, the removal (collision) density A(r,E), where 


A(r,E) = 2,9(1,E) (8.274)* 
The neutron balance is then given by 


A(r,E) = i mete S(t’) Pats") dr’ (8.275) 


1The subscript B is added here to distinguish this function for the bare reactor 
from subsequent definitions of P given for multiregion systems. 
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In terms of the diffusion-theory notation, the source function S takes the 
form 


S(r,E) 


ve(E)E, i. ” o(r,E’) dE’ + Se A ” o(r,E’) h(E;E’) dE’ 
i A(r,E’) 8(E,E") dE’ (8.276) 


where we have defined 


yz(E)ZD, + Leh(E;E’) 
2; 


S(E,E) = (8.277) 


probability that a neutron of energy E’ when 
h(E;E') dE = scattered by the process (s) represented by 2% (8.278) 
emerges with energy in dE about E 


and z(E) denotes the fission spectrum [ef. Eq. (4.153)]. The substitution 
of the relation (8.276) into (8.275) yields 


A(r,E) = ie 3(E,E’) dE’ i: verge AME’) Poles’) de’ (8.279) 
We look for solutions of this equation which have the form 


A(r,£) = A(E)¥(r) (8.280) 


Substitution of this relation into (8.279) gives immediately complete 
separation of the space and energy dependence: 


A(E) =m I ” 9(E,E’) A(E') dE’ (a) 
v(r) =A v(r’) Pa(r;r’) dr’ (b) 


reactor 


(8.281) 


and the condition 
my = 1 (8.282) 


These results are entirely consistent with those of our previous analysis 
of the bare reactor using the l'ermi age model (refer to Sec. 6.3). In this 
formulation, Eq. (8.281a) describes the neutron-energy spectrum and is 
easily recognized as the integral equation for the collision density in an 
infinite homogeneous system. If we select, for example (cf. Eq. (4.36)], 


1 

Wy — 
WEB) = GR 
and let 2» = 2, so that 2, = 2, + 2, = 2, then Eq. (8.28la) takes on 
the form of Eqs. (4.105) when the fission neutrons are represented by a 
monoenergetic source. The solution of these equations in the asymptotic 
range is discussed in Sec. 4.4b. In the more general situation involving a 
distributed fission spectrum z(/), the methods and general results of 
Sec. 4.6 are directly applicable for obtaining solutions in the asymptotic 
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range and lead to the critical equation in the usual way (see, for example, 
Eq. (4.162)]. 

Equation (8.281b) gives the spatial distribution of the neutrons 
throughout the reactor at all energies. The solutions to this equation 
are given by a set of eigenfunctions y,(r) with eigenvalues A, [cf. Eq. 
(8.244)]: 


Ya(t) =a fi vale’) Poles’) de’ (8.283) 


For an actual system having the nuclear and geometric properties assumed 
above, only one of the solutions (8.283) is physically acceptable. This 
solution is the fundamental mode y(r). It is clear that, for n > 0, the 
steady-state spatial distribution would require that A(r,Z) < 0 in cer- 
tain regions of the reactor. The determination of the neutron-flux 
spatial distribution in a finite system by means of the integral-equation 
formulation was demonstrated in Sec. 5.7c for the case of an infinite slab. 
Those results may be applied directly to the multiplying medium problem. 
In the case of the infinite-slab reactor, of width 2a, Eq. (8.283) takes the 
form 


Yo(z) = dof Yol2’) Pa(xj2") de’ (8.284) 


for the fundamental mode. If we adopt the formalism of Eq. (5.266), 
then the one-velocity kernel Ps(x;x’) may be written 


Pal(xjz') = 26(z32') (8.285) 


where $(2;z’) is the flux at z due to a unit source at x’. Substitution into 
Eq. (8.284) yields 


Volz) = rods [* vole’) H(zi2") de! = vB, [" Yole') o(zi2')de’ (8.286) 


where the last equality follows from the general form! (8.242). If 
we apply the solutions (5.266) for the kernel ¢(z;zx’), then it is easily 
shown that the yo(r) given by (8.286) also satisfies the equation 
Vo (x) + Beyo(x) = 0, where BZ = (vz, — Z,)/D. Thus in this simple 
case ¥o(z) has the usual trigonometric form, and the condition on the 
eigenvalue is the usual criticality relation for the one-velocity model. 
The critical size o this reactor is obtained by computing the lowest 
eigenvalue mo of Eq. (8.281a) and adjusting the size of the reactor until 
the lowest eigenvalue \po of (8.286) satisfies the relation 


ie (8.287) 


where in this case \» = vZ,/Z, and the cross sections are related to the 
reactor size through the B? equation. 


1 Note that the functions K and ¢(z;z’) have identical definitions. 
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2. Reflected Reactor with No Moderation in Reflector. As in the pre- 
ceding case, all cross sections in both core and reflector are independent. 
of energy although the spectrums z(£) and h(E;H’) need not be. All 
cross sections in the core Z,, 26, Z¢, and 2 are in general different 
from zero. In the reflector 2% and 2) are different from zero, but 
Ly = ry) = 0. 

For this system we define the kernel P(r;r’) such that 


probability that neutron born at r’ 


sgt = 
Pw) dc = is removed in dr about r 


(8.288) 
In this definition r’ must be in the core; however, this kernel allows 
neutrons created in the core to wander out into the reflector, be ‘‘elas- 
tically scattered’? about and finally removed in either the core or the 
reflector. 

The sources in the reactor are given by 


E)E5 + 2OR(E;E’ 
Sc(E,E’) = ee (8.289) 
Sa(#,b’) = 0 


The neutron-balance equation is of the form (8.275), with the Ps now 
replaced by P given in (8.288). The substitution of (8.289), along with 
the general relation (8.276), into (8.275) yields 


A(r,E) = I Sc(E,E’) dE' i A(r’,E’) P(r;r') dr’ (8.290) 


where iA denotes integration over the core. The solution to this equa- 


tion is accomplished by the separation of variables, as in the bare-reactor 
calculation. The results are 


A(E) = mf.” Sc(E,E’) A(E') dB’ (a) 


(8.291) 

vir) => fw’) POs’) ar’ (b) 
Equation (8.291b) has a set of eigenfunctions y,(r) and eigenvalues A,. 
The y, are defined as orthogonal over the core only. 

The solution for the critical size proceeds as before. 

e. Multivelocity Reactor with Energy-dependent Cross Sections. The 
basic ideas developed for the reactor with constant cross sections are 
applied here to more general systems. In the present study we allow 
for the energy dependence of all cross sections and focus our attention 
on reactors which are either (1) bare, or (2) have reflectors which do not 
moderate neutrons. For all reactors in class 1, the cross sections of the 
core Z,, Zy, Z,, and Z, will be, in general, some specified functions of 
energy. For systems described by class 2, we allow in addition that 


Google 


502 REACTOR ANALYSIS [cHaP. 8 


the reflector cross sections 2‘*) and 2 be energy dependent, but that 
Ty) = TP = 0. 

In the present treatment we study in detail reactors of class 2. The 
results derived for these systems are easily modified to describe those of 
class 1. As in the study of the constant cross-section systems of Sec. 
8.7d, we begin the analysis with a statement of the neutron-balance con- 
dition. For this purpose we require the functions ¢(r,E) and A(r,E) 
defined by (8.272). In addition we introduce the kernel 


probability that a neutron born at r’ with energy 
P(r;r',E) dr = E is removed in dr about r without intervening (8.292) 
energy loss 


Thus this new kernel includes the possibility that the neutron of energy 
E created at r’ may experience any number of elastic scattering collisions 
(described by 2.) in both core and reflector before it is finally removed in 
dr about r. 

The neutron-balance equation may be expressed in terms of this func- 
tion. If as before we define a source S(r,E) according to (8.272), then 
the removal rate is given by 


A(r,E) = i S(r’,E) P(r:r’,E) dr’ (8.293) 


In the diffusion-theory notation, it is clear that the source may be defined 
by [cf. (8.276)] 


S(r',E) = ve(E) f° 2)(E") 6(@',E’) aE" 
4 /, ” Se(E’) o(r’,E’) h(E;:E’) dE’ 
|. AGE) SEE) dB’ (8.294) 


where [cf. (8.277)] 


ye(E) E(B") + 2e(B") K(E;E’) 


S(E,E") = DO B’) 


(8.295) 
The substitution of these expressions into (8.293) yields 
A(t,E) = a 8(E,E’) dk’ i: A(r’,E') P(rt’,E) dr’ (8.296) « 


It is clear from the above expressions that, since there are no ‘‘sources”’ 
of neutrons in the reflector, the spatial integration extends over the core 
volume only. 

The immediate objective of the present section is the determination of 
the solutions to Eq. (8.296) or (8.293). It will be convenient in under- 
taking this analysis to introduce a somewhat modified version of the 
basic relation (8.293), which may be derived from a different physical 
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point of view. For this purpose we construct a fictitious one-velocity 
system in which all neutrons have energy E. The cross sections (2’) of 
this system are related to the cross sections of the actual system through 
the following definitions: 


In the reflector: z, =, a, = 2. 
In the core: (1) 2) = 2, 2 = 2. 
(2) 38 =0 (8.297) 


(3) D2 = 2, + De 


We note immediately from these expressions that the removal cross sec- 
tion of the fictitious system (2) is identical to that of the actual system, 
since 


VeHeytryty = 24+ 2, =2,4+2,4+ 26 = 2, (8.298) 


The only significant difference between the two systems, then, is that 
the ‘‘slowing-down”’ cross section of the fictitious system (24) is zero. 

Now, let us introduce also a quantity to define the neutron yield for 
the fictitious system; thus, 


p(E) = average number of neutrons produced per removal (8.299)* 


It is clear from these definitions that the source S(r,E) in the fictitious 
system is due only to the removal reactions. We can write, therefore, 


S(r,E) = w(E) 2(E) o0,F) = w(E) AG,F) (8.300) 
The substitution of this relation into (8.293) yields 


A(r,E) = p(E) ip A(r’,E) P(r:1’,E) dr’ (8.301) 


It 1s important to recognize that, in this formulation, the variable E 
which appears in the integral equation serves only as a parameter. The 
principal variable(s) isr. Thus the analytical machinery developed pre- 
viously for the one-velocity model (Sec. 8.7c) is directly applicable to the 
present system. It is possible, therefore, to construct a set of eigen- 
functions y,(r,/) for Eq. (8.301) which are solutions to the equation 


Wa(,E) = wa(B) fi dale',E) PCest’,B) de’ (8.302) 


where the u,(£) are the corresponding eigenvalues [cf. Eq. (8.244)]. 
With the present point of view it is easy to show that the properties 
of the eigenfunctions y,(r,F) and of the kernel P(r;r’,-) are identical to 
those of the y,(r) and K(r;r’) developed in Sec. 8.7c. Consider first the 
orthogonality properties. From physical requirements it is clear that 
the kernel P(r;r’,E) must be symmetric inr andr’. If we bear in mind 
that & is to be treated as a parameter, then all the derivation leading to 
the orthogonality relation (8.249) is directly applicable to the functions 
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ya(r,E) and P(r;r’,E), and we obtain immediately the property 
[i ¥ale'E) dm (E',E) dt! = Bn (8.303) 


The series expansion for the kernel P(r;r’,E) in terms of the eigen- 
functions y,(r,E) is also easily demonstrated. As in the one-velocity 
derivation we postulate that the y,(r,#) form a complete set. It follows, 
therefore, that we can construct an expression for A(r,E) in the form 


A(r,E) = > An) vn(t,E) (8.304) 


where the coefficients may be computed from the relation 
A,(E) = [vat,E) A(t,E) de (8.305) 


In the same way we define, on the basis of our experience with the 
kernel K, the series expansion [cf. Eq. (8.258)] 


P(ri’,E) = ) Pa(E) alt’,E) va(t,E) (8.306) 


If we use this expression in (8.302), it is easily shown that the coefficients 
P,(E) are given by 


— 1 : 

PAE) = op (8.307) 

Thus, P(rt’,E) = z ¥alr’,) ee E) (8.308)* 
pn(E) 


The two basic results obtained above, (8.303) and (8.308), are gener- 
ally valid and may be applied directly to the physical system described 
by (8.296). Our only purpose in introducing the fictitious system was to 
offer some aid in grasping the essential ideas and analytical tools which 
may be used to solve the neutron-balance equation. Let us now apply 
these results to Eq. (8.296). The substitution of (8.304) into (8.296) 
yields 


Y, An(E) valt,E) = [> S(B,E") db! [, P(rx',B) ) Aa(E’) vale’, B") dr’ 


We multiply this equation by y,,(r,E) and integrate over the core. With 
the aid of (8.303), we obtain 


An(E) = [” §(B,E') dE’ Y An(E’) [ dm(t,E) dt [, P(e’) vale’, B") dr’ 


=f, SEE) dE’ Y AaB) fo vale'sB") dt’ [, P(ea',B) om(t,B) dt 
(8.309) 
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Since the kernel P is symmetric, we may apply (8.302) to the r inte- 
gration; this yields y,,(r’,E)/un(Z). Equation (8.309) then reduces to 
the form 


An(B) = ta) §(4,E") dk’ » A,(E’) [vee ¥m(r’,E) dr’ 


(8.310) 
If we call 


Anm(E,E') = I Ynlt',E") Wm (t",E) dr’ (8.311) 


then (8.310) may be written 
1 : , / / iV 
An(E) = 8) > i A,(E’) S(E,E") Ann(E,E’) dE’ (8.312)* 


It should be noted that, for E = E’, (8.311) reduces to the orthogonality 
relation (8.303), 1.e., 


Anm(E,E) = bmn (8.313) 


The eigenfunctions y,(r,£) are computed from (8.302) and represent 
the solutions to a set of one-velocity problems, each defined by a specific 
value (or increment) of FE. Once these one-velocity problems have been 
solved, the Annw(EH,E’) may be computed from (8.311), and these in turn 
used to solve the integral equation (8.312) in the single variable E. Thus 
the more difficult integral equation (8.296) involving two independent 
sets of variables r and FE is replaced by a system [Eqs. (8.302)] of integral 
equations in r (for each FE) and another [Eqs. (8.312)] in E. The solu- 
tion of the neutron-balance equation (8.296) is greatly simplified in this 
way, especially since in many cases of interest the infinite series in 
(8.312) is well represented by the first few (frequently the first) terms. 

This formulation of the general space-energy problem is well adapted 
for use in the energy-group method, as will be demonstrated in subsequent 
analyses. 

f. Upper and Lower Approximations. Various approximations have 
been suggested for solving the neutron-balance equation (8.296) which 
we have reduced to the set (8.302) and (8.312). These involve the use 
of approximate expressions for either of the two functions A(r,E) or 
P(r;r’,E). In the present treatment we apply the approximation to the 
removal density A(r,E). Specifically, we assume that 


A(r,E) = > An(E) vn(t,E) ~ Ao(E) Yolr,E) (8.314) 


Thus we have set all A, = 0 forn > 0. The corresponding expression 
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for the flux takes the form 


(8.315) 


If we use the relation (8.314) in (8.312), we obtain the single integral 
equation 


1 ‘ 7 , / 4 
AE) = no(E) f AE’) S(E,E") Aol E,E’) dE’ = (8.316) 


Numerical calculations have shown that the use of this relation in reactor 
calculations yields an overestimate of the critical mass. This may be 
seen from the fact that in estimating the removal rate (effectively the 
neutron ‘‘absorption’’ rate) we have ignored the contributions of the 
higher modes in (8.314). Thus the neutron production rate in the core 
has been underestimated, and the resulting computation of the critical 
mass will be larger than that required to maintain the system at steady 
state. For this reason we call (8.316) the upper approximation. 

A second estimate of Ao(£) may be obtained by assuming, further, that 


Yo(r,f) = wolt,E’) = po(r) (8.317) 


That is, we assert that the fundamental modes of neutrons of all ener- 
gies are in first approximation nearly the same. If we use this assump- 
tion in (8.311), we obtain 


Aoo(E,E') = 1 (8.318) 


and it follows that (8.316) reduces to the form 
1 oo 
A(E) = —~x Ad(E’ ") dE’ . 
o(B) = ops ff” Aol") SCE,E') aE (8.319) 


This relation is called the lower approximation, since it is believed to 
yield an underestimate of the critical mass. The comparison of mass 
estimates based on these two approximations with known experimentally 
determined values would indicate that this is indeed true. Furthermore, 
there is reason to believe that both approximations are not far removed 
from the correct value. The validity of these assertions is best deter- 
mined by comparison with experiment in each case. 

Since both estimates appear to be fairly reliable, we will use the lower 
approximation in all subsequent analyses in view of the fact that the 
relation (8.319) is more easily applied to reactor calculations. We con- 
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tinue with the calculation on this basis and introduce the source function 
(8.295) into (8.319). 


wo(E) Ao(E) = vz(E) [ : = 


° Ye(h’) A(E;E’) Ao(E’) dE’ 
This equation may also be written in terms of the flux. Let 
o(t,E) = ) da(E) Ya(t,E) (8.321) 


Since A(r,F) is directly related to the flux and has been defined by the 
series (8.304), it is easy to show that 


A,(E) = 2,(E) on(E) (8.322) 


We apply this relation to (8.320) and obtain 
Ex(E) bo(E) wo(E) = 2(E) + fo” Da(E") h(H;E") do(K") dE" (8.323) 
where we have normalized the neutron production, i.e., we have set 
» [° Sy(E") d0(E") dE’ = 1 (8.324) 


g. Two-group Model for Bare Homogeneous Reactor. Throughout 
the remainder of the present treatment of the Feynman-Welton method 
we adopt the energy-group description of the neutron-energy spectrum in 
a multivelocity reactor in place of the continuous spectrum previously 
considered. In practical situations wherein the Feynman-Welton model 
is most useful, reactors reflected by moderating materials, the two-group 
formulation is the more easily and effectively applied. 

The basic relations for the two-group model are developed by treating 
a sequence of progressively more general reactor problems. We begin 
with the bare homogeneous reactor. Since the energy-group relations 
are derived from the continuous-energy-spectrum results, we summarize 
these equations below: 


A(r,E) = I S(r’,E) Pa(rx’,E) dr’ (8.325) 


S(r',E) = i . any (ve(E) 3,(E’) + 2e(E") A(EE)] dE’ (8.326) 


where Pa(r;r’,E) is the kernel for the bare reactor and comparable to 
P(r;r’,E) defined by (8.292). 
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In the two-group formulation the various functions which appear in 
the above equations take the special forms given below. The index 
4 = 1 denotes fast neutrons, 7 = 2, slow. 

A,r) = number of removals per unit volume per unit time (8.327) 

around space point r of neutrons in 7th energy group 
number of neutrons of energy group 7 born per unit vol- 
ume per unit time around point r 


S.(r) = (8.328) 
probability that neutron of energy group 7 born at 
P(r;r’) dr = r’ is eventually removed as an 7-group neutron in (8.329) 
dr about r 
average number of scattering collisions per unit path of 
Die = travel by neutron of energy group 1 which reduce it toan (8.330) 
energy group 2 neutron 


Note that the group cross section 212 is in fact the ‘‘slowing-down”’ cross 
section (analogous to 2,) from the fast group to the slow. With these 
definitions Eqs. (8.325) and (8.326) may be written 


A(t) = 1 P@(r-2') S,(r’) dr’ (8.331) 
with Si(r) = vaily:Ai(r) + y2A2(r)] (8.332) 
Yi2A i(r) 


Se(r) = vzo[yiAi(r) + y2A2(r)] + (8.333) 


pH 
where z; denotes the number of neutrons of energy group 7 produced per 
fission reaction and 


= 
Y= Sa (8.334) 


As indicated previously we apply the lower approximation to this calcu- 
lation. First, we have from (8.314), 


A,(r) = APyP(r) (8.335) 
Then, from (8.317), 
Vor) = ¥P(r) = volr) (8.336) 
The application of these relations to the integral equation (8.302) yields, 
for the fundamental modes [where 1‘ is defined as in Eq. (8.236)], 


YOr(e) = we? [vr PRE) dr’ (8.337) 


If the kernel P9(r;r’) were known in detail, the solution of this equation 
would yield the spatial distributions for the neutrons in group z. These 
results in turn could be used in Eqs. (8.331) through (8.333), and a 
simultaneous solution would give the criticality condition for the reactor. 

As a rule, the calculation of the Pp will be somewhat involved, like- 
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wise, that of the ¥/(r). These computations became even more compli- 
cated when dealing with reflected systems. It is possible, however, to 
obtain reasonable approximations to these functions, in particular to the 
spatial modes ¥{? and the eigenvalues uf, by the application of the 
diffusion-theory or infinite-medium transport equation results [ef. Eq. 
(7.254)]. In the present treatment we consider in detail only the compu- 
tational procedure based on the diffusion-theory solutions. The use of 
the transport-theory results in the calculation of the eigenvalues is easily 
shown and involves some minor changes in the procedure developed for 
the diffusion theory. 

The application of the diffusion theory to the calculation of the eigen- 
functions and eigenvalues for the Feynman-Welton method requires a 
restatement of the neutron-balance equation in terms of the removal 
cross section 2 and the neutron yield per removal zu. It is obvious 
that the appropriate form is [cf. equation preceding (8.242) and Eq. 
(8.238)] 


— DV OP(r) + LP SPL) = uPZP SP (r) (8.338) 


where ¢(°(r) is the fundamental mode for the flux in the ith group. In 
the kernel formulation [cf. Eq. (8.242)], the neutron balance would be 
given by [with PQ = ZK] 


aC) = PEP [, OP) KP(ex’) ae’ (8.339) 


It follows directly from the results of Sec. 8.7¢ [cf. Eq. (8.263)] that the 
eigenvalues »{? must satisfy the relation 


) (0) 
so, br =1 (8.240) 


where from (8.338) 
V*g(r) + BigP(r) = 0 (8.340) 


Note that the mode index n = 0 has been omitted from the buckling B; 
to simplify the notation. Thus, as a first approximation to the Eq. 
(8.337), we use the solution (space form) given by (8.340) and compute 
the eigenvalues yf? from (8.240), keeping in mind that the B; are given 
by the usual relations for the bare reactor (e.g., in the case of the sphere, 
B;, = B = r/R). 

1. Application to Thermal Reactor. A simple, direct illustration of the 
use of the results obtained above is demonstrated in the analysis of the 
reactor in which all fissions are due to thermal neutrons alone. For this 
example we make the following choice of group cross sections: 


=) = 0 241 > 1 po) = 0 2 = 12 


341 
LP = 2, 2=0 %eAO T= WW + FZ, iG a4) 
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2. Application to Fast Reactor. We develop next the general criticality 
relation for the bare fast reactor. In this analysis we retain, as generally 
different from zero, all the group constants for both the slow and fast 
neutrons. The general source functions (8.332) and (8.333) are used, 
therefore, in (8.331). The neutron-balance conditions are then 


A,x(r) = vz E [ Ax(r’) P@P(r;r’) dr’ + y2 i, Air’) PY (r;r’) ar’ | 
(8.351) 
Ax(r) = v22 E [ A,(t’) PH(r;r’) dr’ + 42 i, A2(r’) PP(r;r’) ar’ | 


+ 5a if A(t’) PRs’) dr’ 


The application of (8.344) and (8.337) yields the set 


Ay) = rm [nA? + 7249? 
(8.352) 
>,AW 
AP = Ta lnAP + AP] + Stop 


The first of these equations gives the simpler relationship between 
AW and A®: 

veiyo AP 
By? — vain 


AW = (8.353) 
And, the simultaneous solution of the pair (8.352) yields the criticality 
relation 
wut? 
~ Zale + 2212/20] + Zeya? 


As in the case of the thermal reactor previously analyzed, an approximate 
estimate of the eigenvalues may be obtained from the simple diffusion 
theory results. The procedure is straightforward and involves the com- 
putation of the B? from the usual relations given in Table 5.3. 

h. Two-group Model of Reactor with Moderating Reflector. The 
most general reactor problem so far considered has been the reflected 
multivelocity reactor with energy-dependent cross sections but with no 
slowing down in the reflector. A general method for treating this sys- 
tem, and other more elementary ones, has been discussed in some detail. 
Further, it has been shown that, by introducing various approximations 
into the expression for the removal density, the general results could be 
reduced to a more tractable set of equations. A final simplification was 
added in the case of the bare reactor with the formulation of the two- 
group model. 

It has already been mentioned that the extension of these general 
methods to the analysis of reactors with moderating reflectors is a diffi- 


(8.354) 
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cult task. It is possible, however, to develop directly an approximate 
treatment of this problem based on the two-group model.! For this pur- 
pose we draw from the relations derived for the bare reactor (8.351) and 
introduce appropriate modifications in the definition of the kernel to 
account for the presence of the reflector. In addition we provide an 
extra term in the slow-neutron balance equation which represents the 
contributions to this group from the slowing-down reactions in the reflec- 
tor. The calculation of this term is based on a direct physical interpre- 
tation of the neutron transport and slowing-down processes. 

The analysis of the reactor with moderating reflector is carried out for 
the case of the infinite reflector. As in the bare-reactor calculation we 
denote the fast group in the core by the index 7 = 1 and the slow group 
by 2 = 2. In the reflector, the fast group is denoted by 7 = 3 and the 
slow by 2 = 4, so as to be consistent with the two-group notation of 
Sec. 8.4. 

We begin with the neutron-balance equations, which we write in the 
form 


A\(r) = I. Si(r’) Py(rsr’) dr’ (8.231) 
A,(r) = I. So(r’) Po(r;r’) dr’ + ie Silt’) Pio(r;r’) dr’ (8.232) 


where the S,(r) are given by (8.332) and (8. oe and the kernels P,(r;r’) 
are defined by 


probability that a neutron of energy group 7 born 
at r’, after any number of elastic collisions in both 
core and reflector, is eventually removed as a 
group 2 neutron in dr about r 


P,(r;r’) dr = (8.355) 


It should be noted that these functions correspond to the P(r;r’,E) of 
(8.292). The kernel P,2(r;r’) is defined 


probability that a fast neutron born at r’ in the 
core escapes removal in the core, is slowed down 
in the reflector, and finally diffuses back to the 
core to be removed as a slow neutron in dr about r 


P,2(r;r’) dr = (8.356) 


This is the only new quantity which appears in the set (8.231) and 
(8.232). In determining this function it is convenient to introduce the 
slow-neutron removal density in the reflector, A,(r’) and a new kernel 
for slow neutrons, Q.(r’;r), which we define: 


total track length of slow neutrons per unit time per 
Q.(r’ sr) = unit volume around r’ in the reflector produced by a (8.357) 
unit source of slow neutrons at r in the core 


1R. P. Feynman and T. A. Welton, ‘‘The Calculation of Critical Masses Including 
the Effects of the Distribution of Neutron Energies,’’ Los Alamos Report LA-524, 
Ch. III, Jan. 21, 1947, declassified. 
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Note that this function is symmetric in r and r’; i.e., Q2(r;r’) is the track 
length at r in the core produced by a unit source at r’ in the reflector. 
The removal density A,(r’) may be written in terms of Q2. Thus if 
S2(r) is the distribution of slow-neutron sources in the core, we can write 


A,(r’) = 2 ¢,(r') = = [ S2(r) Q2(r’ sr) dr (8.358) 


The source distribution may be represented by an infinite series of the 
slow-neutron eigenfunctions ¥(r); thus, 


Silt) = ) SOYOE) (8.359) 


The substitution of this expression into (8.358) yields 
Ade’) = 21° ) SP f Wr) Qala’) dr 
= Cc 


It is convenient to identify the individual terms of this expansion as some 
set A(r’); thus, 


AM) = SEEM [ yr(r) Qa’ st) de * (8.360) 
Note that A,(r’) is then given by the sum 
Adr’) =) AS’) = Y ASW’) (8.361) 


n n 
where the last definition introduces a set of dimensionless functions com- 


parable to the set y(r) defined for the core [cf. Eq. (8.359)]. With this 
definition (8.360) may be written 


ASYO(E) = SEEM [ yr(e) Qale’ x) de (8.362) 


These results may be used to obtain suitable expansions for the kernel Q2. 
If we define 


Qa(r’ it) = ) QP’) VP) (8.363) 


then the substitution of this expansion into (8.362), followed by the 
application of the orthogonality properties of the ¥(r), yields the 
following expression for the coefficients Q@(r’): 
APY) 


2 i ee 
Qr'(r’) = 
Now, from neutron-conservation requirements, the total number of 


removals per unit time of slow neutrons in mode n in the reflector must 
be precisely the number of these neutrons escaping per unit time from 
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This expression may also be derived on the basis of simple physical 
arguments. Since P2(r’’;r) is the probability that a slow neutron born 
at r in the core is removed at r’”’ in the core, the integral of P2 over all r’’ 
gives the probability that a slow neutron born at r is removed somewhere 
in the core. It follows, therefore, that one minus this quantity, the 
brackets in Eq. (8.371), is the probability that the neutron is removed 
somewhere in the reflector. Moreover, the probability that a slow neu- 
tron is removed at some point r’ in the reflector is just y“)(r’) divided 
by its integral over the reflector volume. The product of this ratio and 
the preceding probability are by definition 2Q.(r’;r), thence, (8.371). 

The kernel P12 may be given in terms of Qe. If S4(r’’;r’) is the distribu- 
tion of slow-neutron sources in the reflector produced by the slowing 
down of fast neutrons arriving from the core, then by the definition of 
P 2 given in (8.356), 


Pyo(ryr’) = 22 fo Sar’ sr’) Qa(r;r’’) dr” 
R 


where we have employed the symmetry property of Q2 noted in the 
discussion following Eq. (8.357). In order to compute S, we introduce 
a fast-neutron kernel analogous to Q2: 


total track length of fast neutrons per unit time per 
Q,(r” ;r’) = unit volume around r”’ in the reflector produced by a_ (8.372) 
unit source of fast neutrons at r’ in the core 


If D3, is the slowing-down cross section in the reflector, then it follows 
that 23,Qi(r’ ;r’) is the number of fast neutrons arriving in the slow group 
per unit time per unit volume about r” in the reflector because of the 
presence of the unit source of fast neutrons at r’ in the core. We have, 
then, 


Pyo(rsr’) = Dad - Qi(r’’ sr’) Qo(r;r”’) ar” (8.373) 


The kernels Q; and Q2 can be approximated by the form (8.371). By 
following an analogous line of reasoning to that leading to the result 
(8.371), we obtain 


ee vor”) | 

Qin sr’) = E — | Picea) ae (8.374) 
ra I, yO(r") dr” C 

y(r"’) 


Q2(rjr’) = Sao eae 
a0 fy) dr 


E 3 [ Pi(t') ar | (8.375) 


where the function y(r) represents the distributions of the fast-removal 
reactions (and therefore also the flux) in the reflector. This function 
is the fast-neutron counterpart to the ¥“(r) developed previously for 
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the slow neutrons and may be derived by similar arguments. The sub- 
stitution of the above approximations for Q; and Q:2 into Eq. (8.373) 
yields 


LD3Pao E _ ie P(r;r’) dr | [1 — ip P,{r' x) dr’ | 


P(t’) = ; 


(8.376) 


where we have called 


= Ko R 
zo) I, y®(r) dr I yy“ (r) ar 


Finally, we introduce the Feynman-Welton lower approximation for the 
kernels P;, which consists of setting all »® = uw. From (8.370) and 
(8.369) we obtain 


(8.377) 


Prt’) © re 8(r — 1’) (8.378) 


and substitution into (8.376) yields 


i SqaPall — 1/n 
P,,(r:1’) = ar eae = vr (8.379) 
Mo | 2, 


It is interesting to note that the result (8.379) is independent of both 
randr’. Thus we find that in this approximation the probability of a 
fast neutron from the core diffusing out into the reflector, slowing down 
there, and finally returning to the core to be absorbed there as a slow 
neutron is the same for all combinations of origin and terminus. 

In order to obtain the criticality condition for this system we observe 
first that in analogy to (8.301) we can write 


A(z) = w® | Ade’) Pilea’) at’ (8.381) 
By using the lower approximation (8.344), this equation reduces to 
volt) = wP fi vole’) Palrze’) de’ (8.236) 


The substitution of these forms into Eq. (8.231), along with the source 
S, from (8.332), yields 
AP = “2 Nn AP + nAPI (8.382) 


(1) 
Ho 


The corresponding expression for (8.232) is obtained by using (8.333) 
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for Se and (8.379) for Piz and then integrating over all r. The result 
may be written: 


veo 


A® = Aw A 22.A) 
= res [yiAM + 2 AP] + same 


De (8.383) 
Equation (8.382) gives a relation between AW and A which is identical 
to (8.353). The criticality condition is obtained by eliminating AW and 
A® by means of (8.382) and (8.383). The result is found to be 


bP uPErae 


The only quantities in this expression which are as yet undetermined 
are the eigenvalues u{? and yu? and the functions ¥(r) and y™(r) 
which appear through the quantity w. As in the case of the bare- 
reactor calculation, the determination of these quantities is a relatively 
easy matter if one is willing to accept the one-velocity diffusion theory 
or the infinite-medium transport equation results for the spatial distribu- 
tions and the characteristic equations. It is expected that for those 
situations in which this method will be most useful, the one-velocity 
diffusion-theory solutions should be entirely adequate. We proceed on 
this basis. | | 

As an illustrative example consider a spherical reactor of core radius a 
and an infinite reflector. In the case of the one-velocity diffusion- 
theory model we found that the appropriate characteristic equation was 
the transcendental relation (8.11). For the reactor with an infinite 
reflector, this relation reduces to 


Ba cot Ba = 1 — a: (xra + 1) (8.385) 
Cc 


This equation is to be solved simultaneously with the B? relations (8.5). 
In the notation of the present method, the B? equations take the form 
(8.240). Thus in computing the eigenvalues yu, we determine first 
B, and B, from the relations 


B,a cot Bia 


| a (x3a + 1) 
: (8.241) 


B,a cot Bra = 1 — mA (x4a + 1) 
D, 

where D, and D; denote the fast-group diffusion coefficients in the core 

and reflector, respectively, and Dz and D, the slow-group diffusion 

coefficients in core and reflector. Also, 

PA > 


vat ai ad 
D; =D. (8.386) 


Ks 
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With the B, and B, values computed from (8.241) Eq. (8.240) may then 
be used to obtain pW and p?. All this assumes, of course, that the 
various D; and x; are independent of the u®. If they are not, then a 
graphical solution may be applied. 

The flux distributions y® and y™ in the reflector are easily obtained 
from the diffusion theory. For nonmultiplying media these are found 
to be 


e7 mr 


(8.387) 


y(n =2= yr) = 


Note that a proportionality constant is not required in either case since 
these would be eliminated in any event in the calculation of Oy. It 
can be shown that the substitution of (8.387) into the integrals of (8.377) 
yields 


[, vu ae _ 4x erate) de 
I vy dr ia yy dr = (4m)? f- re—*" dr [- re—*" dr 
K3K4 
———___— (8.388) 


= Am(k3 + xg)(1 + ax3)(1 + axa) 


If we use also Vc = 4xa', then for the spherical reactor with infinite 
reflector, 


Lape, 1 ce 
Ou = 3 30 E | ed sa oa (8.389) « 


i. Application to Thermal Reactor with Moderating Reflector. An 
interesting and useful example of the application of the two-group 
Feynman-Welton method is the criticality calculation for the thermal 
reactor with moderating reflector. For our analytical model we select 
a spherically symmetric system with infinite reflector and the group 
cross sections listed in Table 8.8. 


TABLE 8.8 Two-Grourp Cross SEcTIONS FOR FEYNMAN-WELTON MODEL OF 
THERMAL REACTOR 


Energy group Core Reflector 
Pas ih hss eee zi) =0 z,= 1 zo) = Q 
= = 0 > = 212 5) = DET 
Thermal........... zy) = Zy SS 2 Se 


20 = 2) = xr 4 2, 


With these data, the criticality condition (8.384) takes the form 
piper 
wr yp Py? + Ly 


(8.390) 
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An alternate expression may be obtained by eliminating the eigenvalues 
with the aid of the relations 


wy = 1+ LiBy ow = 14+ L3B; (8.391) 
which follow from (8.240). Here, L? = D,/21. and L3 = D.2/=®. Then 


_ B21 + L3BY)(1 + L3B%) 
Ell + wl + LIB) (1 + L383] 


y (8.392) 
It is of interest to note that if 212, D:, and De are independent of the 
fuel concentration (at least in first approximation) then it is possible to 
obtain an explicit expression for the critical concentration directly from 
the criticality relation. Under these circumstances, the B; given by 
(8.241) are also independent of the fuel concentration and the values 
computed from these equations may be substituted immediately into the 
criticality condition. Now, for the present system [from Eq. (8.380)], 


1 L?B? 
where we have used (8.391). It is convenient to write also 
LiB? a3 K2K? 
= 72) 212 eee! | ee 
oa = BP (TF ne)? | “ape eau rant a 
(8.394) 


Here C denotes all the various factors in (8.389) which are independent 
of the fuel concentration. If we use these two expressions in (8.392) and 
solve for the critical fuel concentration Nr, we obtain 


D,B? + 22 


Nr = val + CD,LIBIB)/(1 + LIBD) — oom (8.395) 


The symbol 22" denotes the thermal absorption cross sections of the 
nonfuel components of the core and 22”, the thermal absorption cross 
section of the fuel. Thus the present method permits a direct solution 
for Nr and avoids entirely the trial-and-error computations required for 
the standard two-group method of Sec. 8.4. It should be evident from 
the procedure outlined above that the computational effort involved in 
the Feynman-Welton two-group model is only a small fraction of that 
required in the standard method. This fact may be more clearly demon- 
strated by considering a numerical example. 

As an example, let us compute the critical mass for the nuclear package 
power plant analyzed in Sec. 8.5. Since the group constants selected 
for the present method are defined in the exact manner as those of the 
standard method, the data listed in Table 8.5 are directly applicable to 
this calculation. The only information we lack is the values for the 
B; and the constant C. The direct substitution of the appropriate 
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numerical data into the relation (8.394) and the set (8.241) yields 
B? = 0.007444 cm-? B? = 0.007878 cm~? C =61.9cm (8.396) 


If we apply these results to (8.395) it is not difficult to show that the 
volume fraction of fuel corresponding to the critical concentration is 
vr = 0.006398. This result is to be compared to the value vp = 0.006425 
obtained in Sec. 8.5. The present computation yields a critical mass 
of 9.512 kg, which differs from the previous computation by less than 
1 per cent. Thus the Feynman-Welton calculation allows not only an 
extremely quick computation, but one that apparently agrees very well 
with the results from the standard two-group model in the case of a 
water-moderated system. 


8.8 Multigroup Treatment of Reflected Reactors 


a. Integration over the Lethargy Intervals. In preceding sections 
the treatment of the neutron population of reflected reactors based on 
one group of diffusing neutrons (thermal) or on two groups of diffusing 
neutrons (one thermal and one fast) has been examined in some detail. 
It is natural to examine the possibility of a more general treatment 
involving many groups of diffusing neutrons such that the one- and two- 
group models would be special cases of the more general theory. How- 
ever, It is to be noted that the one- and two-group models are really 
based on fairly crude assumptions and are expected to be applicable to 
only a limited class of reactors; even so, the use of either model is justified 
only by previous successful application in reactor calculations. Much 
more confidence in a many-group model would result if it could be derived 
from a more basic treatment of neutron problems. At least one such 
approach has been sufficiently successful to justify detailed consideration; 
this approach, known as the multigroup method, is based on the age- 
diffusion equations. Of course, using the age-diffusion equations as a 
starting point for obtaining multigroup equations limits the application 
of the results to those problems to which the original equations are appli- 
cable; however, the limitations of the age-diffusion model can be clearly 
brought out by the underlying approximations needed to derive them 
from the Boltzmann equation (as discussed in Sec. 7.3) so that some 
understanding of the range of applicability of the multigroup method is 
obtained. Further, since in all reactors the neutrons must go through a 
slowing-down process, it would be expected that any method properly 
based on the age-diffusion equations would yield better results than the 
one- or two-group methods. Attempts have been made to base multi- 
group calculations on the original Boltzmann equation, but such methods 
are not as yet sufficiently well developed to justify detailed presentation 
here. On the other hand, the multigroup method based on the age- 
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diffusion equation has been widely used in reactor calculations and -has 
given satisfactory results. 

In obtaining the multigroup equations! we consider a multiregion reac- 
tor to which the following set of slowing-down diffusion equations is to 
be applied; each region is taken to be homogeneous and uniform, and the 
equations apply to each region separately with appropriate constants; 
proper boundary conditions (to be discussed later) are to be applied 
throughout the system: 


— D(u)V? ¢(r,u) - Za (u) o(r,u) = S(r,u) “> = q(r,u) 


Osusua (a) (6.54) 
q(r,u) = &2,(u) (ru) Olu < un (6) 
—DaV?da(t) + 2odu(t) = g(t) w= Un (c) 
with 
S(ru) = v| f°" Zy(u’) 6(x,u’) du’ + ZPdulr) | au) du (6.90) 


This set of equations has already been applied (in Sec. 6.3) to a single- 
region reactor, and it was possible to obtain a solution there by the 
method of separation of space and lethargy variables; as has been dis- 
cussed previously (Sec. 8.1b) this is not possible, in general, in the 
multiregion case. Thus we are led to consider techniques of numerical 
integration of the equations above. The method under consideration 
here is intended to be a natural one for calculations using (6.54) and 
(6.90) in the multiregion case performed on large-capacity fast computing 
machines. 

Consider the zero of lethargy such that there are (for all practical 
purposes) no neutrons in the reactor whose energies are greater than 
that energy corresponding to lethargy zero (e.g., 10 Mev). Consider 
the lethargy range from u = 0 to u = u,, as divided up into N intervals 
of (generally) unequal sizes: 


Au, = Uy — Uy-1 UN = Uh 
Uy = 0 | 1 Dis do aa el 


These lethargy intervals may be chosen for convenience, according to 
position along the lethargy scale and according to size. 

Now in a given region integrate Eq. (6.54a) over the ith lethargy 
interval; thus 
_ D(u) V?o(r,u) du + c La(u) o(r,u) du 


Ui-} use 


(8.397) 


ae lige: " 2 g(ru) du + [° S(ru) du (8.398) 


1 The original form of this method (not exactly the one given here) was developed by 
the Physics Division of KAPL [see R. Ehrlich and H. Hurwitz, ” Nucleonics, 12 
(2), 23 (1954)]. 
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In order to progress from Eq. (8.398) when confronted with the unknown 
variation of the neutron cross sections and the flux with lethargy, the 
following definitions are made: 


Fle) = [ * (ru) du (a) 


f—1 


_— [2° De) ou) du 
[c o(r,u) du 


J" 2e(u) o(r,u) du 
© [Se de 
[ Z,(u) o(r,u) du 


zy, = a aera (d) 
: ie o(r,u) du 


(8.399) 


(c) 


The definition of Z,, is intended for later use in connection with the treat- 
ment of the term S(r,u). If we use Eq. (8.399) in (8.398) and perform 
the integration in the final term on the right-hand side of (8.398), we 
obtain 


— DAuN9$,(r) + ZaAuids(r) 
= g(tus-1) — g(r,u) + f( S(xu) du (8.400) 


Consider the integration over the source term; if we apply (6.90), 


i S(r,u) du = v ip * y(u) du [ y | Z,(u) o(r,u) du + =P da(r) | 
k=l 


(8.401) 
N 
Now define [ note that from (6.88), ») pAu = 1, 
k=1 
;Au; = Se s(u) du (8.402) 
Then, applying (8.399d), we have 
| N+1 
_. S(t,u) du = vyAu, > Dd: (r) Aus (8.403) 
k=l 
The thermal fissions have been formally included by defining 
Ziun = 2P  bwailt) = bu(t) — Auwyr = 1 (8.404) 
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The application of (8.403) to (8.400) yields 


— DAuV?$,(r) + 2.,Au¢,(r) 
N41 
= 9(r,us-1) — Q(r,U;) + vpAu; y Zy.Ge(r)Au, (8.405) 


k=l 


Equation (8.405) may be regarded as a restatement of Eqs. (6.54a), 
(6.54c), and (6.90), since the thermal equation can be formally included 
using the definitions of Eq. (8.404) and the following limits: 


jv+1 =O Q(t,uny1) = 0 (8.406) 


Thus the index 7 in Eq. (8.405) takes on the values 1, 2, 3, ..., N, 
N+ 1. Note that no approximations have been made in obtaining Eq. 
(8.405) from (6.54) and (6.90). At this point, however, some approxi- 
mations must be introduced to make Eq. (8.405) tractable. 

b. The Simultaneous Set of Multigroup Equations. As a digression 
from the main purpose of this section, which is to demonstrate the tech- 
nique for applying the age-diffusion equations to certain classes of reac- 
tors using fast computing machines, consider the use of Eq. (8.405) to 
obtain a generalization of the one- and two-group methods. The diff- 
culty in Eq. (8.405) from this viewpoint is the presence of the terms in 
the slowing-down density at the lethargy limits of the ith interval; it 
would be desirable to have these expressed in terms of the average fluxes 
in neighboring intervals. As an example of such a relationship similar 
to that used in the two-group method, assume that a removal cross sec- 
tion for the ith interval (or group) can be defined such that 


q(r,ui) = Dr,di(r) Au, (8.407) 


Then Eq. (8.405) becomes 
N+1 


—DV*9,(r) + (Za, + Zr) oi(r) = Zr_.bs-r(r) + dus Ey, oe(r) 
k=1 
(8.408) 
with o;(r) = ¢,(r)Au, (8.409) 


This is, then, a set of N + 1 equations for N + 1 unknowns, the ¢,(r); 
since the equations are homogeneous it is to be expected that there will 
be a condition for solubility in the form of a determinantal equation (cf. 
Eq. (8.188) in the two-group case] which would serve as a criticality con- 
dition. The average cross sections needed for Eq. (8.408) present no 
more problem than in any other scheme based on Eq. (8.405) and accom- 
panying definitions; since these calculations will be discussed later, let us 
assume here that they are known. However, the removal cross sections 
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are introduced quite arbitrarily in Eq. (8.407) and, as in the two-group 
method, can be chosen to give good results in various cases. 

As an example of the use of Eq. (8.408), consider the case of a reactor 
medium for which the materials and lethargy groups are so chosen that 
fissions are caused only by thermal neutrons and neutrons from fission 
appear only in the highest lethargy group, thus 


gAu, = 1 ie = 0 fork > 1 
ae an (8.410) 
Lina = LP zy, = 0 fork <N+1 
For this case, Eqs. (8.408) become [assuming ¢)(r) = 0] 
—D,V?o1(r) + (Za, + Zr, or(t) = vE¥ovyi(r) 
— D2V?$2(r) Ie (Za, aa ZR.) $2(r) = ZR, o1(F) 
Sse las 0h ear tanerentse take Vat coh ke else ae ah, Ge aah BR, Ca fa get (8.411) 


— DyyiV? naif) + Loy. Onei(l) = Zryon(F) 


The last equation (for the thermal flux) follows from the fact that by 
Eqs. (8.406) and (8.407) 2r,,, = 0. If Eqs. (8.411) are applied to a bare 
reactor, a solution may be obtained as usual by assuming that the spatial 
dependence of the flux is the same for all groups; thus let 


d(x) = oF (r) with VF (r) + BF (r) = 0 (8.412) 


thus the F(r) are the usual eigenfunctions for bare reactors of vari- 
ous geometries and the 8B? are the corresponding eigenvalues. With 
Eqs. (8.412), Eqs. (8.411) become N + 1 homogeneous equations for 
the N + 1 coefficients ¢; the condition for solubility is seen to be 


(with 2 = 2.y... Da = Dyii, and Li, = D,y/Z*) 


N 
th Se. D;B? = 
att (1 + L2,B%)-! TT (1 + = as | =1 (8.413) 


t=1 


If we compare this result with the accurate equation (6.78) for a bare 
reactor in the age-diffusion approximation (with e = 1), we find that the 
removal cross sections should be chosen so that 


N 
|, 2a , D,B\]7! 
II (: wen De ) = pues (8.414) 


t=1 


The comparison may be carried a step further if the ratios D.,/Zr, and 
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D,B?/Zr, are all small compared with unity; then 


N N N 
I] z. , DB\}' _ ze | D,B\ |" 
(: a ZR; at ZR, )} = (: 7 = ) (: = ZR ) 


t 


N N 
~ exp (- eS exp (—B: » r) (8.415) 
i=l 1 


t= 


Thus the removal cross sections might well be chosen to be consistent with 


N N 
Za: wth Da(u) du _ > (2: | 
de i EZ, (u) = Ed, on 
Pe - (8.416) 


2 
-_ ™ Badds  V (2 | 
Zp, I ez(u) ~ Ly \ee,),°% 


i=] ‘= 


M@q! 
S| 
| 


where we have used the definitions 


2a _ [* Za(u) du D _ [% Dw) du 
(&) — in (uy =n (a) ie [fr 2,(u) 


(8.417) 


Further, if the lethargy intervals are sufficiently small and the cross sec- 
tions sufficiently slowly varying over the intervals that an average over a 
product or a quotient of cross sections is approximately equal to the 
product or quotient of the separate averages, both statements of Eq. 
(8.416) are consistent with the choice for each interval: 


_ (§Z:)s 

ZR, = “Ae (8.418) 
where (£2,); is an appropriate average of &2,(u) over the ith lethargy 
interval. It is not intended here that Eq. (8.418) should be regarded as 
the best method for choosing the removal cross section for any actual 
calculation. In the actual case it may be an advantage to have the 
removal cross sections as adjustable parameters (within limits) so that 
as experience is gained various classes of reactors might be subject to 
fairly accurate calculation. Note that Eq. (8.418), along with the basic 
assumption of Eq. (8.407), leads to the result 


q(r,us) = (E21).4s(r) (8.419) 


which seems to be consistent with Eq. (6.546), at least for very small 
intervals Au;; however, Iq. (8.419) is by no means a necessary conse- 
quence of (6.546). Indeed, the assumption of Eq. (8.407) is only an 
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example of the many possible relationships which may be used. As 
another more complicated example, which will not be considered further, 
the slowing-down density at any lethargy might be related to the flux in 
all lethargy intervals at lower lethargies by 


g(r,u:) = ) An de(t)Au, (8.420) 


k=l 


where the A;, may be chosen for consistency with an appropriate slowing- 
down kernel. It is even possible that a set of Ax, might be so chosen 
that the resulting multigroup equations gave better representation of the 
slowing-down process than the original age-diffusion theory which basi- 
cally assumes a continuous slowing-down process. 

Let us now consider the application of the set of Eqs. (8.408) to a 
reflected reactor, assuming that all cross sections and constants have been 
chosen. For a two-region reactor, for each lethargy interval there are 
two sets of differential equations, one for the core and one for the reflector. 
An appropriate set of boundary conditions must be chosen, for example, 
analogously to that for the one-velocity reactor model; thus if ¢(r) and 
¢\*)(r) are the core and reflector fluxes, respectively, we might take the set 


(1) ¢@(r) is nonsingular and nonnegative 

(2) ¢©(R) = ¢6(R) 

(3) —D©V¢(R) = —D®V¢i(R) (8.421) 
(4) o(*(R’) = 0 


where R defines the core-reflector interface, R’ the extrapolated outer 
boundary of the reflector, and D© and D‘ are the average values of the 
diffusion coefficients in core and reflector, respectively, as defined by 
(8.399b). 

One of the difficulties in using the set (8.408) is that they are simul- 
taneous equations in the ¢,(r). For any number of groups larger than 
three, the equations become so cumbersome to handle that recourse is 
usually had to numerical integration in combination with iteration tech- 
niques. However, this usually implies large computing machines. Thus 
attention is focused throughout the remainder of this section on a direct 
approach to such a numerical integration-iteration solution of Eqs. (8.405) 
which is not dependent on the restrictive assumption of Eq. (8.407). 

The analytic solutions to Eqs. (8.408) are so involved for any large 
number of groups and of such restricted use that a detailed discussion 
of these methods is not justified; however, brief mention will be made 
of two such methods. 

1. The Harmonics Method. The functions ¢,(r) may be expanded in a 
set of normalized functions, which are orthogonal over the range includ- 
ing the core and the reflector; then substitution into Eqs. (8.408) and 
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application of the orthogonality property give linear simultaneous equa- 
tions in the coefficients of the expansion which may be solved algebrai- 
cally. Along with the matching conditions at the core-reflector interface, 
these results will then yield a criticality condition. 

2. The Method of Characteristic Functions. This is the generalization 
of the method used above for the two-group calculation. For purposes 
of simplification of the presentation we will confine our attention to the 
system described by Eqs. (8.411), a special case of Eqs. (8.408). The 
flux in each group, in each region, is expressed as a linear combination 
of functions appropriate for the particular geometry: 


N+1 


#(r) =) Ag Zus,t) (a) 

eae (8.422) 
eo) = ) aU (ar) (b) 

k=] 


the functions Z and U are given in Table 8.3 for a few geometries. The 
parameters yu, are obtained by assuming that the core fluxes are propor- 
tional to a space function, as in (8.412). Then the solutions for B? are 
found from 


N 
Da yo 
2R2 a} _ I = 
Dd, D, 
where B= Sa, and L2, = sm (8.424) 


Note that the solutions to (8.423) for B? will, in general, be complex. 
The x, of Eq. (8.422b) are given by 


(s,, ae Dr )R 


a (8.425) 


i = 


The a,, of Eq. (8.4226) are in part determined by requiring that the fluxes 
satisfy a set of equations similar to those of Eq. (8.411) but with source 
terms appropriate to the reflector; e.g., if the reflector contains no fission- 
able material, all the equations (8.411) may be taken over and applied to 
the reflector (with the proper constants) except that there would be a 
zero source term on the right-hand side of the equation for group one. 
In this special case the solutions for the reflector would be of the form: 


¢1(r) = aoU(x1,r) 


$2(r) a,U(x2,r) + G22 


8.426 
) aoU(x,,r), etc. ( 
1 


x2 — x 
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Equation (8.422a) contains (N + 1)? unknown coefficients; substitution 
of (8.422a) into (8.411) yields relationships among these (N + 1)? coef- 
ficients such that there remain only (N + 1) independent coefficients. 
Along with the (N + 1) coefficients from the reflector fluxes, this gives 
2(N + 1) unknown coefficients. The 2(N + 1) homogeneous equations 
obtained by matching flux and current in each group at the core-reflector 
interface allow for a complete solution except for a scale factor in the 
flux, as usual. The condition for solubility of this set of 2(N + 1) equa- 
tions is of the form 


A=0 (8.427) 


where A, a 2(N + 1)-rowed determinant, is the criticality condition for 
the reactor system. 

This brief outline is sufficient to indicate the difficulties inherent in 
analytic solutions to the multigroup equations. Two group calculations, 
as discussed above, are laborious but can be systematized so that para- 
metric studies of a series of reactors is feasible by hand calculations. 
Three-group calculations can be and are done by hand, but beyond this 
the analytic methods become so cumbersome that it is advantageous to 
go directly to numerical computations. 

c. Multigroup Equations Adapted for Numerical Computation. We 
return to the main interest of this section by considering Eq. (8.405), 
which is now written in the form (¢ = 1,2, ...N,N +1): 


— DAuV?oi(r) + ZaAud(r) = g(t,usa) — g(t,ui) + radu; F(r) (8.428) 


Here the total number of fissions per unit volume per unit time caused 
by neutrons of all energies at space point r has been designated by F(r), 
replacing the summation over lethargy groups of Eq. (8.405). This is 
done for convenience in treating the multigroup equations by the iterative 
technique. From the beginning, in the present method, the multigroup 
equations are not regarded as a set of simultaneous equations in the 
neutron fluxes, but as a set of equations which describe the flow of neu- 
trons downward in energy, starting from a given initial distribution in 
space and energy. Thus, for a given source distribution F(r), the Eas. 
(8.428) give the complete history of one generation of neutrons. Then, 
for the reactor case, it is necessary to apply the condition that the spatial 
distribution of fissions calculated from the results of applying Eq. (8.428) 
must be the same as the source distribution with which the generation 
was started. In a reactor calculation, then, a certain source distribution 
which we shall call Fo(r) is chosen (somewhat arbitrarily) to start the 
calculation; supposing that all the constants in all regions and groups are 
known, then the spatial distribution of fissions may be calculated. This 
distribution may then be called F,(r) and used as a source distribution 
to start a new generation. This process may be repeated until the calcu- 
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lated distribution of fissions agrees with the starting source distribution 
for that generation within the required accuracy. This iterative tech- 
nique makes good use of a general property of fast computing machines, 
namely, that they are most efficiently used by a calculation which requires 
a repetitive operation. 

With the source distribution chosen, actual calculation from Eqs. 
(8.428) depends on a choice for the relationship between the slowing- 
down densities at the lethargy limits of the group and the average flux or 
average slowing-down density in the group. Either the average flux or 
the average slowing-down density may be used, since by virtue of Eq. 
(6.546), Eqs. (8.428) may be written in terms of either. In the multi- 
group formulation the appropriate form of the coupling equation is devel- 
oped from ¢,(r) and q;(r), where ¢,(r) is given by (8.399a), and 


= = 1 ui = 1 Ws 
q;(r) = i is q(r,u) du = Na: if ED, (w) o(r,u) du (8.429) 
The last equality follows by the application of Eq. (6.54b). If we call 


[2 e2(u) o(¢,u) du 
a a a ot 

[ $(,u) du 

and apply (8.399a) for the denominator, then (8.429) may be written 
q(t) = (E21): (tr) (8.431) 


Some of the choices for this relationship which have received considerable 
attention are given below: 


(8.430) 


g(r) = feq(t,us) (a) 
q(r,u;) = §2,(u;)¢,(r) (b) 
g(t) = HMa(r,us) + o(t,us1)] (c) (8.482) 


G(r) = HO(t,mn) + O(r,u-1)] 
with g(r,u;) = &2:(u;) o(r,u,) (d) 


In Eq. (8.432a) the quantity f, is an adjustable parameter to be deter- 
mined in part by iteration of the group calculation under certain criteria 
for selection of a value of f, and in part by experience in calculations to 
give good results. In this sense it somewhat resembles the choice of 
Eq. (8.407) discussed above. Method (a) has been carefully tried at 
KAPL, and some discussion is given in the reference report.! Methods 
with adjustable parameters such as f, in (8.432a) are particularly useful 
in calculations using a fairly small number of intervals for the range of 
energy above thermal; however, they all involve a certain amount of 


1 Ibid, 
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trial and error, and for fast computing machines, it is more convenient 
to have a direct connecting equation such as (b), (c), or (d) of (8.432). 
It has been demonstrated that at least (c) and (d) of (8.432) can give 
good results for a finely divided lethargy range below thermal. For the 
present discussion we will assume (8.432d), a method which has been 
well tested in multigroup calculations at ORNL (especially). 

Equation (8.432d) may be used in Eq. (8.428) to eliminate the slowing- 
down density out of the ith group, q(r,u,;); thus 


— D,AuV?9,(r) + [ZaAu;s + 2(EZ)u]o:(r) 


= E 25 08 | oem + Au; F(r) (8.433) 
(E2¢) au: 

Here (&2,;)u, designates the value of the quantity &2, at lethargy u,; as 

discussed in an earlier chapter (see Secs. 4.5b and c), since it is really the 

quantity &2, which is to be calculated at each lethargy for a homogeneous 

mixture of materials, it is not proper to choose one particular value of & 

for the entire lethargy range. 

We may now describe in general terms the procedure for the calcu- 
lation based on Eq. (8.433). The lethargy range is divided up into 
intervals as described above; the constants required in Eq. (8.433) are 
calculated for each interval and for each region. A starting source dis- 
tribution is chosen; let this be called Fo(r). Then suppose that lethargy 
Uo 18 sO chosen that 


q(r,uo) = 0 for all regions of the reactor (8.434) 


The calculation begins with the first lethargy group. A diffefential 
equation of the form 


— DAu,9?6%(r) + [ZPAu, + 2(&z, yr] or(r) = vyyMAu FO (r) (8. 435) 


is written for each region of the reactor, where the superscript (n) desig- 
nates the region considered. Proper boundary conditions are chosen to 
connect the ¢\”(r) and their derivatives at interfaces between regions, 
and the set of space-wise differential equations is solved numerically by 
methods to be described later. With $(r) known, the slowing-down 
density out of the first group may be calculated; thus, from (8.432d) 


q (rju1) = (€2,)Pd (rw) = (EZ) (Ze) — 0] (8.436) 


since the flux at wo is taken to be zero from (8.432d). Then this slowing- 
down density may be used as a source term for the equation for the 
second group: 


— DP Au,V?d(r) + [E@Aus + 2(ED,) 21 O9(r) 
= [ oad g(r) + yPAuF P(E) (8.437) 
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The $9(r) are then found for each region, again by numerical integration 
and application of proper boundary conditions. The slowing-down den- 
sity from the second group may be calculated from 


(n) = : = lore q™ (r,t1) 

qQ™(r,U2) = (€2,)Pd™(r,u2) = (€2,)%? | 2a (r) — ee (8.438) 
The process thus proceeds from group to group until the (NV + 1)st group, 
1.e., the thermal group, is reached. For the thermal group Eq. (8.433) 
does not really apply and we must return to Eq. (8.428), along with 
Eqs. (8.404) and (8.406), to write 


— DP V?b0 (1) + E20, bP. 1(r) = g™ (t,un) (8.439) 


with g™(r,un) to be calculated from 


g(t,uw) = (EE )o(ruw) = (FEDS | 289% — oe (8.440) 
t/Un_) 

As a result of this calculation the average fluxes in each group in each 
region, ¢\"(r), are known at every space point (the additional subscript 
zero indicates that these fluxes are derived from the assumed source dis- 
tribution FY(r)].. The comparison of the derived source distribution 
with the original one may now be made; therefore compare 


N+1 
EGO) Aus ~ F?(r) 


t=] 


and, if certain standards of comparison have been chosen, it may be 
decided whether the original source distribution was a sufficiently good 
choice. However, there exists a more valuable criterion. This is con- 
nected with the calculation of the multiplication constant for the system, 
which should be one of the results available from the computation. Sup- 
pose the following normalization had been chosen for F{(r): 


N+1 
, > yu; [ “une FS) dr = v [ cu FH) dr = 1 (8.441) 


t=1 


where the appropriate form for F‘(r) is to be used in each region when 
performing the integration. Equation (8.441) states that one neutron is 
introduced into the reactor to start the generation. At the start of the 
next generation, we have no neutrons, given by 


N+1 
No = > if “toe EPS () AU: dr (8.442) 
s=1 


By definition, the multiplication constant of the system is the ratio of 
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the number of neutrons in one generation to the number in the preceding 
generation; therefore, 
ko = No (8.443) 


Here the subscript zero is put on the multiplication constant to indicate 
that this is the estimate of the multiplication constant obtained from the 
use of the original source distribution F{Y(r). Of course, the number of 
neutrons in a second generation will, in general, depend on the spatial 
distribution in the original generation. The true multiplication constant 
for a reactor system will be obtained from that source distribution which 
repeats itself in the next generation. The calculation described above 
for the reactor fluxes may now be repeated, choosing a new source dis- 
tribution F((r) and normalization as follows: 


N+1 

F(r) = » > SG (r) Au; (8.444) 
i=] 

: [ ag FE) or = 1 (8.445) 


As a result of this reactor calculation, the fluxes $(r) are obtained, 
and the multiplication constant may be computed by 


ky = nN) (8.446) 
N+1 
may Y fi Spaem(r au dr (8.447) 
t=l1 


This process may be repeated until the values for the multiplication 
constant in succeeding iterations coincide to the desired accuracy. In 
general, it is found that the multiplication constant has converged upon 
a final value before that stage in the calculation at which the source 
distribution has converged acceptably. 

As shown in the treatment of the multigroup equations using the defi- 
nitions of Eq. (8.399), there is no approximation involved in the use of 
average cross sections for a group so long as the flux-weighted averages 
of Eq. (8.399) are used.' Of course at the outset of a calculation the 
lethargy dependence of the flux is not known; thus, unless some estimate 
of the behavior of the flux is available from previous calculations on simi- 
lar systems, it 1s necessary to begin the calculation with cross sections 
obtained by some arbitrarily chosen averaging process. The simplest 
and most often used is the direct lethargy average 

ui 


[% zemeeu) du [“ 20(u) du 
im p” (r,u) du du 


Mi-1 


2" =S 


1 Except in so far as the spattal dependence of the average cross section is neglected. 
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Once a first estimate of the fluxes is obtained it is appropriate to perform 
the flux-weighted averages; however, this is a laborious, time-consuming 
operation and is usually avoided by choosing the lethargy intervals so 
that the flux has only slight variation over any one interval. This not 
only calls for small lethargy intervals, but, since only a limited number 
of intervals may be used in a practical calculation, it also calls for the use 
of more intervals in lethargy ranges over which the flux may be expected 
to be more rapidly varying. Such ranges are, of course, those over which 
the cross sections themselves vary most rapidly. (Note that the method 
of obtaining the multigroup equations implies that the macroscopic cross 
section, using the microscopic cross sections for each material present, 
should be obtained as a function of lethargy, and then averaged over an 
interval.) 

There remains the discussion of the spatial integration of the multi- 
group equations and the treatment of the boundary conditions. Since 
there are numerous satisfactory methods of solving the spatial problem, 
no attempt will be made to give an exhaustive treatment here. How- 
ever, there are a few interesting points in the special problem at hand 
which may be brought out by a brief description of one method which 
has been successfully used in the treatment of spherically symmetric 
systems. It is convenient (but not necessary) to divide the radial dis- 
tance into uniform segments of length Ar in each region such that all 
medium-medium interfaces occur at integral multiples of Ar. Then the 
differential Eqs. (8.433) are converted into difference equations in terms 
of the values of the functions at various radial points. 

If the following definitions are used: 


§(r) = 
g™@(r,u1) = TE) (8.449) 
poi et@O 
r 
Eq. (8.433) may be written in the form 
= Wr(r) — aPW P(r) = —C(r) (8.450) 
In (8.450) the following definitions have been used: 
Om = a Pe + ARI] and al, = 
CM(r) = E + ace ee + a (8.451) 
Co (r) = 2 
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Let the values of these functions at the chosen space points be denoted 
by a subscript; thus 


Wi(m Ar) = [W]e Vim Ar) = [V9 ]m H™(m Ar) = [(H™]. 
(8.452) 


The second derivative of (8.450) may be approximated by (for example) 


LW) = GW lest — AWM + (Waa) (8.453) 


dr? (Ar)? 
Then the difference equation may be written in the form 
[Wer yma = ATW |e — (WE m1 — [SY] (8.454) 
where kK™ = 2 + a™(Ar)? [SO] mn = (Ar)?7[CM] mn (8.455) 


Note that, from the definitions above and the assumption of (8.432d), 


wy 1A le, (VO Ie 
[Wilm = 5 (ED), + (EE)... (8.456) 
In (8.454) the k™ and [S%”],, are known from the calculated constants, 
the assumed source distribution and the results of the calculation of pre- 
vious groups. The calculation of the [W‘”],, may proceed, for example, 
from the center of the innermost region where it is assumed that ¢” (0) 
is not singular; thus we have 


[WE], = 0 
[WP] = -[WeP)h (8.457) 
(W]e = kPTW], — [SP]. ete. 


Thus Eq. (8.454) is used as a recursion formula to generate the W’s of 
higher index m. Eventually an interface between two regions is reached, 
and it is necessary to invoke the conditions of continuity of flux and 
current in order to cross the boundary and proceed with the recursion 
formula (8.454) as applied to the second region. Let the interface be at 
radial position & = B, Ar; then, using the definitions above, we have 
[Wiley = (W]e, (8.458) 
be {Byar| Fw) | — Me 


= De® {Bear E wn | ro (WP lee (8.459) 


By 


ByA 


The application of the current condition (8.459) involves a choice for 
the representation of the first derivative in terms of the difference quanti- 
ties W,,. As has been pointed out by the KAPL group,! it is very useful 
to make this choice in such a way that detailed neutron balance is pre- 


1 Ibid. 
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served in the group. For example, let all integrals of continuous func- 
tions over any volume of the system be approximated by a summation 
of difference quantities as follows: 


rammeAr “ 
i run) dr = (Ar)? | > iv & Ya + Yims +E Vm — 5 vm.) 
j=zmi 


4 a m,Ar 


(8.460) 
where ¥; = W(Ar) 


This approximation may be used for the current at an interface by 
recognizing that 


surface 


JP(Ryekt = — Dau [| va") ds 


= —DMAu; [ V2p(r) dr 
volume 


_ R 2WyQ) 
+ Donuds [ ab W's J« (8.461) 


dr? 


If we use (8.453) for the second derivative in the final integral, it may be 
shown that the current condition (8.459) takes the form 


Dy (i (WPles: + (WPla,) +5 Pla, 
— 38 (WP less WP,-»| = De f (WP la... + (WH ls,1) 
+ 5 (WP le, — St (WP lass — (WPlea)| (8.462) 


For consistency the source term must be normalized using the form 
(8.460); that is, the integral in the condition expressed by Eq. (8.441) 
is to be replaced by the corresponding summation as obtained by apply- 
ing (8.460). The advantage of this method is, then, realized at the end 
of a group calculation. Integrations of a continuous-group equation 
such as (8.433) over a given region or over the entire system give an 
equality whose physical content may be stated in the form 


hee neutrons a bree neutrons thrown (8.463) 
from previous group into group from sources ; 
total neutrons lost total neutrons total neutrons 
= | by leakage from | + | lost by + | degraded into 
region (or system) absorption next group 


With the consistent use of Eqs. (8.460) and (8.462), the relationship 
(8.463) may be written in terms of summations over constants and the 
[W],,; because of the care taken in obtaining the choice (8.462), this 
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equality holds rigorously if the calculations are absolutely accurate. 
Thus such summation equalities (for a given region or for the entire 
system) may be used as a valuable check on the numerical accuracy of 
the calculation. 

Eventually, the process of using the recursion formula (8.454) in each 
region and crossing boundaries using (8.458) and (8.462)! reaches the 
very outside boundary of the system Ry = B,Ar; here the condition must 
be applied that 


(WY ]e, = 0 (8.464) 


where index f denotes the final, outermost region. The resultant value 
of [W]s, may be seen to depend on the choice for [W‘], of Eq. (8.457) 
which is otherwise unspecified. Any general choice of [IV], will not 
result in a zero value for [WY ]z,. One simple way around this difficulty 
is to define two functions @ and ® such that 


[AQ ]m41 — kK [Q” Im i [@]} n—1 
[Jo =0 [ah =1 

[By mgr = ABM] — [BMP ]n-1 — [Si ]n 
[BP}o =O [BP = 


(8.465) 


(8.466) 


Thus @ is a particular solution of Eq. (8.454), and @ is a solution of the 
homogeneous part of Eq. (8.454). Both @ and @ are required to meet 
the same boundary conditions as W. The function W is then expressible 
as a linear combination of @ and @; thus 


[WP ]m = [AP ]m + lB ]m (8.467) 


so that once @ and @ are known at every point W may be calculated at 
every point if the constant c is known. The constant c is determined 
by the outside boundary condition 


[@P]s, + [@Y'ls, = 0 (8.468) 


While the scheme just presented for handling the outside boundary 
condition has been used successfully, it is not the most convenient or 
the most accurate method. The presentation of improved methods is, 
however, deemed outside the scope of the present discussion; the KAPL 
reference gives some details of such an improvement. 

The results of a multigroup calculation give very detailed information 


1 Note that (8.462) requires the calculation of values of the function W™ at points 
outside the nth region (e.g., [W{"]s,41); this is a convenient mathematical device, and 
these values are not regarded as having physical meaning. Further, it should be 
noted that one of these is never really calculated; the quantity [W$”]s,-1 is related to 
[W{?la, and to [W{”]s,,1 through the recursion relationship of Eq. (8.454) forn = 2 
and so does not need to be computed explicitly. 
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about the reactor system. Besides the multiplication constant, the dis- 
tribution of flux in energy and space is given, from which may be com- 
puted, for example, the distribution of neutron absorptions or fissions in 
energy and space or the current of neutrons of various energies emerging 
from the outside of the reactor system. Of course, the information input 


2 
A el a a ew 
|—— ara 
Mri ; 
7 | 
aan rh 
s 1 
-2 
ho tr rt 
BP pleated es es ees 
2 | | (on el 
5 4 
ore ein 
=» i 
ian 
ee sl es 
amll 
1 ie 
1074 a 


0 2 4 6 8 10 12 14 16 18 20 
Lethargy 


Fia. 8.31 Average cross sections in the core used in multigroup calculation. 


is also very detailed. However, once the multigroup equations are coded 
for a fast computing machine, the major effort required for each system 
is the collection of nuclear data and the computation of the average cross 
sections for the various groups. Even this chore has been eliminated at 
many of the major computing facilities wherein ‘‘libraries’”’ of subroutines 
are now available. These routine codes not only provide up-to-date 
nuclear cross-section data of all the elements from the thermal to the 
Mev range, but also incorporate various energy-averaging procedures for 
rapid preparation of group constants. 

Various special modifications of the multigroup equations have been 
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Fic. 8.32 Average cross sections in the reflector used in multigroup calculation. 
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(In units of 10*4 nuclei/cm?) 


Material Core 
Sodium................ 0.0003946 
Carbon................ 0.0006835 
Zirconium.............. 0.0004274 
Fluorine................ 0.0005713 
OXYGEN: js oakis ea gees 0.05827 
Beryllium.............. 0.05742 
Uranium (235).......... 0.00004418 
Stainless steel........... 0.01546 
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TABLE 8.9 NwucCLEAR DENSITIES IN CORE AND REFLECTOR 


Reflector 


0 .0002365 
0.0004096 
0.000256 
0.0002365 
0.06577 
0.06526 


0.00127 
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Diffusion coefficient D, cm 
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Fic. 8.33 Diffusion coefficients in the core and reflector used in multigroup calculation 
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Fic. 8.34 Assumed and resultant source distributions over the core. 


considered; three of these are: (1) the extension of the method to cylindri- 
cal geometries, (2) the modification to give improved results for hydrog- 
enous systems, and (3) the improvement of the equations to include 
more information about the angular distribution of the neutron flux so as 
to gain an improvement in the treatment of the slowing-down process. 
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Fig. 8.35 Fission spectrum and average fast-flux distribution in lethargy. 
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The average cross sections and results for a typical multigroup calcu- 
lation are shown in Figs. 8.31 through 8.39. The particular assembly 
chosen is a spherically symmetric system consisting of core and reflector. 
The fuel is U2*5 and the principal moderating material in both the core 
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Fig. 8.37 Relative number of neutrons absorbed per unit lethargy. 
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Fia, 8.38 Relative number of neutrons escaping from outer surface of reflector per 
unit lethargy. 


and the reflector is BeO. Various coolant and structural materials are 
also present in both regions; the appropriate nuclear densities are listed 
in Table 8.9. The core is 30.88 cm in radius, and the reflector is 30.88 cm 
thick. With the zero of lethargy selected to correspond to 10 Mev, the 
fast range is divided into 25 lethargy intervals of various widths. The 
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thermal base is chosen at a lethargy of 18.4 corresponding to 0.1021 ev 
or 1672°F. Figures 8.31, 8.32, and 8.33 show the average values for the 
cross sections and diffusion coefficients chosen in each group for the core 
and the reflector. The thermal cross sections are shown as points when 
they differ from the value of the immediately preceding group. The 
normalized source distribution in the core which was assumed to start 


(0.009—0.183 Mev) 
= 100 ev flux (33.7—112 ev) 
ae 10 ev flux (0.102—0.125 ev) 
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Fra. 8.39 Spatial distribution of average flux in four fast groups and in thermal group. 
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the calculation is shown in Fig. 8.34, along with the resultant neutron 
production distribution after one complete calculation. (In this case the 
calculation was not iterated to convergence of the source distribution.) 
The originally chosen form was based on previous experience with similar 
assemblies. Figure 8.35 shows the lethargy distribution assumed for the 
source neutrons [the 3; of Eq. (8.402)] along with the average neutron flux 
‘in each group at two special space points, the center of the reactor, and 
the core-reflector interface. The thermal flux is not shown in Fig. 8.35 
since the fast flux and the thermal flux are not dimensionally equivalent 
quantities. 

For each neutron introduced into the assembly (in the distribution 
described in ligs. 8.34 and 8.35) the following final results are obtained: 
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0.1563 neutron absorbed in the entire assembly as fast neutrons 
0.4882 neutron absorbed in the entire assembly as thermal neutrons 
0.0355 neutron escape from the assembly as fast neutrons 
0.3200 neutron escape from the assembly as thermal neutrons 
1.0000 

and 
0.08837 neutron enter into fission processes as fast neutrons 
0.28139 neutron enter into fission processes as thermal neutrons 


Thus, 76.1 per cent of all fissions are caused by thermal neutrons; 75.7 per 
cent of all neutrons absorbed are absorbed as thermal neutrons; 90.0 per 
cent of all neutrons escaping from the assembly escape as thermal neu- 
trons. Figures 8.36, 8.37, and 8.38 show the distributions in lethargy 
of the fissions, absorptions, and escapes, respectively (all per unit leth- 
argy), in the fast range. Figure 8.39 shows the spatial distribution 
through the core and reflector of the average fluxes in four particular 
fast groups plus the thermal flux distribution. 

The assembly was found to have a multiplication constant k = 0.924. 


PROBLEMS 


8.1 Determine the critical equation for a one-velocity spherical reflected reactor 
which has the following specifications: (1) a homogeneous active core of radius a; 
(2) a spherical shell reflector of thickness 6 — a; the neutron properties of which are, 
in general, different from those of the core; (3) an infinitesimally thin spherical shell 
of absorbing material at the core-reflector interface; this absorber has the property 
that it transmits a fraction a of all neutrons incident on either face. 

Show that the critical equation for this system reduces to the usual relation for the 
one-velocity reflected reactor when the transmittancy a— 1. Obtain an expression 
for k(a) and compute 


ww 


ok 
k(a) 


for a = 0.95 and 0.80 using a = 50cm, 6 — a = 25cm, xx = 0.02 cm—!, Dr = Dc = 
lem, and L2 = 128 cm’. 

8.2 Derive the complete expression for criticality in a spherical reflected reactor 
which has the following properties: 

Active core: (1) Uniform distribution of fissionable material and moderator through- 
out a sphere of radius a; (2) neutron cross sections are energy dependent, except for 
the condition given in (3); (3) diffusion coefficient Dc(u) = Dc, which is energy 
independent; (4) neutrons from fission appear monoenergetically (at u = 0). Reflec- 
tor: (5) spherical shell of inner radius a, outer radius b; (6) contains no fuel; (7) neutron 
cross sections of all materials are energy independent; (8) neutrons suffer no change 
in energy from elastic-scattering collisions with nuclei of reflector material. 

In both the core and the reflector regions of this reactor, the neutrons enter a 
diffusion process at u = uy. The coupling relation g(r,u) = &2.(u)¢(r,u) may be 
assumed to hold in the fast range. 

8.8 A reactor consisting of a homogeneous core contained in a spherical pressure 
shell is operating at steady state. This reactor is to be analyzed on the basis of the 


k(1 
=eFi-1 
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following model: (1) The active core is a homogeneous sphere of radius R. (2) The 
neutron-reflecting properties of the pressure shell can be described by means of the 
relation 


¢' (R,u)/o(R,u) = = G 


where ¢(r,u) is the neutron flux in the core and a some constant independent of 
lethargy (which can be determined from the albedo of the shell material). (3) The 
Fermi age model applies. (4) The fissionable material has a zero fission cross section 
at all energies except thermal energy. (5) One of the components of the circulating 
fuel has an (n,2n) reaction cross section which is different from zero for all u < wu. 
(6) All neutrons produced from fission and (n,2n) reactions appear at u = 0. 

a. Obtain expressions for the slowing-down density q(r,u), the fast flux ¢(r,u), and 
the thermal flux ¢u:(r). Use the relations 


" = Z.(u) + 2.(u) 
q(r,u) = &Zi(u)p(r,u) = with 
Zo(u) = Zy(u) + Zy(u) + Za(u) 


where 2, and 2, have the usual definitions and 2, denotes the (n,2n) reaction cross 
section of the circulating fuel. 

b. Find the critical equation for this system. 

c. Derive an expression for the multiplication k in this reactor. 

d. Evaluate any arbitrary constant which remains in the results of part (a) in 
terms of P, the total power output of the reactor. Note that the energy release during 
a fission reaction will be, in general, different from that released from the (n,2n) reac- 
tion. Also, the energy released by the (n,2n) reaction may be dependent on the 
energy of the incident neutron. 

8.4 a. Consider a homogeneous, bare spherical reactor consisting of the materials 
described in Prob. 4.8. Compute the critical radius Rc of this reactor for Nu/Nr = 
10,000 on the assumption that the resonance escape and fast nonleakage probabilities 
are unity, that is, the one-velocity model applies. 

b. On the basis of the information given in part (a), compute and plot Nu/N Fr for 
criticality as a function of reflector thickness 7 by using the above sphere of radius Rc 
as the active core. For these calculations assume that the same materia! is used in the 
reflector as in the moderator of the core and that Dc = Dr. 

c. What fraction of the decrease in fuel mass obtainable with an infinite reflector 
is realized with a reflector of one diffusion-length thickness? 

d. Plot the ratio of the decrease in fuel mass to the reflector mass as a function of 
reflector thickness. 

e. Plot, as a function of reflector thickness, the fraction of neutrons produced per 
second in the core which are (1) absorbed in the core, (2) absorbed in the reflector, and 
(3) escape from the reactor. 

8.6 Compute k for a reflected spherical reactor which has an active core radius 
R = 37.2 cm and a spherical shell reflector of thickness 20 cm. For this calculation 
use: (1) the material composition described for the reactor in Prob. 4.8, in the case 
Nu/Nr = 15,500; (2) nuclear cross sections for fuel and moderator given in Prob. 4.8: 
(3) the two-group method. 

Assume that the moderator and fuel are uniformly distributed in the reactor core 
and that the reflector consists of pure moderator. Compare the value of k obtained 
from this calculation with the value obtained for this reactor on the basis of a one- 
velocity model (as computed in Prob. 8.4). 

8.6 A homogeneous right cylinder of beryllium containing some U*** has been left 
exposed in an unattended area of a laboratory. The cylinder is standing upright on 
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one of its flat surfaces. In its present state, it is not critical. The radius of the 
cylinder is 20 cm and its height 40 cm. The macroscopic cross section of the U*** it 
contains is 2°?" = 0.01297 cm-!. One day a new employee of the laboratory who 
had been working nearby took a moment’s rest and sat on the cylinder. The resulting 
configuration (in first approximation) is shown at the right. What are the conse- 
quences of this experiment? For the analysis of this problem use the data: 


Beryllium: L = 23.6 cm 


Employee 
D = 0.70 cm 
Zz. = 0.0013 cm 
p = 1.84 g/cm? 
Water: L = 2.85 cm Beryllium 
D = 0.16 cm cyuncer 


and the following idealized model: (1) One-velocity diffusion theory applies in all 
regions. (2) All surfaces and diffusion media, which may be near the cylinder (such 
as floor, etc.) may be ignored, except the presence of the employee. (3) Employee is 
composed of pure water. 


Google 


CHAPTER 9 


REACTOR KINETICS 


In this treatment the problems of reactor kinetics are grouped into 
three categories. Each category deals with a basically different type of 
nonstationary neutron phenomenon. To the first category we assign 
those problems which involve rapid transients in the neutron population 
arising from various disturbances. These disturbances are conveniently 
specified as changes in the multiplication constant or the reactivity. The 
study of these problems is based on the methods and results of the one- 
velocity diffusion and the continuous-slowing-down diffusion theory 
models. In the first few analyses the effect of the delayed-neutron 
groups is omitted so as to focus attention on other physical features of 
the problems. The delayed-neutron groups are introduced in subsequent, 
more general, treatments, and various analytical models are discussed for 
describing them. Finally, several of the analytical tools developed in 
these studies are applied to the analysis of the pulsed neutron-beam 
experiment previously mentioned in Sec. 5.5. 

The kinetics problems of the second category are concerned with the 
influence of the reactor temperature on the time-dependent behavior of 
the neutron flux and on the power generation. ‘The phenomena of inter- 
est here are again short-term effects, and the importance of the delayed- 
neutron groups in establishing dynamically stable systems is discussed. 
The analytical models used in these treatments draw principally from 
the so-called Stezn model. } 

The problems of the third category deal with phenomena that cause 
long-term variations in the neutron population. These include the pro- 
duction and decay of the principal fission fragments that appear as poisons 
in the reactor. The effect of these substances upon the reactivity of the 
system is examined and their practical significance noted. This treat- 
ment is concluded with a study of the use of burnout poisons for con- 
trolling these long-term changes in reactivity. 

Nearly all the physical situations considered in these analyses refer to 
bare reactors. This restriction allows solutions to be obtained by the 
method of separation of variables. Thus the kinetic features of a specific 

1J. M. Stein, ‘Simplified Reactor Theory Lecture Series,” Lecture III, Kinetic 
Equations, Oak Ridge School of Reactor Technology, ORNL CF 51-5-113, June 4, 


1951. 
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problem can be examined independently of the system geometry. A fur- 
ther restriction which is made is that the transient problems of the first 
category arise from nuclear changes which are introduced uniformly over 
the entire reactor. Transients in the flux (and power and temperature) 
due to local changes are best treated by numerical methods or by the 
application of perturbation theory. 


9.1 Time-dependent Behavior of the Neutron Flux 
with Delayed Neutrons Neglected 


a. Statement of General Problem in Terms of the Fermi Age Model. 
In the present treatment the most general neutron-balance relations 
developed for a nonstationary system are given in terms of the Fermi 
age model. Although this formulation allows some improvement over 
the very elementary models used in Secs. 3.2 and 5.4a, it is, nevertheless, 
still a somewhat limited tool. Its greatest usefulness is realized in the 
study of bare homogeneous systems. Closed-form analytical solutions 
for multiregion systems are not possible with this model because of the 
difficulty in satisfying boundary conditions which involve simultaneously 
a dependence on space, lethargy, and time. This difficulty was previ- 
ously encountered in the application of the continuous-slowing-down 
diffusion model to a bare system at steady state [see discussion following 
Eq. (6.56)]. The only way in which this model can be applied to the 
study of nonstationary multiregion systems is through the use of numeri- 
cal methods such as the one described in Sec. 8.8. 

Apart from this limitation, the principal restriction in the use of the 
Fermi age model is due to the large number of conditions which must be 
satisfied by the physical system if the model is to be valid (see Sec. 7.31). 
However, even with this shortcoming, the model is still very useful for 
preliminary studies and for gaining insight into the essential features of 
many reactor problems. The Fermi age or continuous-slowing-down 
diffusion theory, then, offers some generality without introducing exces- 
sive computational difficulties. 

The appropriate time-dependent differential equations for the com- 
bined-slowing-down diffusion theory may be obtained by recognizing 
that the time rate of change of the neutron density is given by the differ- 
ence between the rates of disappearance and appearance of neutrons from 
sinks and sources. Thus we write 


S n(ryryt) = S(rywt) + Dw) Vb (ref) — Ball) (ryt) —  a(esnt) 
foru> Un (9.1) 
< nalts!) = Su(ts) + Dall) Viale) — 280 ba(re 
for u = Uy (9.2) 
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The coupling equations for this set are taken to be 


= a He 
n(r,u,t) = in) o(r,u,t) na(r,t) = 7" du (r,t) (9.3) 
and q(r,u,t) = §2,(u,t) o(r,u,t) (9.4) 
The various functions which appear in these relations are defined by 


n(r,u,t) = number of neutrons per unit volume per unit lethargy around 

(r,u) at time t 

) = neutron flux per unit lethargy around r at time ¢ 

S(r,u,t) = number of neutrons produced by sources per unit volume per 
unit lethargy per unit time around (r,w) at time ¢ 

q(r,u,t) = number of neutrons slowing down past lethargy wu per unit 
volume per unit time around (r,u) at time ¢ 

m(r,t) = number of neutrons of thermal speed per unit volume around r 

at time 

thermal-neutron flux around r at time ¢ 

number of thermal neutrons produced by sources per unit vol- 

ume per unit time around r at time ¢ 


du(r,t) 
Su (r,t) 


The set of equations (9.1) through (9.4) define the distribution of neu- 
trons in space, time, and lethargy for a homogeneous system (note that 
all neutron constants are independent of r, but are, in general, functions of 
u and f). 

The solutions to the above equations must satisfy an appropriate set 
of boundary conditions. For these we choose: 


(1) The flux (or neutron density) must be symmetric about the cen- 
tral axes of the reactor; or the solutions must have no singularities 
at points not occupied by localized sources. 

(2) The flux must be continuous through interfaces between dissimilar 
media. 


(3) The neutron net current 
J(r,u,t) = —D(u,t) Vo(t,u,t) (9.5) 


must be continuous through interfaces. 
(4) The flux must vanish at the extrapolated outer surfaces of the sys- 
tem (or the return current from the surrounding space must be zero). 


b. One-velocity Bare Reactor. Two special cases of the one-velocity 
time-dependent problem have already been discussed in connection with 
other methods of reactor analysis. The results from these calculations 
are summarized below as an introduction to the more general one-velocity 
problem. In the first of these cases we examined the problem of the 
approach to steady-state operation in a multiplying slab (Sec. 5.4a). 
For the thermal system the appropriate differential equation is (9.2), 
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where the source term is now [cf. Eq. (5.128)] 

Su(r,t) = rvZP odu(r,t) (9.6) 
The general solution for ¢.(r,t) is given by Eq. (5.144). 


oun(z,t) = Go > (Ane-P™=* COS ant + Cre->a* sin y,t) (9.7) 
n=0 
where the a, and y, are given by (5.137) and the A, and w, by (5.139). 
The coefficients A, and C,, are obtained from (5.143). 

The second special one-velocity problem previously considered dealt 
with the spreading out of neutrons through a nonmultiplying infinite 
medium after an initial burst at ¢ = 0 from a plane source at zx = 0 
(Secs. 6.2a and b). In this case, Eq. (9.2) is used everywhere except at 
x = 0, and the source condition is given by [cf. Eq. (6.7)] 


Sa(e,f) =0 with lim i ” n(z,t) dx = qo (9.8) 
t-0+ J —-® 


The solution is given in (6.32); in the present notation, this is 
qoe*th 2th e—(z7/4Denetht) 


(4x Deut)? (9.9) 


Mn(z,t) = 
As a somewhat more general statement of the one-velocity problem 
consider the time-dependent behavior of the thermal-neutron flux in a 
bare homogeneous multiplying medium which is operating as a chain 
reactor at steady state up until time ¢=0. At ¢ = 0 some uniform 
change (over the entire reactor) is made in the concentrations of the 
materials in the system so that the reactor is no longer critical. If we 
assume that no changes are made in the fast cross sections or in the size 
of the reactor, and that the slowing-down time is zero (with no fast 
fissions) but with fast-neutron losses by escape and capture, then the 
appropriate equation is (9.2), with the source Sa = »ZPpugudm; thus, 


1 a 
—DeV out) + Zo0(t,f) = -ZPpogudulr,t) — 5. al du(r,t) (9.10) 
th 
where py, is the resonance-escape probability to thermal, and the fast 
nonleakage probability gu is given by 
2 
In = e~Brth with B? = a = (55) for a slab reactor (9.11) 


Note that Eq. (9.10) implies that all neutrons are prompt. 
The solution ¢.(r,t) to (9.10) must satisfy the conditions 


(1) du(r,0) = ¢o(r) 
(2) du(r,t) 18 nonsingular (9.12) 
(3) ou(R,t) = 0 
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where R denotes the extrapolated outer surface of the reactor. The 
initial flux distribution ¢o(r) satisfies the equation 


V7 o(r) + B*¢0(r) = 0 (9.13) 


where B is given in (9.11) for the slab (see also Table 5.3). 

The solution to (9.10) may be obtained by the method of separation 
of variables used in the case of the slab problem of Sec. 5.4a [cf. Eq. 
(5.128)]; therefore, take 

dult,t) = do(r) GY) (9.14) 


Clearly, all conditions of (9.12) are met by this relation since ¢o(r) is 
chosen to meet conditions (2) and (3). However, we require also 


G0) = 1 (9.15) 


The substitution of (9.14) into (9.10), using also (9.13), yields the 
equation 
1 d a VoF DunGen = 
ar $B) 00 = [spacey ~1]6 18) 
with L? = D,/Z2. The first term at the right may be recognized as the 
effective multiplication constant of the system after the change is made; 
that is, 
_ _ YFP In 
k= S3(1 + LB (9.17) 
Note that the cross sections which appear in this relation were derived 
from the noncritical system of Eq. (9.10); therefore, by definition k # 1. 
The factor on the left-hand side of Eq. (9.16) may be recognized as 
the average neutron lifetime in the one-velocity reactor (cf. Sec. 5.4g). 
It follows immediately from (5.223) that 


1 


y2(1 + LB?) =l= lopni (9.18) 


where lp is the life of a thermal neutron in an infinite medium [see (5.221)] 
and py, is the nonleakage probability for thermal neutrons [see (5.219)]. 
Further, if we call 

bk =k- 1 (9.19) 


then, with the above identifications, (9.16) reduces to 

15 = 6k G(t) (9.20) 
Note that these results depend upon the assumption that no change is 
made in the dimensions of the bare reactor. The solution to (9.20) is 


seen to be 
G(t) = etl (9.21) 
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where we have used (9.15). The thermal flux is given by 
du(r,t) = do(r)e**!! (9.22) « 


Thus we find on the basis of this simple model that the flux rises and falls 
exponentially in time, depending on whether the change made at ¢ = 0 
results in a k which is greater or less than unity, respectively. 

The period of the reactor is defined as the time required for the flux to 
rise to a value e times its value at é = O (in the case of an increase in k). 
By the above model 

l 

5k 
It should be borne in mind that this result is based on the assumption 
that there are no delayed neutrons in the system. Thus all neutrons 
from fission appear ‘‘immediately.’’ The expression (9.23) should be 
compared with the more general relation obtained in Sec. 9.3. 

c. Fermi Age Model of Multivelocity Bare Reactor. The general 
approach developed for the one-velocity bare reactor may be applied to 
the multivelocity system with the aid of the Fermi age model. Although 
a complete analytical solution is possible for the multivelocity bare reac- 
tor, the present treatment is confined to a study of the time behavior at 
long times after the system has been disturbed from an initial steady- 
state condition. Thus the analysis which follows does not include the 
transients which appear immediately after the perturbation has been 
introduced but gives only the asymptotic time variations in the neutron 
population. Further, this calculation is limited by the assumptions that 
all fission neutrons are prompt and that the changes which disturb the 
reactor from steady state are introduced uniformly over the entire system. 

The specific details of the model used to describe the multivelocity 
bare reactor are: 


(1) The differential equations (9.1) and (9.2) describe the fast and 
thermal fluxes, respectively. 

(2) All neutrons born from fission appear (without delay) mono- 
energetically at u = 0, and fissions are due only to thermal neu- 
trons; therefore, the fast-neutron source is 


S(r,u,t) = r2'oq(s,t) 3(u) (9.24) 


(3) The thermal sources are due entirely to the slowing down of fast 
neutrons; thus, 


The period = T = (9.23) 


Sen (r,t) = Q(T, Uin,t) (9.25) 

(4) The boundary conditions are 
d(r,u,t) and ¢u(r,t) are everywhere nonsingular (9.26) 
¢(R,u,t) and ¢(R,t) are zero (9.27) 


where R denotes the extrapolated outer boundary of the reactor. 
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(5) The initial conditions are 


o(r,u,0) = do(r,u) (9.28) 
éu(t,0) = ¢o(r) (9.29) 


where ¢o(r,u) and ¢o(r) denote the fast and thermal fluxes, respec- 
tively, in the bare reactor as it operated at steady state prior to 
t = 0. 

(6) At ¢ = 0, a change is made in the thermal cross sections so that the 
reactor is no longer critical, and these new cross sections remain 
fixed for all t > 0. 


The appropriate differential equations indicated in (1) may be written 
in the present case 


D a 
~ a) - 51 MEN = — ay Veale + Estey ated tp aC 
aoe 0,t) = v2" dualr,t) (9.30) 


~ Oe - S o galt, t) = —DuV?dult,t) + TP oa(r,t) — g(r,us,t) 
We know from the analysis of the one-velocity bare reactor that the 
solutions may be written as the product of a space function and an expo- 
nential in time. Let us look, then, for solutions to the above equations 
in the form [see also (6.59) and (6.60)] 


q(r,u,t) = F(r) Q(u)e* | h 2 2 _ 
du(tt) = F(t) vue" where V?F(r) + B?F(r) = 0 (9.31) 
and B? = (x/R)?, etc., chosen to meet conditions (9.27). The substitu- 
tion of Eqs. (9.31) into (9.30) yields 


m 2 
— SEE) Q(u) = [a(u)B? + B(u)] Q(u) Toe Z Qu) (a) 
Q(0) = r2 ya (b) (9.32) 
= - Yin = (Du B? + Z2)yu — Q(ua) (c) 


with a(u) and B(u) given by (6.58). The solution to (9.32a), which 
satisfies the condition (9.320), is seen to be 


Q(u) = Eu exp | - i "| e(u'yB* + Bw’) + nan | aw'| 
(9.33) 


If we use this result to compute Q(u,,), (9.32c) takes the form 


— we = = (DuB? + E*)vu (9.34) 


= voevin exp |- [ | aw) B* + B(u’) + aE | aw'| 
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This result may be simplified if we introduce the following identifications! 
[ef. Eq. (9.18)]: 


<3. pe du om 1 
ly = i Eo(u) E,(u) 5, (u) ly = ma(S® + DB? + D,.B) (9.35) * 


and recognize that the first term of the exponential is simply g,,, the fast 
nonleakage probability to thermal, and that the second term is pu, the 
resonance-escape probability to thermal. Thus, (9.34) may be written 


where we have defined 
er Ding 
bE Dae (9.87) 


Equation (9.36) may be regarded as the defining relation for » and must 
be satisfied if the forms (9.31) are to be solutions to the set (9.30). 

It should be borne in mind that the solution obtained in this way 
applies only asymptotically, that is, at times long after the initial pertur- 
bation has occurred at t = 0; however, the result given may be a good 
approximation very near! = 0. It is evident that a complete solution 
has not been developed since (9.33) does not satisfy the initial condition 
on the reactor. Thus, if the nuclear properties of the reactor at steady 
state (for ¢ < 0) are denoted by the superscript (0), then we find that 
(9.33) does not satisfy the expression for the slowing-down density prior 
to the perturbation: 


u B?D© (u’) + > (1’) / 
q(r,u,0) = yO (r) exp | - f ESO) du (9.38) 


We may conclude, therefore, that the solutions (9.31) describe only the 
long-term behavior of the system and omit entirely the transients which 
arise immediately following the introduction of the changes in the cross 
sections. 

The separability assumed in Eqs. (9.31) is not rigorously valid. For 
example, the number of neutrons slowing down into the thermal group 
will not change appreciably until a time of the order of lr after the change 
is made in the thermal cross sections; thus q(r,u,,,f) cannot rise as e**. 
The problem treated in this section could be as well represented on the 
basis of the time-dependent thermal equation (9.30) with the source term 
taken as 


Q(rjUn,t) = voir(t — lr) du(r,t — lr)pne 2 
Solutions may be obtained for the thermal flux as a function of time 


1 The expression for ly is only an approximation. The proper definition is given in 
Eq. (9.40). 
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under the conditions (1) through (6) of this section using this form of 
the source function; these will show different analytic forms in each time 
interval of length lr afteri = 0. Asymptotically, the exponential rise of 
Eqs. (9.31) may be observed with a time constant 1/u to be obtained 
from an equation very similar to (9.36). More general problems may be 
treated by observing that Eq. (9.1) implies a delay time in the fast range, 
i.e., the slowing-down density at time ¢ and lethargy wu is to be obtained 
by repeated application of the form 


Za(u,t) 


q(u,t) = q(u — Au, t — At) — q(u — Au, t — At) £E,.(u,!) 


Au 


if At is small and related to Au by 
Au = &2,(u,t) v(w) At 


It should be further noted that an important part of the actual physics 
of the time-dependent behavior in the fast range is not included in the 
basic equations of this section, (9.1) through (9.4). Neutrons introduced 
at a particular time at a lethargy u will slow down past a higher lethargy 
(u + Au) at different subsequent times. Equation (9.1) actually implies 
a continuous-slowing-down rate, representing the average behavior; the 
spreading out in energy and time cannot be handled on this basis. 

The expression for the life of a thermal neutron J,, given in (9.35) is 
precisely the relation obtained previously in (9.18). The function lp, 
on the other hand, is an entirely new quantity and needs to be examined 
in detail. It is evident from the form of this function that ly may be 
identified as the slowing-down time for fast neutrons. This identification 
is easily demonstrated by making a direct calculation of the time required 
by a neutron to slow down through a lethargy interval Au; thus [cf. Eq. 
(4.47)] 


Average time average number of average time between 
to slow down | = | collisions needed to collisions at lethargies 
through Au slow down through Au | | around the interval Au 

_ Au} A,(u) 

ro E (u) (9.39) 


To compute the time required to slow down from u = 0 to u = uy we 
need only to sum the slowing-down times through all the intervals along 
the way. Then, if we call lp the average time required to slow down to 


thermal, we have 
wth du 
= fas .40 
e f E(u) E(u) one 


which is approximately the relation given in (9.35), if 2,(u) ~~ 2,(u). 
As a simple illustration of the use of the general result (9.36), consider 
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the case when uly K 1. Equation (9.36) may then be written in the 
approximate form 
k 5k 


TES ea 1 where » = eee (9.41) 


so that, for example, the time behavior of the thermal flux is given by 


du(r,t) = F(r)yu exp ( nt ) (9.42) 
th F 
In comparison to (9.22) it may be seen that in this approximation the 
effect of including the time-dependent behavior in the fast range is to 
add the average slowing-down time to the average thermal lifetime. 

d. One-velocity Reflected Reactor. The computational difficulties 
encountered in determining the time behavior of neutrons in multiregion 
media were mentioned previously, and it was pointed out that problems 
of this type require the use of numerical (multigroup) methods. This 
very general approach is not treated here; we consider instead a simple 
description of a reflected reactor based on the one-velocity model which 
will display some of the essential physical features of the general problem. 

The reactor to be examined consists of a multiplying core surrounded 
by a single nonmultiplying reflector. It is assumed that this system is 
critical with the cross sections and neutron parameters listed below: 


Core Reflector 
Diffusion coefficients: DY DY 
Cross sections: 29,26 ERO 
l 1 D® 
Buckling: BS = —% [vz/? — zo] Diffusion length: L§ = — = nn 
Dg Xo Phi ) 


Now suppose that an amount of absorption 62, is added uniformly 
throughout the core and reflector at time ¢ = 0; the one-velocity 
flux (r,t) must now satisfy the following time-dependent differential 
equations: 


Core: 

—DPV%e(r,t) + [BE + BBddelr,) = — 2S doles) + 2 Pele," 
Reflector: (9.43) 
—DPVe(tf) + [ZF + BBddale) = — +9 gale 


and the boundary conditions 


(1) (r,t) is nonsingular (2) dc(R,t) = dr(R,t) 
(3) D©Vgc(R,t) = DOVea(R,t) (4) oa(R’,t) = 0 


where R denotes the core-reflector interface and R’ the extrapolated outer 
boundary of the reflector. 


(9.44) 
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As solutions to Eqs. (9.43) try 


oc(t,t) = F(rje?! = bar (r,t) = G(r)e—? bt (9.45) 
where 
V(r) + BeF(r) = 0 VG(r) — 2G(r) = 0 (9.46) 
and 
(1) F and G are nonsingular (2) F(R) = G(R) 


(3) DOVF(R) = D®VvG(R) (4) G(R’) = 0 (9.47) 


Thus all the conditions (9.44) are met, and ¢c(r,t) and @a(r,t) reduce to 
the proper space forms at ¢ = 0. Direct substitution of (9.45) into (9.43) 
shows that the assumed solutions for the fluxes satisfy the required differ- 
ential equations. 

We determine next the value of ». which would be required to maintain 
the system in the steady state after the extra absorption has been added, 
i.e., the value of », which satisfies the following differential equation and 
boundary conditions: 


— DPV? dc(r) + [ZE + bZalbc(r) = v-Ldc(r) 

— DOV2balt) + [EZ + 8E]oa(r) = 0 
(1) ¢(r) is nonsingular (2) @dc(R) = dr(R) 
(3) D®©Vec(R) = D©Vse(R) (4) oa(R’) = 0 


Equations (9.48) and (9.49) lead to the criticality condition which will be 
of the type given in (8.11) for a spherical reflected reactor 


(9.48) 


(9.49) 


(0) 


BReot BR-1 = — Be [xR coth x(R’ — R) — 1] (9.50) 


where 


BY = ria [¥.2 — 200 — 8%] x? = ao (ZERO + 82) (9.51) 
C R 


Thus, for known reactor dimensions and original core and reflector cross 
sections, and a given value of 52,, a value of ». may be computed from 
(9.50) using (9.51). Then 52, may be related to 6k, which is given by 


b= —-1 (9.52) 


According to Eqs. (9.45) (which are now seen to be acceptable solutions 
to the problem), the flux throughout the reactor in this special case falls 
exponentially, preserving the space form of the flux which existed during 
the steady-state operation (for ¢ < 0). 


9.2 Reactor Parameters by Pulsed Neutron Beam 


a. The Experiment. The measurement of the fundamental reactor 
parameters such as the diffusion coefficient and the diffusion length, as 
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well as the determination of the critical size and the fast nonleakage 
probabilities for a specific reactor geometry and internal arrangement of 
nuclear components, is an essential step in the design and development 
of every basically new system. Unfortunately this phase of a project is 
invariably extremely expensive and time consuming. This is especially 
true in the case of the experimental verification of the critical size esti- 
mates of a complex heterogeneous structure. Measurements of this type 
are customarily carried out with the aid of exponential-pile and criticality 
experiments. The purpose of the exponential-pile experiment is the 
determination of the critical fuel concentration for a specified arrange- 
ment of fuel and moderator from measurements of the thermal-flux dis- 
tributions in a subcritical assembly of the actual system. Since such a 
system cannot support a steady-state neutron population on the basis of 
its fission sources alone, a steady-state distribution is achieved by add- 
ing a steady external neutron source. The criticality experiment, on the 
other hand, utilizes a test system which is designed and operated as a 
critical assembly. The desired nuclear information (such as the critical 
fuel concentration) is obtained by direct measurement and test. As a 
rule, the test system is a crude mock-up which serves primarily to simu- 
late the essential nuclear features and geometry of the actual reactor. 
Thus many important engineering features of the reactor may be omitted, 
but from the viewpoint of the neutrons, the test system is nearly indistin- 
guishable from the reactor. Even then, the complete experiment can be 
quite costly in time and facilities. 

It is clear that although the exponential pile and criticality experiments 
would be required ultimately in any large-scale reactor development pro- 
gram, it would be desirable to obtain some preliminary experimental 
verification of reactor calculations by means of other more modest tests. 
One experiment which appears to be eminently suited to this purpose is 
based on the pulsed neutron-beam technique. This technique has been 
applied by several investigators to the determination of the thermal- 
diffusion coefficient and macroscopic absorption cross sections of reactor 
materials.'~* More recently, it has been used by E. C. Campbell and 
P. H. Stelson in the study of short-lived isomers and for the measure- 
ment of reactor parameters of multiplying media. The experiment con- 


1G. von Dardel and N. G. Sidéstrand, Phys. Rev., 96, 1245 (1954). 

?F. R. Scott, D. B. Thomson, and W. Wright, Phys. Rev., 95, 582 (1954). 

7A. V. Antonov et al., “‘A Study of Neutron Diffusion in Beryllium, Graphite and 
Water by the Impulse Method,”’ Paper 661, Proc. Intern. Conf. Peaceful Uses of Atomic 
Energy, Geneva, 1955, vol. 5, pp. 3-12. 

4R. Ramanna et al., ‘On the Determination of Diffusion and Slowing-down 
Constants of Ordinary Water and Beryllium Oxide Using a Pulsed Neutron Source,” 
Paper 872, Proc. Intern. Conf. Peaceful Uses of Atomic Energy, Geneva, 1955, vol. 5, 
pp. 24-27. 

6 Oak Ridge National Laboratory, Physics Division, Semi-annual Progress Report 
for Period Ending Mar. 10, 1956, ORNL Report 2076, pp. 37-39. 
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sists essentially of irradiating a sample of the reactor material with a 
very short burst of neutrons and measuring the decay constant of the 
fundamental mode excited in the specimen. The reactor parameters of 
interest may then be deduced from a knowledge of the dependence of the 
decay constant on the shape and size of the specimen (i.e., the buckling). 
This experiment is especially useful for determining the thermal-neutron 
properties of the material. However, it is not necessary in this case to 
provide a pulsed beam of thermal neutrons. In fact, it would be prefera- 
ble to expose the specimen to a burst of fast neutrons since in this way it 


Test specimen 


_ 
Pee we 


Neutron burst 


aw 


Ze 
f\4 


gt 


Triton target 


Fic. 9.1 Pulsed neutron-beam experiment. 


would be possible to obtain also some information about the slowing-down 
properties of the system in question. The pulsed beam of fast neutrons 
can be obtained by means of certain charged-particle reactions. Two 
useful examples are the deuteron-deuteron and proton-triton reactions:! 


iH? + ,H? > 2He? + on! 


1H? + ,H* — ».Het + on! ey) 


Briefly, the experimental procedure consists of bombarding a target of, 
say, triton with a beam of protons from an accelerator (see Fig. 9.1). 
The ensuing reaction, as indicated in the above equation, produces high- 
energy neutrons (in the order of 1 Mev). If the proton beam is applied 
intermittently, the target will yield bursts of fast neutrons, and some of 
these in turn will produce neutron-flux transients in a test specimen 
placed in the vicinity of the target. The time variations in neutron 
density at various stations within the specimen may then be measured 


1 See also E. Fermi, ‘‘ Nuclear Physics,” rev. ed., pp. 180-181, course notes compiled 
by Jay Orear, A. H. Rosenfeld, and R. A. Schluter, University of Chicago Press, 
Chicago, 1950. 
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by means of suitable counting devices, and from these one obtains the 
decay rates of the spatial modes of the neutron-flux distribution. The 
determination of the various reactor parameters from a knowledge of the 
decay constant for the fundamental mode is demonstrated in the work 
which follows. 

b. Flux Transients in Subcritical Multiplying Media Irradiated by 
Neutron Burst. As the first step in the analysis of the pulsed neutron- 
beam experiment we derive the expressions for the neutron flux in the 
specimen as a general function of space and time. Since our primary 
purpose is to obtain the relationship between the decay constant of the 
fundamental mode and the reactor parameters, we will assume that cer- 
tain preliminary information about the neutron slowing-down process in 
the specimen is already available. In this way we can focus attention 
on the study of the space and time distribution of the thermal neutrons 
in the specimen. For this purpose we introduce the following model of 
the neutron processes in the system: (1) A short burst of fast neutrons 
occurs either outside or within the test specimen at ¢ = 0. (2) These 
fast neutrons give rise, ultimately, to a thermal-flux distribution po. 
(3) It is assumed that the flight time from the fast-neutron source to 
the specimen is negligibly small, and (4) that the slowing-down time 
within the specimen may also be neglected so that the distribution ¢o 
appears effectively at = 0. (5) The leakage and capture of fast neu- 
trons during slowing down is taken into account, but fast fissions are 
ignored. 

Thus our immediate problem is to determine the thermal-flux distribu- 
tion ¢(r,t) in an arbitrary geometry, given the distribution ¢o(r) at t = 0. 
For simplicity, both analytical and experimental, we assume that the 
specimen is a bare homogeneous system and of some elementary shape 
such as a parallelepiped, cylinder, or sphere. The differential equation 
for such a system which contains fissionable material is given by (ef. 
Eq. (9.10)] 


la 
— DV’ ¢(r,t) ap Zo¢(r,t) aa vZsPinJx O(T,t) _ vat (r,t) (9.54) 
where g, denotes the fast nonleakage probability. The solution to this 
equation must satisfy the conditions 
o(Rt) =0 — (1,0) = go(r) (9.55) 


where R represents the extrapolated outer surface of the specimen. It is 
convenient to write (9.54) in the form 


1 a 
Velr,t) + Betr,t) = a 5, o(,t) (9.56) 
: ] Zs 
with B= D (v2 sDinJ = Za) = trade ==" (9.57) 
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The solution may be obtained by the separation of variables. Thus take 
d(r,t) = F(r) Git). Equation (9.57) may then be written 

— + B? = — — = — p? (9.58) 


where p? is some constant. The solution is given by 


G(t) = G(O)e—Pr-* (a) 
V?F(r) + (B? + p?)F(r) = 0 (d) 
The solutions to the wave equation (9.59b) were developed previously in 


Secs. 5.4a, b, and e. For our present purposes it is convenient to write 
these solutions in the form 


VF inne + 2,,.F mn =O with Fan (R) = 0 (9.60) 


(9.59) 


where the F,,,, are the various eigenfunctions (modes) of (9.59b), and the 
Qmne are the corresponding eigenvalues. If the results of Sec. 5.4a are 
extended to the case of the parallelepiped, it is easy to show that 


Frana() = COS ant COS Bal COB Y.2 (9.61) 
where 
ys T WT 
Qn = 52 (2n +1) Bm = ape 1) Ye = 5g (28 + 1) (9.62) 


and 2a, 2b, and 2c are the z, y, and z dimensions, respectively, of the 
medium. Note that in this case 


Anne = OO, + B+ Vi (9.63) 
and in general, p? takes on the values 
p> — Panne = Onn — B? (9.64) 


The general solution to (9.56) is obtained by summing the contribu- 
tions of all the modes [cf. Eq. (5.141)]. If we call 


Pmns(I,t) = GO) Fne(rye Oa inns— Bt (9.65) 


then ¢ is given by the triply infinite series (m, n, ands = 0,1, .. .) 


g(r,t) = > Onna Pmne(T,t) (9.66) 


where G(0) has been absorbed into the arbitrary coefficients Gmn.. These 
are of course obtained from the initial condition. Thus, from (9.55) 


$(r,0) = go(r) = y Omnal' mna(Z) (9.67) 
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In the usual way, we compute 
Gnas = J Sy o(r) Fmns(¥) dr (9.68) 


the integration to extend over the entire volume of the specimen. 
Finally, we can write the general solution in the form 


o(r,t) = » exp | De (2. + xt ae) | 


x Faas(r) I, do(r’) Fmns(r’) dr’ (9.69) 


where we have introduced the definition for B? from (9.57). 

c. Reactor Parameters from the Decay Constant. At long times after 
each neutron burst from the target plate, the time behavior of the thermal 
flux in the specimen is well represented by the fundamental mode Foo0(r). 
Thus the expression (9.69) reduces to the form 


$(1,t) ~ Gooo exp [— (Za + vDavuo — vvZyPingy)t|Fooo(r) (9.70) 


The quantity aooo is the eigenvalue corresponding to the fundamental 
mode, and for the case of the parallelepiped is given by [see Eq. (9.63)] 


x \? x \? x \? 
2G) +G)@ om 


The decay constant of the relation (9.70) is the coefficient of ¢ in the 
exponential factor. We give this the symbol Ajo: 


N00 => ULDe + V Daigo = UVLsDibJ (9.72) 


In the case of the multiplying medium it will be convenient to separate 
the fuel and nonfuel components of the system. Then, we write, in the 
usual notation, 


Ajoo = VEO + vDadog + 021 — NPinG x) (9.73)* 


It is evident from this relation that a knowledge of the decay constant 
Aooo aS a function of the buckling aooo can yield considerable information 
about the various parameters which appear in (9.73). The principal 
task of the experimenter, then, is to obtain measurements of Aooo for 
VarlouS ago. This can be accomplished, however, only if the higher 
modes have virtually disappeared so that the relation (9.70) is valid.' 
Thus the first step in making the measurements is to record the neutron 
density, or some quantity proportional to it, as a function of time. When 
this function is plotted on semilog graph paper, the curve reduces to a 


1 The interaction due to higher modes can be reduced appreciably if the detector 
is placed at a nodal point of the first higher mode. 
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straight line over that portion of the time scale wherein the approxi- 
mation (9.70) is satisfied. An example of such a curve is shown in Fig. 
9.2. These data were obtained by Campbell and Stelson from measure- 
ments performed on a 5-in. cylinder of pure water.!. The decay of the 


CYLINDER 
5 in. diameter 
5 in. height 
OSCILLATOR FREQUENCY 
25,000 cps 
TEMPERATURE = 23°C 
91,500 total counts 


Counting rate (scales of 16 per channel in 300 sec) 


HALF-LIFE t1,, = 61.0 usec 


DECAY CONSTANT __ 
Nboo = 1.135 x 104 sec 


0 100 200 300 400 500 
Time , usec 


Fic. 9.2 Decay curve of thermal neutrons diffusing out of H.O cylinder as detected 
with Li®I(Eu) scintillation counter. 


higher spatial modes mentioned above has also been studied, and a typi- 
cal set of thermal-flux distributions at various time instances is given in 
Fig. 9.3. These measurements were made on a rectangular block of 
beryllium. The curves in the figure show the shapes of the flux distr- 
bution at successive 100-usec time intervals. The presence of the higher 
modes, which decay more rapidly than the fundamental, can be seen from 
the gradual shift to the symmetric fundamental mode. From these 
results it appears that the fundamental mode is established within about 
one millisecond after the initial burst. 

It is evident from the relation (9.70) that the decay constant of the 


1Qak Ridge National Laboratory, Physics Division, Semi-Annual Progress Report 
for Period Ending Mar. 10, 1956, ORNL Report 2076, p. 36. 
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fundamental mode is simply the slope of the decay curve, and measure- 
ments of Azo, may be readily obtained from data of the type given in 
Fig. 9.2. The second and final step in the evaluation of the reactor 
parameters, then, is the measurement of AZo9 for various a%o), and this 
may be accomplished by determining the decay curves for specimens of 


Relative neutron flux 


Pulse duration = 1,000 usec | 


1 4 7 10 13 16 19 22 
Distance x, in. 


Fig. 9.3 Time-space distribution of thermal neutrons diffusing out of a beryllium 
block (9 by 11} by 23 in.) following 1,000-xsec bursts of fast neutrons. 


various size (and/or shape). When Ajo, is plotted as a function of the 
buckling azo), the resulting curve will be of the form shown in Fig. 9.4. 
These data are then easily interpreted in terms of the reactor parameters. 
Consider first the case in which the specimen contains no fissionable 
material: 


(1) Nonmultiplying media: 2% = 0 


(9.74) 
Ajoo = [ZO + Dagoo] 
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which follows immediately from (9.73). This function is shown in the 
figure. It is clear that the a3), = 0 intercept yields the absorption cross 
section of the material of the specimen, and the slope of the curve, the 
diffusion coefficient. 

When the specimen contains fissionable material, the \2o, curve is no 
longer a linear function of a%o 9, but has the general shape indicated in 
the figure. A specific case of this type is represented in Fig. 9.5, which 


r2 
000 
(multiplying media) 


v[= (o), Davioo| 
(nonmultiplying media) 


Decay constant of fundamental mode 25 


Buckling a2, 


/ ~~ ~<—__—— (increasing size) 


/ Critical size 


Fic. 9.4 Decay constant of thermal neutrons in a multiplying medium. 


presents the decay constant for thermal neutrons in a cylinder of U?**-H2O 
solution.! The interpretation of the results for the general multiplying 
medium is as follows. Consider the case when 


(2) Aboo = O (9.75) 


This case obviously corresponds to the critical system, since the time- 
dependent function in the expression (9.70) now vanishes. Thus a second 
important fact to be obtained from the pulsed neutron-beam experiment 
is the critical dimensions of a given geometry. Another fact to be learned 
from the experiment is the diffusion coefficient of the mixture and the 
absorption cross section of the fuel, since for small specimens 


(3) aboo— © 
Asoo ~ v(Za + Dado) Oei8) 


1 From the work of Campbell and Stelson reported in ORNL Report 2076, p. 38. 


Google 


SEC. 9.2] REACTOR KINETICS 565 


This function is represented by the broken-line curve in Fig. 9.4. Note 
that the \2,, = 0 intercept yields the total absorption cross section of the 
mixture, and the slope of the curve, as before, the diffusion coefficient. 
With these results for D, 2{”, and 2 the g, corresponding to each value 


Decay constant, aé6 (sec ~! x 104) 


Buckling, a2 59(cm~?) 


Fia. 9.5 Decay constant of thermal neutrons diffusing out of cylinders of U**®*-H.O 
solution as function of buckling. 


of aooo iS now obtained directly from the known values of AZo9.. Thus for 
the intermediate range, 


(4) (000) critical < anno < © 


Nooo Yields the product pug, (9.77) 


If the resonance-escape probability has been obtained by some other 
means, then a knowledge of A2oo yields g,. It is interesting to note that, 
for very large specimens, the value of g, obtained in this way should agree 
well with the Fermi age expression for the fast nonleakage probability, 
that is, 


(5) For small aooo 
Ix ~ Jen = Ee ovreh (9.78) 


It is perhaps evident from these observations that the relatively modest 
and inexpensive pulsed neutron-beam experiment can yield a great deal 
of information about a particular reactor material. The outstanding 
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feature of this experiment is, of course, the fact that this wealth of data 
may be obtained without the use of a complete reactor facility. 


9.3 Effect of Delayed Neutrons 


a. Delayed-neutron Groups. Most of the neutrons produced by the 
fission process appear, effectively, at the instant of fission. However, 
a small fraction of the neutrons produced in fission is emitted by daughter 
nuclei from the primary fission fragments when these nuclei subsequently 
undergo beta decay. Neutrons produced by this mechanism do not 
appear at the instant of fission but at some later time. The delay period 
is principally determined by the decay constant of the preceding beta 
emission, since the neutron is produced immediately after the beta decay. 
These tardy neutrons are conveniently classified by groups, each group 
being defined by the characteristic delay time between the instant of 
fission and the appearance of the neutrons. Tables 9.1 and 9.2 list some 
of the properties of the principal delayed-neutron groups for various 
fissionable nuclei.! 

The presence of the delayed neutrons is not very important to the 
steady-state operation of a stationary-fuel reactor. In such a reactor 
at any time instant the beta emitters are located essentially at the point 
of the original fissions, and these nuclei are present in concentrations 
which reflect the rate of fissioning at some previous time. However, 
since the flux and fuel concentrations are constant in time (over times of 
the order of 100 sec or longer), the number of delayed neutrons being 
produced per unit time at any instant is given by 


Number of delayed neutrons N 
produced per unit time per = > Cue) (9.79) 
unit volume in the steady state ‘=! 


where C,(r) = concentration of beta emitters of the 7th type which are 
precursors of delayed-neutron emitters 
\; = decay constant for the neutron emitter of the 7th type 
N = total number of delayed groups 
In the steady state each emitter which decays must, on the average, be 
replaced by an emitter of the same type from fission; that is, 


ii 


AC(r) = f:2Z,o(r) (9.80) 


where f, is the fraction of fissions which yield precursors of the 7th type. 
Then the total number of neutrons (prompt and delayed) produced per 


'See also G. R. Keepin, ‘‘Delayed Neutrons,” in R. A. Charpie et al. (eds.), 


Progress in Nuclear Energy, Series I, Physics and Mathematics, vol. 1, pp. 191-225, 
Pergamon Press, New York, 1956. 
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unit time is 


Total neutrons produced N 
per unit volume per = > AC A(r) + (1 — B)rZsd(r) (9.81) 
unit time i=1 


where £ is the fraction of neutrons from fission which are delayed: 


i=l 
and £; is the fraction of neutrons from fission which are produced by the 
TABLE 9.2 DELAYED NEUTRONS? FROM Fast Fissions> or TuH?*2 anp U28 


Th 232 U238 


Half-life, | Neutrons | Half-life, | Neutrons 
sec per fission sec per fission 


—————— ee | | | — 


0.00208 53.0 0.00035 
0.00838 22.0 0.00445 
0.01083 5.30 0.00695 
0.02890 2.00 0.01796 
0.01068 0.51 0.01048 
0.00221 0.18 0.00383 
0.063 | ..... 0.044 


¢G. R. Keepin and T. F. Wimett, ‘‘ Delayed Neutrons,’’ Proc. Intern. Conf. Peace- 
ful Uses of Atomic Energy, Geneva, 1955, vol. 4, P/831, pp. 162-170, 1956. 
’ Fissions produced by neutrons from fission spectrum. 


ith precursor. The substitution of (9.80) into (9.81) yields, for the 
steady state, 


N 
Total neutrons produced per _ , _ 
unit volume per unit time — ») f2/o(t) + (1 — B)vZ,o(r) 
= (9.82) 


N 
vd,o(r) E > f+ta— a)| = vb,(r) 
in] 


The last step in the equation follows from the fact that each precursor 
decay yields one neutron, so that 


kaa (9.83) 


We may conclude from this calculation that in the steady state the 
total number of neutrons produced from fission is not altered by the dis- 
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tribution of the delayed neutrons; however, it 1s true that the energy 
spectrum of the fission neutrons is dependent upon the properties of the 
delayed neutrons. Thus, if the average energy of neutrons from pre- 
cursors is different from the average energy of prompt neutrons, an accu- 
rate calculation must take this effect into account. Actually, there is 
some difference in the average energies of the prompt neutrons and the 
delays (see Table 9.1), but the difference is not significant from the stand- 
point of the calculation of the fast leakage and absorptions in a thermal 
reactor. In the analyses which follow, we shall disregard this effect. 

b. Application to One-velocity Bare Reactor. The presence of the 
delayed neutrons has an important effect in determining the neutron- 
flux distribution in a nonstationary system. The essential features of 
this behavior are amply demonstrated by means of the one-velocity bare 
reactor. In this case the appropriate time-dependent differential equa- 
tions for the thermal flux and the concentration of precursors are 


1 od 
N 
FH Pingen 2 V.C.(r,t) (9.84)« 
i=] 
& C(t.) = — ,C;,(r,t) + f:2 (r,t) 1 —— 1, 2 a 46 ,N (9.85) 


where all the neutron constants which appear refer to the thermal neu- 
trons. The second and third terms on the right side of (9.84) account 
for, respectively, the source neutrons which are prompt and those which 
are released from the delayed-neutron precursors. The precursors are 
represented by the concentrations: 


C.(r,t) = concentration of delayed-neutron precursors 


of the 7th type at space point r and time ¢ 0) 


The quantities p,, and gy, in (9.84) denote the resonance-escape and fast 
nonleakage probabilities to thermal in the usual way [(4.260) and (6.79)]. 
Finally, note that since the reactor described by (9.84) is not critical the 
multiplication constant will be different from unity and may be obtained 
from the relation 


a ve spDurJen : 2 _ € : 
k= 5.(1 + L*B%) with B* = RB for a sphere, etc. (9.87) 

In the system under consideration (a noncirculating-fuel bare thermal 
reactor), it is physically reasonable to suppose that the spatial variation 
of the concentration of delayed-neutron precursors is proportional to that 
of the neutron flux and that this mode persists even though the magni- 
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tude of the flux changes in time. Thus we assume 
o(r,t) = F(t) 6) C(t,t) = F(x) Cid) (9.88) 


where V2F + B2F = 0 and F(R) = 0. The substitution of these rela- 
tions into (9.84) and (9.85) yields 


N 
l 
(DB? + 2a)o(t) = — 5 oO) + (L — B)rZsPagud() + Pager » C(t) 

i=l 

(9.89) 
C(t) = —r.Ct) + fo) t=1,2,...,N 

This set may be further reduced by introducing the definitions 

Gy =") and ft = vB, (9.90) 
voy ° 


along with the relation (9.87); thus 


N 
—[(1 — B)k — Jo) = —lad() + k > rGi(t) (9.91) 
t=] 
Gt) = —vG() + B¢d(t) i=1,2,...,N (9.92) 
where J, is given by (9.35). 
We attempt a solution of Eqs. (9.91) and (9.92) in the form 


N’ N’ 
o(t) = ) gyerit and G,(t) = ) Tye (9.93) 
d i 


The number N’ is to be chosen so that these relations are solutions to the 
differential equations (9.91) and (9.92). The substitution of (9.93) into 
(9.92) yields 


N’ N’ 
y T;(a; + A:)e%* = ) p;beu = 1 ete Bl (9.94) 


j=l j=l 
Since the functions e* are linearly independent, (9.94) must be met by 
requiring 

Tsj(aj + As) = 958i (9.95) 
By a similar set of operations the substitution of (9.93) into (9.91) yields, 


with the aid of (9.95), 
N 


epee | ABs aes ! 
(1 — B)k —1] — laa; = by ee j3=1,2,...,N’ (9.96) 


t=1 


Thus, Eqs. (9.93) are acceptable solutions of (9.91) and (9.92) provided 
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that the quantities a; are chosen to be the solutions (N’ in number) of the 


following characteristic equation for a: 
N 


= _— Wy es: A.B; 
(1 — Bk — 1] ~ ka = Dr - (9.97) 


t 
= 


This equation is conveniently written in terms of the reactivity w previ- 


ously defined by (6.143): 
N 


_ laa aB; 
e=7PIo ti - Esa ae ie: + = Fla) (9.98) * 


We have used here the definition 8 = y 6B; Equation (9.98) is a con- 
i=1 
dition on the solutions (9.93); that is, if the indicated functions are to 


Fia. 9.6 Characteristic function F(a). 


satisfy the relations (9.91) and (9.92), then the a; to be used are the 
solutions to Eq. (9.98). Thus given the neutron lifetime /,, and the 
delayed-neutron properties \; and 8;, (9.98) yields the set a;. Figure 9.6 
shows a sketch of the function F(a), given by the right-hand side of (9.98). 

The situation under discussion here is one where, over the period of 
time in which Eqs. (9.93) apply [and therefore (9.98)], the multiplication 
constant of the system (thus also the reactivity) is constant in time (and, 
in general, different from unity). The reactivity is actually a dimension- 
less number, but on the basis of (9.98) it is sometimes measured in tnhours. 
An inhour (a unit specific to a given reactor) is defined as that amount of 
reactivity which will allow, as a solution to (9.98), 


= ae sec”! 
“1 3,600 
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It is easy to verify that the function F(a) has the following properties: 
F(0) = 0 lim F(—A; + «) = Fo 
e—0 


1 (9.99) 
lim F(a) = 1 lim F(- 7 ++)= #8 
arto 0 Len 
From these facts it may be seen that for a given w (positive or negative) 
there are (N + 1) solutions for a of Eq. (9.98). Here N is the number 
of delayed precursor types. If we denote the roots a; in the order shown 
in Fig. 9.6 we find that a; is positive if w 1s positive; if w is negative, a, is 
also negative, but it is also, then, the smallest root in absolute magnitude; 
1.€., 

laa] < Jae] << + ° + lanyil forw <0 (9.100) 


Evidently in this case the roots a, (where m = 2,3, ...,N +1) are 
all negative. 

In a specific problem the general solutions (9.93) will be required to 
satisfy certain initial conditions on the system. For example, the reac- 
tivity w may be introduced at ¢ = 0, at which instant 


$(0) = $0 G0) = Gi, (9.101) 


The problem is to determine the functions ¢(t) and G,(t) for all subse- 
quent time (t > 0). A solution is now possible since the system has been 
completely specified. Note that the conditions (9.101) along with the 
Eqs. (9.95) provide a sufficient number of relations from which to com- 
pute the coefficients ¢; and T,,;, since the a; are now known; thus, 


N+1 
$i = do Tij(a; + A) = 958i 
j=l 
with (9.102) 
N+1 
2 = 1, 2, ae Sr ,N 

» Ries ie ..,N,N41 
j=l 


give (N + 1)? equations for (N + 1)? unknowns. 

The time-dependent behavior of the flux is, then, quite complicated in 
the immediate time interval after the addition of the reactivity w; how- 
ever, after a sufficient time the terms of (9.93) involving e** (for 7 > 1) 
will be negligible in comparison with the first term e*“. It follows, there- 
fore, that after some time 


p(t) ~ em 2 G,(t) ~ em! (9.103) 


An approximate solution for the root a, may be readily obtained when 
the reactivity wis small and positive. In that case we may expand F(a) 
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in a Taylor series about a = 0; thus, for small w, 


wo~ FO) +F’Oa,+ °°: (9.104) 
It is easily shown that 
ey = ——*,— (9.105) 
n+ ) 


We find, then, that after sufficiently long time the effective reactor period 


would be 
N 


T~ (1 a 7, e) x (9.106)* 
l 


We have used here the approximation 6k ~ w, which is valid for small 
reactivities. By comparing (9.106) with (9.23), which gives the reactor 
period in the absence of delayed neutrons, it may be seen that the effect 
of the delays is to increase the effective mean lifetime of the neutrons. 
A result similar to (9.106) may be obtained heuristically by calculating 
an average lifetime for all neutrons; thus, 


iS (1 ~ Bla + Bs (Iu + 5-) + Bs (ta + x2) + ee Tr 


N 
+ By (1 + +) = ly + » e (9.107) 
N ram i 


since the prompt neutrons [of which there are (1 — 8)] have lifetime [x, 
while the delayed neutrons in each group have the lifetime J,,, as thermal 
neutrons plus the average delay time before they appear in the system, 
that is, 1/A. Of course, (9.106) holds only for very small reactivity; in 
general, the form of 1/a, will have a more complicated dependence on 
the parameters involved. The coefficient in the exponent of the leading 
term after long time is usually referred to as the reciprocal of the stable 
reactor period; that is, 


Stable reactor period = T = (9.108) 


vas 


where a, 1s to be obtained as the appropriate solution of (9.98). 

c. Time Dependence with One Group of Delayed Neutrons. The 
complexity of the flux time behavior [as given by (9.93)], which results 
from the large number of important delay groups, tends to conceal the 
physical picture of the time-dependent behavior of the reactor. It is 
possible, however, to display the essential features of the system by intro- 
ducing a simplified model based on the concept of a single group of delayed 
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neutrons. The foregoing results may be applied directly to this model 
by setting N = 1. The properties of this single group are represented by 
the decay constant \ and the fraction of all neutrons delayed by 8. These 
quantities may be chosen to make the results of the calculation as nearly 
correct quantitatively as possible. For this purpose, it is convenient to 
choose 

B = 0.00755 (9.109) 


for U?*5 (see also Table 9.1 for values of 8 for other fissionable materials). 
In the present notation \ is given by 


N 
ee te 
ay: ak 


where 8; and X, are the delay fractions and decay constants of the actual 
delay groups. 

The appropriate relations for the one delay-group model are easily 
obtained from the more general results of Sec. 9.3b. These are 


o(t) = gie™ + gee = G(t) = Trem + Prentt (9.111) 
__ 2 B 
and * The (1 Slee :) (9.112) 


If we denote the initial conditions ¢9 and Go, then from (9.102) 


91 + v2 = do ry, +72 = Go 


Ti(a1 + A) = o:8 T's(az + A) = 928 (9.113) 


The roots a, and a: are readily computed from (9.112), which is now a 
quadratic equation in a; these are 


ae w(1 + lr) — (B + Td) 


aa 2h (w _ 1) 
l w(1 + LnA) a (B + R®,9) 2 4d\w 4 
ae | lu(@ — 1) | he = p| ee 


where a; is identified as the positive root and a: as the negative. 

The particular solution for the coefficients ¢1, g2, [1, and Iz depends 
upon the initial values of the flux ¢@o and the concentration of the single 
precursor Go. These quantities, in turn, are dependent upon the state of 
the reactor prior tot = 0. [In any case, the applicability of the present 
results 1s always limited to systems in which the separation of time and 
space functions, as in Eqs. (9.88), may be assumed.] For the special case 
wherein the reactor was at steady state with flux @o prior to t = 0, we 
may obtain a relation between ¢o and Go by noting the balance for pre- 
cursors in the steady-state condition as given by (9.80). In the case of 
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a single group of delays, this relation yields 


AGo = Boo (9.115) 
With this condition the coefficients are found to be, from (9.113), 
_ arlar + A)do _ ai(ae + A)do 
Saae (ears 2 = iG a) (9.116) 


In the case that the reactivity change w is positive, an appropriate set of 
approximate expressions for a,, the reciprocal of the stable reactor period, 
is found to be 


ay 


Ww 
are er < 
ln ae B/» . s (9.117) 


ai=™ 


w 
li(1 — w) ee 
These results are obtained from Eq. (9.114) by neglecting w as compared 
to B and unity for the case when w < 8, and by neglecting 8 as compared 
to w when w > 8. It is of interest to compare these relations with the 
reactor period calculated for the system in which the delayed neutrons 
were neglected, (9.23), 


For large reactivities, the stable reactor period is very nearly the reactor 
period computed without regard to delayed neutrons. The critical point 
for the reactivity 1s at w = B, as may be seen from Eq. (9.91); in the one 
delay-group model, this equation has the form 


Qo 


ind) = (F—*) 60 + AV 60 (9.118) 


When w = 8, this relation reduces to 
rv 
Lie(t) = Poy O00 (9.119) 


Thus the flux is changing in time only because of the appearance of the 
delayed neutrons; the reactor is critical on the basis of the prompt neu- 
trons alone. It is customary to refer to a reactor system in which the 
added reactivity is just equal to the fraction of neutrons which are delayed 
as prompt critical. 

Some idea of the magnitudes of the various parameters and variables 
involved in a transient system may be obtained from the following 
numerical example based on the one delay-group model. Let: 


B = 0.00755 \ = 0.076 sec™! 
w = 0.001 lL, = 0.001 sec 
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In this case the roots of the characteristic equation may be approximated 
by the expressions 
wr w— 8B 


a,;™~ Qe ™ 
B-—w len 


which may be derived from Eq. (9.114) by neglecting Al,, relative to 
unity. With these relations and the set (9.116), we obtain 


(9.120) 


a, = 0.0117 sec! ag = 6.55 sec7! 
1 1.13240 g2 = —0.132¢0 


The corresponding expression for the flux ¢(t) is 


oO 1.132¢9-9117* — 0.132¢e—6-58 (9.121) 
0 


where ¢ is given in seconds. For this problem we have assumed that the 
reactor was in steady state (flux level ¢o) up to time ¢ = 0, when the 
reactivity 0.001 was introduced. Figure 9.7 shows the resulting time 


EEA 
HH - Corresponds fo sible} jj ttt ttt 
ne reactor period pocpe de cba Ie ilk est esha 
Lt Mi Pa | tT | | 
Se oa aa ee eRe 
wa a 


7en Rais 
ae (coe 
| Li | —— o(1)/%, ha 
| en —— 1.132207 a 
es 

i 


i: —-o-— Infinite egelgy time 


lth = 0.001 sec | | 
| |XN=0.076sec! w= 0.001 


Time-dependence of flux (t)/%> 


Time t, sec 


Fic. 9.7 Flux transients due to addition of positive reactivity. 


behavior of the flux according to (9.121). It is of particular interest to 
note that, within about 0.5 sec after the introduction of the reactivity, 
the flux is rising essentially with the stable reactor period; that is (see 
broken-line curve in figure), 


ao ™ 1.132¢°-0117¢ for t > 0.5 sec 


0 


The insert in the figure shows the long-term behavior of the flux. 
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d. Infinite Delay Time. Another approximation of the delayed 
neutrons, which is sometimes used, is that of the ‘infinite delay time.”’ 
In this approximation it is assumed that the delayed neutrons, which 
appear after the time when the reactivity was introduced, appear at a 
constant rate taken to be the rate at which they appeared in the reactor 
prior to time ¢ = 0. The differential equation for the time-dependent 
behavior of the flux based on the one delay-group model and infinite 
delay time is obtained from (9.118) by setting the precursor term equal 
to its value prior to t = 0. Since the present approach to the delayed- 
neutron problem will be most useful when dealing with transients in a 
system formerly at steady state, the precursor concentration to be used 
in (9.118) is the steady-state value from (9.115); thus 


lad) = (P=) oo + PE, (9.122) 


The solution to this equation is 
= w w — B __ 8B 
d(t) = do Lag p exP aoe =) | eae: ‘| (9.123) 


This model would have some application in the early stages of the flux 
rise after / = 0, and before the concentration of the delayed-neutron pre- 
cursors has been built up significantly over its steady-state value. For 
example, Eq. (9.122) is a good approximation to (9.121) when the tran- 
sient effects, represented by the second term, are significantly larger than 
those due to the stable reactor period, 1.e., when 


giayt 
y2e% 


«1 (9.124) 


which follows from the approximation [cf. Eq. (9.121)] 


~ ¢1 + yriayl + y2er for aryl <1 

The solution for a system with infinite delay time (9.123) has been applied 
to the foregoing numerical example, and the results for $(t)/@o are shown 
in Fig. 9.7. Evidently this model gives a reasonably good representation 
of the transients in this example even up to 0.3 sec after the addition of 
the excess reactivity. 


9.4 Reactor Kinetics with Temperature Dependence 


a. General Equations for Stationary-fuel Reactor. In the preceding 
sections the primary objective was to establish the time-dependent rela- 
tions for the thermal (one-velocity) flux and to study various approxi- 
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mate models for describing the delayed neutron groups. The purpose of 
the present section is to explore with the aid of these relations some of 
the elementary kinetics problems of stationary-fuel reactors taking into 
account the effects of temperature. The influence of temperature upon 
the reactor kinetics stems from the temperature sensitivity of the nuclear 
characteristics of the system. Some of these effects were discussed in 
Sec. 6.5. 

For the purposes of the present study these effects are described by 
means of a single parameter, the temperature coefficient of the reactor. 
The dependence of the kinetic behavior on the temperature coefficient 
is due to the coupling between the flux level and the power generation. 
It is clear that if for some reason there appears an increase in the flux 
level this will result in a proportionate increase in the fission rate. There- 
fore, an increase in flux gives rise to an increase in the power generation, 
and this in turn disturbs the energy balance of the system. As a conse- 
quence there must be an adjustment in the temperature level of the 
reactor. Since the nuclear characteristics of the reactor are temperature 
sensitive, a change in the flux level leads to a change in reactivity. Thus, 
a realistic treatment of reactor kinetics must necessarily include this 
coupling between the flux and the energy content of the system. 

The temperature-dependent kinetics of stationary-fuel reactors is 
treated on the basis of the one-velocity model. The appropriate rela- 
tions for the time behavior of the thermal flux are given by (9.84) and 
(9.85). In addition to these we require a third equation which states the 
energy balance for the system. If H(r,t) denotes the energy content per 
unit volume at the space point r and at time t, then the time rate of 
change of H must be given by the net energy gain per unit time and 
volume from the fission reactions and the reactor cooling. The mathe- 
matical statement of this balance condition is! 


s H(x,t) = e2,o(r,t) — 0(r,t) (9.125) 


where € = average energy released per fission 
2, = macroscopic fission cross section 
¢(r,t) = thermal flux (9.126) 
(r,t) = energy loss per unit volume per unit time due to 
external cooling (radiation, convection, and/or 
conduction) 


It is convenient to express the energy content in terms of the reactor 
temperature 7 by introducing a heat capacity c. The following relation 
is assumed: 

H(r,t) = ce[Ta,t) — To(t,t)] = cO(r,b) (9.127) 


1 Properly, the cross sections should also be written as time-dependent functions, 
but for the present treatment we assume that these time variations are negligible in 
comparison to the rapid transients in the other functions (e.g., in @). 
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where c = heat capacity of the reactor system (energy per unit volume 
per unit temperature) 
T (r,t) = some convenient reference temperature 
The immediate objective is to obtain a solution of the reactor-kinetics 
equations [(9.84) and (9.85)] which also satisfy the energy-balance rela- 
tion (9.125). As in the previous problems in time dependence, we look 
for a solution which is separable in time and space. This treatment is 
limited, therefore, to bare systems and to reflected systems which meet 
the requirements set forth in Sec. 9.1ld. On this basis we can use the 
relations (9.88) for the flux and the precursor concentrations. In addi- 
tion, we select 
O(r,t) = F(r) O(/) (a) 
O(r,t) = F(r) O) (b) 


The substitution of these relations, along with (9.88), into (9.84), (9.85), 
and (9.125), yields 


Lio(t) = [C1 — B)dk(t) — Blot) 


PrnJ th t. 
+ 54 DB >, Me AS (9.129) 


C(t) = —i,C;(t) + vB:X p(t) (b) 
cO(t) = — P(t) + e,4(L) (c) 


The first two equations are essentially the set (9.89), the only difference 
being that we have included here the time dependence of the change in 
multiplication 6k(t). This dependence has been introduced since in the 
present treatment the reactivity will be a temperature-sensitive function, 
and the temperature in turn is coupled to the time-dependent neutron 
relations. 

In the analyses which follow, attention is focused on the transients 
which arise when a given system initially at steady state (t < 0) is per- 
turbed in some prescribed fashion. Att = 0, a disturbance is introduced 
which affects the energy balance of the system, and the problem will be 
to determine, in particular, the time behavior of the flux, temperature, 
and power for all subsequent time (¢ > 0). The steady-state values of 
the flux and precursor concentrations were previously indicated in (9.80) 
[see also (9.101)]. The steady-state requirements on the power removal 
can be obtained directly from (9.125); thus, 


@(r,0) = €2,¢(r,0) (9.130) 

If we use for determining @(r,0) the expression (9.128), and for ¢(r,0), 
(9.88), we obtain the condition 

P(0) = €2,¢g(0) (9.131) 


which states that the steady-state value of the cooling (heat removal) 
rate 18 proportional to the flux level. It is convenient to introduce a 


(9.128) 
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new function P(t) which is related to ¢(t) in the same way that (0) is 
related to ¢(0). The function P(t) will describe, then, the time behavior 
of the reactor power generation when the system is disturbed from its 
equilibrium. Therefore let 


P(t) = e2,¢(t) (9.132) 


Note that this function has the units of energy per unit time per unit 
volume [see Eqs. (9.88) and (9.128)]. 

The transients in the reactor power production will be of special inter- 
est in the present study; therefore we write the kinetic equations (9.129) 
in terms of the function P(t). 


luP(t) = [(1 — 8)dk(t) — B]P(t) 


EZ sPinGen . 
+ 3, + DB: > AC .(t) (a) 
(9.133) * 


C() = —NCAt) + 2 BPO (0) 
cO(t) = P(t) — P(t) (c) 


In its present form this set is not complete since the temperature (and 
time) dependence of the multiplication k(t) has not been specified. For 
the present case we take 

k= k(T) = k{T(O] (9.134) 


where the temperature dependence is assumed to be 
k(t) = 1 + k(t) = (1 + bho) {1 — vIT® — Tolt)}} (9.135) 


with 5k) = a step change in k applied to the reactor at t = 0 
y = a constant 

Experience shows that this linear dependence based on the constant y+ 
is a reasonable assumption if 67/T «1. An approximate expression 
for 5k(t) can be obtained from this equation if the product ydko, which is 
small in comparison to unity, is neglected: 


5k(t) ~~ bko — y{[T(t) — To(t)] = 5ko — yO(2) (9.136) 


where we have used the definition of © given in (9.127). It is evident 
from the above relation that the temperature coefficient of the reactor 
is dependent on the sign of the constant y. The temperature coefficient 
of reactivity 1s given by (6.144), and for the present case we obtain, 
using (9.136), 


OOF na. VON 2g AU ONY py Ys 
aT =k? oT (i + 6k(7T)}2~~ [LL + <6K(T))? 
Thus if y > 0, the temperature coefficient is negative. In this case if a 
system is given a step change in multiplication, 6k) > 0 at ¢ = 0, then 


(9.137) 
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the reactivity is initially positive and the system will ‘‘accelerate’’; that 
is, the flux level will rise. However, as the flux rises, the power output 
and temperature will also rise. But because of the negative temperature 
coefficient [see (9.136)], the reactivity will decrease from its initial value 
and thereby retard the acceleration so as to stabilize the system. Clearly, 
a negative temperature coefficient implies an inherently stable chain- 
reacting system. 

It will be helpful in exploring certain kinetics problems to use in place 
of the basic set of equations (9.133) a somewhat simplified version based 
on the assumption of infinite delay time (see Sec. 9.3d). In these cases 
we assume that at any time t > 0 the delayed neutrons which appear 
are those which were produced at the flux level existing before ¢ = 0. 
This approximation has some practical value for analyzing situations 
wherein the power disturbances in the reactor occur as rapid oscillations 
and also for studying the time behavior of the system at very short time 
intervals after the initial disturbance is introduced. 

The steady-state production of delayed neutrons may be obtained by 
computing the steady-state concentration of the precursors. From 
(9.133b), we have 


x,C,(0) = 0 P(0) (9.138) 


This expression is used as a first estimate for the precursor concentra- 
tions in (9.133a); then, the set (9.133) reduces to 


IP(t) = ((1 — B)dk(t) — BIP(t) + [1 + dk(1BP(O) = (a) 
cO(t) = P(t) — P(t) (b) (9.139) * 
k(t) = dko — yO(t) (c) 


This set will serve as the fundamental relations to be used in the study 
of reactor power kinetics problems which include the effect of delayed 
neutrons. Note that in the present, somewhat generalized formulation 
there are three unknown functions P(t), O(t), and @(t). In order to 
obtain a complete solution, it 1s necessary to specify one of these func- 
tions. It is most convenient to give the cooling rate @(t) (the power 
removed per unit volume from the reactor). With this information and 
the following set of initial conditions, the formulation of the problem is 
complete: 
P(0) = &(0) (a) 
0(0) = 0 (b) (9.140) « 
0(0) = 0 T(0) = To (c) 
In using the relations (9.139) and (9.140) it should be borne in mind that 
the temperature coefficient of the system is given by y, since, from (9.135), 
_ 1 Ok | 1 ok ak 
TO T+ bho OF ~~ R(T) OF OT 


(9.141) 
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The approximation is introduced because in most cases of interest dko < 1. 
The derivative 0k/0T may be computed by the methods outlined in 
Sec. 6.5. 

b. Constant Power Removal without Delayed Neutrons. As a first 
example of the application of Eqs. (9.139), consider a system which has 
the following characteristics: (1) constant power removal, P(t) = @o; 
(2) no delayed neutrons, 8 = 0. Assumption (2) is introduced only as 
a simplification, but assumption (1) has some merit from the standpoint 
of a practical application. In many problems the situations of interest 
will be those which involve small oscillations of the flux (power) level, 
but, because of the large heat capacity of the reactor, these small (and 
relatively rapid) oscillations will have a negligible effect on the power- 
removal rate. Thus the assumption of constant power removal is entirely 
reasonable and should be useful for obtaining first estimates of the 
dynamic response of actual systems. 

The appropriate differential equations for this system are 


P(t) = ee (9.142) 


cO(t) = P(t) — Po (9.143) 


It should be recalled that P(t) is proportional to ¢(¢), which we previ- 
ously found to be of exponential form; therefore, we take, as a possible 
solution [cf. Eq. (9.140a)] 

P(t) = Per (9.144) 


and look for a function w(t) such that Eqs. (9.142) and (9.143) are satis- 
fied along with the requirement that w(0) = 0 (cf. assumption (1)]. The 
substitution of (9.144) into (9.142) and (9.143) yields the nonlinear set 


cO(t) = Pole — 1] (9.145) 
w(t) = [8ke — 790) (9.146) 
with the initial conditions 


w(0) = 0 e(0) = 0 (9.147) 
A general solution of Eqs. (9.145) and (9.146) will not be presented here, 
a qualitative study being entirely adequate for this analysis. 
We first reduce the pair of equations to a transcendental relation for 
w(t) by differentiating (9.146) and applying (9.145): 
= Y = — YPo w(t) 
w(t) = — 7- OH ge"? — WI 


The integration of this equation yields 


5 (w(t)? = — 1% feo — win] + C 
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The constant of integration is determined by using the initial conditions 
and (9.146), with the result that 


_ Po, 1 (dko\? 
¢ 7 Lin€ a 2 (=) 
bko\? 
Thus 5 (w(t) = — a [er — w(t) — 1] + 3(%) (9.148) 


The solution of this nonlinear differential equation yields the function 
w(t), and this result may be used to obtain O(¢) from (9.145). The 
resulting functions would be found to have the form shown in Fig. 9.8. 


w(t) 


Fic. 9.8 Constant power removal without delayed neutrons. 


These functions represent the solutions for the case y > 0, which, as 
previously noted, implies a negative temperature coefficient for the sys- 
tem. This case describes a stable system that oscillates about the 
steady-state condition existing prior to t= 0. The case y < 0 yields 
a divergent behavior with time, the functions w(t) and @(¢) increasing 
monotonically. 

Some additional information can be obtained about the solution to this 
problem without a detailed calculation of the actual functions. In par- 
ticular, we can estimate the maximum temperature rise experienced by 
the reactor, for a given rise in reactivity, 540. The peak value of the 
function @(¢) may be computed from the condition O(t) = 0. This con- 
dition requires that w(t) = 0 [see (9.145)]; thus we must determine the 
roots of this equation. The slope of the function w(t) at its zeros is 
obtained directly from (9.148); these are 


+ (2) 
as 


It is evident from Fig. 9.8 that the positive root corresponds to t = 0 
(and the corresponding cyclic values of ¢) and that the negative root 
corresponds to the position of 0,,.,. If to denotes the value of ¢ at which 
the maximum temperature values occur, then the magnitude of the tem- 
perature rise is obtained from (9.146): 


Q... = Oh) = 2 (=) (9.149) 
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This result is generally valid, its only limitations are that the power 
removal be constant and that the delayed-neutron contributions be 
negligible. 

c. Linearized Solution for Constant Power Removal. It is of interest 
to examine the problem of constant power removal under more restric- 
tive conditions. A practical situation which can be easily examined in 
detail is the case of small oscillations. For this problem the study would 
be limited to small disturbances 5k, on the steady-state operation of the 
reactor. Under these circumstances the problem can be linearized, and 
closed-form solutions can be readily obtained. We assume, therefore, 
that the excursions from steady state, which are represented by the func- 
tion w(t), are small [see (9.144)]. In this case we may approximate the 
power production by the relation 


P(t) ~ Ol + w(d)] (9.150) 
The differential equations for this problem are 
6) ~ SMO WY ~ ~ [bko — y(t) (9.151) 


with the initial conditions (9.147) as before. This set of simultaneous 
equations may be solved by the method of Laplace transforms. If W(s) 
and 3(s) are the Laplace transforms of w(t) and @(t), respectively [see 
(6.22)], then the Laplace transforms of Eqs. (9.151) are 


Baye) sips |= _ va(s)| (9.152) 
a ea : : ¢ len 8 
which have the solutions 
W(s) = bko 5(8) Podko (9.153) 


ln(8? + yPo/lnc) ~~ Elyns(8? + yPo/lac) 


The inversion of these equations yields 


- C +. y¥Po 4 
w(t) = bko (=) sin (77) t 


-_ dko : Po tf 
@(t) = 2 (=) sin? (722) 3 


These functions, along with P(t), are shown in Fig. 9.9. Note that the 
maximum temperature rise is, indeed, 2(éko/7), as previously predicted. 
The solutions (9.154) are for the case y > 0. If y had been taken to be 
negative, the appropriate solutions would be 


2.) C ‘ YP o } 
w(t) = bko (ts, =) sinh ( 12) t 
4 
O(t) = bk. | cosh 32") t — | 
7 Lyne 


(9.154) 
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where the absolute magnitude of y is implied. Clearly,,these functions 
increase monotonically with time, although these solutions could apply 
only for short times after ¢ = 0. 

d. Constant Power Removal with Delayed Neutrons. The effect of 
the delayed neutrons upon the power kinetics of a reactor may be demon- 
strated by means of the following example. Consider a bare homogene- 
ous thermal reactor with constant power removal operating at steady 


Fie. 9.9 Linearized solutions for constant power removal and no delayed neutrons. 


state up until time ¢ = 0. At ¢ = 0 some excess multiplication d5ko is 
added uniformly to the system. The problem is to determine the tem- 
perature and power output of the system for all subsequent time. For 
this calculation we introduce the following model: 


(1) One group of delayed neutrons with infinite delay time 
(2) @(t) = Oo = P(0) (9.155) 
(3) 5k(t) = bko — yO(é) 


The appropriate kinetics equations for this system are given by (9.139). 
If we bear in mind that 6 <1, then for sufficiently small dk and fy, 
Béko and #y are also appreciably less than unity. In this case (9.139) 
reduces to the set [where we have used also (9.155)] 


P(t) = [6k(t) — 8] oo i (9.156) 
O(t) = “(PO ~ 6] 7 (9.157) 

with the initial conditions | 
P(0) = @. ©(0) = 0(0) =0 (9.158) 


As in the preceding examples, we seek a solution for the reactor power 
which can be written in the form (9.144). In terms of the power func- 
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tion w(t), Eqs. (9.156) and (9.157) take the form 


w(t) = 7 [ake — ¥8@) — 6] + (9.159) 
Q(t) = " [er — 4] (9.160) 


The essential features of the present example may be amply demonstrated 
by means of the linearized solution. Therefore, using the approximation 
ev ~ 1 + w [see also (9.150)], the above relations reduce to 


b(t) ~> [8kp — y@(t) — Bw(t)] (9.161) 
O(t) ~ pwi(t) (9.162) 


where we have introduced the parameter 


3 “2 (9.163) 
The pair (9.161) and (9.162) may be solved by differentiating (9.161) 
and applying (9.162) to eliminate the @ term. The resulting expression 


for w is 


o(t) + F wl + TP w(t) = 0 (9.164) 
The initial conditions for this equation are 
w(0)=0  w(0) = 5 (9.165) 
h 


where we have applied (9.158) and (9.161). It is of some interest to note 
that the linearized equation for this reactor problem has the form of the 
familiar equation for an oscillating system with viscous damping.! A 
direct comparison to a mechanical dynamics problem reveals that the 
temperature-coefficient parameter y has the role of the “spring constant,”’ 
1.e., it is a measure of the “‘stiffness’’ of the system. Thus a large tem- 
perature coefficient implies a rapidly responding system, and higher fre- 
quencies of oscillation, following a disturbance. Note that the power 
parameter p also appears in this term; since the heat capacity c is in 
the denominator of this quantity, it follows that systems with large heat 
capacities are “‘soft’’ systems, i.e., respond slowly to excitation and 
experience oscillations of lower frequencies. Finally, we find that the 
viscous damping term (w) involves the parameter 8. Thus the presence 


1 See, for example, Theodore v. K4rmén and Maurice A. Biot, ‘‘ Mathematical 
Methods in Engineering,’’ pp. 130-132, McGraw-Hill Book Company, Inc., New 
York, 1940. 
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of delayed neutrons in the system serves to damp oscillations arising from 
adisturbance. This role of the delayed groups was mentioned previously. 

The solution to Eq. (9.164) with initial conditions (9.165) is easily 
obtained by the usual methods (see, for example, Sec. 9.4c). This result, 
along with the corresponding solution for 0(¢) from (9.162), is found to be 


pave (=) ex gin Pt 


i a v (9.166) 
a, 8 —e xtf 4 a 
Ot 5 [ e (3 sin yt + cos “) 
where x= te y= i. — x? (9.167) 


The expressions (9.166) correspond to the case for ¥? > 0. Since the 


Temperature @(t) 


len = 0.001 sec Y = 10°‘ per °C 


P. = BY/4l ny 


Time 2, sec 


Fic. 9.10 Temperature for constant power removal and one of group delayed neu- 
trons with infinite delay time. 


parameter p may take on all values p > 0, ¥ may be less than, equal to, 
or greater than zero. For each of these cases the solutions (9.166) have 
a particular form. The general results are well demonstrated by means 
of a numerical example. Figures 9.10 and 9.11 show the temperature 
difference © and the power function w(t) for various values of p obtained 
for the case 

8 = 0.00755 5ko 

ln = 0.001 sec ¥ 


0.001 
10-*/°C 


A discussion of these results follows. Consider first the case y? > 0. 
This corresponds to 


(9.168) 
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where p, is the value of p which yields ¥ = 0, ie., 


B? 
De = Hay (9.169) 


The solutions for this case have the form of damped oscillations. 
Thus the initial disturbance due to the introduction of 6ko causes a 


8 = 0.00755 6k, = 0.001 
itn = 0.001 sec ¥ =10%°c7 


P=M/c P. = B*/4l,Y 
Power = P(t)= Ope #tt 


Power function w(t) 


0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 
Time ¢, sec 


Fig. 9.11 Power function for constant power removal and one of group delayed 
neutrons with infinite delay time. 


rapid change in both the temperature and power output of the reactor. 
The system stabilizes rapidly, however, and the oscillations decay to 
negligible magnitudes within a few cycles. It is obvious from (9.166) 
that the reactor power. eventually stabilizes at @o, as is to be expected, 
and the temperature difference © at 5ko/y; these arguments follow from 
the fact that a 


lim w(t) = 0 lim @(t) = oe (9.170) 
Since the limiting value of © is greater than zero, the system evidently 
stabilizes at a new higher (for positive éko) average temperature. This 
is a consequence of the negative temperature coefficient of the system. 
Note that the introduction of positive reactivity causes the power pro- 
duction to increase, this causes a rise in the temperature since the rate 
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of power removal is constant; but, as the temperature rises, the reactivity 
of the system begins to decrease and very shortly thereafter becomes 
negative. The power level then begins to drop rapidly, and with it the 
temperature. But the system overcompensates, causing the temperature 
to drop low enough to produce a positive reactivity. There is then an 
upswing in both temperature and power. Eventually, the system reaches 
an equilibrium condition wherein the excess multiplication 5k» is exactly 
compensated by an increase in the temperature level [given by (9.170)]. 
Another interesting feature of this system is the effect of the delayed 
neutrons. It was previously mentioned that delayed neutrons cause a 
damping of the oscillations in a system. More precisely, in the present 
model based on the infinite delay time, the reactor behaves like a sub- 
critical assembly without delays which is maintained at steady state by 
a constant external source (vy8@o/€ neutrons per unit volume per unit 
time). By assumption, w(t) <1; therefore the present results apply to 
very small changes in multiplication, and the functions (9.166) are valid 
only for very short time periods after ¢ = 0 (ef. Fig. 9.7). 


(2) P = De 
In this case y = 0, and Eqs. (9.166) reduce to the form 


w(t) = (7) te—xé 
len 

OW) = Sl = et + D) 
The limiting values of these functions are seen to be the same as those 
given in (9.170). This case corresponds to a system with ‘critical 
damping.” As the value of p decreases toward p,, the magnitude of the 
oscillations in both temperature and power output diminishes until finally 
at p = p. the oscillations disappear altogether (see Figs. 9.10 and 9.11). 
It is helpful in understanding this behavior if one imagines the reduction 
in the parameter p to be due to an increase in the heat capacity of the 
system [see (9.163)]. Clearly, for a given disturbance 6ko, the larger the 
heat capacity, the less sensitive the system will be to changes in the power 
level. Thus large changes in power (i.e., reactivity) are more easily 
absorbed and the temperature rise required in order to accomplish this is 
correspondingly smaller. At p = p,. the heat capacity of the system 
is sufficiently large to accommodate the change in reactivity without 
‘‘overshooting.”’ 


(3) p< De 


Under these circumstances y? < 0 and may be more conveniently written 
in the form 


(9.171) 


iS with S? = x? — (72) (9.172) 


4 lin 
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and x defined as before by (9.167). The solutions for this case are 


—xt bd 
sii dko\ e-*' sinh St 
Lin S 
< (9.173) 
@(t) = = E — ex! (z sinh Sé + cosh st) | 
As in the preceding case, these solutions are nonoscillatory and the sys- 
tem is ‘‘overdamped.”’ This corresponds to very large values of the heat 
capacity. In these cases the temperature and power are relatively loosely 
coupled functions and respond very slowly to reactivity changes (compare 


curves labeled p = 50 to those labeled p = 142.3 in Figs. 9.10 and 9.11). 


(4) p=0 
This case is primarily of academic interest. On the basis of the present 
model, the solutions are found to be 


Oe = (1 — e-btitn) (9.174) 
et) =0 


Since this case corresponds to a system with infinite heat capacity, it is 
to be expected that the temperature will be unaffected by changes in 
reactivity (i.e., power level). However, under these circumstances the 
negative temperature coefficient cannot be of aid in stabilizing the sys- 
tem and one would expect the power level to rise without limit. Since 
the result given above reaches a finite value it is clear that this elementary 
model breaks down when applied to this case; however, note that for 
short times after the addition of d5ko (i.e., Bt/lu K 1) the power function 
has the correct form. In this case 


w(t) ~ (=) t and P(t) ~ Po exp (=) (9.175) 


len 


Thus the power level rises exponentially. 

The various cases discussed above are shown graphically in Figs. 9.10 
and 9.11 for the data given in (9.168). Again it is pointed out that these 
results are meaningful only during the short time period following ¢ = 0. 


9.56 Kinetics of Circulating-fuel Reactors 


The influence of the delayed neutrons and of the flux-temperature 
coupling on the dynamical characteristics of a stationary-fuel reactor 
was demonstrated in the preceding sections. These two factors are also 
essential to the dynamical behavior of circulating-fuel systems. In the 
present section we treat several aspects of the general problem and in 
particular show how the influence of the delayed neutrons and of the 
temperature coupling is altered by the circulation of the fuel. Since the 


Google 


SEC. 9.5] REACTOR KINETICS 591 


general problem is very complex, no attempt is made here to provide a 
thorough study, and most of the discussion is based on relatively crude 
models of both the nuclear and fluid dynamical features of the system. 
Although this approach reduces considerably the analytical difficulties 
in the calculations, it also tends to render the final results less useful 
for computational purposes. However, these models do allow a clear 
exhibition of the essential features of the kinetics of circulating-fuel 
reactors; moreover, some of the analytical techniques developed in this 
treatment are sufficiently general that they may be applied to the analysis 
of more complicated problems. In any case the general conclusions and 
results obtained with the simplified models provide a correct qualitative 
description of these systems. 

All the analyses which follow are based on two fundamental assump- 
tions, namely, that the neutron population can be well described by 
means of the one-velocity model and that the circulation of the fuel can 
be represented by a slug flow.!. The nuclear features of these systems, 
then, may be developed from the general results obtained in Sec. 9.4. 
The assumption of slug flow consists, essentially, of limiting the trans- 
port term in the fluid-flow relations to variations in the direction of flow 
only. Thus the flow of mass (and energy) around the fuel circuit occurs 
along parallel channels or tubes, and no communication (cross-flow) is 
allowed between adjacent channels. This assumption greatly simplifies 
the fluid dynamical aspects of the problem and thereby permits, with a 
minimum of effort, a clear display of the coupling between the fluid-flow 
and nuclear characteristics of the system. 

In the present treatment the effect of the delayed neutrons and the 
effect of temperature-flux coupling on the reactor kinetics are handled 
separately along the general lines previously developed for the stationary- 
fuel systems. Although in general these two factors must be considered 
jointly, there are many practical situations wherein the two effects can be 
separated. The intent here is primarily to simplify the analysis so as 
to focus attention on one feature at a time. 

a. Low-power Kinetics with Delayed Neutrons. The effect of delayed 
neutrons on the kinetic behavior of circulating-fuel reactors is studied 
with the aid of an analytical model which describes a low-power thermal 
reactor. In the present discussion the expression low power is used to 
denote systems wherein the power level is sufficiently low that small 
variations in it produce negligible changes in the temperature of the 
nuclear constituents of the reactor. Thus the energy balance of the 
system is not considered, and no coupling is allowed between the tempera- 
ture and the neutron flux. For the present, then, we ignore entirely 
temperature coefficients of reactivity and focus attention on the role of 
the delayed neutrons. The specific objective is to derive the inhour 

1 The expression ‘‘slug flow”’ is used to denote a one-dimensional flow field. 
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equation for the circulating-fuel system which may be written in the 
form of (9.98) obtained for the stationary-fuel reactor. The effect of 
the fuel circulation on the reactivity is then easily demonstrated. The 
analytical technique applied in this study follows the general scheme 
used by J. A. Fleck.! For the sake of simplicity, the calculation is 
specialized to the one-velocity case. Somewhat more general treatments 
based on the two-group model have been obtained by Fleck and are 
presented in the reference reports. 

For the purposes of this analysis we assume that the reactor core is a 
bare right circular cylinder of radius po and height h. The circulating- 
fuel circuit is a closed loop with the same cross-sectional area as the core. 
The length of the circuit external to the core is h., and the length of the 
complete circuit (h +h.) is he. By definition, fissioning takes place 
only in the core region of the circuit. Although the assumption of a 
uniform cross-sectional area for the entire circuit may introduce some 
conceptual difficulties in establishing which portion of the circuit should 
properly be termed the ‘‘core,’’ it leads to no loss in the generality of the 
results that are obtained since only the transit time 3, through the 
external loop is essential to the calculation. It is clear that if a different 
average cross-sectional area were assigned to the external circuit so as 
better to represent the piping and heat exchangers, etc., in the loop, this 
would merely result in an average flow velocity through that portion 
different from that through the core. This effect is easily accounted for 
by adjusting the transit time 0,. 

In this model we further assume that the hydrodynamics of the 
system is adequately represented by the relations for slug flow and that 
the neutron physics may be described by means of the one-velocity 
model. Finally, we assume also that the fuel in the core is homogeneous 
and that the neutron macroscopic cross sections are time independent. 
On the basis of these assumptions we can write the following pair of 
differential equations to describe the circulating-fuel reactor: 


— DV? ¢(r,t) + Za9(r,t) va 1s (r,t) i (1 _ B) vE/PinguG(r,t) 


+ Pinger » ACi(r,t) (9.84) 


5 Cults) + V é C,(r,t) = vB:Z, (r,t) ~ A.C.(r,t) Oszsh (9.176) 


1J. A. Fleck, Jr., ‘‘Theory of Low-power Kinetics of Circulating Fuel Reactors with 
Several Groups of Delayed Neutrons,’ Brookhaven National Laboratory, BNL 334 
(T-57), April, 1955; ‘The Theory of Circulating Reactor Kinetics at Low Power,” 
BNL 1933, Apr. 13, 1954; also, Kinetics of Circulating Reactors at Low Power, 
Nucleonics, 12, 11 (1954). 
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where V is the velocity of the circulating fuel and the coordinate z is the 
distance around the circuit measured from the inlet to the core. All 
the remaining symbols have the previously assigned definitions (see 
Sec. 9.3). The differential equation for the precursor concentration is 
obtained from the relation for a stationary-fuel system (9.85) by the 
addition of a transport (or convective) term. Note that Eqs. (9.176) 
and (9.177) are merely special forms of the usual continuity relation of 
fluid mechanics. 

We begin the calculation with a reduction of the flux equation to a 
simpler form appropriate to the present problem; therefore let us define 


o(r,t) = R(p) (zt) = Ci(r,t) = Rp) S.(z,£) (9.178) 


where p denotes the radial coordinate in the core. The substitution of 
these expressions into (9.84) yields 


—D F d Ge R¢o)| y(z,t) + R(p) = ote. + 2aR(p) o(z,t) 


pdp 
0 
ae He) ey e(z,t) + 1 —- B) vZ Pugin A (p) g(z,t) 


+ Pugnl(p) ) AS,(z,t) (9.179) 


By introducing the relation 


1¢ Ee R(o)| + BIR(o) =0 Ro) =0 (9.180) 


along with Ip = 1/v2., L? = D/2X., and k, = vEspu/Za, (9.179) may be 
further reduced to the form 


lo = o(2,t) = J? E (zt) — Brele,s | + [kogun(1 — B) — 1] ofz,t) 


kogun 
+ ads > rSile (9.181) 


$ 


If we call 


2 
B? = B+ py? where »? = (;) (9.182) 


add and subtract L?B*y from the right-hand side of (9.181), and finally 


1 See, for example, L. Prandtl and O. G. Tietjens, ‘‘Fundamentals of Hydro- 
Aeromechanics,”’ pp. 100-104, McGraw-Hill Book Company, Inc., New York, 1934; 
S. Goldstein, ‘‘Modern Developments in Fluid Mechanics,” vol. I, chap. III, Oxford 
University Press, New York, 1938. 
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divide through by (1 + L?B?), (9.181) may be written 


ba 2 ole) = BE] F ole) + wetest) | +10 — 8) ak ~ Bele 


k 
+ Y rSitest) (9.188) 


4 


where we have used k = k,gu(1 + L?B?)—!, k = 6k + 1, Eq. (9.35) for 
l,,, and (5.220) for pr. 

We consider next the precursor equations (9.176) and (9.177). The 
application of (9.178) reduces these to 


£ Si(e,!) +V < S:(2,t) = vZ,Bie(z,t) — dS(2,t) OSz<sh (9.184) 
£ S:(e,!) +V = S.(z,t) = —d,S,(z,t) h<s2z<hx (9.185) 


These equations may be solved with the aid of the Laplace transform. 
If we take S,(z,0) = 0 and call 


£{S,(z,t)} = I Si(z,t)e-* dt = xi(2,8) (9.186) 
then the transforms of Eqs. (9.184) and (9.185) are 
i t wles) + (EF) xe) =F 8@8) OS2Sh : 
£ niles) + (24) nes) = 0 a 


where (z,s) is the transform of P(z,t) and P(z,t) = vZ,p(z,t). The 
solutions to these equations are 


xile,8) = eer E f " (y,s)e@oul¥ dy + x(0,0) O<z2<h 


(9.188) 
x:(2,8) = xi(h,s)eOPG/Y-9) — —_=h D2 She (9.189) 
where v= ¥ (9.190) 


is the transit time through the core. The constants of integration 
x:(0,s) and x,;(h,s) are obtained by the application of continuity require- 
ments. Thus Eq. (9.188) must equal Eq. (9.189) at z =h, and Eq. 
(9.188) evaluated at z = 0 must equal Eq. (9.189) evaluated at z = he. 
The resulting expressions for the constants when used in (9.188) and 
(9.189) yield the solutions 
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a/V 
(2,8) = peru | [ b(Vy,a)er dy 


e7 (athn vy 


ve 
+ 1 — emt oox I (Vy, sjeerrov ay | for 0 < 4 < h (9.191) 


Bye7 thoes V é ' 
x:(2,s) = 1 = eee [ (Vy,sjest*u dy forh<z< he (9.192) 


The symbol 3« denotes the transit time around the complete circuit, i.e., 
de = 3+ 0, (9.193) 


where #, is the transit time through the external loop. 

The solution for the precursor concentrations S,(z,t) is obtained by the 
inversion of Eqs. (9.191) and (9.192). These are easily determined by 
the application of the transform 


L{F(t)} = f(s)e™ (9.194) 
where F(t) = 0 when 0 <t <b 
= F(t — b) t>b 


The second term in (9.191) and the expression (9.192) may be cast into 
the appropriate form by using the expansion 


1 
_ eo (tt Anoy = 


n=Q0 


e— (etd Xen 


which is valid since the exponential in the denominator is less than 
unity by virtue of the fact thats > 0. In this way it may be shown that 
the inversions of (9.191) and (9.192) are 


2/V 
Silz,t) = r2,8:| [ole — Vy, t — ye dy 


~ z/V+0e 
+ d, eT idan roa (Vix +2z— Vy, t — nde — yew dy | 
forO <z<h (9.195) 


2/V 
S,(z,t) = vZ,/B; > eidan es e(z — Vy, t — ndse — ye” dy 
nm 


forh <z< he (9.196) 


This expression for S;(z,t) is to be solved simultaneously with the rela- 
tion for the neutron flux (9.183). The solution is obtained by expanding 
the flux ¢(z,t) in a Fourier series (appropriate to the boundary condition 
in z); thus, for z > 0, 


ole) = » tn(t) Zm(e) with 


m=l1 


Linn = sl m 
(2) = sin tm? (g 197) 
Mm = xm/h 
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and developing suitable expressions for the Fourier coefficients ¢,.(t). 
The substitution of (9.197) into (9.195) and (9.183), followed by the 
multiplication of (9.183) by Z;(z) and integration over the interval (0,h) 
yields an equation for ¢,(é). 


chadi(d) = 66400 {BE (at — a) + (C1 — ak — al] 


a h 2/V 
+k » Bid; » | f Z;(z) az | oul(t — y)Zmu(z2 — Vy)e" dy 
t mal] 


a. 
+ b eidan | Z;(z) dz 
-Jo 


n=@0 


2/V+0y 
x i on(t — nde — y)Zm(z + Vou — Vy)e> dy} (9.198) 
1/V+0. 


Note that, 
f Z;(2) Zn(2)dz2 =0 jem 
i. Z;(z) Zm(z) dz = c; }= Mm (9.199) 


If we invert the order of integration in (9.198) and call 
1 fh 
Lin(y) = 2 [” 2s(e) Zale — Vy) de 
i JVy 
1 (¥w-%) 
Minty) = 2 f°" 246) Zale + VOx— Vy) de (9.200) 
> | 
ee 
Nov) = 2 [os agy Ze) Zale + Vu — Vy) de 
then (9.198) reduces to 


lndi(t) = oi(t) Fz (ut — 3) + [(1 — 6)ak — a| 


ra » Biri » | : ” dm(t — y)Lim (ye dy 
m=] 


= 0 
a 2, ee i " bm(t — 29% y) Mim(y)e dy 
0 


e 
n=(Q 


Cet? 
‘ : Pe ene ener, Nia(y)e™ dy || 9.201) 


An adequate approximation to this equation is obtained by retaining the 
first term only in the series (9.197); thus neglecting all terms for 7 > 0 
and dropping the subscripts on ¢1, Ly, My, and Ny, (9.201) becomes 
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(note that uw: = pz) 


ln dQ) = GO[C — Bae — B) + kD Br { f° oC — y) Liye dy 


+ Y eran] [a(t — nde — 9) Me™ dy 


n=aQ 


+ — o(t — nd» — y) N(y)e> dy | (9.202) 


The kernels L, M, and N are obtained from Eqs. (9.200); the integrations 
yield 


L(t) = (1 — £) cos rt + * sin nt 0O<¢ <1 (9.203) 
0 U 
+ 2sine(¢ ~ 3 7 oe aS (9.204) 
U« U« 
Nin = (1-5 + 3) cos x/ - 3) 
L 24 ox v v 
+ Zsine(t ~ 3) sotolts (9.205) 


where ¢ = y/d. It may be seen that these functions are all closely 
related; thus N(¢) = L[t — (d«/v)], 
and M(f) is a ‘‘reflection”’ of L(t) 
about ¢ = 0./3. Figure 9.12 shows 
the kernel L(¢), along with the linear 
approximation 1 — ¢. 

The results (9.203) through 
(9.205) may be used in (9.202) to 
obtain an expression for the inhour 
equation appropriate to the circu- 
lating-fuel reactor and a sinusoidal 
axial variation in the neutron flux. 
However, instead of using these 
complicated expressions, we apply 
some rough approximations that 
will suffice for the present purpose F1¢.9.12 Comparison of kernel L({) and 
and at the same time simplify the |!e@™ #PProximation. 
calculation. Thus we introduce the following linear expressions for the 
kernels: 


Ly) =1-¢ 
Mi) =t- - (9.206) 
NQ)sl-o+o 


Google 


598 REACTOR ANALYSIS [cHAP. 9 


These approximations give reasonably good estimates of the set (9.203) 
through (9.205); note that the values of these functions at the limits of 
their respective intervals are properly matched and that the average 
value of each comes within 20 per cent of that for the corresponding 
exact function. This is the relevant comparison since the exponential 
weighting factors e~*” which appear in (9.202) are slowly varying over 
the transit period 3 for most systems of practical interest. The inhour 
relation is obtained from (9.202) by introducing the expression 


p(t) = doe (9.207) 


If we use the set (9.206), then it may be shown, after some algebra, that 
(9.202) reduces to the form 


= (1 — p)8k — ABi | _ (1 — e™) — e*?) 
lua = (1 — 6)bk — B+k > ' | - oem oe 


(9.208) 
where %=A +e (9.209) 


This result may also be written in terms of the reactivity w, 


_ ine 1 VP Bie |, A = (1 = €#*) 
_ 1 + lina 1 -+ Lina » afi E at; ady.(1 — ex) (9.210) 


3 
The comparison of this expression with (9.98) reveals the influence of 
the circulation on the reactivity of the system. This effect is seen more 
clearly after a rearrangement of the exponential factors in the sum. We 
first show, however, that this sum may be written in terms of the frac- 
tion of the total number of precursors in the circuit which may be found 
in the core. For this purpose we require the total number of precursors 
in the core and in the loop. These are obtained from (9.195) and (9.196); 
for the case of a flat axial distribution in power, ¢(z,t) = doe and the 
precursor relations become 


Gy) 


D> ; at 
S,(z,E) = aaa {1 — e—vwelV + e— V9 e[e—1G/V—8) = 1}} 
O<z<h 
— 2 sBibee™ tend — Wem l¥]) oh Sz She (9.211) 


vil — e77*) 
The integration of the first of these over the interval (0,h) and the inte- 
gration of the second over (h,hx) give the total number of precursors in 
core and loop, respectively. The fraction a; of precursors of type 7 in 
the core is computed from 


a S;(loop) ; . = vz s,Bidohe™ 
a; = (total) with S,(total) = aa ae (9.212) 
_ —7i0. — e-79 


Oyi(l — e7 ree) 
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Of particular interest will be the fraction of precursors in the core at 
steady state; in that case we have, as a — 0, 


2 ESE = ee) 


a(0) = vr (1 — eiPx) 


and when \A,jt«. < 1, 


(9.214) 


a;(0) ~ i (9.215) 


Thus for transit times appreciably less than the precursor mean life (see 
Table 9.1), the fraction in the core is given approximately by the fraction 


Fraction of precursors in core a;(o) 


40 60 80 100 


Aid 


Fic. 9.13 Fraction of precursors in core of circulating-fuel reactor at steady state. 


of the total circuit time spent in the core. It is also of interest to note 
that for all values of a, when 3 — & (i.e., no circulation), 


lim a,(a) = 1 (9.216) 
J 


as is to be expected. Figure 9.13 shows the fraction of precursors in the 
core at steady state as a function of \, for various 8,/d. 

It is evident that Eq. (9.213) for a;(a) may be used to reduce the 
expression (9.210) for the reactivity; thus we obtain 


lia 


= ee Ee, eee 
o= yay BO + ee >, ¥, ly: d.ai(a«)] (9.217) 


This result has several interesting features. Consider first the reactivity 
Wire required to maintain the circulating-fuel system at steady state. For 
this condition a — 0, and (9.217) takes the form 


wae = ) B{1 — a4(0)) (9.218) 


ges ; Original from 
JOItIFed OY Ea | ; ITI 
C Ittl i O 4 ps C | Ih] \/ E RS Tht 0 = CAL FO R AIA 


Tat i 
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where a,(0) may be obtained from (9.214) or Fig. 9.13. Note that, when 
0 and 3,— o (no circulation), w— 0 by (9.218). This agrees with the 
result for the stationary-fuel reactor (9.98). Also, in the case of infinite 
circulation velocity V, 8 and ’.— 0. _ If we let 3./38 = ¢ = constant and 
take the limit as 3? — 0, (9.218) yields 


ee (5) (9.219) 
00 On 


Thus we find that to maintain a circulating-fuel reactor at steady state 
we require some positive reactivity varying from 0 for the stationary-fuel 
system to a maximum of $0./d3« for the system with infinite circulation 
velocity. It 1s obvious from these observations that, if a circulating-fuel 
reactor is at steady state at some given circulation velocity, a sudden 
reduction in this velocity will cause the reactor to become supercritical 
since a smaller amount of positive reactivity is required to maintain the 
system at steady state at the lower velocity than at the higher. 
Another interesting conclusion which may be drawn is that the kinetic 
behavior of a circulating-fuel reactor (within the limits of the present 
model) may be described in terms of an equivalent stationary-fuel sys- 
tem in which the fractions of the delayed neutrons 6?" < 6,, the actual 
delay fractions. To demonstrate this we determine the ‘excess reac- 
tivity” for the circulating-fuel system. By this we mean the reactivity 
over and above that required for criticality at any specified circulation 
velocity. This is the quantity w — w,,. From (9.217) and (9.218) we 
obtain 
Lina 


1 + Line 


W — Weire = 


1 ; 
+ lee >, [y:(1 + linaw)a.(0) — A,a:(a) — hnay,] 
(9.220) 


It is of interest to evaluate this expression for the case wherein the 
reactor is on a slow period, i.e, when a <),. For this computation 
we use a first-order approximation to a,(a). The appropriate form is 
easily shown to be 


a a 
a;(a) — a,;(0) (1 + ¥ h) = X, h; 
= Att Ad. Ax 
where ae ae ; oh oa 1 ke l rs 1 
If we further impose the condition that A\,\0* « 1 [ef. Eq. (9.215)], then 
h, ~~ —400ed27(1 — 3/0«); both this quantity and J,,\; are much less than 


unity. Thus to zeroth-order approximation, the expression within the 
bracket of the sum (9.220) is aa,(0). The result (9.220) then reduces to 


lana 1 B:aa;(0) 
1 + laa 1+ lie atv; 


ry 


(9.221)* 


W — Wotro 
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This result! is to be compared to (9.98). We find, then, that the circu- 
lating-fuel system responds like a stationary-fuel reactor with the delay 
fraction 6; replaced by a,(0)8; < 8; Thus the circulating system is the 
more sensitive to reactivity changes. Note that the proper correlation 
is made in terms of the so-called ‘‘excess reactivity.’’ Also, it follows 
from the above result, and (9.216), that as )— ©, (9.221) reduces to 
(9.98). 

Finally, we can estimate the effect on the multiplication constant of 
a change in the circulation velocity. Consider the multiplication k,ir. 
required to maintain the system at steady state when the fuel is circu- 
lating at some velocity V. From (9.218), 


1 1 


Ketre Pence, ot ae, PRM ee oe 
1 — Weire 1 —_— > Bil —_ a;(0)] 


(9.222) 


and it follows that 


where we have used (9.215) for a,(0). Thus, as previously recognized, a 
decrease in circulation velocity causes an increase in the multiplication. 

b. Flux-temperature Coupling without Delayed Neutrons. The effect 
of flux-temperature coupling upon the kinetics of circulating-fuel reactors 
is studied by means of a model wherein all fission neutrons are taken to 
be prompt. As in the analysis of the low-power systems, it is assumed 
that the one-velocity model applies and that the circulation of the fuel is 
well represented by slug flow. 

The general line of attack is similar to that applied in the preceding 
analysis and follows the approach used by J. A. Fleck.2, The problem of 
temperature-dependent kinetics has received the attention also of Ergen,? 
Weinberg,‘ and Welton,® who formulated the problem in terms of equa- 
tions which involve integral operations on the past history of the neutron 
flux. This approach leads directly to a set of equations in terms of the 


1 An alternative derivation is given by W. K. Ergen, ‘‘The Inhour Formula for a 
Circulating-fuel Nuclear Reactor with Slug Flow,’’ Oak Ridge National Laboratory, 
ORNL CF 53-12-108, Dec. 22, 1953. 

2J. A. Fleck, Jr., ‘‘The Temperature-dependent Kinetics of Circulating Fuel 
Reactors,’’ Brookhaven National Laboratory, BNL 357 (T-65), July, 1955. 

3W. K. Ergen, Kinetics of the Circulating-fuel Nuclear Reactor, J. Appl. Phys., 
25(6), 702-711 (June, 1954). 

‘W. K. Ergen and A. M. Weinberg, Some Aspects of Nonlinear Reactor Dynamics, 
Physica, 20, 413 (1954). 

‘T. A. Welton, ‘Kinetics of Stationary Reactor Systems,’’ Proc. Intern. Conf. 
Peaceful Uses of Atomic Energy, Geneva, 1955, vol. 5, P/610, pp. 377-388. 


Google 


602 REACTOR ANALYSIS [cHAP. 9 


time variable alone. The method used by Fleck begins with the usual 
set of partial differential equations (in space and time) for both the neu- 
tron flux and for the energy balance. It is shown that by expanding the 
solution for the flux in a Fourier series the resulting expressions for the 
time-dependent Fourier coefficients are in fact the relations used by the 
authors mentioned above. Thus the present method offers a somewhat 
more general approach and has the added advantage in that it contains 
implicitly the spatial dependence of the neutron flux and temperature 
and permits solutions for space-dependent perturbations and initial 
conditions. 

The calculation is carried out for an open-loop circuit, that is, a circuit 
in which the entrance conditions to the reactor core are constant in time. 
This implies that the external loop removes all the heat generated in the 
core. The core proper is a right circular cylinder of height h and radius 
po. All fluid particles and heat are transported around the circuit at a 
uniform velocity V, and it is assumed that thermal equilibrium and 
density changes occur instantaneously with variations in temperature. 
Moreover, it is assumed that no lateral exchange of heat occurs between 
adjacent fluid streamlines; i.e., the reactor is taken to be a line from the 
standpoint of heat generation in the fuel. Thus all axial paths through 
the core are identical. 

On this basis the appropriate differential equations for the neutron 
flux ¢ and the energy content H (per unit volume) of the fuel are seen 
to be! 


1 0d 
— DV? o(r,t) + Lad(r,t) = vZspugud(r,t) — aa g(r,t) (9.224) 


9 (et) + V2 Hirst) = €2,4(r,0) (9.225) 
ot Oz 

where € is the energy release per fission. These two equations are readily 
reduced to functional relations in z and ¢ by the application of the assump- 
tions listed above and the relation (9.178) for ¢. By following the pro- 
cedure outlined between Eqs. (9.178) and (9.184), Eq. (9.224) may be 
reduced to the form [cf. Eq. (9.183)] 


ba 5, o(2,) = BE E (et) + Hele) | + (k — 1)e(2,t) (9.226) 


where we have used the definitions (9.182). Since we have assumed 
that the system is to be represented by a line reactor, the heat generation 
and therefore temperature 7 are functions only of time ¢ and axial posi- 
tion z (measured from entrance to core). Then, after (9.127), 


H(r,t) > H(z,t) = c[T(z,t) — T(0)] = cO(z,t) (9.227) 


1 Energy transport by conduction is neglected; for reference see Goldstein, op. cit., 
vol. II, chap. XIV. 
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where 7',(0) denotes the temperature at the inlet to the core and c is the 
heat capacity of the fuel. Equation (9.225) may now be written 


0 , Oo _ &2y 
5 Ot) + V a Ol) =~ ot) OS2<h (0.228) 


This equation is to be solved simultaneously with (9.226) and a suitable 
expression for the multiplication. For the latter we take 


bk = bko — yO(z,t) (9.229) 


In the present calculation we solve the temperature equation (9.228) 
in terms of the flux ¢(z,f) and use this result in (9.229) and thence in 
(9.226). The temperature equation may be solved by the method of 
Laplace transforms as in the preceding analysis or by the general methods 
for treating first-order partial differential equations.' It may be shown 
that the application of the latter method leads to the results 


t 
O(z,t) = Oo(z — Vt) + = f g(z — Vs, t — s) ds 
z>Vti O<t<d (9.230)« 
ed, 2/V 
ees) = = [ g(z@—Vs,t—s)ds z< Vt O0<t<d 
EL, 2/V 
and O(z,t) = a i g(z — Vs, t — s) ds t>v (9.231)* 


where @ is the transit time through the core, and 
Oo(z) = To(z) — To(0) (9.232) 


with T(z) as the initial temperature distribution in the core. Note 
that the solutions for the interval 0 < ¢ < 8 accommodate the fact that 
© is different from zero only in this interval and identically zero for 
z2<0. 

The results (9.230) and (9.231) are also easily deduced by physical 
arguments. Note that if ¢ < #8, 1.e., before all the original fuel particles 
in the core at ¢ = 0 are swept out, the temperature (rise) at z and ¢ is 
simply the initial value at z — Vit plus the temperature rise due to the 
fission heating experienced by the slug from z — Vt as it travels along 
the core to point z. Clearly, when ¢ > 3, all the original fuel in the core 
has been swept out. In this case, the initial condition to be used with 
(9.228) is the entrance condition ©(0,/) = 0; thus the temperature rise 
experienced by a slug which has reached z at time ¢ is due entirely to the 


1 See, for example, F. B. Hildebrand, ‘“‘ Advanced Calculus for Engineers,”’ pp. 368— 
378, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1950; and R. Courant and 
D. Hilbert, ‘‘Methoden der Mathematischen Physik,’ vol. II, chap. 2, especially 
pp. 51-57, Springer-Verlag, Berlin, Vienna, 1937. 


Google 


604 REACTOR ANALYSIS [cHAP. 9 


heat it picks up from fissions between the point z — Vs (where it was 
located at time ¢ — s) and the observation point z (its present location). 

The solutions (9.230) and (9.231) may now be applied to (9.226). 
For this purpose we first express the flux by means of a Fourier series. 
If we use the form (9.197), then the solution (9.231) for @(z,t) may be 
written 


O(z,t) = >) . on(t — 8)Zn(z — Vs) ds t>vd (9.233) 


The substitution of this expression into (9.229) and thence into (9.226), 
followed by multiplication by Z;(z) and integration over the interval (0,h), 
yields [cf. Eq. (9.198)] 


lnd,(t) = 6 | Be (ut — ut) + i | 
(9.234) 


es wees Ee dn(t) - Z;(z) Zm(z) dz i on(t — 8) Za(z — V8) ds 


where we have ied also the orthogonality properties (9.199). If we 
invert the order of integration and call 


Kima(2) = 2 ah Zily) Znly) Za(y — 2) dy (9.235) 
Eq. (9.234) becomes 


ere ot) | Bs Gage i | 


yEZs : 
a )) ato [ on(t — 8) Kjmn(Vs) ds (9.236) 


mn=l 


which applies for £ > 3. In the same way, it may be shown that when 
ti < J the corresponding relation is 


lad,(t) = ot) | Be ee sk | 


7 », dm(t) : Bo(z — Vt) Z;(2) Zn(2) dz 


f) 
m= 


Cc 


5 - h t 
sete A dm(t) ih Z;(2) Zm(Z) a | dn(t — 8) Zn(z — V8) ds 


+ - Z;(z) Zm(z) dz i gon(t — 8s) Z.(2 — Vs) ds| 


where we have applied the appropriate forms for © as indicated in (9.230). 
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If we invert the order of the s and z integrations and note that 9o(z) = 0 
for z < 0, the above equation reduces to 


badh(t) = ot) | Be Gt — af) + ha | 


h 
2)" oat J), Oxt@ — V0) 24) Zale) 


m=1 


— er } bm() i dn(t — 8)Kimn(Vs) ds (9.237) 


mn=1 


Equations (9.236) and (9.237) are an infinite set of integrodifferential 
equations of the delay type for the Fourier coefficients ¢,(¢). An approx- 
imate solution to this set can be obtained when the temperature devia- 
tions are small; then, the first term in the Fourier expansion is adequate 
and we can discard all terms 7 > 0. If we drop the subscripts on ¢, 
and K,;; and note that ui = u, the set (9.236) and (9.237) reduces to the 
pair of equations 


lnd(t) = $(t) -3 : Ole — Vt) B22) de 


= 721 [ ot — 8) K(Vs) as | forO0 <i<# (a) 
c fo (9.238) 


Lid(t) = $(t) E Z vem! i $(t — s) K(Vs) as| 


fort > v0 (b) 


2 f* 9 rw? 
where K(w) = ral Zi(z) Z\(2 — w) dz = 3x (1 + cos ) (9.239) 
This result is appropriate to the sinusoidal axial variation in the neutron 
flux. In the analysis which follows we use, in place of the exact form 
indicated for K(w), a linear approximation similar to that used for L(¢) 
in (9.206). Thus we introduce the function K,(w), where 
w 


h 


If this relation is used in (9.238), along with the substitution (9.132) for 
P(t), the result is 


K(w) ~ K,(w) = 1- (9.240) 


2y [* 
l,P(t) = P(t) ari Oo(z — Vt) Z?(z) dz 
Y [| pa _— : 
_ xf P(t — s) K, (Vs) as| O0<t<9 (a) eon 
1,P(t) = P(t) | bk = t I ” Pit — 8) K, (Vs) as| 
t>s9  (b) 
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This pair of equations is written more compactly by introducing an 

effective temperature 0(t), which we define 

_ 
Y 


where K(Vs) is given by (9.239), or approximated by (9.240). Note 
that 


6(t) = + : I : P(t — s) K(Vs) ds (9.242) 


6(t) = <| Po K(0) — Pé@ — 8) K(h) + V a P(t — s) K(Vs) ds| 
(9.243) 
If we approximate K by K,, this equation reduces to 
g(t) = 1 | Pw ae [ ” P(t — 8) as| (9.244) 
Cc vd fo 


This relation and the definition (9.242) may be used to replace Eq. 
(9.2416). The set (9.241) may then be written in terms of the effective 
temperature 6(t); summarizing, we have 


lnP(t) = P(t) | bk = 7 | Oole — Vt) sin? () dz 
= x [Pe — s) (1 = 5) ds | O<t<d (9.245)« 
c lo vd 
an 
lnP(t) = —yP(t) 6(2) (a) 
Wie | Pe _ ; ih Pt — 8) as| t> 9? a (9.246)* 


Note that the function K, has been used throughout. It is of interest 
to mention that the set (9.246) constitute the relations used by Ergen, 
Weinberg, and Welton in their studies of the kinetics of circulating-fuel 
reactors. These studies place emphasis on the stability aspects of the 
nonlinear set (9.246) and include the extension of the present theory 
to account for the effects of alternate fuel paths through the core with 
different transit times as well as the effects of delayed neutrons. 

Since Eqs. (9.246) apply only for values of ¢ greater than the core 
transit time, the set may be conveniently called the ‘“‘asymptotic”’ solu- 
tions for the temperature-dependent kinetics. In the general study of 
this problem one should properly use first Eq. (9.245), which describes 
the reactor power transients during the time interval before all the original 
fuel in the core (at ¢ = 0) is swept out. The solution for ¢ > 8 is then 
constructed from (9.246), using the results from (9.245) for ¢ = 3 as 
initial conditions. 

In order to obtain a solution for the power transients during the time 
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interval (0,0) we require an expression for the steady-state temperature 
distribution @,(z). This may be obtained from the steady-state flux 
distribution ¢o(p,z) at ¢ = 0, where 


V7ho0(0,2) + B'do(o,z) =O do(p,z) = R(p) Z(z) (9.247) 


For the case of a sinusoidal axial flux 


Z(z) = $0 sin (9.248) 


The steady-state temperature distribution may be determined from 
(9.228) by setting the time derivative equal to zero; then 


d - EZ rho : kd 
Fz Oot?) =—y sing (9.249) 
If we call €Z,;¢o = Po, and note that @.(0) = 0 [cf. Eq. (9.232)], (9.249) 
yields 

@,(z) = za) (1 — cos iz) (9.250) 


cr 
The substitution of this result into (9.245) gives 


t 4 . xt 1. *) 
a in — — —sin 


a _ OP = cali 
luP() = PO) | bk ere (1 Bn be ID 


-1 ['pa-a(1- §)as| O<t<v (9.251) 
c lo v 


This equation is to be solved simultaneously with the pair (9.246). 

The expressions (9.251) and (9.246) form a nonlinear set of integro- 
differential equations in P(t) and 6(¢). An exact solution to this set is 
not considered here. We seek instead the solution to the corresponding 
linearized equations. For this purpose we introduce 


and require that w(t) <1 so that In P(t) ~In Py + w(t). With this 
approximation (9.251) becomes 


y9Po YIP o \ 1\ ¢ {* 4. mt 
cr 


L.n,w(t) = bko = P 


a | - ; w(t — 8) (1 - §) as O0<t<v (9.253) 
The set (9.246) in turn reduces to 
lnth(t) = — A(t) (a) 
_ Po se _ t>? (9.254) 
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The solution to Eq. (9.253) must satisfy the initial conditions 


w(0) = 0 w(0) = -¢ 
(0) = oko _ 8 (9.255) 
Len x 
where = fu (9.256) 
thc 


In obtaining the solution to (9.253) it is more convenient to work with 
the corresponding ordinary differential equation. It is easily shown that 
this relation results from two differentiations of Eq. (9.253); thus, 


Bt) + C2w(t) — F w(t) =34f(t) forO0<t<e (9.257) 


with fi = 5 (1 - Fain - 3 2) 


3 3 35 (9.258) 


The corresponding solution for the asymptotic forms (9.254) is obtained 
by eliminating 6(¢) in (9.254a) by the application of (9.254b). The 
result is a third-order equation involving a ‘“‘delayed”’ term. 


i(t) + f20(t) + F [wt ~9)—w()]}=0 fort> (9.259) 


The initial conditions for this equation are obtained from the solution 
to Eq. (9.257) evaluated at ¢ = 38. For this purpose we require the 
function w(8) and the derivatives w(J3) and #(8) as computed from 
(9.257). 

We will not concern ourselves further with the detailed solution to 
this problem but will instead examine briefly some of the physical 
features of the system described by the pair of equations (9.257) and 
(9.259). 

Consider first the form of the power oscillations. This feature may be 
studied by introducing the elementary solution 


w(t) = er! (9.260) 


and investigating the properties of the quantity ax. The substitution 
of (9.260) into (9.259) yields a transcendental equation for ax in terms 
of the parameters ¢ and #; thus 


Peer ree c (e-** — 1) =0 (9.261) 


The roots of this equation are in general complex; therefore set 
On = Ie + 1Ye 


The substitution of this relation, after separation of real and imaginary 
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parts, yields the pair of equations for the unknowns z« and yx 


2 
zh — 32ray3 + Cru + - (e-°=* cos dyx — 1) = 0 


2 
—yh + 3rRye + O7%ye — cei sin dys = 0 


(9.262) 


It can be shown by the application of Nyquist’s criterion! that Eq. 
(9.259) has no antidamped solutions since Eq. (9.261), or the pair (9.262), 
has no roots in the right half of the ax plane.? Thus we find that 
tx <0, and the general solution w(t) = exp (ast) represents a damped 
oscillation. The introduction of a 6k» into the circulating-fuel reactor 
(with y > 0) results, then, in a series of power excursions which eventu- 
ally decay, bringing the system to a new steady-state condition. 

The solutions to (9.262) may be obtained by the usual iterative tech- 
niques. It is of some interest to mention that special roots of (9.261) 
occur when { = 2nxr/3 (n = 1, 2, .. .). In these cases, a» is a pure 
imaginary, and the solution to (9.259) is an undamped steady sinusoidal 
oscillation. 

The temperature of the fuel at the core exit is obtained from (9.233). 
In accord with our previous approximations we use only the first term 
in the series; then, 


O(z,t) ~* f° P(t — s) Zi(z2 — Vs) ds (9.263) 


The linearized approximation of this expression gives for the exit temper- 
ature 


O(h,t) = @..(f) = 2 E +3 [ * w(t — 8) sin = as| (9.264) 

The temperature oscillations in this system are quite mild as compared 
to the power oscillations. This trend is evident from a comparison of 
©..(¢) and w(t). Since the reactor temperature is given by an integral 
over some past history of the power, it will necessarily exhibit a much 
smoother variation in time. Thus even though the power oscillations, 
as represented by w(t), may be very sharp, the temperature oscillations 
will be much more gradual and of relatively small amplitude. This 
property makes the circulating-fuel reactor an extremely attractive device 
as a source of power. Not only does it indicate that there is little danger 
to the reactor through excessive temperature variations, but since the 


1 See, for example, H. 8. Tsien, ‘“‘ Engineering Cybernetics,’’ McGraw-Hill Book 
Company, Inc., New York, 1954. 

2 This calculation has been performed by F. G. Prohammer, ‘“‘ Note on the Linear 
Kinetics of the Circulating Fuel Reactor,’’ Oak Ridge National Laboratory, Y-F 10-99, 
Apr. 22, 1952. 
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power extracted from the reactor is determined by the temperature of 
the fuel, the fluctuations in actual power output will not be severe. 

Finally, it should be mentioned that, when a certain 5ko is introduced 
into the reactor, the resulting oscillations in temperature decay rapidly; 
however, the exit temperature eventually stabilizes at some new level. 
This value can be determined from (9.264), and it is easily shown that as 
t—> ©, @,,(t) — 20Po/xc. This result may be evaluated in terms of the 
excess multiplication. If we set P(0) = 0 in Eq. (9.241), then, 


DE 
sky = Whe f (1 - )as 
c 0 v 


and we obtain Po» = 2cék)/yd. Thus 


Adko 
Wy 


lim @.:(¢) = (9.265) 
to 

which states that if some positive reactivity is added to the system, then 
because of the negative temperature coefficient of the fuel, the reactor 
must operate at some higher temperature level which just compensates 
for this increase. 


9.6 Decay of Fission Products and Burnout Poisons 


In the time-dependent problems considered so far, no account has 
been taken of the appearance of fission products or burnout potsons 
which serve as strong ‘‘neutron sinks,”’ that is, remove neutrons from the 
reactor by radiative capture. Nuclei with large neutron-absorption 
cross sections are created during the fission of a nucleus, either as direct 
products of the reaction or as intermediate stages in the decay process 
of other fragments. Burnout poisons are materials which have large 
absorption cross sections and which are purposely included in a reactor 
to aid in controlling the neutron population and thereby to aid in limiting 
the maximum available reactivity in the system. For some time after 
a new charge of nuclear fuel is added to the reactor, the reactivity 
of the system may be far beyond the limits which the control system 
can suppress. Burnout poisons introduced along with the fuel (possibly 
mixed in with it) can assist the control system in removing excess neu- 
trons. As the fuel is consumed the available reactivity decreases, but 
so also does the concentration of burnout poisons. By this time, how- 
ever, the control system alone is able to maintain a steady-state condition 
in the reactor. The primary function of these poisons is realized, then, 
during the initial stages of the reactor fuel cycle. 

The purpose of the present section is to examine some of the problems 
associated with the estimation of the concentration of poisons in the 
reactor as a function of time for periods of operation which are compa- 
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rable with the time required to reduce fuel concentrations by sizable 
fractions of their initial values. The concentration of these nuclei may 
be included in a study of the complete neutron economy of the reactor 
system, and suitable adjustments may then be made to maintain the 
reactivity within prescribed limits. 

a. Decay of Fission Products. The distribution of nuclear fragments 
which are produced by a fission reaction extends over the entire mass 
scale (see Fig. 1.3). The majority of the fragments are grouped, how- 
ever, in two regions—mass numbers 95 and 140. The fragments which 
are of particular interest in the present problem are those which have 
reasonably large neutron-capture cross sections as well as relatively large 
percentage yields. We are concerned, therefore, with fragments having 
large values of 2. The most important of these are Xe!*®>, Sm!‘ and 
135, 

We will consider first the concentration of I'*5 and determine its value 
as a function of time. Iodine 135 is a first-stage decay product of Te!*5, 
which is a direct fission product. The tellurium which appears from 
fission reactions decays by negative beta emission to form I?!#5, which in 
turn decays to Xe!*5, again by negative beta emission. The decay proc- 
ess is indicated below, along with the appropriate half-lives: 


s21e!35 


=> sal'86 > 5 4Xelts (9.266) 
The yield of Te'*5 is 0.056 atom per fission. We note from the above 
relation that the decay rate of the Te!* is relatively fast; so a reasonable 
approximation to this reaction would be to assume that I!*5 appears as a 
direct fission product of yield 0.056 and to ignore entirely the presence 
of the tellurium. This approximation has some merit since the half-life 
of Te!*5 is short, relative to the time periods of interest here. 

On the basis of this assumption we can write the following balance 
equation for I(t), the I'** concentration: 


I(t) ~ —l(t) — oP I(t) o{t) + wrE,(t) o(2) (9.267) 
where (refer to Table 2.1 for data to compute )) 


A: = decay constant for I'!*5 = 0.1037 hr! 
o® = neutron absorption cross section for ['%5 
pr = atoms of I!*5 per fission (0.056) 
=, = fissions per unit volume per unit time 


and I(t) is given in nuclei per unit volume. It should be recognized 
that the cross section indicated in this equation must correspond to the 
neutron energy implied in the flux ¢. Inasmuch as the largest fission- 
fragment cross sections occur in the vicinity of thermal energies, we will 
confine our attention to the effects of these poisons on the thermal-neu- 
tron flux. Thus the cross section o and those which follow refer to 


Google 


612 REACTOR ANALYSIS [cHaP. 9 


the thermal-energy group defined by the reactor temperature. Note, 
furthermore, that (9.267) includes only the time dependence of the iodine 
concentration. Spatial variations due to a nonuniform neutron flux are 
not treated in the calculations which follow. These effects are properly 
handled by perturbation methods or numerical analyses. 

Equation (9.267) states that the concentration of I!*5 nuclei is decreased 
at the rate A. I(t) from decay and at the rate oI(t)¢(t) from thermal- 
neutron capture. Iodine 135 nuclei are produced at the rate uiZ,(t)¢(t). 
The solution to this equation may be written in the general form 


I(t) = o fotos E f, *>,(8) o(oel gM ae ag 1(0) (9.268) « 


where 
Lit) = i + o@ 9(t) (9.269) 


Thus, given the time behavior of the flux, (9.268) yields an explicit rela- 
tion for the iodine concentration. 

The balance relation for the Xe!*® may now be given in terms of the 
I'38 concentration. If X(t) denotes the Xe?** concentration, then the 
appropriate differential equation is 


X(t) = —[re + o(t)] X(t) + Al () + weZ,(t) o(t) (9.270) 


where the quantities \., 7, and uz are the decay constant, the thermal- 
absorption cross section, and the fission yield, respectively, for xenon. 
The value of the yield is uz ~~ 0.003 and A, = 0.0754 hr-'. Note that 
the first two terms on the right side of this equation represent the reduc- 
tion in the Xe!*®> concentration as a result of radioactive decay and 
neutron capture and that the last two terms give the rate of production 
from the decay of I'*5 [the parent nucleus, cf Eq. (9.266)] and as a direct 
product of fission. The general solution to (9.270) is 


x() =e /emoe { [Dl (0) + 12 ,(0) p(oyjed OM ag 4 xo} 
(9.271)* 
with M(t) = A. + o (bt) (9.272) 


The third reactor poison considered in this analysis is Sm'*, which 
appears as the radioactive beta-decay product of Pm!‘ (47-hr half-life). 
The Pm'"® is itself the beta-decay product of Nd?‘ (1.7-hr half-life), 
as well as being a direct fission product. The decay process is given by 


eo Nd!49 — e1b-m!49 — e25m!49 (9.273) 


Because of the relatively short half-life of Nd'!4*, we will assume that 
Pm?" is a direct fission product. The combined yield of Pm'* is, then, 
the fission yield plus the Nd! production. This number is 0.014 atom 
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per fission. The balance relations for the two remaining nuclei, pro- 
methium P,,(¢) and samarium §,,(¢), are given by 


Pm(t) = wpZs(t) (2) — Dp + 9? 6(t)]Pa(t) (9.274) 
Sm(t) = ApPm(t) — PS w(t) (tf) + ue2s(t) O(6) (9.275) 
where the index p refers to Pa, and sto S,. Samarium 149 has a stable 


nucleus, and therefore its balance equation contains no decay term. The 
solution to (9.274) 1s 


P.(i) = ad Xie do cE fi = ,(6) o(yel 0a a 


with 


do + Pn(0) | (9.276) 


G(t) = Ap + oP O(L) (9.277) 


and the solution for S,,(¢) 1s 


S,.(t) = fo (6) d@ { f [\pPm(6) 


6 
+ ued,(8) eave” SO" ap + Sa(0)} (9.278) 

The results (9.268), (9.271), and (9.278) are the general expressions 
for the time dependence of the principal fission products. Detailed 
calculations for these functions can be carried out once the ¢(t) and Z,(t) 
are specified. Some simple cases are now considered. 

b. Steady-state Poison Concentrations. The concentrations of the 
poisons I!#5, Xe!#§, and Sm!4* in a reactor which is operating at steady 
state are easily obtained from the original differential equation. At 
steady state we assume that the flux is stabilized to some value ¢o. As 
a simplification we also take 2, to be a constant; that is, the rate of fuel 
consumption is small, so that 2; at any time instant is not much different 
from its initial value. We find then, on the basis of these assumptions, 
that the steady-state I}¥5 concentration is 


_ ar Zyho 
Ty = A (9.279) 


The steady-state concentration of Xe!*5 is obtained from (9.270): 


_ Arlo + Mzdsho 
Xo = Xe + bq (9.280) 
where Io is computed from (9.279). The steady-state concentration of 
Sm!4° is derived from (9.274) and (9.275): 


go — 2 | Rete Ree nero 


oq” Ap + of bo 


(9.281) 
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It is of interest to determine the limiting values of these concentrations 
for arbitrarily large values of the thermal flux. These are 


Jim Ip = mee lim Xe = be lim 82 = Me! (9,282) 
Thus the steady-state concentrations of Xe and I increase with increasing 
flux whereas that of Sm decreases, reaching in the limit the asymptotes 
given above. 

c. Poison Concentrations following Reactor Shutdown. The time- 
dependent behavior of the poison concentrations in a reactor following 
shutdown can be obtained from the general results given above if ¢ = 0 
is taken as the instant of shutdown and the flux is set equal to zero for 
all subsequent time. In the case of samarium, this procedure easily 
yields the result 

Su(t) = Sa(0) + P..(0)(1 — e-+*) (9.283) 


where P,,(0) and §,,(0) now represent the concentrations of promethium 
and samarium in the reactor at shutdown. This result shows, then, 
that the samarium concentration increases monotonically to the asymp- 
totic value §,,(0) + P,.(0). The buildup is slow, however, since 
Ap = 0.01472 hr-!. 

Although the postshutdown concentration of samarium can be a serious 
consideration in some reactor situations, the control of the xenon concen- 
tration is a problem of more general importance in all thermal reactors. ! 
This problem is especially serious when the I'** concentration at shut- 
down is relatively large. Under these circumstances the Xe!#® concen- 
tration increases rapidly after shutdown and can reach appreciable mag- 
nitudes before decaying away. This buildup is important from the 
standpoint of control, since a large positive reactivity change must be 
available if it is to be required that there be a restart of the reactor 
around the time the maximum occurs. Thus special ‘‘xenon-override”’ 
control rods would be required in a mobile nuclear power plant if short- 
time startups were to be an essential operational feature. 

At the time of shutdown, there exists a particular combination of 
iodine and xenon concentrations in the reactor. This combination 
depends, of course, upon the operating history (1.e., flux program) as 
indicated by Eqs. (9.268) and (9.271). In any case, these can be deter- 
mined in detail, by measurement if necessary. The concentrations after 
shutdown are obtained by setting ¢(¢) = 0 and letting ¢ = 0 be the 
instant of shutdown. Then, 


I(t) = Le" (9.284) 


X(t;z.) = at 1E + . (A. — a») | erst — a (9.285) 


1 Especially solid-fuel reactors. 
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where I, and X, denote the concentrations of I!*5 and Xe!** at shutdown, 
and 


X, 


L (9.286) 


2 = 


We have introduced the parameter z, in the symbol for the xenon concen- 
tration since the absolute magnitude of the concentration depends upon 
this ratio, as well as upon the value of I,. 

The expression (9.285) is generally applicable and gives the xenon 
concentration after shutdown for a specified value of the ratio z,. For 
each value of z,, a separate calculation for X(t;z,) is required, and each 
will yield a different time behavior. This complete system of solutions, 
however, can be combined into a single generalized relation. The appro- 
priate form is obtained by applying a displacement transformation on the 
time coordinate. Thus we define a new timelike variable @ which is 
related to ¢ by 


t= 0— Ox (9.287) 


where 6% is to be determined for convenience. The substitution of this 
relation into (9.285) yields 


X(t5z.) med X(0;2.) ma Teds 1E + es (Ar = s») | ersl(O—-O~) — g—A1(8 8) 
Ar — Az Ar 
(9.288) 
We now choose 6 so that X(0;z,) = 0. The result is 
One _ In [1 + (2./A.)O1 = d:)] (9.289) 


AI ae Nz 
The substitution of this expression into (9.288) yields 


I.Xr 


XO) = OE 


z AL/OAI—Ay) 
E + x (Ar — | (e268 — e-*18) (9,290) 
I 


This result may be written more simply if we evaluate X in terms of its 
maximum value X(6@,;z.). The maximum is seen to occur at 


and it follows that . 
e A 6mm 
Xz) eye ca (ez — e-*1°) = x(6) (9.292) * 


K(Omiz,) A As 
This function gives the so-called universal xenon curve! shown in Fig. 9.14. 


1A. G. Ward, “A Universal Curve for the Prediction of Xenon Poison after a 
Reactor Shutdown,”’ Atomic Energy of Canada Limited, CRRP-685, Jan. 25, 1957. 
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Note that it represents the xenon concentration after shutdown for the 
special case when the concentration at shutdown (X,) is precisely zero 
and normalized so that the maximum value of the function (9.292) is 
unity. Thus we find that the displacement transformation (9.287) along 
with the specification (9.289) transforms the ‘‘truncated”’ function (9.285) 


Using: 
0.8 X, = 0.1037 hr! 
Xx = 0.0753 hrt 
Py ie © 
mi 
x(6) 
0.4 
0.2 
eae 
|| Ts 
| eed ae a 
‘ ia es A 
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 


Time 6, hr 
Fig. 9.14 Universal xenon curve. 


to a more simple form which passes through the origin. A further obser- 
vation to be made is that the X and X functions are related by 


X (t;z) _ X(t;0) 
X(tmiz)  %(tm;0) 


The procedure for determining the xenon concentration in a particular 
situation from the universal curve is as follows. Given the ratio of xenon 
to iodine concentration at shutdown z,, Eq. (9.289) is solved to obtain 
the ‘effective’? shutdown time @%. These solutions may be read directly 
from Fig. 9.15. If this value of 6 is then marked on the abscissa of Fig. 
9.14, the curve to the right of this point gives the relative variation in 
xenon concentration for all subsequent time. Thus if X, is the actual 
concentration at shutdown and z(6«) the value read from the curve of 
Fig. 9.14, then X,z7(0)/x(@x%) is the concentration at time 6 — 6% after 
shutdown. 

In the event that the reactor has been operating at a steady-state flux 
¢o for a long time, the iodine and xenon concentrations will have reached 
the equilibrium values given by Eqs. (9.279) and (9.280). Then, 


Xo oi Ar (sr + be) + B06 dbo re Mr 


Io Azttr + byob Ae + oo 


(9.293) 


(9.29-4) 
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This function is shown in Fig. 9.16. The specific xenon curve for this 
case is obtained by selecting Xo/Io from Fig. 9.16 for the known @o. 
This value is then used in Fig. 9.15 to determine the effective shutdown 
time 6% and, thence, the xenon curve from Fig. 9.14. 

d. Constant-flux Reactor. We consider next the general solutions 
for the I'*, Xe!®5 and Sm4° concentrations given in Sec. 9.6a for the 
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Fig. 9.15 Effective shutdown time as function of xenon-iodine ratio. 


case of a reactor which is operating at a fixed flux level ¢,. The system 
is not at steady state, however. For convenience we assume that the 
reactor is being started up for the first time, so that the initial concen- 
trations I1(0) = X(0) = P,.(0) = S,.(0) = 0. Equation (9.268) gives the 
1135 concentration in this case to be (again taking 2, constant) 


I(t) = I,(1 — e+) (9.295) 


wes and Ly =)A1 + os de (9.296) 
* 


where I, = 


Note that the I, corresponds to Io of (9.279) if we identify ¢, with do. 
For Xe!*5, we have [from (9.271)], 


17. pb. 
mu ees f v pie + ae aa | e- Met Arr My e— 


Lgwz u(M, — L Lyus(M, — Le) 
(9.297) 
with X, = tsee and My = De tote (9.298) 


M, 
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d, = 0.1037 hr! 
Az = 0.0753 hr™ 
o¢?’= 3.4 < 10° barns 
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Fia. 9.16 Ratio of equilibrium concentrations of xenon to iodine as function of 
steady-state flux. 


and, finally, for Sm!** [from (9.278)], 


1 —- Ee Fe' bat 7a bot = e—Get 4 Med f 
a J ate OO by + oo de + G. |+ a t= ees! heed 
(9.299) 


where gs tetibe and = Gy = Ap + oy (9.300) 
* 


These results give the buildup of the fission products for a reactor 
starting at ¢ = 0 and operating thereafter at flux ¢(t) = ¢,. Note that 
for {— © these solutions reduce to the steady-state values derived in 
Sec. 9.6b if we take ¢, = do. 

e. Constant-power Reactor. The assumption of a constant flux used 
in the preceding calculations has merit from a practical viewpoint since 
reactors designed and operated specifically as research tools are frequently 
required to maintain uniform flux levels for prolonged periods of time in 
order to accommodate various irradiation experiments. There are other 
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reactor applications, however, in which a constant-flux program would be 
unsatisfactory. A good example is the use of a reactor as a source of 
power. It is clear that in this case the principal requirement on the sys- 
tem could very well be that the rate of energy production remain fixed 
for long periods of time. Thus, the operational condition which would 
be imposed on the system would not be that the flux remain constant 
but, instead, that the total number of fissions per unit time remain con- 
stant for the specified time period. If this time interval is long in com- 
parison with the operating life of the reactor, then the rate of fuel con- 
sumption must be taken into account in computing the total fissions. In 
this case 2, is treated as a time-dependent function. For such systems 
the appropriate condition to be imposed is 


P(t) = Po = €2,(t) o(t) = EoyN r(0) (0) (9.301) 


where P(t) is the power generated per unit volume by the reactor, Po is 
some specified power level, N y(t) is the concentration of fuel (nuclei per 
unit volume), and € is the energy release per fission. 

As noted previously, the calculation of the poison concentrations is 
dependent on the time behavior of the flux. In the case of the constant- 
power reactor, the flux must be inversely proportional to the fuel concen- 
tration. Thus a complete description of the operating condition of this 
type of reactor will require, in addition to the differential equations for 
the poison concentrations, a statement of the mass balance for the fuel 
nuclei; namely, 

Ne(t) = —oN r() od) (9.302) 


where o“” denotes the total absorption cross section for the fuel. If the 
constant-power relation (9.301) is applied to this equation, the solution 
is seen to be 


N p(t) = Ne(O)[1 — of 6(0)¢] (9.303) 
and the flux is given by 
o(t) = ; to (9.304) 


as mentioned above. The substitution of this expression for ¢(t) into 
the general solutions for the fission-product poisons yields the appropri- 
ate time-dependent functions for the constant-power reactor. These 
results can be expressed in terms of the incomplete gamma function. 

It will be convenient for the remainder of the present section to rewrite 
Eqs. (9.303) and (9.304) in terms of the dimensionless variable z, where 


z= 


t 
rm (9.305) 


The symbol & denotes the time it takes for enough fuel to be consumed 
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so that the over-all system reactivity is reduced to zero. In a solid-fuel 
system é would be related to the “‘life”’ of a fuel element. The quantity 
o‘¥)¢(0)¢ in the expression for the flux may be written in terms of z; thus 


oP t, Poz 


id = 
of p(0)t oN r(0)e 


(9.306) 
It is clear that Pof/é€ is the total fissions per unit volume which occur in 
time 4; but this may also be given by 


(Fuel nuclei destroyed) a = [Nr(0) — Ne(t)] - 


If we call Br the burnup fraction of the fuel, where 


then oP) 6(0)t = Brz (9.308) 


The fuel concentration and the flux, when written in these terms, take 
the form 


Ne(e) = Ne) — Bre) 42) = 299.300) 
f. Secondary Fission Fragments. In addition to the primary products 
[185, Xe!*5, and Sm’, a fission reaction yields various secondary frag- 
ments which, experience has shown, can be treated in terms of a single 
effective absorption cross section. Some detailed information as to the 
nature of these fragments and the sequence of their appearance following 
a fission is available in the literature.! It will suffice for the present 
treatment to consider an elementary approach for estimating the con- 
centration of these secondary fragments. The fundamental assumption 
will be that all the secondary poison nuclei which appear can be regarded 
as a single ‘“‘composite’”’ nucleus with an absorption cross section oF”). 
If we call Nr p(t) the concentration of this composite (or effective) nucleus, 
then the balance relation is clearly 


Nrp(t) = ojNr(t) (2) (9.310) 


The cross section o{¥?) must be selected from experience. We have 
omitted a term for removal by neutron capture in Eq. (9.310) on the 
basis that the cross section o‘¥*) represents a time-averaged quantity 
which accounts for both the continuous production and loss of secondary 


1W. B. Lewis, ‘Reactivity Change Expected and Observed in the Long Irradiation 
of Natural Uranium in the NRX Reactor,’’ DR-21, Feb. 4, 1952; L. D. P. King, ‘‘Los 
Alamos Power Reactor Experiment and Its Associated Hazards,’’ LAMS-1611, 
Dec. 2, 1953; J. Halperin and R. W. Stoughton, “Some Effects of Transmutation 
Products on U#* Breeder Pile Operation,” ORNL-1368, Sept. 29, 1952. 
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poison nuclei. The actual buildup of such fragments during reactor 
operation is discussed in the reference reports. 

The concentration N rp(t) is easily determined for the two flux pro- 
grams previously considered. For the case of constant power, we use 
(9.301) for the total fissions and obtain 


N pplz 

Wo) | ee ae 
where we have used the relation Br = o/”¢(0)t,, which follows from 
(9.307). For the case of constant flux ¢,, the fuel-concentration equa- 
tion (9.302) gives 


Nr(t) = Nr(O)e 7 'eet (9.312) 
Substitution into (9.310) yields [using (9.307) ] 
EEE oe OL aie Be (9.313) 


Nr(0) oF) 


g. Burnout Poisons. The use of burnout poisons was discussed in the 
introduction to the present section. In the development which follows 
we compute the nuclear concentration for some arbitrary poison N;;(¢) 
for the cases of constant flux and constant power. The results for the 
case of constant power are then used in a sample calculation to demon- 
strate the use of a burnout poison in controlling the reactivity of a reactor. 

The mass balance for the burnout-poison nucleus is given by the 
equation 

N,(t) = —oPN,(2) $(2) (9.314) 


where o denotes the neutron-absorption cross section of the poison 7. 
The solutions for N;(t) for the two cases mentioned are easily shown to be 


N;(z) = N;(0)(1 — Brz)* for constant power (9.315) 
N,(z) = N;(0)(1 — Br) for constant flux (9.316) 


of 
where s =—-% (9.317) 


oF) 


The result (9.315) is now applied to the criticality calculation of a bare 
homogeneous reactor operating at constant power. The appropriate 
relation for the multiplication constant is 


k= nf €DinGtn DN (6.81) 


We use this relation to compute the effect on k caused by introducing 
burnout poisons which have the time dependence given by (9.315). For 
convenience in computation, we choose ep. = 1, so that (6.81) reduces to 


k= niQuPn (9.318) 


In these calculations we are concerned primarily with time-dependent 
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phenomena, and, strictly speaking, the relations (6.81) and (9.318) are 
meaningful only when k = 1, that is, for steady-state operation. Thus 
if we speak of k ¥ 1, then the flux is experiencing rapid variations in 
time, so that the reactor either is shutting down or is supercritical. 
Nevertheless, it will be useful in this analysis to think in terms of a time- 
dependent multiplication k(t) which will describe the influence of the 
various poisons and the fuel on the reactivity during the operating life 
of the system. Actually, k(t) = 1 all through this period, but this is 
accomplished only by the continual action of a control system; k(t) repre- 
sents, then, the available multiplication at any given instant and is the 
amount which the control system must counter in order to maintain the 
reactor at steady state. This concept of a k ¥ 1 was previously treated 
by introducing a », so that k = v/»,. Thus », is a fictitious number of 
neutrons which must be produced per fission in order to maintain the 
system at steady state. In the present application we may think of a 
corresponding »,(t) which specifies the neutron yield per fission at each 
instant during the life of the reactor so that the system remains just 
critical. The appropriate expression for k is then (for g, and  inde- 
pendent of time) 


k(t) = ngwf(t) pwi(d) (9.319) 
If we call 
2 aa (9.320) 


where 2 represents the absorption cross section of all reactor materials 
other than fuel, then (for D independent of time) 


1 
ee a(t) ah Te D 
, with L') = smOil + al 


pal) = 7 BL) 


(9.321) 


It will be convenient to separate 2 into a component 2 for materials 
whose cross sections do not vary with time and component 2®(t) for 
those which do; thus 


Z(t) = ZP + TP) (9.322) 


For the present calculation we include in Z(t) only the burnout poisons 
and omit the production of fission fragments. 

The fuel concentration for this system is given by (9.309) and the 
poison concentration by (9.315). If these expressions are used in (9.320), 
we obtain 


N 
a(z) = oe a ) snj(1 — Bp2)- (9.323) 
— Brz == 
I@ 
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where we have assumed that the reactor contains N burnout poisons, 


j=1,2,...,N. The symbol s, is defined according to (9.317), and 
n; is the loading fraction of poison j: 
—_ N;(0) 
n = Nr(0) (9.324) 
The result (9.323) may be used in (9.319): 
(2) = 19s»Pxil2) 
k(z) = ia) (9.325) 
The reactivity w is, then, 
_k@-1_, _ 1 B?D 
w(z) = a7 ak 1 =. | 1 + a(z) + B0(0)(1 — Bre) (9.326) 


where z is the time variable given as a fraction of the operating life of 
the fuel elements and @-¢ is the burnup fraction of the fuel. It is possi- 
ble, by making a suitable choice of the loading fractions of the poisons 


rs Without poisons 
— oe, SL 

ae 
With poisons ee 


oz) 


0 
Fria. 9.17 Reactivity change with and without burnout poisons. 


n; and their types, represented by the cross section ratios s;, to control 
the reactivity to variations which lie within the capabilities of the con- 
trol system. If no poison were added to the constant-power reactor, the 
reactivity would vary as shown in Fig. 9.17. The initial reactivity w(0), 
here, may be far beyond the magnitudes which can be suppressed by the 
controls. Thus by introducing sufficient poison to make w(0) = 0, the 
reactivity can be made to take the form shown by the solid-line curve in 
the figure. Note that the maximum excursion in w(z) has been dimin- 
ished and might be brought within the range of the controls. In some 
situations the maximum rise in reactivity may still be beyond the capa- 
bilities of the controls; such is sometimes the case when B", which has a 
large oa, is used. Although enough B’ can be added to suppress the 
initially large amount of reactivity available, it ‘‘burns out’’ too fast, 
and in a short time w(z) will rise to uncontrollable magnitudes. In these 
cases it is possible to use a combination of B!’ and some other poison 
(e.g., Li®) which does not have so large a cross section. Now the com- 
bined initial loadings of these two poisons will suppress the large w(0), 
and yet a sufficient amount of the lower cross section poison will always 
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remain to keep the reactivity within controllable bounds during the 
remaining life of the system. In carrying out these calculations, it is 
useful to impose the following conditions on w(z): 


w(0) = 0 w(1) = 0 (9.327) 


These conditions will yield two simultaneous equations for the loading 
fractions n; of the two poisons. 


PROBLEMS 


9.1 Consider a bare thermal reactor [described by the constants D, B?, £,(0), 
Z,(0), pen, and r,;,] which is operating at steady state. At some time instant, say 
t = 0, the physical state of the system is caused to vary in time, so that the macro- 
scopic cross sections become functions of time. Such behavior can be achieved, for 
example, by changing the pressure on a compressible fluid fuel. 

a. Derive the expression for the thermal flux ¢(r,t) for this system on the basis of 
the following model: (1) Za(t) = 2.(0)(1 + asin wt), Z(t) = 2,(0)(1 + basin wl), and 
D(t) = D; (2) neglect delayed neutrons; (3) neglect temperature effects on system; 
(4) include gen = e~2’"th and pin; (5) assume that both gy, and py, are time-independent 
quantities. 

b. Determine the function dk(t) = k(t) — 1 in terms of the steady-state constants 
of the system. At what values of wi does 5k(t) attain its maximum value? 

c. Sketch the functions 5k(¢) and ¢(r,t) in terms of the variable we. 

d. Find an expression for ¢(r,¢) in terms of the mean lifetime 1 = {v[ DB? + £,(0)]}7~! 
and the maximum positive value of 5k(t). 

e. Determine the conditions on the frequency w such that ¢@max > C¢émin, Where c is 
an arbitrary constant. 

9.2 Determine the one-velocity flux distribution ¢(z,) in a nonmultiplying slab of 
width 2a for which the diffusion medium is characterized by the one-velocity constants 
x. and D. Apply the condition that the flux vanish at the geometric boundaries of 
the medium and that the initial condition is 


$(z,0°) = 0 


At ¢ = 0, a source function S(z,t) is introduced: 
S(z,t) = $o cos (3) (1 + sin wt) 


9.8 The flux in a bare homogeneous one-velocity reactor is time dependent. 
Find this time behavior under the following two (different) physical assumptions: 
(a) all neutrons are prompt; (b) a fraction 8 of the neutrons from fission are delayed 
time ¢). Assume that the form 


g(t) = Aet/T 


applies, and find values of JT which allow a solution to each case. Compare these 
values for 7, using the form (where a and b refer to the assumptions given above) 


T, = T.(1 + a) 


and give an explicit form for a. In each case only one time-dependent equation is 
needed; do not consider the precursors of the delayed neutrons. In model 6 assume 
that to/7, « 1 in order to solve the equation for 7's. 
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9.4 A bare homogeneous thermal reactor is critical and operating in steady state 
with flux ¢)(r). At time ¢ = 0, a small positive reactivity is introduced and held 
constant until? = ¢,. At time? = ¢; the reactivity is reduced to zero. 

a. By using one group of delayed neutrons and assuming that ¢, is sufficiently long 
that the reactor flux is rising with the stable reactor period a; at ¢ = ¢,, find the expres- 
sion for the time dependence of the neutron flux and the concentration of the precursor 
for all ¢ > 0. 

b. What is the final asymptotic value of the flux long after the reactivity is reduced 
to zero? 

c. Compute and plot the flux and precursor concentration as a function of time 
using the following data: 

8 = 0.0076 

w = 0.001 

A = 0.08 sec! 
t, = 10 sec 

lin = 0.001 sec 


9.6 A bare homogeneous thermal reactor is operating in steady state up to time 
t = 0, when some additional multiplication 6k, is introduced into the system. Exam- 
ine the time behavior of this system on the basis of the following model: 

(1) Delayed neutrons (fraction 8) are present but have infinite delay time; 

(2) The added multiplication may be expressed by the relation 


k(t) = bko — yO(t) 
where the temperature rise above the steady-state value 7(0) = Ty is 
@(t) = T(t) — T(0) 
(3) The power removal from the reactor is given by 
Ot) = Poll + xO(t)] foru 20 


(4) Solutions of the form @ ev describe the power generated in the reactor, and 
w(t) «<1. 

a. Write down an appropriate set of differential equations and initial conditions 
which describe the reactor power P(t) and the temperature rise @(¢) for all ¢ > 0. 
Use the fact that P(t) may be linearized. 

b. Solve the equations of part a and show that the results can be written in the 
form 


e(t) = we E — ex ( sin yt + cos w)| 


y + Bp 
__ oko { lth ay [( — _xxln \sin ¥t — wlrn cos al 
a) len ee : y + Bu v y + Bp 


where ‘ 
wife, B =| 7 
x 5( ; + and y= | (y + Bu) x] real 


len 


and /,, is the neutron lifetime in a finite reactor and c is the specific heat of a homoge- 
nized sample of the reactor material. 
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CHAPTER 10 


HETEROGENEOUS REACTORS 


10.1 Introduction and Survey 


a. Merits of Heterogeneous Fuel-moderator Configurations. Some 
remarks were made in Sec. 1.2 about the advantages to be gained in 
using heterogeneous arrangements and the basis for the choice of this 
configuration for the earliest reactor designs. Aside from the physical 
separation of fuel and moderator, the most important feature of such 
systems is the fact that they are nearly completely ‘‘thermal’’ (i.e., at 
least 95 per cent of the fissions are caused by thermal neutrons). These 
unique characteristics lead to significant improvements in some of the 
factors which affect the multiplication constant. By establishing a 
thermal system it is possible to exploit the relatively large fission cross 
sections of the nuclear fuels in the low-energy range, and by separating 
the fuel and moderator, such quantities as the resonance-escape probabil- 
ity and the fast effect can be measurably increased. 

These advantages were well appreciated in the early days of reactor 
technology, and many experiments and analytical studies were devised 
to explore them. It is important to recognize that it was only because 
of the superior nuclear characteristic of heterogeneous configurations 
that it was possible to sustain a nuclear chain reaction at all. As noted 
earlier, the only abundant and efficient moderator materials available 
in the early days were graphite and water; but even graphite, with its 
significantly smaller absorption cross section, is incapable of supporting 
a chain reaction with natural uranium in a homogeneous arrangement. 
This fact is easily demonstrated. To begin with we note that if a finite 
system is to be made critical then k, > 1. Now k, = nefpu, and for 
natural uranium 7 = 1.33. If wetakee = 1.05 (a relatively large value), 
then clearly we must have fp. > 0.73. Figure 10.1 shows a plot of the 
thermal utilization and the resonance-escape probability for homogeneous 
mixtures of natural uranium and graphite. It is seen that the product 
of these two quantities (the broken-line curve) is at most 0.59, which is 
well below the minimum value estimated above. Thus the homogeneous 
system with an optimum ratio of moderator to fuel is still subcritical. A 
heterogeneous arrangement of these materials, however, can be made 
into a critical assembly. This is achieved in main part through the 
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increase in the resonance-escape probability which is realized when the 
fuel is lumped instead of being uniformly distributed. 

The properties of the graphite systems are representative of the 
general trends to be expected with other moderators. Except for heavy 
water, homogeneous mixtures of moderator and natural uranium are 
subcritical; however, critical assemblies can be obtained by going to 
heterogeneous arrangements. A convenient criterion for selecting a 
heterogeneous configuration is the maximization of the multiplication 
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Fic. 10.1 Homogeneous system of natural uranium and graphite. 


constant k,. Thus the bulk of the effort required in the analysis of 
heterogeneous-reactor designs is directed toward the determination of the 
various factors which enter into the criticality relation, particularly as 
given by the four-factor formula. It is interesting to note in passing 
that much of the terminology and notation of reactor physics presently 
in use originated with the early studies of heterogeneous systems. The 
four-factor formula was developed to describe the nuclear characteristics 
of natural uranium lattices and is best suited to reactors with low fuel 
concentration. However, as already demonstrated in the homogeneous- 
reactor calculations of the preceding chapters, this general relation- 
ship is easily adapted to systems with high enrichments of fissionable 
materials. 

When the system of interest is to be charged with natural uranium, 
each of the factors in the criticality relation must be computed with a 
fair degree of accuracy since for these systems, even with the most favor- 
able arrangement of fuel and moderator, the resulting multiplication 
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constant exceeds unity by only a few per cent. Under these circum- 
stances small errors in the estimation of the quantities f, pu, ¢, and » are 
greatly magnified and can lead to large errors! in the estimation of quan- 
tities dependent on 5k = k — 1, for example, the critical mass.?, Once 
these factors have been determined to the desired accuracy, the k,, for 
the system is known and suitable expressions can be obtained for the 
effective diffusion length and migration area of the lattice and, thence, 
estimates of the over-all size of the core and reflector configuration. 

The present treatment of the subject of heterogeneity begins with an 
elementary discussion organized in the form of asummary. This portion 
of the treatment is given in the present section. Attention is directed 
here to the delineation of the essential features of heterogeneous systems, 
the over-all effects of ‘“‘lumping,”’ and to simplified methods for estimating 
the characteristics of such systems. Whenever possible, experimental 
results and formulas are presented which can be used directly in computa- 
tions. The results and discussion given in this section should suffice 
for a survey-type treatment of the general subject. 

In subsequent sections of this chapter we examine in greater detail 
various facets of the problems mentioned above. For these portions 
of the treatment we delve more deeply into the theoretical basis for 
several of the semiempirical relations customarily employed in lattice 
calculations. 

b. Methods of Analysis. The first step in the analysis of a hetero- 
geneous-reactor configuration is the evaluation of the various factors 
in k,. In order to obtain a reliable estimate of these quantities it is 
essential that one take into account the actual heterogeneous arrange- 
ment of the core materials; in point of fact, most any elementary mathe- 
matical model which does so will yield superior results to those based 
on an equivalent homogeneous system. Two analytical models devised 
for this purpose have gained general acceptance. The first of these is 
the so-called unit-cell model of Wigner and Seitz, and the other is the 
heterogeneous method of Feinberg and Galanin. 

The essential feature of the Wigner-Seitz model? is that it represents 
a typical lattice element of a heterogeneous array by an equivalent unit 
cell. For example, if a heterogeneous core were to be composed of 
cylindrical fuel rods placed in a square lattice of spacing a, then a reason- 
able choice of the unit cell would be the circle of radius a/+/z concentric 
with a rod. In performing a calculation based on this model the usual 
practice is to specify that the net neutron current at the boundary of the 


1Jt is easily shown that in first approximation the per cent error in 4k is inversely 
proportional to 6k and directly proportional to the sum of the errors in the factors 
f, Pen, ¢ and 7. 

2 Sec, for example, Eq. (6.191) and subsequent discussion. 

3 Originally conceived for the calculation of wave functions of crystal lattices. 
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cell be zero. The neutron distribution in the unit cell is then obtained 
with the aid of diffusion theory or the first-flight transport model of 
Sec. 5.8a, depending on the ‘“‘size’”’ of the cell. Having determined both 
the energy spectrum and the spatial distribution of the neutron popula- 
tion in the cell, the thermal utilization and resonance-escape probabilities 
may then be computed and, finally, the multiplication constant for the 
reactor. Most of the calculations carried out in the present treatment of 
heterogeneous systems are based on this method. 

The method of Feinberg and Galanin, on the other hand, makes a 
direct assault on the problem of computing the multiplication constant 
of a given configuration by treating it as an integral system. In this 
so-called ‘‘heterogeneous method’’ the fuel-rod lattice is pictured as a 
collection of discrete line (or point) neutron sources and sinks. A set of 
neutron-balance equations may be written for this system, and the solu- 
tion of the set leads to the criticality condition for the reactor. This 
general approach to the over-all problem is both elegant and precise; 
moreover, it offers great flexibility in treating complex heterogeneous 
arrays involving various lattice geometries, several degrees of periodicity, 
and irregularities in rod size and spacing. The method is also useful for 
analyzing control-rod effectiveness, the influence of voids and cavities, 
as well as some aspects of the problem of fuel storage. It should be 
mentioned, too, that the mathematical treatment is somewhat more 
complicated than that involved in the unit-cell method, and that even 
though the method possesses the many attributes mentioned above, its 
greatest usefulness is realized when applied to small heterogeneous arrays 
and irregular configurations. The analysis of large regular geometries 
by this method offers no significant advantage over the Wigner-Seitz 
model. 

The last section of this chapter is devoted to a general review and 
discussion of this method. Although several of the more important 
ideas involved are considered in some detail, the method as developed by 
Feinberg and Galanin is not presented here in all its generality. The 
present treatment is intended primarily as an introduction. This section 
is concluded with an application to reactors with small number of fuel 
lumps, followed by a numerical example. 

c. Characteristic Parameters. The most important parameters in- 
volved in the description of a heterogeneous system are the four factors 
in k,, the effective diffusion length, and the age; the latter two are of 
course required in the computation of the neutron leakage. In the 
presentation which follows we consider some elementary methods for 
calculating f, a., and L based on the Wigner-Seitz model. These param- 
eters are considered first since the transition to heterogeneous arrange- 
ments affects these more than the others of the group. Although the fast 
effect is also measurably improved in going to heterogeneous configura- 
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tions, it plays a lesser role than the others.! A discussion of e and M, the 
migration area, is presented in later sections. 

1. Thermal Utilization f. If the fuel and moderator are distributed 
uniformly throughout a system, then it is clear that the nuclei of both 
materials will be exposed to the same neutron flux at all energies. If, 
on the other hand, the two materials are physically separated, then the 
neutron density at a given energy will differ in the two media. In the 
case of the thermal flux, there is, in fact, a depression in the neutron 
population throughout the fuel region. This behavior leads to several 
significant differences in the characteristics of heterogeneous and homo- 
geneous systems. 

One factor which is extremely sensitive to these differences in flux 
distribution is the thermal utilization. The important trends can be 
readily displayed with the aid of the unit-cell model. Let V..y denote 
the volume of such a cell and Vr and Vy the volumes of the fuel and 
moderator regions, respectively, in this cell. Then if ¢;(r) denotes the 
thermal flux in region 1 of the cell, we can define the thermal utilization 
for the heterogeneous system as 


ie Zz) b p(r) dr 


= See (10.1) 
[, 2Por) dr + [L 22? oucr) ar 


Fe 


If the fuel and moderator regions are separately homogeneous and uni- 
form, then the 2 = N,o® are constants. (Here N; denotes the actual 
nuclear density of the pure material 7.) The above expression may then 
be written 

LV ror 


far = SV be + BV wu aoe 
where the average fluxes ¢; are computed from 
d= = I ¢,(r) dr (10.3) 
V; Vi 
We introduce next the ratio of the average fluxes 
t= ou (10.4) * 


which we call the disadvantage factor, since the fuel is at a “‘disadvantage”’ 
if the average flux throughout its region is less than that throughout the 
moderator, i.e., if ¢ > 1. With this definition, (10.2) reduces to 


(F) 
28 


fue = STE BuO Fa Vr) ne 


1 Note that, although the major changes appear in f, pu, and L, k,, is still highly 
sensitive to e, by the arguments presented in Sec. 10.1a. 
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Some appreciation of the significance of this result may be had from a 
comparison of this heterogeneous system to an equivalent homogeneous 
system. We define such a system as one which has the same volume 
Veen aS the unit cell and moreover contains the same total mass of fuel 
and moderator as the heterogeneous system, but now distributed uni- 
formly throughout Vn. Then V.. = Vr + Vw, and if we call NO™ 
the nuclear density of material 2 distributed uniformly over Vn, then 
clearly 


NV hom Vien = NV; (10.6) 


With this definition we can write the thermal utilization of the homo- 
geneous system in the form 


(hom) .(F) 
fe _ Nom of 
om Nibomg(F) + N Gem gif) 


(10.7) 


where o is the actual microscopic cross section of material 1. The 
application of (10.6) yields 


(P) 
Zo 


fron = STE E(u] VP) oii 


By comparison with (10.5) we note that the two expressions for f have 
the same form, except for the factor ¢ which appears in fix. Now as a 
rule ¢ > 1, 1.e., the flux in the fuel is depressed; thus we find that 


Fret S Shom (10.9) 


We conclude therefore that, in going from a homogeneous system to a 
heterogeneous, keeping the mass of each material constant, the thermal 
utilization is reduced. 

Another way of thinking about this behavior is to assign ‘‘effective”’ 
cross sections to the materials in the heterogeneous system such that 


(F) 
[on = ze and [o!?}4¢ = a (10.10) 


Then, fre. has a form identical to from, but now expressed in terms of 
[o” |, Which is generally less than o{”. Thus the equivalent homogene- 
ous system utilizes a fuel with a smaller absorption cross section than the 
actual heterogeneous cell and, consequently, exhibits a smaller value of f. 
The disadvantage factor is a function of the fuel and moderator cross 
sections as well as of the unit-cell dimensions. As the scale of the hetero- 
geneity decreases, the homogeneous case is approached. In the limit, 
as the scale is reduced to zero, the flux in the fuel region approaches that 
in the moderator region, ¢ approaches unity, and the effective cross sec- 
tion for the fuel approaches the actual cross section. Various methods 
for the computation of this quantity are discussed in the next section. 
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2. Diffusion Length. The effect of lumping the materials in a reactor 
on the thermal nonleakage probability is difficult to compute accurately. 
Certainly, the most important quantity for consideration is the diffusion 
length. This calculation could be approached from the viewpoint of the 
relation between the diffusion length and the mean square distance from 
source point to point of absorption, as in Eq. (5.228) for the homogene- 
ous system. Ina heterogeneous system such a calculation would involve 
finding the flux, over the medium, arising from sources at various posi- 
tions, determining the mean square distance to absorption for each source 
point, then averaging over source positions.! This is a complicated pro- 
cedure and does not easily yield useful results. Further, it should be 
noted that there would be various directional effects in a heterogeneous 
array because of nonsymmetries in the shape and arrangement of the 
fuel lumps.? Thus the apparent nuclear properties would vary with 
direction, and in a bare reactor the separation of variables previously 
used would not be successful; the form (1 + L?B?)—! for pyy would hold 
only approximately. 

However, it seems clear that, in the case in which the unit-cell dimen- 
sions are small in comparison with the diffusion length, the form (1 + 
L?B?)— would be a good approximation to the thermal nonleakage prob- 
ability, and it would also be acceptable to use the general form L? = D/Za.. 
Then, if we use 

1 
D= 35,7 ae + ae] eee 
along with (where V..n is the volume of the cell and ¢ is the average flux 
throughout Vu) 


LubVeen = BP GeV e + LO duV uw (10.12) 
and similarly for 23; then, 
L., = D_ (Vu)? 
8 Ze BLM + BP beV ellDe be V ep + DOO bu V ul 
_ { Veen \ (1 — fier) Lie 
~ (srr) 1 + DPV 2/Z0°V ut ee) 


where ¢ is given by (10.4) and fi. by (10.5). For small fuel lumps 
Ven Vue, OY Om, and DPV pP/ZUOV wt “K 1; therefore [cf. Eq. (6.155)], 


1 = et L? 
Die. & er eel = Li, (1 — fret) (10.14)* 


3. Resonance-escape Probability. We found previously that in the 
case of a homogeneous system with low fuel concentration a good esti- 


1 Some of these considerations are incorporated into the Feinberg-Galanin model. 
2 Refer to Sec. 10.5. 


Google 


sEc. 10.1] HETEROGENEOUS REACTORS 633 


mate of the neutron flux was given by the asymptotic result. For these 
systems the resonance-escape probability took the form 


2 * (FE) dE 
Pu = exp |- im aye | (6.174) 

where £ denotes some suitable energy-averaged value for the entire fast 
range as defined, for example, in Eq. (4.121). For the present, more 
general treatment of resonance absorption, we require a broader defi- 
nition which can be applied to a greater variety of physical situations. 
Following Wigner, we define the resonance-escape probability p(E) as 
the ratio of neutrons which reach a given energy E in the resonance range 
to the number which enter the resonance range. If the source of high- 
energy neutrons supplies to the system one neutron per unit volume per 
unit time, then the appropriate statement for p(£) is 


1. [° FUE) 2.(E’) dE’ 
p(E) =1 i, SE) (10.15) 
where F(E) = 2,(E) $(E£) (10.16) 


denotes the total collision density in the system. The corresponding 
expression for py, 1s, of course, 


oe [ ie (10.17) 


For many situations of practical interest, the resonance-escape prob- 
ability p. is close to unity so that 1 — p.,<«1, and (10.17) is well 
approximated by [cf. Eq. (6.174)] 


Pn = exp _ im Ore | (10.18) 


In the present survey of the subject we consider only the so-called 
first-order approximations in developing the theoretical basis of the dis- 
cussion. These consist of the narrow resonance (NR) and the narrow 
resonance—infinite absorber (N RIA) approximations (after the terminology 
of Chernick') which were developed? to treat particular types of resonance 
structure. As will be discussed later in Sec. 10.3, the former model is 
useful in describing absorptions by very narrow resonances, such as 
appear at the higher energy levels in U?*8 and Th?®?, and the latter, for 
the few low-lying, rather broad resonances. It is of interest to mention 


1 J. Chernick and R. Vernon, Nuclear Sci. Eng., 4, 649-672 (1958). 

2J. B. Sampson and J. Chernick, ‘‘Reasunance Escape Probability in Thermal 
Reactors,” in D. J. Hughes and J. E. Sanders (eds.), Progress in Nuclear Energy, 
Series I, Physics and Mathematics, vol. 2, pp. 223-270, Pergamon Press, New York, 
1958. 
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that this distinction is required primarily because of the crudeness of the 
models used; more precise theoretical studies indicate that in higher-order 
approximations both yield results which are in good agreement. 

The criterion for using the NR approximation is that the fuel reso- 
nances be widely spaced and so narrow that a single collision of a neutron 
with a fuel nucleus is sufficient to hurdle the resonance. In these cases 
the asymptotic expression is a good approximation for the flux over the 
entire resonance range, and we can take 


Z(E) o(F) = oF (10.19) 


which follows from (4.134) for a normalized source function. With this 
relation, Eq. (10.18) reduces to the familiar form (6.174). In studying 
the resonance-escape probability, it is convenient to write the integral in 
(6.174) in the form 


1 /° [Nero (E) + Nuo(E)] dE/E 
E Ju Nelo (E) + of (E) + oP(E) + oF) 
+ Nulov(E) + 0(E)) 


where we have introduced the resonance-scattering cross section oF) and — 
the potential-scattering cross section o‘” of the fuel and the concept of 
an interference-scattering cross section of ) to account for the interference 
effects between the two.! We define the effective resonance integral 9 by 
the relation 


I= (10.20) 


§ = to,!I (10.21)* 


where o, is the scattering cross section per fuel (or absorber) atom 
gp = of) +3 gM) (6.177) 


and o(”) is the scattering cross section of the moderator (here taken to be 
energy independent); then, 


Eu [oS (E) x “oP(E) + of (E)] + op + Nuo?(E)/Ne 
A good approximation is obtained by utilizing the fact that frequently 


a) D> o"Nu/Ne. Thus by neglecting all terms involving o, Eq. 
(10.22) reduces to 


(10.22) 


. 0) (EB) dE/E 


I~ 4 Aue ace 0, Dod eae 
Eun | + — ~ [oi (E) + oF) (E) + oF(E)] 


(10.23) 


1J. M. Blatt and V. F. Weisskoff, ‘‘Theoretical Nuclear Physics,’”’ pp. 398-411, 
John Wiley & Sons, Inc., New York, 1952. 
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which is the usual form in which the effective resonance integral is defined. 
It is important to point out that this result applies only to a system with 
narrow resonances; as noted above, the low-energy resonances of some 
absorbers are not well represented by this model. 

When the fuel resonances are broad, it is better to use the NRIA 
approximation. The corresponding expression to (10.23) for a homo- 
geneous system is 


: 0) (EB) dE/E 
Bul + of? (E)Ne/of?N au 


I~ (10.24) 
The approximations involved in deriving this formula from (10.17) are 
discussed in Sec. 10.3d. 

Both expressions (10.23) and (10.24) may be written in the form 


Er 


g = i  86(E) a (10.25) 


The functions s, and J have several properties worth pointing out. These 
may be illustrated with the aid of the expression for s, developed for the 
NR approximation. (Similar arguments may be applied for the case of 
the NRIA approximation.) Using then the form given in (10.23), 


oF) 


8 = (10.26) 


tte top + of! 
oe 


The first observation we make is that for a very dilute system (Nr — 0) 
the cross section ¢, > ©, and 

Sa N 

oF) —t N; > @ (10.27) 
Second, we note that as the fuel concentration increases, o, — o‘”), and 
the ratio 3,/o\ approaches the minimum: 


(F) 
a a yo +0 (10.28) 
Thus in the NR approximation the effective absorption cross section 8, lies 
within the limits o%)/o{”) < 8./o{” < 1, and it follows that the effective 
resonance integral g lies in the range 9r < 9 <9, where ( )r refers to 
the fuel material alone, and ( ),. refers to the infinitely dilute fuel- 
moderator mixture. We find, therefore, that as the fuel concentration 
increases, the effective resonance integral decreases from its greatest 
value 9... The fact that 9 < 9, may be explained on the basis of the 
markedly different behavior of the total collision density and the flux in 
the vicinity of a sharp resonance. According to Eq. (10.19), the collision 
density is a reasonably smooth function of energy, provided that the sys- 
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tem is not too highly absorbing. The flux, on the other hand, is seen to 
dip sharply at each resonance. This behavior is seen from the expression 
for the absorptions per unit energy interval: 


_ 2.(E) a 24(E) ai o(F) 
Zeal) 68) = Se) ) = TSE) + BACE)EE ~ fo + oglBE 


2:(E) 

When the number of fuel nuclei per scattering nucleus is large, o{”)/a, is 
large, and ¢ varies roughly as 1/2,E; however, when the fuel concen- 
tration is low, o‘¥’/c, is relatively small and ¢ varies roughly as 1/£. 
Thus the higher fuel concentrations result in more pronounced dips in 
the spectrum of the resonance flux and thereby fewer absorptions per 
fuel nucleus per unit energy interval, hence, the smaller integral. 

Another interesting observation involves the physical interpretation of 
the effective resonance integral. According to (10.21) 


I 


§ = N,/t2, (10.29) 


Now I/N, is the total resonance absorptions per fuel atom, and £2, is 
the moderating power of the mixture [see Eq. (4.139)]; thus we may 
identify ¥ as the resonance absorption per fuel atom per unit moderating 
power. It follows that, by the trends noted above, the resonance absorp- 
tion per fuel atom per unit moderating power is smaller in a system with 
high fuel concentration than in one of lower. However, the moderating 
power in a dilute system is greater than that in a system of high fuel con- 
centration, and since £2, increases more rapidly than s, as Nr increases, 
the total resonance integral J of the dilute system is less than that of the 
concentrated system; therefore, p(dilute) > p(concentrated). 

The application of theoretical models of the sort given in (10.23) and 
(10.24) is developed in Sec. 10.3f, using the Breit-Wigner line shape to 
describe each of the resonances implied in the various absorption and 
scattering cross sections of the fuel nucleus. Although this approach 
appears to be fruitful, the theoretical basis is still in a stage of develop- 
ment. Thus until detailed information is available on each of the 
important resonances in a nucleus of interest, and more accurate calcu- 
lational methods are developed, one must resort principally to experi- 
ment for reliable estimates of the effective resonance integrals. These 
integrals have been measured for many of the materials important in 
reactor technology, and some are available as general functions of the 
fuel concentration. A general listing of the available data on infinitely 
dilute mixtures is given by Macklin and Pomerance! and by Dresner.’ 


1R. L. Macklin and H. 8. Pomerance, Resonance Capture Integrals, Proc. Intern. 
Conf. Peaceful Uses of Atomic Energy, Geneva, P/833, vol. 5, pp. 96-101, August, 1955. 

21. Dresner, The Evaluation of Resonance Integrals, Nuclear Energy, 2, 118-127 
(1955). 
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The effective-resonance integrals for the two fertile fuels U?*8 and Th?*? 
have been studied in greatest detail, and empirical formulas have been 
obtained for computing these integrals as functions of fuel concentration. 
The best available experimental data are plotted in Fig. 10.2. Dresner! 
has computed from resonance parameters, by methods to be discussed 


Uranium 
Sy = 3.06 of4” ae 


“i 


© Experimental 
| points for thorium 


Se a a ees 


6 
10 20 40 60 80 100 200 400 6008001,000 2,000 4,000 


Resonance integral 9(E,,), barns 


N. 
op=at’+ a a‘), scattering cross section per fuel atom, barns 
F 


Fic. 10.2 Resonance integrals for uranium 238 and thorium 232 as a function of 
scattering cross section per fuel atom. 


later, the appropriate functional behavior and gives, as the best power- 
law mathematical fit to his computed data, the formula 


S(Ey.) = 3.060)-4” for uranium (10.30) 


This function is given by the solid-line curve labeled ‘‘uranium”’ in the 
figure. These data were computed for a mixture temperature of 300°K, 
and should be adequate for most reactor calculations. 

Similar calculations and measurements are given for thorium 232. 
The empirical relation obtained by Hughes and Eggler? is 


I(En) = 8.3309-253 for thorium (10.31) 


Figure 10.2 shows the available experimental points and the curve 
(solid line) computed by Dresner. (It is believed that the experimental 
point at ¢, = 25 barns is in error.) 

The resonance integrals for infinitely dilute mixtures of the various 


1L. Dresner, Nuclear Sci. Eng., 1, 68-79 (1956). 
2D. J. Hughes and C. Eggler, ‘‘Resonance Absorption of Thorium,” Argonne 
Laboratory, CP-3093, July 13, 1945. 
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nuclear fuels have also been determined. These data are listed in 
Table 10.1. 

The problem of determining the resonance-escape probability in hetero- 
geneous configurations of fuel and moderator has received continued 
attention since the very early days of reactor technology. Because of 
the difficulty of the problem and the paucity of cross-section data, much 
of the initial effort was directed along experimental lines; however, 


TaBLE 10.1 ErrectiveE RESONANCE INTEGRALS FOR INFINITELY DILUTE 
MIXTURES OF VaRIOUS NUCLEAR FUELS 


(in barns) 
Th*33 U238 Pu?23? Reference 
93t 269f ... | Chernick-Vernon2 
69.8§ se oe +} Macklin-Pomerance® 


86.2 
ass 520 | Weinberg-Noderer* 
Trubey-Lessig? 


t Calculated value. 

§ Measured value. 

* J. Chernick and R. Vernon, Nuclear Sct. Eng., 4, 649-672 (1958). 

’R. L. Macklin and H. S. Pomerance, Resonance Capture Integrals, Proc. Intern. 
Conf. Peaceful Uses of Atomic Energy, Geneva, P/833, vol. 5, pp. 96-101, August, 1955. 

¢ A. M. Weinberg and L. C. Noderer, ‘Theory of Neutron Chain Reactions,” vol. I, 
chap. IV, Oak Ridge National Laboratory, CF 51-5-98, May 15, 1951. 

4D. K. Trubey, personal communication; see also D. K. Trubey and R. H. Lessig, 
Neutron Physics Division Annual Progress Report, Oak Ridge National Laboratory, 
ORNL-2609, Oct. 29, 1958. 


theoretical studies were attempted from the very beginning, of particular 
importance being the contributions of E. P. Wigner.' Until more 
recently it was necessary, for the reasons mentioned, to rely principally 
upon measured values of the effective resonance integral. Most recently, 
more and better cross section data have become available, and it has 
become profitable again to apply theoretical methods to this problem. 
As a result, some new analytical models have evolved which have proved 
quite helpful in further understanding and describing the resonance 
behavior of lumped fuel. It is especially encouraging that the recent 
analyses appear to be in reasonably good agreement with measurement. 
Some of the more elementary models used for this purpose are presented 
in Sec. 10.3. The present discussion, however, is limited to a brief 
summary of the essential features of resonance absorption in hetero- 
geneous arrays. 


1. P. Wigner, ‘‘Resonance Absorption of Neutrons by Spheres,’”’ Argonne Metal- 
lurgical Laboratory, C-4, 1942; also, E. P. Wigner, E. Creutz, H. Jupnik, and 
T. Snyder, J. Appl. Phys., 26, 257-279 (1955). 
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Much of the resonance behavior of fuel lumps can be explained in 
terms of the effective absorption cross section s, of the fuel in the lump 
by direct analogy with the concepts developed in connection with the 
homogeneous systems. In drawing this analogy we compare two systems 
containing the same fuel and moderator materials, but in one the fuel is 
lumped and in the other it is homogeneously mixed with the moderator. 
If we specify that the total masses of the fuel and of the moderator in 
one system be the same as those in the other, then it follows that the 
volume-weighted moderating power £2, will be the same in the two sys- 
tems [cf. Eq. (10.6)]. However, the fuel in the lumped system behaves 
as if it were in a mixture of high fuel concentration, and so by the argu- 
ments presented in the discussion following Eq. (10.25), the effective 
absorption cross section s, in the heterogeneous system appears to be 
less than that for the fuel in the homogeneous. Consequently the effec- 
tive resonance integral in the heterogeneous system is also smaller than 
that of the homogeneous, and since 25°" = Zb*, we find that the reso- 
nance-escape probability is noticeably improved. As a rule, then, for 
‘“‘equivalent”’ systems, 

Pnet > Prom (10.32) 


A good illustration of this point is given in the case of natural uranium. 
If this material were uniformly mixed with moderator, then in the case 
of an infinitely dilute concentration the resonance integral is approxi- 
mately 280 barns. On the other hand, if the uranium and moderator 
were to be physically separated, but with the value of 2, the same 
for both systems, then the corresponding value of the resonance integral 
is about 9 barns, a factor of about 26 reduction. Advantages of this 
order of magnitude are generally achieved in going to heterogeneous 
configurations. 

The earliest formulations of the resonance-absorption problem in 
heterogeneous arrangements were given by Wigner! and by Dancoff and 
Ginsburg,? who showed on the basis of theoretical arguments that the 
effective resonance integral could be conveniently written as the sum 
of a so-called volume-absorption term and a surface-absorption term. The 
validity of this approach and its particular usefulness in treating thick 
lumps were confirmed experimentally by Creutz? et al. These important 
advances led in the United States to the adoption of the so-called standard 
formula which expresses the effective absorption cross section as a linear 
function of the ratio of surface area to volume of the fuel lump. More 

1 Tbid. 

28. M. Dancoff and M. Ginsburg, ‘‘ Resonance Absorption in Lumps and Mixtures,’’ 
Argonne Metallurgical Laboratory, CP-1589, 1944. 

3 FE. Creutz, H. Jupnik, and T. Snyder, ‘‘ Effect of Geometry on Resonance Absorp- 


tion of Neutrons by Uranium,” Argonne Metallurgical Laboratory, C-116, 1951; also 
J. Appl. Phys., 26, 257-279 (1955). 
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recently it has been shown! that for many situations of practical interest 
a given heterogeneous system can be described in terms of an equivalent 
homogeneous system; thus many of the results developed for the homo- 
geneous systems may be carried over directly to applications for hetero- 
geneous arrangements. 

In the present summary we limit attention to a discussion of the 
standard formula, in part because of its historic interest and in part 
because of the wide usage it has received throughout the technology. 
The derivation of the equivalence equations and their relationship to 
the formulation of the two-term standard formula are given in Secs. 10.3e 
and 1. 

The United States, and generally Western, usage of the standard for- 
mula was based for some time on the following definition of the effective 
absorption cross section: 


S.(u) = a(u) + u b(12) (10.33) 


where A,r denotes the surface area of the fuel lump and M, its mass. 
The appropriate expression for the effective resonance integral is then 
developed by means of the following arguments: 

Let Q(u) be the total number of neutrons slowing down per unit 
time past lethargy u in some specified region of a heterogeneous lattice, 
say, for example, in a unit cell. At steady state the change in the 
slowing-down density is precisely the rate at which neutrons are removed 
from the cell by absorptions. If these removals occur primarily in the 
fuel component, then we must require that 


oe = — VN rte(u) duu) (10.34) 
where, by definition, s.(u) is that cross section which when multiplied 
by the flux in the moderator gives the correct number of absorptions 
in the fuel. In this calculation ¢4(u) denotes the space-averaged flux 
in the moderator at lethargy u. The slowing-down density is related 
to the flux, however, by the relation 


Q(u) = EuVuN ao bu(u) (10.35) 


If we use this equation in (10.34) and carry out the integration, it is 
seen that 


Q(u) = Q(0) plu) 


1See, for example, L. Dresner, ‘‘Resonance Absorption of Neutrons in Nuclear 
Reactors,’’ thesis, Princeton University, chap. 6, 1958; also, Chernick and Vernon, 
op. cit. 


Google 


sEc. 10.1] HETEROGENEOUS REACTORS 641 
where 
ee, VrNr = ’ , a = VeN pS (u) 
p(u) = exp | - Eu V man f 8a(u') du | = exp Eu V woah 
(10.36) « 


is the resonance-escape probability. Thus it follows that the effective 
resonance integral 9 is simply the integral of s, as in the homogeneous 
systems [cf. Eq. (10.25)]. If we use (10.33), then, 


Uth Ar | th 
j= I a(u) du + ive b(u) du (10.37) 
0 F Jo 
These integrals are conveniently expressed in the form 
I ae (10.38) 
* b(u) du = (°#-) B (10.39) 
0 "2 {Ne : ; 


where {, denotes the ratio of the ‘‘average resonance flux”’ in the mod- 


erator to the average resonance flux in the fuel lump; thus we call ¢, the 
resonance disadvantage factor in analogy to the ¢{ given by Eq. (10.4) 
for the thermal flux. The Nr denotes the nuclear density of the fuel 
material, and for the present, we have used the symbol p, for the mass 
density. In terms of the above definitions, J may be written 


= A; p.B, Ar 
g§ = te E + (5) Z| (10.40) 
where the first term is attributed to ‘“‘“volume” and the second to “‘sur- 
face”? absorptions. The functions A, and B, have been measured for 
various materials and shapes of fuel lumps. Of particular interest are 
the values for natural uranium; the measured results! are 


A, = 8.6 barns and ta B, = 27.5¢ 
Nr 


now, if we take ¢, = 1, then 


§ = 8.6 4+ 27.5 a uranium metal (10.41) 
PF 


where A, is given in square centimeters and Mr in grams. We observe 
from this relation that, as the lump size increases, Ar/M, decreases and 
the effective resonance integral decreases. In the limit for a very large 


1Sampson and Chernick, op. cié. 
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lump (Ar/M,) — 0, and 
sw fad = 8.6 barns 


which is approximately z, of the value for the infinitely dilute homo- 
geneous mixture of natural uranium and moderator. Expressions of the 
type (10.41) have been developed also for the various compounds of 
uranium :!? 


i 


§ = 20.4 + 3.16 oa 5U303 + 2C (by weight) (10.43) 
§ = 11.0 + 24.5 Ar UO; (10.44) 
Mp 
In the case of thorium, two useful relations are*® 
5 = 8.4 + 24.9 ra thorium metal 0.1 < ¢ < 1.3 (10.45) 
$= 10442744 Tho, 0.2 < Ar e113 (10.46) 
Mp Mp — 


An independent formulation of the problem of resonance capture in 
heterogeneous systems by investigators in the U.S.S.R. led to the devel- 
opment of an alternative expression for the effective absorption cross 
section which varied as (Ary/Mr)t. This work was published by Egi- 
azarov, Dikarev, and Madeev‘ and by Burgov,® and was summarized 
later by Gurevich and Pomeranchouk‘* in a paper presented at the Geneva 
Conference in 1955. The form for 9 reported in these works is [cf. Eq. 


(10.40)] 
Ar\t 
$= A} E + pu Gz) (10.47) « 


Although this formula differs in form from the corresponding American 
or Western relation, the constants in standard use are such that the 


1 Tbid. 

2. Hellstrand, J. Appl. Phys., 28(12), 1493-1502 (1957). 

37. KE. Dayton and W. G. Pettus, Nuclear Sct. Eng., 3, 286-295 (1958). 

‘V. B. Egiazarov, V. S. Dikarev, and V. G. Madeev, Akad. Nauk. S.S.S.R. Conf. 
on Peaceful Uses of Atomic Energy, Session of Physical and Mathematical Sciences, 
p. 59, English translation by Consultants Bureau, New York. 

’N. A. Burgov, Akad. Nauk. S.S.S.R. Conf. on Peaceful Uses of Atomic Energy, 
Session of Physical and Mathematical Sciences, p. 69, English translation by Con- 
sultants Bureau, New York. 

6]. I. Gurevich and I. Y. Pomeranchouk, Paper P/649, vol. 5, pp. 466—471, Geneva 
Conference. 
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effective resonance integrals for uranium metal are in adequate agreement! 
for fuel rods ranging from 0.5 to 6 cm in diameter. When cast in the 
form (10.47), the effective resonance integrals for the various materials? 
considered above become: 


j 
§ = 2.81 + 24.7 4 uranium metal (10.48) 
F 
Ar\i 
F 
and? 
Ar\} 
§ = 4.1 + 21.1 i. thorium metal (10.50) 
F 
Ar\} 
§ = 0.2 + 25.2 M, ThoO, (10.51) 
F 


d. Effects of Lumping. The distribution of the fissionable material 
in heterogeneous arrays leads to three important advantages and one 
disadvantage from the standpoint of the reactor physics. The advan- 
tages to be gained by utilizing a heterogeneous configuration, however, 
generally outweigh the principal disadvantage, namely, the reduction 
in thermal utilization. This effect has already been discussed with the 
aid of an elementary analytical model, and it was observed that by 
separating the fuel and moderator materials the fuel is placed at a dis- 
advantage in competing for the available supply of thermal neutrons. 
Without entering into a detailed calculation, it is easy to establish this 
_argument on physical grounds. The basis of the argument rests with 
the fact that the slowing-down process, which is the primary source of 
thermal neutrons, occurs in a region which is physically separated from 
the fuel. Thus the moderator region surrounding each fuel lump is a 
source of thermals, whereas the fuel lumps are essentially sinks. This 
large source in the moderator provides a steady stream of thermal 
neutrons to the fuel lumps; the ‘‘driving force” or potential is achieved 
by maintaining a higher neutron density in the moderator regions. Thus 
the moderator is exposed to average flux levels higher than those in the 
fuel. 

The most important of the three advantages to be realized from hetero- 
geneity is the increase in the resonance-escape probability due to the 
self-shielding effect in the fuel lumps. Because of height and sharpness 
of the resonance structure of the fuel nucleus, the spectrum of the reso- 


1K. P. Wigner, ‘‘Review of Resonance Capture by Lumps,’’ Proceedings of the 
Brookhaven Conference on Resonance Absorption of Neutrons in Nuclear Reactors, 
BNL-433, pp. 68-73, 1956. 

? Hellstrand, op. cit. 

3 W. G. Pettus, ‘‘Geometric and Temperature Effects in Thorium Resonance Cap- 
ture,”’ Babcock & Wilcox Co., BAW-TM-203, Lynchburg, Va., Apr. 27, 1959. 
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nance flux exhibits local depressions around each resonance. Because 
of the lumping, the majority of the fuel nuclei in the lump are exposed 
to a depressed flux much like that in a homogeneous mixture of high 
fuel concentration. As argued previously, this corresponds to a rela- 
tively small value of c, and of the effective absorption cross section of the 
fuel s, [cf. Eq. (10.28)]; consequently the effective resonance integral is 
reduced and the resonance-escape probability increased. 

There is another, somewhat secondary, effect which serves further to 
enhance the resonance-escape probability. Because of the physical 
separation of the two materials, the neutrons involved in the slowing- 
down process have less opportunity to encounter a fuel nucleus while 
traversing the resonance range; the number of resonance absorptions is 
thereby reduced. Clearly, this effect is due primarily to geometric 
considerations. 

Finally, the heterogeneous arrangement results in an increase in the 
fast effect. The explanation is quite straightforward. Since all fissions 
take place in regions of high fuel density (frequently pure metal), the 
resulting high-energy fission neutrons have a greater likelihood of 
encountering a fuel nucleus while en route to the outer boundaries of the 
fuel lump. Thus there is an increased probability of causing a fast 
fission before leaving the lump. Moreover, any fast fissions which might 
occur can produce additional neutrons which can cause further fast 
fission, thereby producing a cascade effect. Although some advantage 
is realized from this phenomenon, the gain is somewhat limited because 
of the occurrence of inelastic-scattering collisions. In the fast range, the 
inelastic process is an important channel for compound nucleus decay 
and competes strongly with fission. Nevertheless, the net result is 
usually a slight gain in the available number of fast neutrons. 

e. Multiplication Constant. Some of the difficulties involved in the 
computation of the multiplication constant of a heterogeneous reactor 
have been mentioned in connection with the calculation of the thermal 
utilization and the effective diffusion length of lattices. The principal 
difficulty stems, of course, from the fact that there are local variations 
in the neutron flux at all energies in each unit cell of the array. In the 
central regions of the reactor core this does not lead to any particular 
hardship since the flux distributions will be relatively flat and variations 
from cell to cell will be gradual. This is not the case however in cells 
near the boundaries of the lattice. Here, variations across the cell can 
be substantial and will influence markedly such factors as the thermal 
utilization and resonance-escape probabilities by distorting the neutron 
distribution in the cells. These difficulties are by no means unique to 
the method based on the unit-cell concept; similar complications arise 
in the application of the Feinberg-Galanin method. In the latter appli- 
cation the difficulty appears in selecting suitable kernels to describe the 
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source-sink behavior of lumps in the vicinity of irregularities and dis- 
continuities of the surrounding medium. 

The unit-cell method offers a relatively simple computational procedure 
for determining the various factors in k,. As already demonstrated, 
the calculation of these factors in each case reduces ultimately to the 
determination of the neutron spatial distributions for the entire energy 
range. For the thermal utilization we require the thermal-flux distribu- 
tion and in particular the thermal-flux depression (i.e., the thermal dis- 
advantage factor). The resonance-escape probability, on the other hand, 
requires a knowledge of the spatial distribution of resonance neutrons, 
and finally, of course, the calculation of the fast effect involves, essen- 
tially, the determination of the spatial distribution of successive (cascad- 
ing) generations of fission neutrons. 

Once these factors have been determined, the remaining problem is to 
compute L and 7 since these quantities establish the neutron-leakage 
rates for the finite system. A first approximation to L? has already been 
given, and a few remarks have been made about corrections for direc- 
tional effects. Some methods have been developed for including aniso- 
tropic effects in the computation of the migration area, and these are 
reported in a subsequent section. 


10.2 Disadvantage Factor and Thermal Utilization 


a. Analytical Model for Unit Cell. A practical method for the calcu- 
lation of the disadvantage factor and the thermal utilization is based 
on the Wigner-Seitz unit-cell model. 
In order that this model be appli- 
cable to a particular situation, it is 
necessary that certain simplifying 
assumptions and conditions be satis- 
fied. These may be illustrated by 
means of anexample. Suppose that 
the reactor-core configuration of in- 
terest consists of an alternating series 
of fuel plates (thickness 2a) and 
slabs of moderator [thickness 2(b — a)] as shown in Fig. 10.3. To begin 
with we require that: 

1. All characteristic reactor dimensions be large compared with the 
cell half-width b. Then the calculation of the thermal utilization may 
proceed on the basis of an infinite medium of this structure, since the 
regions near the edges of the reactor core (for which the disadvantage 
factor will differ somewhat from the fairly uniform value over the central 
region) will not play an important role in the criticality calculation. The 
disadvantage factor { we compute from a knowledge of the thermal-flux 


Fic. 10.3 Unit cell in slab geometry. 
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distribution throughout the cell, and this we obtain with the aid of the 
diffusion theory. We further require, therefore, that: 

2. Diffusion theory be valid in both fuel and moderator regions of the 
unit cell. It must be pointed out that this assumption may be poor 
on two counts: (a) The fuel region is likely to be highly absorbing for 
thermal neutrons; thus the angular distribution of neutrons in the fuel 
region and near the fuel-moderator interface in the moderator will very 
probably deviate considerably from the distribution appropriate to 
diffusion theory [see Eq. (7.93)]. (b) The dimensions of both regions 
may be of the order of a transport mean free path or smaller, that is, 
much smaller than a diffusion length in either medium. The nonisotropy 
of the flux in the vicinity of an absorber-moderator interface was demon- 
strated in Sec. 7.5a. Figure 7.16g shows the typical strong forward bias 
toward the absorber region which is to be expected in the angular dis- 
tribution at such boundaries. Finally, it should be mentioned that there 
is also a third difficulty which is encountered in the use of the diffusion 
theory, namely, the neutron-energy spectrum around thermal varies 
appreciably through the moderator and fuel slug. Thus there is some 
uncertainty in selecting the “‘one velocity” for the model. 

In spite of all these shortcomings we will assume that diffusion theory 
is applicable. So the results obtained below will not be useful for treat- 
ing thin, highly absorbing fuel plates (or pins) but could be well applied 
to large natural uranium lumps in a good moderator such as graphite. 
A suitable model, based on the “‘first-flight-transport’’ concept developed 
in Sec. 5.8a, is applied in a later analysis to handle these cases. It should 
be mentioned, however, that disadvantage factors calculated by diffusion 
theory can be low by about 20 per cent, giving an error in the multiplication 
constant of about 2 per cent in practical cases for natural uranium with 
graphite or heavy water.! The success of the diffusion-theory treatment 
during the Manhattan Project was achieved by adjusting the value of 7. 
When more accurate estimates of the thermal utilization are required 
than possible with the methods discussed here, it is necessary to resort 
to the direct use of the spherical harmonics or the so-called S, methods.? 

Another essential question which must be considered in selecting an 
analytical model is the specification of the thermal-neutron sources in the 
cell. In the actual situation, neutrons are born with high energy in the 
fuel plates; during the slowing-down process they diffuse away from the 


1 Personal communication, L. W. Nordheim. 

2See, for example, E. Bjgrnerud and L. W. Nordheim, ‘‘ Adaption of the S, Method 
to Cell Calculations,’’ General Atomics, GA-126, San Diego, Calif., May 22, 1957; 
M. Johnson, ‘‘ Code for a S, Cylindrical Cell,’’ General Atomics, GAM D-205, Aug. 28, 
1957; and I. Bornstein, ‘“‘S, Calculations of a Proposed Chalk River-Ontario Hydro 
Reactor Lattice,’ General Atomics, GAMD-242; these documents are company 
internal publications. 
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original plate and may finally become thermal at a distance many slab 
thicknesses removed from the source point at which they appeared as 
fast neutrons. In fact (neglecting the difference between the slowing- 
down properties of the fuel and the moderator), the distribution of 
neutrons becoming thermal from a source plate at x = 0 is, on the basis 
of age theory, just the Gaussian, exp (—2?/47,,). If the half-width of the 
Gaussian, or the slowing-down length (both of which are proportional 
to ~/7,), is large in comparison with the moderator slab thickness 
2(b — a), the number of neutrons becoming thermal will be roughly 
uniform over a moderator slab (see Fig. 10.4). Actually, the usual 


Fie. 10.4 Slowing-down density at thermal from plane sources on the basis of the 
Fermi age theory. 


physical situation is even more favorable for the assumption of uniform 
thermalization over the moderator region. It will be recalled that the 
actual distribution of thermal neutrons is better approximated by means 
of age theory when first-flight corrections are taken into account. This 
leads to a greater spreading out of the neutrons in most moderators 
because of the low scattering cross section at high energy. Thus for 
the analyses which follow we assume: 

3. There is a uniform source of thermal neutrons over the entire 
moderator region, but no neutrons become thermalized in the fuel region. 
The latter statement is reasonable because most fuel nuclei have large 
mass. 

In the infinite medium of alternating fuel plates and moderator slabs, 
we may concentrate on a typical region which includes half a fuel plate 
adjacent to half a moderator slab, as shown in Fig. 10.3. This region is 
sufficient for the present purpose since we are interested only in the 
ratio of the average fluxes in the fuel and moderator regions and since the 
flux throughout the remainder of the medium is obtainable by symmetry 
from that in the region considered. This region is called a unit cell; 
in a general geometry the unit cell is established by requiring that (a) the 
fuel-moderator volume ratio in the cell be equal to the average ratio for 
the entire core and (b) the net transport of neutrons across the surface 
of the cell be zero. 

In concluding the present discussion it is of interest to mention that 
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some of the assumptions and approximations selected for the unit-cell 
model are very nicely developed in the general method devised by 
Feinberg and Galanin. It is especially noteworthy that the method 
clearly displays how and when these simplifications may best be intro- 
duced into the model and the limitations which they impose on the 
system. 

b. Disadvantage Factor by Diffusion Theory. We demonstrate the 
calculation of the disadvantage factor on the basis of the diffusion- 
theory model outlined above for the special case of the slab configuration 
shown in Fig. 10.3. This derivation is followed by a summary of the 
general results for the elementary lump geometries. 

The mathematical problem may be stated in terms of the general 
relations (5.349) through (5.354). For the present application these 
may be written 


In the fuel (O < x <a): 
— Dr o't(z) + EP bp(x) = 0 
In the moderator (a < x <b): 
— Dy dy (z) + 2E%by(z) = So 


where Sp denotes the uniform distribution of thermal neutrons postu- 
lated in 3 above. The appropriate boundary conditions are 


(1) ¢r(a) = du(a) (2) Dp (a) = Dub) 9 59 

(3) ¢p(0) = 0 (4) $4(b) = 0 
The solutions for the thermal-flux distributions ¢@r(x) and ¢@s(z) are 
easily shown to be 


(10.52) 


So cosh xx 


or(x) = €D px p20 sinh xra (10.54) 
ou(z) = saa 1— ee | (10.55) 
where 6= ones 5 ome) ye 2 and t= = (10.56) 
The disadvantage factor for this system is 
t of, oteas asx? E Z a | (10.57) 
ba) fier@de baa] ©” 


This result may be checked by taking the limiting value of { as the fuel 
and moderator regions become infinitesimally thin. From (10.56) we 


have 


. l 
jim 6 = asm t+ san6 — a) 
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Substitution into (10.57) yields, in the limit, 


: i aztF) 1 
oe T 6 ase |}! — @= aso =i 
aan Ct I 


where we have kept the ratio a/b constant. This result is, of course, to 
be expected, since to make the dimen- 
sions of both media smaller while hold- 
ing the volume ratio constant is to 
approach the properties of the homoge- 
neous system. The disadvantage fac- 
tor, as calculated by (10.57), has the 
form shown in Fig. 10.5 when plotted , 
against size. 
For convenience in presenting the cor- 0 2 

responding results in other geometries, 1G. 10.5 Disadvantage factor as 
we rewrite Eq. (10.57) in the form HuncHOU OE Rel Bs: 


_ axi) (b — a)= 
v= (b — a)=) ayiF) 


b 
z= constant 


xra coth xra 


+ xu(b — a) coth xar(b — a) — 1| (10.58) 


In the slab geometry, the cell may be taken as a block of unit cross 
section extending from x = 0 to x = b; so that 

Vr = volume of fuel in unit cell = a 

Vu = volume of moderator in unit cell = b — a 
Equation (10.58) may then be written 


V rl | Vy 
f= Pp yzus an ae 1 oe 


The functions F and E are defined, in slab geometry, by 
F = axp coth xra E = Vagus coth xy(b — a) (10.60) 


It is of interest to note that the quantity F is in fact the ratio of the flux 
at the surface of the fuel plate to the average value of the flux in the 
plate. This relationship is basic and applies to other geometries as well. 

The form (10.59) is also useful in expressing ¢ for two other principal 
geometries, with suitable expressions for F and E. The two cases are: 
(1) cylindrical fuel rods in square lattice and (2) spherical lumps of fuel 
in cubic lattice. The appropriate expressions for the unit-cell dimensions 
are computed by requiring that the cell volume be equal to the volume 
of an ‘‘element’”’ of the lattice; thus, if a is the lattice spacing, R the 
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lump radius, and Rn the radius of the unit cell, then the cell charac- 
teristics are given by: 


Lumps 


Cylindrical......... 
Spherical........... 


The calculation of the thermal-flux distributions for these geometries, 
and thence the disadvantage factor, proceeds in the usual way, starting 
with the basic relations (5.349) through (5.354) and the requirement that 
the net current vanish at the boundary of the cell. The results for the 
three basic geometries are summarized in Table 10.2. 


TaBLE 10.2 THe Functions E anv F ror Various CELL GEOMETRIES 


Slab 
¢ 


F = axr coth xra 
E = (b — a)xxy coth xu(b — a) 


eal a 


Cylindrical 


= prxrlo(xrpr) 
211 (xrpr) 
xu (py — pb) eee Ki(xupmu) + Ko(xspr) pees) | 


E = F 
Ti(Qcmpm) Ai(xmpr) — Kilxupu) LiQuupr) 


2pF 


rixy tanh xprr 
3(xerr — tanh xrrp) 


E wy (rig — rz) 1 — xyrw coth xw(ruy — rr) 
ore 1- TMT P — xu(ru— rr) coth xu(ru — rp) 
BSS Fuel 
{_] Moderator 


The function E — 1 for the case of the cylindrical geometry shown in 
Table 10.2 is plotted in Fig. 10.6. For this purpose we have used the 
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definition 
- — y*| To(y) Kilz) + Koly) [1(z) 
Bw?) = oy | Tye) Kily) — Kile) Tay) 


with Y = xXMPF and Zz = xAMPM 


Disadvantage Factor for Thin Fuel Plates and Pins. The diffusion- 
theory results obtained above are not expected to be accurate when 
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Fic. 10.6 Graph of function HE — 1 for cylindrical fuel lump. 


the fuel is present in the form of thin, highly absorbing plates or in the 
form of fine pins. For these situations it is better to apply the results 
of the first-flight transport model developed in Sec. 5.8a. The applica- 
tion of this model is demonstrated for the case of the thin plates, followed 
by a summary of the corresponding results for the pins. 

Consider, then, the slab geometry of Fig. 10.3 and suppose that the 
fuel plate is very thin, so that we may assume that the plate either 
absorbs a neutron incident upon it or it does not; scattering collisions 
are considered to have negligible probability. This formulation is in 
accord with the definition preceding Eq. (5.275). Let us assume further 
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that the diffusion theory is valid in the moderator and that neutrons are 
being thermalized uniformly throughout the moderator region (with no 
thermal sources in the fuel). The boundary condition at the edge of the 
unit cell is as before. The fuel-moderator interface condition on the 
other hand is now conveniently given in terms of the transmission coef- 
ficient a of the plate [see Eq. (5.275)], since the plate is considered too 
thin to allow the use of diffusion theory. The quantity a may be com- 
puted in terms of the plate dimensions, its absorption cross section, and 
the angular distribution of incident neutrons. 

The calculation of the thermal-flux distribution in the moderator is 
carried out in the usual way by applying (10.52) and (10.53), condition 
(4). For the interface condition we use the partial current relation 


j+(a) = aj_(a) (10.61) 
The solution for this system is easily found to be 
cosh til — 2z) 


cosh x4(b — a) 1 + 2Duxu (j+2) tanh xw(b — a) | 
(10.62) 


Ss 
ou(x) = san l= 


The disadvantage factor is obtained from (10.57). In this application it 
is convenient to compute ¢r from the relation 


zebra = Duby (a) (10.63) 


since the net current into the plate must be the rate at which neutrons 
are lost by absorption. It follows that 


ad{F) (b — a)zi I¢ + ) 2azy" | 


f= @ az | amr |\i-a 


+ xu(b — a) coth x4(b — a) — 7 (10.64) 


Note that the only properties of the fuel plate involved in this result 
are its absorption cross section and the quantity a. Thus, so long as 
diffusion theory is valid in the moderator (particularly in the vicinity of 
the plate), the only new information we require in using this approach 
is an estimate of a, and this can be obtained by any one of a number of 
methods, e.g., transport theory or experiment. It should be noted also 
that Eq. (10.64) implies the result (10.58), since it is easily shown that 
if the diffusion-theory expression is used for a, namely, 


Dudu _ Drop = 3(i53) (10.65) 
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then the function F is given by [cf. Eq. (10.60)] 
l+a 
— PF 
F = 2av¢ 1¢ — =) (10.66) 


The analysis for the system with thin fuel pins proceeds in the same 
way. Without further comment we list the results below: 


ou(p) = Se. ar 55 +1 (10.67) 
* | 2Ds (; = *) L'(pr) — Lior) 
where L(p) = Io(xmp) Kilxapm) + [1(xmpm) Ko(xmp) (10.68) 


L’(p) = xu[Li(emp) Kilxupa) — [1Qcupar) Ki(scarp)] 


The expression for ¢ has the form (10.59), with the # given in Table 10.2, 
and 
l+a 
— (P)g-  * 
F = p,X' (; *) (10.69) 


The calculation of the transmission coefficients a in the case of very thin 


Fic. 10.7 Transmission coefficient for thin fuel plates. 


members was carried out in Sec. 5.8a. The results are given in Eqs. 
(5.331) and (5.332): 


Thin fuel plates: aml — 4ar”) 


Thin fuel pins: aml — 2p,r”) (10.70) 


It is of some interest to compare the results for a using the diffusion- 
theory and first-flight transport models for a thin fuel plate. These are 
found to be, with 2az” < 1, 


Firat-flight transport: 


am~1 — 4ad!”) + [2ad]?F [2az’??] 
Diffusion theory: 
aml — 4ad”) + 2[2ar”)? 


(10.71) 


These functions are shown in Fig. 10.7. The corresponding results for £ 
are sketched in Fig. 10.8. 
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d. Thermal Utilization. The calculation of the thermal utilization for 
the heterogeneous reactor is carried out in first approximation by means 
of Eq. (10.5). As previously mentioned (Sec. 10.1c), the thermal utili- 
zation is decreased in going to a heterogeneous arrangement. Moreover, 


Fic. 10.8 Disadvantage factor for thin fuel plates. 


for a given volume ratio Vu/Vr, f is further decreased with increase in 
cell size. This behavior is due to the increase in ¢, as may be seen from 
Fig. 10.8. The comparison of f for a homogeneous and a heterogeneous 
system with the same volume ratio gives 


fo _ 20 + L(V w/V p) 
from 2) + LOO(V yy /V pl (10.72) 


It is understood that the cross sections indicated here are for the pure 
materials. The general shape of the 
ratio of f values is shown in Fig. 10.9 
as a function of a characteristic cell 
dimension. 

e. Engineering Considerations in 
Unit-cell Analysis. The unit-cell 
configurations discussed so far have 

a consisted simply of a region of 
Fic. 10.9 Thermal utilization as func- moderator and a region of fuel. In 
tion of cell size. ; : 7 
practice, of course, such simplicity 
is seldom achieved. Actual heterogeneous lattices will contain a variety 
of foreign materials and voids or passages whose presence is dictated by 
engineering requirements. For example, if the reactor of interest is to 
produce power, flow passages must be provided to carry coolant for 
extracting the heat. The presence of the coolant must of course be con- 
sidered in determining the flux distributions in the unit cell. Further, 
in many instances the fuel and/or the moderator materials may be sensi- 
tive to corrosive attack or oxidation by the cooling fluids and therefore 
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must be clad or plated with special materials. Thus additional neutron 
poisons are introduced into the system which may have a significant 
effect on such parameters as the thermal utilization. 

Since an enormous number of materials and passage geometry combi- 
nations are encountered in engineering practice, it is not feasible to 
attempt a general treatment of the subject. Thus in the present analy- 
sis we study a particular configuration which includes two important 
engineering features frequently 
required in practical designs. The 
general approach to this specific 
problem will display several phys- 
ical concepts that are applicable 
to other systems as well. 

Consider then the cylindrical 
geometry shown in Fig. 10.10. 
In this system the fuel rod (radius 
pr) is clad with a dissimilar metal 
of thickness ¢. Concentric with 
the rod is an annular passage 
(outside radius p,) for the flow of 
coolant gas. Beyond this is the 
moderator region, and the outer 
boundary of the unit cell is taken of cell 
as the circle of radius py. For Fi. 10.10 Unit cell for cylindrical fuel 
the analysis of this system we rod with cladding and coolant gas passage. 
assume that (1) diffusion theory applies in both the fuel and moderator 
regions, (2) the cladding material has a transmission coefficient a, and 
(3) there is a uniform source of thermals S, in the moderator region. On 
this basis the pair of equations (5.349) and (5.350) are applicable. These 
equations are to be solved with the boundary conditions 


(1) (0) = 0 (2) i(par) = 0 
(3) app (pr) + Bej2(p,) = p,j?(p,) (10.73) 


(4) PrJ= (pp) =a(l — B) p,7” (p,) 


where 
fraction of neutrons leaving the moderator at 


8 = the surface p, heading inward which miss the (10.74) 
fuel lump 


It is seen then that relations (3) and (4) account for both the absorption 
losses in the cladding material and for the fact that with a gap there is 
always a nonzero probability that some neutrons will pass from moder- 
ator surface to moderator surface without encountering the fuel rod. 


Digitized by (50K gle UNIVERS alge CAL FORNIA 


656 REACTOR ANALYSIS [cHaP. 10 


This probability is the quantity 8; some expressions for computing 6 
have been derived by Newmarch.! 
The general solutions for the fluxes may be written in the form 


br() = Alo(xre) dul) = CL() + sey, ((10.75) 


which follow from the application of conditions (1) and (2). The con- 
stants A and C are to be determined from conditions (3) and (4), and the 
function L(p) is defined by (10.68). 

The thermal utilization for this cell may be written in the form 


zy Vp bp 


I= SHV b, + LP Vudu + LP Vode ee 


where C refers to the clad region. Note that it is assumed here that no 
neutrons are absorbed by the gas in the coolant passage. For compu- 
tational purposes it is convenient to write this expression in terms of 1/f. 


on ee a | Ver bc 


f V pa? Vypl bp 


f 


Thus we require the usual disadvantage factor ¢ as well as the ratio of 
the average flux in the cladding to the average flux in thefuellump. For 
the moderator and fuel regions we obtain the following expressions for 
the average flux: 


(10.77) 


= 2rprli(xrpr) A 
V expr 


= ; So 2x pob'(p,)C 

Or ou = Dao — Vege (10.78) 
The constants A and C are evaluated next. From the boundary con- 

ditions (3) and (4) we obtain two equations involving these quantities. 


Equation (10.73), condition (4), yields 


= apl — B)(1 + yar) So 
ne pr(l + yr) lo(xrpr) | CL (ee) a se 1079) 
_ 2Dr¢r(pr) _ 2Dudu(p,) 
where ee aay pa) ey) 


If Eq. (10.79) is used in Eq. (10.73), condition (3), the result may be 
written in the form 


_ _(1 — B)G + vr) __ 
™ = T+ eG + G+ Br eoeh 
: _1- ad?’ 
with G= i+ at (10.82) 


1D. A. Newmarch, J. Nuclear Energy, 2, 52-58 (1955). 
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Equation (10.81) is an explicit statement on C, by virtue of Eqs. (10.75) 
and (10.80). If these relations are applied, we obtain 


C= (1 — B)\(G + yr)So/Z 
= 2Duli + pBG + (G+ B)yrlL'{(p,) — (1 — BG + vr)L(p,) 
Substitution into (10.79) yields 
2ap,(1 + G)(1 — B)L'(e,) DaSo 
~~ prS™To(xrpr)(2Dmll + BG + (G + B)vrlL sete 


— B)(G + vr)L(0,)} 
(10.84) 


If these results are used in the relations for ¢, it may be shown, after some 
algebra, that the disadvantage factor may be written 


(10.83) 


= a V poi? Vu2r*) 

ra tg [ TES) [UeEle ee 1] 08s 
_ PF 1 + BG = mG py 

ater F, = a 4 78 | F (10.86) 


_ pr GF GG + B)Vur® 
aaa E > id ae (1 — B)p, 


The functions E and F are defined in the usual way (refer to Table 10.2) 


(10.87) 


pow Orxrlo(xrpr) = py _ _ Viwcigls( 06) 
211(xrpr) 2nprL' (pg) 


These results may be checked by considering the limiting cases wherein 
a— land p,— pr. In the first instance G — 0, and 


_Pr( i 
Me ela) 


pr BV wz 
Be 7 7g - xp,(1 — B) 
If we also let p, — pr, then 8 — 0, and F, — F and E, — E. 
The miss probability 8 has been calculated by Newmarch! on the basis 
of the diffusion-theory? expression for the angular distribution of neu- 
trons at p, [refer to Eq. (5.29)]. In the case of round fuel rods, he finds 
that 


(10.88) 


(10.89) 


ga bart ws) 
1+ ym 
where ra PF fr) 1 —2sintr—- “(1 — 2} ~~ 10.90) 
Pg z - 


1 Tbid. 

2J. H. Tait has performed similar computations using transport theory. The 
Calculation of the Fine Structure of the Thermal Neutron Flux in a Pile, by the 
Spherical Harmonics Method, Proc. Intern. Conf. Peaceful Uses of Atomic Energy, 
Geneva, 1955, P/433, pp. 417-422. 
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Newmarch performed his analysis for the rod without cladding, i.e., 
a = landG =0. The above expression for 8 can be taken over directly 
for the more general case with cladding (a < 1), however, by simply 
applying the appropriate expression for yw, namely, (10.81), Then, 8 
takes the form 


Q—rnlt+yG)+ G+ vye)f(r) (10.91) 


P= + eG) + E+ yor) + 1G + ww) 


It is seen that this expression reduces to Newmarch’s result when a — 1. 
When the coolant-gas passage is very narrow so that pr ~ p,, then the 
substitution of the form r = 1 — 6 with 6 <1 yields the approximation 


~ A+ rr) 
e= FG + 47) ae 


Similar results have also been obtained by Newmarch for the case of 
hollow-tube fuel rods. 

Of some practical interest, too, is the special case when the cladding 
on the fuel rod is very thin. Then a ~ 1, and we define 


a=l-a, where a, < 1 


For this case G ~~ a,, and we obtain the approximations 


~—Pr|l+ Bag pA, 
ry, = “| f= rest, | F 


10. 
Be= 1+ os, |e + Oe ae 
- Po pray? mp (1 — B) 
and (10.85) becomes 
_ V po) V ylOOF pr _ BV wr) 
= V wo | ane — B) + E | Po + mp,(1 — 8B) 
F ; Po BV y= ) Vyl™ | 
a ee pee ea ey ree 
ae Fea pr pr(l — 8B) mpy(1 — B) ae?) 


The computation of the thermal utilization proceeds directly from 
(10.77). By substituting (10.94), we obtain 


1 V a ZQr | PF BV wz 
De Gt ek fe ee OP pe SE Mee 
f : lea =p) Py + xpe(1 — 6) 
F _ Po BV yo V Zi Verdc 

a Fe E Pr eed * xpl—B)| 1 Verdier 


(10.95) 


Similar results obtained from a slightly different viewpoint have been 
reported by other investigators. It may be shown, after some algebra, 


Google 


sec. 10.2] HETEROGENEOUS REACTORS 659 


that the above result agrees term by term with the earlier treatments.!-? 
The only apparent difference between this work and the previous calcu- 
lations is in the handling of the boundary condition at the gap and the 
description of the flux distribution through the cladding material. The 
latter is perhaps the more subtle consideration of the two. The dis- 
tinction between the two approaches on this point is easily demonstrated. 
In the earlier work it is assumed that the flux distribution at the outer 
surface of the cladding is given by the linear function 


Dred’ 
dc(pr + t) ~~ oc(pr) + too(pr) = dr(pr) + t price) 


The last equality follows by virtue of continuity requirements. This 
quantity may also be obtained from the condition on the partial current 
through the cladding, 


aprjJf (pr) = pcj (pr + 2) 


If we use a = 1 — ay, in this relation, and the approximations pr ~ pe, 
o0(pr) & oc(pr + ¢t) and neglect a, as small compared to unity, then it 
may be shown that 


éc(pr + t) = or(pr) + 2a, Drdp(pr) 


Comparison with the expression given above for ¢c(pr + ¢) reveals that 
a, must be defined by 


t 


For a very thin layer of cladding it would be appropriate to use 
a, = 22 


If the relation (10.96) is used in (10.95), the agreement is complete, as 
previously mentioned. 

There are several approximations which may be generally applied 
in the analysis of composite unit cell structures of the type considered 
here: (1) Narrow gaps and channels containing air or other gases are 
most easily treated by requiring that the flux and the net current be 
continuous through the gap; thus, 


br(pr) = ba(p,) 


DrVor(pr) = DuVou(pz) on) 


18ee, for example, E. A. Guggenheim and M. H. L. Pryce, Uranium Graphite 
Lattices, Nucleonics, 11(2), 50-60 (February, 1953). 

2D. J. Littler and J. F. Raffle, ‘‘An Introduction to Reactor Physics,’ pp. 90-95, 
Pergamon Press, Inc., New York, 1955. 
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These are simplifications of the partial current conditions given in (10.73). 
If the cell is multiregional, then (2) diffusion theory may be used in 
each, provided, of course, that the regions have reasonable widths, and 
(3) with continuity conditions to be satisfied at the interfaces. If a 
region is very thin, then (4) it is convenient to use the transmission 
coefficient to describe its neutron properties. For composite regions of 
different moderating materials it is necessary (5) to take the thermal- 
neutron source in each as proportional to its value of £2,; however, (6) if 
the region is thin (and especially if it is ‘‘metallic’’), then the thermal 
source in the region may be ignored. 

Without delving into any further detail it is possible also to draw a 
few general conclusions about the effect on the thermal utilization of 
various engineering materials in a cell: (1) In cylindrical geometry the 
presence of gas gaps between the fuel region and the moderator tends to 
decrease ¢ and thereby increase f. (2) Metallic sheaths on fuel lumps 
tend to increase ¢ since the metal! will generally have a large scattering 
cross section and thus serve as a resistance to the flow of neutrons into 
the lump, thereby giving rise to a further decrease in the flux available to 
the fuel. (3) Channels containing hydrogenous materials cause a 
decrease in f because the neutron-absorption losses tend to exceed the 
moderating (thermal-neutron producing) properties of the material. 
In the case of water the situation is further aggravated because of the 
small diffusion coefficient which creates a large gradient in the neutron 
density. 


10.3 Resonance-escape Probability 


a. Neutron-energy Spectrum in Unit Cell. It was mentioned previ- 
ously that the use of a heterogeneous configuration can lead to substantial 
increases in the resonance-escape probability. This trend is explained 
in terms of the neutron-energy spectrum in the unit cell. Figure 10.11 
shows the spatial distribution of the neutron flux in a typical slab geom- 
etry as a function of neutron energy. It is seen that at neutron energies 
far removed from the values corresponding to the resonance-absorption 
peaks in the fuel (and also away from the thermal range) the fuel region 
is exposed to flux levels comparable to that in the moderator. However, 
when the neutron energy is in the range where the absorption cross section 
of the fuel is relatively high, the flux distribution displays a depressed 
region in and around the fuel lump. The appearance of this depression 
gives rise to a significant reduction in the removal rate of neutrons from 
the slowing-down process. This is easily demonstrated if we compute 
the change in the total number of neutrons slowing down throughout 


1 An important exception is aluminum. 
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the cell over the lethargy interval Au; thus, 


Q(u + du) — Qu) = f.a(eu + Au) dz — ff a(zu) de 
= ie La(u) o(x,u) Au dx (10.98) 


Clearly, if the fuel cross section is greater than that of the moderator, 


an peered 


(x, E,) 


(x, E,) 


(x, E Py) 


(x, E,) 


(x, Es) 


lj; 


=P(E) 


th Es Ey 3 E2 E E 
Fia. 10.11 Flux depression as function of neutron energy. 


the change in Q will be smaller in the case of the heterogeneous geometry 
than in the homogeneous, since in the latter the fuel nuclei are in as 
high a neutron flux as the moderator nuclei, for all neutron energies. 
As a consequence, the resonance-escape probability will be higher in the 
heterogeneous system. 
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The increase in the resonance-escape probability has been attributed 
to two effects, namely, the self-shielding of the fuel lump and the phys- 
ical separation of the two materials (refer to Secs. 10.1c and d). The 
purpose of the present section is to study these effects in detail. The 
treatment begins with an elementary analysis of the latter effect, which 
arises from purely geometric considerations. This study is followed by 
an outline of an analytical procedure (based on nuclear-resonance param- 
eters) for computing the integrals which appear in the expression for the 
resonance-escape probability [see, for example, (10.25) and (10.37)]. 
Application is made first to homogeneous systems, and the results are 
later extended to heterogeneous systems. 

b. Geometric Effect. The influence of the geometric effect on the 
resonance-escape probability is demonstrated for the case of slab geom- 
etry. Consider therefore an infinite heterogeneous array of the type 
shown in Fig. 10.3. Previously, we considered the diffusion of thermal 
neutrons in this system with an assumed uniform source of thermal 
neutrons in the moderator; we consider now the slowing down of neutrons 
in this geometry. This problem is similar to that of the reflected reactor 
and, as before, introduces the difficulty of applying an energy-dependent 
boundary condition.! In order to simplify the analysis we eliminate 
this difficulty by proposing the wholly artificial model based on fuel and 
moderator materials having energy-independent cross sections. We 
further assume that fast-fission neutrons (at u = 0) begin the slowing- 
down process in the moderator, and not in the fuel slab. On this basis 
we apply to the system in Fig. 10.3 the following set of equations for the 
fast neutrons in the moderator: 


9? ] 
— Du 533 ou(au) + Bi ou(zu) = — 55 9M(4) (19 gg) 
qm (z,u) = Eye bay (z,u) 


along with the boundary conditions 
(1) = bu(zu) | = 0 (2) §2(@u) = ag %(a,u) (10.100) 


Here, j(a,u) denotes the partial neutron currents in the moderator 
at the fuel-moderator interface, and a@ is the transmission coefficient. 
For the partial currents we use the diffusion approximation and assume 
the separability of the space and lethargy dependence of the slowing- 
down density: 


qu(x,u) = F(x) qu(u) (10.101) 


1See Sec. 6.3a for discussion of this point in connection with the extrapolated 
boundary condition. 
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Substitution into (10.99) yields the requirement that 


F’'(z) + F(x) = 0 (10.102) 
and the solutions 
F(x) = cos A(b — x) 


Dud? + | 
eNO ne 


qu(u) = qo exp | E s(n (10.103) 


where we have used boundary condition (1) in (10.100). Note that the 
distribution of source neutrons for the slowing-down process is given by 


qu(z,0) = F(z) qu (0) = F(z)qo (10.104) 


The quantity \ resulting from the separation of variables in (10.99) 
is determined by the application of boundary condition (2) in (10.100). 
For a independent of lethargy, the appropriate relation is found to be 


1. =2 (; = “) Dy) tan X(b — a) (10.105) 


l—a 


In the case of thick fuel plates, a may be computed from diffusion theory, 
and is given by (5.308); for thin plates the result (5.331) may be used. 
The calculation of the resonance-escape probability proceeds from the 
expression for qu(z,u). If we compute the total number of neutrons 
reaching thermal throughout the entire cell, and divide this by the total 
number of neutrons entering the slowing-down process, we obtain 


b 

oe , Qu (x,t) ax | | ee + > 

Prer(Un) = —p———_ = exp { — | — — 7 
Sf gse(2,0) a EIS 


a 


| Usn | (10.106) 


This result is to be compared with the corresponding relation for the 
equivalent homogeneous system. We noted previously in the discussion 
following Eq. (10.57) that the results for the homogeneous system could 
be derived from those of the heterogeneous by taking the limiting case 
of very thin fuel plates (holding the ratio a/b constant). Then, using 
(5.331) for a, we find from (10.105) 


(FP) 
zo 


aay PTT ED 


(10.107) 


The substitution of this relation into (10.106) yields 


YP) /b 1 — a/b) 
Prom(Uin) = EXP | - k Oe eee us| (10.108) 
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A comparison of this result with (10.106) shows the effect of the scale of 
the heterogeneity on the resonance-escape probability (see Fig. 10.12). 
The principal conclusions to be drawn are: (1) as the cell size becomes 
larger the resonance-escape probability increases monotonically from its 
Initial value corresponding to that 
in the equivalent homogeneous sys- 
tem; and (2) for large cells the 
resonance-escape probability ap- 
proaches a limiting value. 

It is important to point out that 
the elementary model used in the 
present calculation was selected 
only to display the influence of the 

ae geometric effect on the resonance- 

Fo pacamenpmanesrene, Frebebl’ escape probability, and it is not 
eonatane. intended that it be used as a pro- 
cedure for computing this quantity. 

c. Calculation of the Collision Density. The general statement of the 
resonance-escape probability given by Eq. (10.18) was defined in terms 
of the total collision density throughout the resonance range. An impor- 
tant approximation to this expression was the formula (6.174) which 
applies in the narrow resonance approximation wherein the collision 
density takes the asymptotic form 1/E. In the present treatment we 
require somewhat better approximations for the collision density in order 
to develop more generally useful expressions for the effective resonance 
integral. In fact, the calculation of the energy spectrum and spatial 
dependence of the collision density in systems containing substantial 
amounts of fuel (or strong absorber) is the essential problem in resonance 
absorption. 

In the case of homogeneous systems, the various approximations to 
the collision density may be developed from the general expression (4.119) 
derived in the slowing-down theory. If we limit attention to a system 
containing an absorber, denoted by subscript F, and a moderator, denoted 
by M1, then the appropriate form is 


ay ] : / Z‘F)(u’) a 
ee ee fF a, 
] . 4 ZO (u’) u’—wu , 
+a : (1 Fe) Seay et du’ (10.109) 


where F is defined by (10.16). If Eq. (10.109) is solved for F(u), then 
the resulting expression may be used in the general formula (10.18) to 
compute the resonance-escape probability. This calculation may be 
carried out with whatever precision is consistent with the requirement 
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on p. In this development we derive various first-order approximations 
to F. Nordheim! has prepared a direct numerical procedure appropri- 
ate to fast computing machines which may be used to achieve greater 
precision. 

A first approximation to Eq. (10.109) may be obtained by introducing 
the condition, of considerable practical importance, that the resonances 
in the fuel (or absorber) material are narrow on the energy scale relative 
to the average energy loss suffered by a neutron in a scattering collision 
with a moderator atom and, furthermore, are widely separated. In this 
case we can use the asymptotic expression for the function F which 
appears in the collision integral for the moderator material and note that 
it is also consistent to take 2“) ~ 2, over the interval of integration. 
From the analysis of Sec. 4.4b we have q(u) = &2,(u) ¢(w), and it follows 
that for a normalized source 


F(u) = (10.110) 


ore] p= 


which is a good approximation for a system with light absorption. The 
use of the asymptotic form in the second integral is permissible since, 
as previously noted, the collision density is a relatively slowly varying 
function, even through a strong but sharp resonance (see Fig. 4.21). 
With these simplifications, Eq. (10.109) reduces to 


ee 7 ry EP) iy ae 
F(u) = f= [rw 5 (u’) ev’ du’ + 


(10.111) 


fre | 


In the event that all resonances of the fuel are narrow relative to the 
average energy loss in a collision with a fuel atom, the asymptotic form 
(10.110) may be used throughout in evaluating the effective resonance 
integral. 

Similar approximations may be developed for the collision density in 
heterogeneous systems. In the development which follows we represent 
the heterogeneous system by a unit cell of volume V consisting of a seg- 
ment Vr which is occupied by the fuel material and a segment Vy by 
the moderator. As a zeroth-order approximation we impose the flat-flux 
assumption, namely, that the neutron flux throughout the resonance 
range, including the intervals occupied by the resonances, is spatially 
uniform in both volumes Vr and Vy. This simplification is not valid 
when: (1) the fuel elements (represented by Vr) are closely packed com- 
pared to the mean free path \{” in the moderator material, or (2) when 
the spacing of the elements is of the order of the slowing-down distance 
(r4,) in the moderator, or (3) when the characteristic dimension of the 
fuel elements is much larger than \{™. 


1L. W. Nordheim, ‘‘The Theory of Resonance Absorptions,’’ General Atomics, 
GAMD-638, San Diego, Calif., Jan. 6, 1959. 
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When the requirements for the flat-flux assumption are well satisfied, 
the total number of neutrons slowing down in the cell Qo may be approxi- 
mated by the asymptotic form; thus we take 


$2 (u)EZ,V = Qo = 1 (10.112) 


where one neutron is introduced per unit time in the cell volume V. 
We define 


ELV = Erl’V pp + Ey TV (10.113) 


with 2% = Nero, and ¢% denotes the spatially uniform resonance flux 
in the moderator region. In order to compute the total collision density 
throughout the fuel volume, we introduce ¢r(u), the spatially uniform 
(or averaged) flux at lethargy u in Vp from all sources, and $%(u), the 
spatially uniform flux at lethargy wu in Vr arising wholly from neutrons 
of lethargy u entering by transport through the surface A,r of the fuel 
element from the moderator region. We require also the quantity P.,.(u), 
the probability that a neutron appearing in Vy (from some source) at 
lethargy u escapes without collision from Vy. For the present analysis 
we take P.,, to be independent of u and defined by Eq. (7.234); in this 
application the appropriate form is 


Pew = ar | [1 — e-**"lh(s) ds (10.114) 


with & given by (7.232). It should be recalled that h(s) is the normalized 
distribution of chord lengths in Vr, each chord length weighted by the 
sum of the cosines of the angles it makes with the normals to the surface 
of Vp ateach end. A cosine weighting is applied for the neutrons at the 
surface of Vr since this gives a reasonable first approximation to the 
angular distribution of the neutrons when the resonance absorption of 
the fuel lump is small (as implied here) and the net transport of neutrons 
is low.! 

With these definitions we write the total collision density in Vr as con- 
sisting of two parts: one due to fast neutrons in Vr which slow down into 
the unit lethargy interval about u, and another due to the net transport of 
neutrons of lethargy u through the surface Ar from the moderator; thus, 


= 1 a= Px - rn) , ts , 4 
dr(u) 2P(u) = > ——™ : “yg 2 OPH) ZIP (uljew™ dul + ZiP(u) b(u) 
ar 
(10.115) 
Following (7.227) we take 
pe(u) = Pr. %(u) (10.116) 


18. M. Dancoff and M. Ginsburg, ‘‘Surface Resonance Absorption in a Close- 
packed Lattice,’’ Argonne Metallurgical Laboratory, CP-2157, 1944. 
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Fr(u) = 2fP(u) dr(u) (10.117) 
and the expression (10.112), Eq. (10.115) reduces to the form 


_1-P.. [° rn E(u) gg PeneBlF(u) 
Fr(u) = Toa [ ae Fr(u’) sw) ° du’ + 5 (10.118) 


The solution to this equation which applies in the asymptotic range is 
obtained by setting Fr(u) = constant. If we take also o; ~o, ~¢, to 
be consistent, then it is easily shown that 

DF) 2 1 


P and or(u) ~ —— (10.119) 


F ~My 
iu) 'S,V =S.V 


as is to be expected. 

The results developed above may be used to obtain the first-order 
estimates for the collision densities mentioned previously in Sec. 10.1c. 
When the resonances are narrow relative to the average loss in energy 
due to collisions with fuel nuclei and in addition widely separated, we 
may use the narrow resonance (NR) approximation: 


2 
é 


for the homogeneous system. The corresponding expression for the 
heterogeneous system is obtained by using the result (10.119) in the 
integral of Eq. (10.118) and taking o, ~ o, over the integration interval. 
The solution is seen to be 

Nr 


Fp(u) = = [of(u) Poo + (lL — Ponda?) NR for heterogeneous 


F(u) = NR for homogeneous (10.110) 


(10.120) 


Another interesting approximation is obtained when the fuel resonances 
are narrow compared to the average energy loss in collisions with the 
moderator, but wide compared to that in collisions with the fuel. These 
constraints lead to the narrow resonance-infinite absorber (N RIA) approzi- 
mation. In the case of the homogeneous system the appropriate form for 
the collision density is obtained from Eq. (10.111) by withdrawing the 
factor FX‘")/Z, from inside the integral sign and solving for F. The 
solution is 


2. (u) 
E[Z,(u) — 2yP?(u)] 


For the heterogeneous system we use Eq. (10.118) and find, by making a 


F(u) = NRIA for homogeneous (10.121) 
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similar approximation to the fuel integral, 
Zi (U) Pore 


Fr(u) = 
Br (1 ess 


o\P(u) 
ofP(u) (10.122) 
d. Approximate Formulas for Resonance Integrals. The calculation 


of the resonance-escape probability (10.18) requires the evaluation of the 
resonance integral. In terms of the lethargy variable this is 


I =| E(u) (10.123) 


NRIA for heterogeneous 


The effective resonance integral may be computed by means of the 
relation (10.21). 

In this development we apply the various approximations for F(«) 
derived in the preceding analysis to the calculation of 9 for both homo- 
geneous and heterogeneous systems, using Eqs. (10.123) and (10.21). We 
begin with the homogeneous system. In the narrow resonance approxi- 
mation, the appropriate form for F is (10.110). Substitution into 
(10.123) yields the result previously given in (10.20); in the present 
notation, we have 


= = i =~ ——, fe wee ga. (u) du - (10.124) 
PLA = [oP (u) + off (u) + of(u)] 
Pp 


and [ef. Eq. (10.23)] 


Uth (F) 
j= [ 2s Ww) a NR for homogeneous 
1 + —[o(u) + oP (u) + oP (u 
: ri (w) (w) (u)] (10.125)s 
with o, given by (6.177). Again we note that these formulas apply 
when the resonances are narrow and far apart. The criterion of narrow- 
ness is discussed in a subsequent section. 
Similar forms may be obtained in the NRIA approximation. The 
form for F in this case is given by (10.121), and application to (10.123) 


yields 
I= t La(u) du 
o &2(u) — 2P'(u)] 


which may be written 


l= 1 uth Lalu) du 
~~ E Jo BP (u) + BP(u) + TH 


tee (F) 
Ne I : ga )Gu (10.126) 


BP Jo T+ oP (uN r/o Nu 


Google 


sec. 10.3] HETEROGENEOUS REACTORS 669 


if we neglect everywhere 2“ in comparison to Z{”). With this result, 
the effective resonance integral becomes [cf. Eqs. (10.24) and (10.21)] 


_ = Uth o(F) (uw) du 
§ = to,] = if T+ 0"'(u) Jon NRIA for homogeneous (10.127)* 
where we have introduced 
Nu 
— (mM) ‘VM 
om =O (10.128) 


Corresponding formulas may be derived for the resonance integral in 
heterogeneous systems by applying the definition 


& FP) 
f= if * Fr(u) og (u) du (10.129) 


of” (u) 


which is given for a normalized source of fast neutrons throughout the 
unit cell, as specified in (10.112). This definition implies, of course, that 
essentially all resonance absorption occurs in the fuel element here repre- 
sented by the volume Vr. The expressions for Fr(u) in the NR and 
NRIA approximations are given by Eggs. (10.120) and (10.122), respec- 
tively. Both forms involve the escape probability which may be defined 


| see a) ae (10.130) 


where P, is the probability that a neutron born in Vr makes a collision 
before escaping. The quantity P, has been tabulated by Case—-de Hoff- 
mann-—Placzek for a variety of geometric shapes.! It is sometimes more 
convenient to write P,,, in the form 


(3 
aaiF) 


Pi. = and C= [ou — e**"lh(s) ds (10.131) 
where we have used (10.114) for P...; note that the penetrability @ is 
related to the transmission coefficient a of Chap. 5 by [ef. Eq. (5.275)] 


C=l-a (10.132) 


In general, as mentioned previously, P... may be computed from the 
integral relation (10.114) ; however, this formula is somewhat complicated, 
and the resonance integrals will be difficult to calculate. A considerable 
simplification is possible if we use in place of the exact form Wigner’s? 
rational approximation which we will designate P“,; the definition is 

1 


Pe. — 1+ 5a") (10.133) * 


1K. M. Case, F. de Hoffmann, and G. Placzek, ‘‘Introduction to the Theory of 
Neutron Diffusion,” Los Alamos Scientific Laboratory, 1953, Tables 2 through 4, 
(available through Government Printing Office, Washington, D.C.). 

*K. P. Wigner, J. Appl. Phys., 26, 255-279 (1955). 
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This formula is a good approximation to the actual function when 
§2{*) is either much greater or much less than unity.! Some values of 
P.. are given in Table 10.3 for various elementary shapes, along with the 
corresponding values of PY. These results are also plotted in Fig. 10.13. 
It is of interest to note that the dependence on geometry is not strong; 
P... for spheres and cylinders are very close, with slabs differing only 
slightly. The rational approximation is seen to be quite good. 


TaBLE 10.3 THe Escape PROBABILITY FOR VARIOUS GEOMETRIES AND THE 
RaTIONAL APPROXIMATION 


az{") Sphere | Cylinder| Slab | Rational 


a ey 


0.04 0.978 0.974 0.952 0.962 
0.1 0.946 0.939 0.902 0.909 
0.2 0.896 0.885 0.837 0.823 
0.3 0.850 0.819 0.785 0.769 
0.5 0.767 0.753 0.701 0.667 
1 0.607 0.596 0.557 0.500 
2 0.411 0.407 0.390 0.333 
3 0.302 0.302 0.295 0.250 
5 0.193 0.193 0.193 0.167 
10 0.099 0.099 0.100 0.091 


In the present formulation of the resonance integral for heterogeneous 
systems, it will suffice to use the rational approximation for P... in the 
expression (10.129) for J. Inthe NR approximation this formula reduces 
to 
_ NerVe 


= of) du 
I zs.V [ [ Peal”? + (1 — Prow)oF? OF) (10.134) 
8 0 
and 
2.V a oF) du 
6 = (2) I= [ [Pawo{” + (1 — Pano ays (10.138) 


If we use now (10.133) for P..., we obtain 


uth (1 + 820 Jo”) du 
$= if TF NR for heterogeneous (10.136)* 


The appropriate expression in the NRIA approximation is seen to be 


I = NerVre Uth Pwo F? ofF) du 
EEV Jo al) + Praa\h 


It follows that, in the rational approximation, the effective resonance 


(10.137) 


1 The errors involved in the use of this relation are discussed by Dresner, Thesis, 
op. cit. 
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Fic. 10.13 The escape probability and the rational approximation as functions of the 
characteristic dimension &2,‘*). 


integral is [using the definition given in Eq. (10.135)] 


ms ga" d_ = NRIA forh 0.1; 
§ = i T+ a" or heterogeneous (10.138)* 


e. Equivalence of Homogeneous and Heterogeneous Systems. The 
approximate formulas derived above for the effective resonance integral 
in homogeneous and heterogeneous systems in both the NR and NRIA 
approximations can be shown to be mathematically identical. Consider 
first the corresponding expressions in the NR approximation: 


me ak) du 


j= a pa homogeneous (10.125) 

1+ = [of + off + of 

0 Tp 
— fee (dl + 829 Jol du 

g§= [ i+ ay heterogeneous (10.136) 

If we define a new quantity o% such that 

1 
oF =a) iV; (10.139) 
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then (10.136) may be written 


Uth o(F) a 
-isumerta ray 1040. 
which is identical in form to (10.125). Thus we find that a hetero- 
geneous system is equivalent to a homogeneous system in the NR approx- 
imation if o, for the homogeneous system is the same as the of for the 
heterogeneous system. It is of interest to note also that different hetero- 
geneous systems with the same of have the same effective resonance 
integral. This equivalence relationship has been recognized by P. Bak- 
shi! and by L. Dresner.?:? 
Similar relationships can be established also in the case of the NRIA 
approximation. We compare, therefore, the formulas 


Uth o(F) du h 0 
j= f 1+ o/s, omogeneous (10.127) 
Uth o(F) du 
j= [ i+ a") heterogeneous (10.138) 
If we introduce the symbol c% for the second term in (10.139), so that, 
1 
a 
o™ = aN, (10.141) 
then o® = ofF) + of (10.142) 


and (10.138) may be written 


Uth o(F) du 
g -{ 1 + of /o* (10.143) « 


which is mathematically identical to (10.127). 

It should be borne in mind that the rational approximation (10.133) 
was used in establishing the two equivalence relations (10.140) and 
(10.143). These relations are valid only so long as the width of a 
resonance can be considered small as compared to the average energy 
loss from collisions with a moderator atom at energies around that of the 
resonance. Generally the results obtained above will yield estimates 
for the heterogeneous integral which are in the order of 10 per cent too 
small. More precise analyses than those possible with the present 
approximations to the collision density indicate that the equivalence 
relations are more generally valid® and hold independently of the treat- 


1 Chernick and Vernon, op. cit. 

2L. Dresner, Thesis, op. cit., Chap. 6. 

3L. Dresner, Nuclear Sci. Eng., 1, 501 (1956). 
4 Nordheim, op. cit. 

6‘... Dresner, unpublished. 
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ment of energy degradation in neutron collisions with fuel atoms.! 
Thus the principal modifications needed in the application of these 
relations are those arising from the geometric properties of the hetero- 
geneous system. These become important when any of the conditions 
imposed by the flat-flux assumption are not satisfied. 

The equivalence relations may be summed up in terms of two very use- 
ful practical rules: (1) All fuel lumps containing the same fuel (absorber) 
material, but with different amounts of other moderator materials, and 
having the same value of o3, have the same effective resonance integral 
regardless of shape or size. (2) The effective resonance integral for a 
lump is the same as that for a homogeneous mixture of the moderator 
and lump materials in which the potential-scattering cross section per 
fuel atom is equal to oF [as given by (10.139)]. 

An interesting interpretation of rule | is that data on the resonance 
integral for a series of fuel lumps of one material can be used to com- 
pute directly the value for a related series of lumps utilizing the same 
‘absorber’? but in an entirely different geometry. Thus, for example, 
data on uranium metal rods can be used to predict the resonance integrals 
for UQO2 spheres. It is of considerable importance to note that these 
rules do not depend on any knowledge whatever of the resonance param- 
eters. They can be used both for predictive purposes and as a check 
on the theory. 

f. Evaluation of Resonance Integrals Using Breit-Wigner Line Shape. 
The objective of the present calculation is to determine the contribution 
J; to the effective resonance integral by a particular resonance at energy 
E;, using the various models previously developed for estimating 9. 
In this treatment we assume that each resonance is well represented by 
the single-level Breit-Wigner formula. The appropriate relations for each 
of the energy-dependent microscopic cross sections appearing in 9 are:? 


oa(8) = oe E ae Gall (10.144) 
o,(&) = wo E + (° ae) | (10.145) 
oP(8) = eee ears (5 We) E i. Cae) | (10.146) 


These relations apply when the nuclei are at rest in the laboratory 
frame of reference (L). The symbol £; denotes the position of the reso- 
nance, and & is the kinetic energy associated with the relative velocity 
between neutron and nucleus. It is shown in a subsequent analysis 


1 Chernick and Vernon, op. cit. 
? Blatt and Weisskopf, op. cit., pp. 391-394. 
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that, in the case of stationary nuclei, & is given by 

& = hu,v (10.147) 
where v is the neutron speed in the laboratory system of coordinates, and 
uy, the reduced mass, is defined by 


_ mA 
Me TEA 


(10.148) 


with m and A denoting the mass of the neutron and nucleus, respectiyely. 
The symbols I, and I, are the radiative capture and neutron widths, and 


_ 40D, 
Co = r 


r=T,+T, (10.149) 


Note that oo is the peak value of the total (absorption plus scattering) 
resonance. All the relations indicated here apply to the center-of-mass 
system of coordinates, and A, the reduced neutron wavelength, is given 
by! 

a ae h _ oh 

= 25 ~ IxQucé)! ~ Imugo (10.150) 
The symbol h denotes Planck’s constant, and the last equality in this 
equation follows by virtue of (10.147). The quantity gy, denotes the 
statistical weight and is defined 

— WwW +i 

where J’ is the total angular momentum of neutron and nucleus and /’ 
is the spin of nucleus.? 

The contribution to 9 from an isolated resonance at E; is obtained by 
substituting the relations (10.144) through (10.146) into the appropriate 
form for 9 and integrating over the resonance (i.e., the entire energy 
scale). For these computations it is convenient to introduce the variable 


ja Z (6 — E,) (10.152) 
and the parameter 
(FP) 
b= eae (10.153) 


Consider now the application of these functions to the evaluation of 


1 It is shown in Eq. (10.176) that in the case of stationary nuclei the relative energy 
a) E Th 
i+a)*- ere- 


fore, the relations (10.144) through (10.146) have the same form in (L) if the widths r 
are also measured in (L). 

2 Note that J’ = I' + 4 for neutrons having zero orbital angular momentum 
(s waves); note also that for U*** and Th*?, gy = 1. 


& is related to the energy in the laboratory system (Z) by & = 
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J; on the basis of the NR approximation. If we use the form (10.23), 
which is Eq. (10.125) in terms of the energy variable &, then the expression 
for 9; using the Breit-Wigner formula is 


je | eR [P OA + 27)PE/28) de 
dees Tp + oo(1 + 22)7! + 2x(Goopd)1(1 + 2?) 


In the case of narrow resonances, the total width T is appreciably less 
than &, and it is a good approximation to ignore the energy dependence 
of oo, I, and & over the range of integration and simply evaluate them at 
E;. Moreover, the limits of integration on x can be extended to +« 
without introducing serious error. Then, with some minor rearrange- 
ment, (10.154) may be integrated to yield 


(10.154) 


peeks Tply |” dx = SF 
‘QE; J. Bz? + 2(pd)'zx +(1+8) fF 1. | TF 
Bx? + 2(8d) (1 + 8) fi+da—»] 
NR for homogeneous (10.155)* 
where p= - (10.156) 
0 a Tool’, 
and g° = 2K: (10.157)* 


Two limiting cases of this result are of special practical importance. 
When the mixture is very dilute, ¢,— » and 


§;— SF (10.158) 


This result is the so-called infinite-dilution effective resonance integral. 
The sum of 92 over all resonances has been measured for many materials! 
(see, for example, Table 10.1). At the other extreme, when 8 <1 — b, 
as often happens in the low-energy resonances of uranium and thorium 
or other absorbers in fairly concentrated mixtures, it is seen that 9; is pro- 
portional to o$. This rule is roughly verified by experiment.? 

We found previously that in the NR approximation the effective 
resonance integral for heterogeneous systems could be written in the form 
(10.140) which is mathematically identical to (10.125) or (10.23); thus 
the result (10.155) may be adapted to heterogeneous systems. It fol- 
lows that in this approximation 9, 1s given by 


g* 
[p+ ga-so] 
l1+—(1-bd 
Bs ( ¢) 
! Macklin and Pomerance, op. cit. 
? See, for example, A. C. G. Mitchell, L. J. Brown, J. R. Pruett, and E. D. Nering, 


‘Resonance Absorption of Uranium in Mixtures,’ Argonne Metallurgical Laboratory, 
CP-1676, Mar. 31, 1944. 


§$,; = 


NR for heterogeneous (10.159)* 
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where 
* * 
= 7p By _ om 
B= oor = 1 t ae (10.160) 
and of is defined by (10.139), and db, by 
= oP gl a 
», = i (10.161) 


When #, <1, a condition nearly always fulfilled for the important 
resonances in most materials, 


~ ge (_ Se \ — gaps} 8x/B | 
5; ™ 3° (; a) = 570i], 8 | (10.162) 


The factor in the brackets is plotted in Fig. 10.14 as a function of 8, /8 


Fig. 10.14 Geometric dependence of resonance integral. 


for various }. It is seen that all the curves are asymptotic to (8, /B)!. 
Thus with increasing 8,/8, the dependence of the effective resonance 
integral upon the interference between potential and resonance scatter- 
ing disappears. This square-root dependence for the heterogeneous 
systems is analogous to the ot dependence mentioned above for the homo- 
geneous systems. 

The evaluation of 9; using the NRIA approximation follows the same 
procedure. If we use the form (10.127) for the homogeneous system, 


then 
_ OO du oF) d&/& 
§; = . Lace f. IT +0!"/o. (10.163) 
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The substitution of the Breit-Wigner formula (10.144) for of”) and trans- 

formation of variable from & to z according to (10.152) yields 
— gol’, dx/2& 

* res (1 + 2?) [1 + (ool'y/onP)(1 + 2?) ] 


We use again the approximations applied in going from Eq. (10.154) to 
Eq. (10.155). Then Eq. (10.164) reduces to 


(10.164) 


ne. eee 
: (1 + (ool'y/omI')]! 
with 9% given by (10.157). Since the form (10.127) is identical to (10.143) 


for the heterogeneous system, the result (10.165) may be used to obtain 
the corresponding expression for the heterogeneous system. Obviously, 


NRIA for homogeneous (10.165)« 


jb pe 
" [Ll + ol'y/on)}! 


with o% given by (10.141). It should be noted that both results (10.165) 
and (10.166) in the NRIA approximation are independent of inter- 
ference effects between resonance and potential scattering, whereas the 
results for the NR approximation are not; specifically, the quantity in 
the parentheses of Eq. (10.159) is a correction factor contributed by the 
interference effect. 

The heterogeneous system formulas (10.159) and (10.166) for the con- 
tribution to 9 based on the NR and NRIA approximations may be used 
to deduce the dependence of the effective resonance integral upon the 
surface-to-mass ratio (Ar/M,r) of the fuel lump. In the cases wherein 
the NRIA formula applies, it frequently occurs that (ooI';/o*I) > 1. 
Then the form (10.166) is well approximated by 


NRIA for heterogeneous (10.166)* 


~ ao (Int \i Ar\t 
9(NRIA) ~ 33 (Sr) (a) (10.167) 
since by (10.141) 

peace OEE (10.168) 


SNe 4NeM rp 


where p7 is the density of the fuel-lump material. A similar dependence 
is found also for the NR approximation. If we write out the various 
terms in Eq. (10.159), then 


§; = sr{1 + 20/87 gs no/op” | 


L+ox/oF Tl + o%/o" 


For the two very interesting materials U?** and Th?*?, l,/f! «1 over 
the most important part of the resonance range;! if we note also that in 


1 Sampson and Chernick, op. cit., Tables 1 and 2. 
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general oo/o‘") >> 1, then the above expression may be approximated by 


s(NR) ~ oe |22-| | 1 + 2m | 0.169 
(NR) ~ 93 “a | + | (10.169) 
When the fuel lump is thin, 

on AP 


and [cf. Eq. (10.162) and Fig. 10.14] 


$,(NR) ~ (4) (10.170) 
F 

Thus for many situations of practical interest the effective resonance 

integral varies as the square root of the surface-to-mass ratio of the fuel 

lump in both the NR and NRIA approximations. It is also of interest 

to note that in mixtures when ¢m/o%” > 10 both approximations approach 

the asymptotic value 9% [see also (10.158)]. 

g. Effect of Nuclear Motion: The Doppler Broadened Line. The 
results of the preceding analysis apply strictly to the case of stationary 
nuclei. More properly we should take into account the relative motion 
between neutron and nucleus and therefore should use the generalized 
reaction-rate relation 


ve(v) = ie (|v — V])\v — ViIMt(V,6) dV (4.210) 


for the cross sections in the resonance integrals in place of the natural 
line shape given by the Breit-Wigner formula. In the present treatment 
we base the calculation on the NR approximation and use the Breit- 
Wigner formulas for the o* which appears in (4.210) and the Maxwell- 
Boltzmann distribution (4.213) to describe the motion of the nuclei. 

This general problem has been examined by a number of investi- 
gators.! In the treatment which follows we draw principally from the 
analysis of L. Dresner.? The calculation is developed from an approxi- 
mate expression for the relative energy between the neutron and the 
nucleus. For this purpose we require the velocities w and W (for 
neutron and nucleus, respectively) in the center-of-mass system of coordi- 
nates (C’). These are [cf. Eqs. (4.6)] 


A 1 


1H. A. Bethe and G. Placzek, Phys. Rev., 61, 450 (1937); E. Creutz, H. Jupnik, 
T. Snyder, and E. P. Wigner, J. Appl. Phys., 26, 257-259 (1955); E. P. Wigner, E. 
Creutz, H. Jupnik, and T. Snyder, J. Appl. Phys., 26, 260-270 (1955); E. Creutz, H. 
Jupnik, T. Snyder, and E. P. Wigner, J. Appl. Phys., 26, 271-275 (1955); E. Creutz, 
H. Jupnik, and E. P. Wigner, J. Appl. Phys., 26, 276-279 (1955); G. M. Roe, ‘‘The 
Absorption of Neutrons in Doppler Broadened Resonances,’’ KAPL-1241, 1954. 

21. Dresner, Nuclear Sci. Eng., 1, 68-79 (1956); also, Thesis, op. cit. 
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Thus the relative kinetic energy in system (C) is given by [cf. Eqs. (4.9) 
and (10.147)] 

E,.. = mw? + 4MW? = 4u,(v — V)? (10.172) 
where yu, is the reduced mass defined in Eq. (10.148). Now, if uo denotes 


the cosine of the angle between the velocity vectors v and V, then the 
expansion of (10.172) yields 


a a (E + amV? — meV) (10.173) 


where E = }mv?, the neutron energy in system (L). Further, let the 
relative velocity between the two particles be @ = v — V, where 


p? = v? + V2 — QvV uo (10.174) 
Clearly, 
Eye = tap? = & + fue V? — (2ue8)' Vino (10.175) 
A 
‘ a oe 
with & = dug 1A E (10.176) 


Note that, if the nuclei were stationary, & would be the relative energy 
of the neutron. This was mentioned previously in connection with 
Eqs. (10.144) through (10.147). Now, in most situations, 


@) ~ a K 1 (10.177) 
Thus (10.175) may be approximated by 
Eyer z & — (Quy &)*V po (10.178) 
We have also 
p= E + (5 _ ares) | ~v — Vito (10.179) 


These results may be used to obtain an estimate of the reaction rate 
which appears in the integrand of (4.210). If we note that o@ varies 
rapidly in the resonance range whereas |v — V| varies slowly, it seems 
reasonable to introduce the approximation 


lv —Vi_~v (10.180) 
Then, Eq. (4.210) reduces to 
o(v) = ie (|v — V]) M(V,6) dV (10.181) 


This result may also be written in terms of the variable &, in place of v. 
Let us define V = V(V.,V,,V,) and take the direction of the component 
V, to correspond to v; then Vyuo = V,, and 


Eo: ~& — (2iy8)*V, (10.182) ° 
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Since p = |v — V|, and is related to E,., through Eq. (10.175), and to 
V, through (10.182), we can write o% = o%(p) = o°(V,). Substitution 
into Eq. (10.181) and integration over V, and V, yield 


ee a: o®(V,)e-V:"40 dV, 
o(v) = [-. “Gey (10.183) 
Using (10.182) to replace V, by E.31, we obtain 
= M ; = eo a M(& =. Ee)? 
a(v) — a(&) = (ssitact) [ o (Ee1) exp OT | dE.) 


(10.184) 


This result may be used directly in the resonance integral for the various 
cross sections 0/7), o{?), and off). For the cross sections o*(E,.,) which 
appear in (10.184), we use the single-level Breit-Wigner forms indicated 
in Eqs. (10.144) through (10.146). In the present application the 
reduced neutron wavelength is defined [cf. Eq. (10.150)] 
i= eee 10.185 
= 2x (Que Bea) vas) 
These substitutions yield in the case of the absorption cross section the 
relation 


M 2 
as exp E eT | 
oa(6) - ( al ) [ ; (22) — here db (10.186) 


4nkT yu, & r — EN 
Me 1+ (Bs 2) 


Generally speaking, the total width T of an absorption resonance is 
appreciably less than E;. Only when £,,, is near £; is there a significant 
contribution to the integrand of (10.186); therefore, as before, we assume 
that ool',/T is independent of energy and set its value to be that at the 
resonance. If we call 


_ (4kTu,&\t 2 


9 (10.187) 
t= T (6 — E;,) y= 


then (10.186) reduces to 


Penh [rtpee-fe- wr] =09 comm, 


This function is the Doppler broadened line shape. It is the counterpart 
of the natural line shape 
Ga(t)  _ 1 


Pa) ee oe (10.189) 
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given in (10.144) and obtained by taking the limit of ¥(8,z) as T— 0 
(8 — o); thus, 


; ] 
lim ¥(8,x) a ¥(% ,r) = i+ 2 (10.190) 


In applying (10.188) it is important to note that 3 depends on & through 
A. Inthe remainder of this analysis it will be assumed that this depend- 
ence is unimportant by virtue of the narrowness of the resonance, and 
§ in A is replaced by E,. An important property! of ¥(3,z) is that 


| ” y(8,x) dx = x. This result leads to the interesting conclusion that 


in an infinitely dilute system the area under an absorption resonance is 
independent of temperature, even if one takes into account Doppler 
broadening. 

Expressions of the form (10.188) can also be obtained for the resonance 
and interference scattering cross sections. These are easily shown to be 


aoe = ¥(9,z) (10.191)* 
ae = as - , exp | - 7 (a — | dy = x(8,z) (10.192)* 
Note that 
vox) = SHO2) 4 ae (9,2) (10.193) 
and in the limit as 7 — 0, 
lim x(9,2) = x(2,2) = tee (10.194) 


which is the natural line shape given in (10.146). 

The functions (10.188), (10.191), and (10.192) may be used to obtain 
the generalization of the effective resonance integral in both the NR and 
NRIA approximations to the case of Doppler broadening. The calcula- 
tion which follows is developed from the resonance-integral formulas 
for the homogeneous system and does not include the interference 
between resonance and potential scattering; thus, we take d = 0. This 
result will be a good approximation for two situations of practical 


1 The various properties of ¥(3,z) have been studied by a number of investigators; 
see, for example, M. Born, ‘Optik,’ J. Springer, Berlin, 1933; G. M. Roe, ‘‘The 
Absorption of Neutrons in Doppler Broadened Resonances,’’ KAPL-1241, Oct. 15, 
1954; M. E. Rose, W. Muanker, P. Leak, L. Rosenthal, and J. K. Hendrikson, WAPD- 
SR-506 (1954); and A. T. Monk and J. A. Wheeler, “‘ Effect of Temperature on Shape 
of Absorption Line,’’ Argonne Metallurgical Laboratory, C-66 (1954), declassified. 

2See also F. T. Adler, G. W. Hinman, and L. W. Nordheim, ‘‘The Quantitative 
Evaluation of Resonance Integrals,’’ General Atomics GA-350, San Diego, Calif., 
September, 1958. 


Google 


682 REACTOR ANALYSIS [cHaP. 10 


importance, namely, a purely absorbing resonance (I, <I) or a very 
dilute mixture [¢(” «o,|. The latter case occurs most frequently in 
practice. It is also of interest to mention that there is a third situation 
wherein the interference term can be neglected, namely, in the case of 
strong Doppler broadening. ! 

We begin with the NR approximation. The substitution of (10.188) 

and (10.191) into the formula (10.23) written in terms of the variable & 
yields (upon omitting the o{?) term] 
_ ol, [° ¥(8,2) d&/8 
7 Yr 0 B ss ¥(8,2) 
[We have used here also (10.149) for T and (10.156) for 8.] Now 
d&/& = T dx/2&, and if as before {refer to Eq. (10.155)] we consider 
narrow resonances and ignore the energy dependence of IT and & over 
the range of integration and simply evaluate them at £,, then (10.195) 
may be approximated by 


Opl'y @ ¥(3,z) dx Oyl'y ~ ¥(0,2) dx 
I ——_—— _ (10.19 
25; i. B + ¥(3,2) 1 OF o B zB ¥(9,z) ( 6) 
A similar result is obtained for the NRIA approximation. In this case 
we use the form (10.163) and find 
= (0,7) d&/& —oml [* ¥(9,r) dx 
6+y(0,7) KE; fo 6+ Y(9,z) 
where we have applied the same approximations as in (10.196) and called 
om)" 
ool, 
The results (10.196) and (10.197) are seen to be of the sameform. There- 
fore, if we define 


$; (10.195) 


$,;—~ 


(10.197) 


I; = Om 


6 = 


(10.198) 


= (0,8) ds 
vd = ———— ; 
J(3,B) B+ vos) (10.199) « 
then 
$; = oe J (3,8) in NR approximation 
r (10.200) « 
§, = “F- J(8,8) in NRIA approximation 


which gives the contribution to the effective resonance integral by the 
resonance at E,. These formulas may be used, then, to evaluate the 
effect of the various resolved resonances on the basis of the resonance 
parameters and the temperature of the system. The necessary parame- 
ters are available in the standard sources.’ 

1 Dresner, Thesis, op. cit. 


2 See, for example, Hughes and Harvey in United States Atomic Energy Commis- 
sion, ‘‘Neutron Cross Sections,’”’ McGraw-Hill Book Company, Inc., New York, 1955. 


Google 


sEc. 10.3] HETEROGENEOUS REACTORS 683 


The function J(J,8) has been tabulated and graphed by Dresner,! and 
analytical expressions are given by Roe.?? Dresner also lists some of 
the more important properties of the function and various series expan- 
sions suitable for computation. Of particular interest here is the limiting 
form of J(8,8) when 8 > o, which corresponds to T— 0. This is the 
case with no Doppler broadening; clearly, y then reduces to the expres- 
sion for the natural line shape (10.189), and J takes the limiting form 
J(3,8) ~ 4x[8(1 + 8)}-?. Also noteworthy is the fact that, for both 
limits 8 0 and B— ©, J approaches the value for the natural line 
shape. Note that at either limit J(0,8) is independent of 8; thus the 
resonance integral becomes independent of temperature. This property 
was previously mentioned in Sec. 6.5g in connection with the temper- 
ature coefficient of the resonance-escape probability. Figure 10.15 shows 
a plot of J(8,8) as a function of 8 for various values of 3. It is of interest 
to mention that, when 3 = 1, J(¥,8) is again well approximated by the 
asymptotic form given above for 3} > o. 

h. Evaluation of Resonance Integrals. In the early days of reactor 
technology the determination of the resonance integral was based pri- 
marily upon measurement and on the use of rather approximate analyti- 
cal models. This approach was favored because at that time the knowl- 
edge of neutron cross sections was limited in scope and precision. For 
homogeneous systems the narrow resonance approximation was con- 
sidered generally applicable. For heterogeneous systems both the early 
theory and experiments suggested that the resonance integral could be 
expressed as the sum of a term proportional to the fuel-lump volume 
and another term proportional to the surface area. Although it was well 
recognized that the available theory was in a crude state indeed, the lack 
of good cross-section data lead soon to the adoption of the so-called two- 
term ‘‘standard formula”’ which enjoyed general popularity until about 
the time of the first Conference on Peaceful Uses of Atomic Energy held 
at Geneva in 1955. The subsequent publication of large amounts of 
reactor information by both the Western countries and Russia revealed 
a substantial difference in the analytical formulation of the resonance 
integral for heterogeneous systems. A careful comparison*® of these 
formulas showed, however, that over the practical range of fuel-lump 
sizes these differences were minor. Since then, many new measurements 
have been made of the detailed resonance structure of the important 
reactor materials, and it is now possible to calculate the effective reso- 
nance integral for homogeneous systems to within a few per cent. Heter- 


1], Dresner, Nuclear Sci. Eng., 1, 68-79 (1956); also Thesis, op. cit. 
2 Roe, op. cit. 

3 See also Sampson and Chernick, op. cit. 

4 Wigner, op. cit., BNL-433. 

5 Sampson and Chernick, op. cit. 
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ogeneous systems, however, are still analyzed by approximate but gener- 
ally more accurate models than previously used and by the Monte Carlo 
method.! 

The viewpoint and various analytical models derived in the preceding 
portions of this section represent the essential features of some of the 


J(d, B) 


k(where 8 = 107° x 24) 
Fic. 10.15 The function J(0,8). 


more recent developments in the calculation of resonance integrals. In 
particular, the so-called NR and NRIA approximations may be applied 
to obtain first estimates of the contribution to the effective resonance 
integral from the resolved resonances. In the case of the important fuel 
materials U?** and Th?®?, the resonance structure up to about 500 ev and 
400 ev, respectively, has been resolved. The error due to oversimplifying 


1R. D. Richtmyer, ‘‘Monte Carlo Study of Resonance Absorption in Hexagonal 
Reactor Lattices,’’ NYO-6479, May 1, 1955. 
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the slowing-down problem is minimized if a choice is made between the 
formulas on the basis of Wigner’s practical width for the individual reso- 
nances. This quantity I’, is defined as the span on the energy scale over 
which the Doppler-broadened resonance cross section including both 
absorption and scattering is equal to or greater than the background 
potential-scattering cross section ¢, as defined by (6.177). Note that 
the practical width therefore depends in general upon the material com- 
position of the system. 

Values for the practical width for the principal resonances of U?** and 
Th?2*? are given by Sampson and Chernick.!* The comparison of the 
maximum energy degradation arH,; in a fuel-atom collision with the 
practical width I, gives a measure of whether a single collision can be 
expected to remove a neutron from the neighborhood of the resonance. 
If ar, is considerably greater than I, it may be expected that the neu- 
tron will be removed by such a collision, and the NR approximation is 
applicable. If, on the other hand, ar, is small compared to I,, the 
scattered neutron will remain in the region of the resonance, and 
the NRIA approximation should apply. On this basis Sampson and 
Chernick show that the NR formula is applicable to all but the lowest 
several resonances in the case of the pure metals U**8 and Th?%2. How- 
ever, these particular resonances account for a considerable fraction of 
the total resonance captures, and for these the NRIA formula is prefer- 
able. Specifically,?-® these are, for U?#8, the resonances at 6.7, 21, 36.9, 
66.3, 103.5, and 192 ev, and for Th?*?, those at 22.0, 27.7, 70.1, and 174 ev. 
In the case that the fuel material appears in oxide form, it might be 
expected that the larger value of a,,£,, where a,, refers to the oxygen 
atom, would cause the NR approximation to apply for all resonances; 
however, this does not prove to be the case because well within the 
practical width the oxygen cross section cannot compete with the reso- 
nance cross section, and so the approximations appropriate to the pure 
metal apply to the oxides as well.® 

In the absence of strong Doppler broadening, i.e., at relatively low 
temperatures, the general result (10.155) may be used to estimate the 
contribution of resolved narrow resonances in homogeneous systems, and 
(10.165) may be used for the resolved broad resonances. The corre- 
sponding formulas (10.159) and (10.166) may be used similarily for 
heterogeneous systems on the basis that the equivalence relationship is 
applicable to the case at hand. The accuracy which one can achieve in 


1 Sampson and Chernick, op. cit., Tables 1 and 2. 
2 Adler, Hinman, Nordheim, op. cit., Table I. 

3 Ibid. 

4 Chernick and Vernon, op. cit. 

5’ Hughes and Harvey, op. cit. 

6 Sampson and Chernick, op. cit. 
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using these relatively crude models depends, of course, upon a judicious 
choice in the application to specific resonances. By exercising some care, 


it is possible! to obtain good estimates for the contributions of the resolved 
N 


resonances > 9; (where N denotes the number of these for the particular 
i=] 

material). More precise computations based on modified forms* of the 

NR and NRIA formulas and various second-order theories?—* for the 


1 


Contribution of resolved resonances £ 9;, barns 


0.8 : 1.2 
(Ap/Mz) 12 (cm2/gm)”2 


Fria. 10.16 Contribution of resolved resonances to the U?%* effective resonance 
integral. 


treatment of the slowing-down problem indicate that there is good agree- 
ment between the two models except in the case of the very broad, low- 
energy resonances where the NR formula is less accurate. For all other 
resonances the more precise versions of the two models are found to yield 
similar results.’ Such a comparison is shown in Fig. 10.16 for U??8. 


1 Chernick and Vernon, op. cit., Figs. 1 and 2. 

2K. T. Spinney, ‘‘ Resonance Absorption in Homogeneous Mixtures,’’ Proceedings 
of the Brookhaven Conference on Resonance Absorption of Neutrons in Nuclear 
Reactors, BNL-433, pp. 103-109, 1956. 

3 Sampson and Chernick, op. cit., pp. 236-240. 

4K. T. Spinney, J. Nuclear Energy, 6, 53 (1957). 

6’ Chernick and Vernon, op. cit. 

¢A. M. Weinberg and E. P. Wigner, ‘‘A Second-order Correction to the Usual 
Resonance Escape Formula,’’ Proceedings of the Brookhaven Conference on Reso- 
nance Absorption of Neutrons in Nuclear Reactors, BNL-433, pp. 125-126, 1956. 

7W. Rothenstein, Nuclear Sct. Eng., 7, 162-171 (1960). 
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In the event of appreciable Doppler broadening, the general results 
(10.200) may be used to determine the contributions of particular reso- 
nances. It should be noted, however, that the usefulness of these 
formulas is somewhat limited because of the omission of the scattering- 
interference term (which is important for thick lumps‘); when this term 
is negligible, however, the extensive compilations of the function J(#,8) 
are generally and directly applicable. 

The unresolved resonances in the fuel materials account for roughly 
one third of the resonance absorption and are therefore generally impor- 
tant. Estimates of the contributions from these higher-lying resonances 
have been based on statistical methods, using average values for the 
widths [, and If, and the resonance level spacing D derived from the 
resonance parameters of the lower-lying resonances. A detailed dis- 
cussion of the essential ideas involved in such computations is given by 
Sampson and Chernick,? by Chernick and Vernon,? and by Dresner. 
For our present needs it suffices to indicate simply the general form used 
for this purpose. If Ey denotes the energy of the last resolved reso- 
nance, then the contribution 9, to the effective resonance integral of all 
resonances above Ey may be computed from the relation 


I, = on [ J (3,8) “ ~ vay [ J (3,8) + (10.201) 


where @y has the value of o,/o0 at the resonance Ey; the averaged param- 
eters D and I, are discussed by Dresner.’ The approximation sign 
applies when [, >T,; in the range of interest, I, ~ 2F,, or greater. 
Note also that when [, > P,, 


E 
By = ToemeN & ~ (“EF Ev (10.202) 


Also, it is assumed in Eq. (10.201) that I, is independent of energy and 
that o,/oo varies in first approximation like E. 

In order to complete the theoretical development of the effective reso- 
nance integral we require also the contribution of the 1/v portion of the 
resonance range. The appropriate result was obtained previously in Sec. 
6.5g. From Eas. (6.182) and (6.187) we have (refer also to Fig. 6.8) 

_ [* (co/v) dE/E 


= pas ihe SES SAM (F) 
be = TE colnre 2 (ew) (10.203) * 


1 Dresner, op. cit., Thesis. 

? Sampson and Chernick, op. cit. 

3 Chernick and Vernon, op. cit. 

4L. Dresner, Nuclear Energy, 2, 118-127 (1955). 
5 Ibid. 
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With these results the effective resonance integral may be written 


N 
9 = 20!")(v,,) + » §; + te | J (#,8) a8 (10.204) * 
BN B 


i=l 
where the function 9; is to be selected from the two forms given in (10.200) 
according to the characteristics of the particular resonance represented 
by the indexz. This general form has been used by Dresner to compute 
the resonance integrals for various homogeneous mixtures of both U2?8 
and Th?*? in moderator. His results are summarized in Table 10.4 for 


TaBLE 10.4 CALCULATED CONTRIBUTIONS TO THE EFFECTIVE RESONANCE 
INTEGRALS OF U?83 anp TH?32 


é op, Resolved | Unresolved Effective resonance 
Nucleus | 7, °K b l/v ; 
arns | resonances | resonances integral, barns 

Use 0 20 7.9 1.7 1.4 11.0 
200 24 4.8 1.4 30. 
2,000 74 ll. 1.4 86. 

300 20 8.1 3.0 1.4 12.5 
80 17 6.6 1.4 25. 
200 27 9.4 1.4 38. 
2,000 86 12 1.4 99. 

Th 0 20 3.7 2.2 3.5 9.4 
200 12 6.3 3.5 22. 
2,000 33 14. 3.5 51. 

300 20 4.0 4.0 3.5 11.5 

80 8.9 8.6 3.5 21.0 
200 15 12. 3.5 31. 
2,000 42 20. 3.5 66. 


system temperatures of T = 0°K and T = 300°K. In this particular 
computation the NR form was used to describe all the resolved reso- 
nances. Figure 10.17 shows a plot of these results as functions of 
(Ar/M r)}. 

The models developed in this section are especially useful for under- 
standing the principal features of resonance absorption, and by careful 
choice of formulas, first-order estimates based on the equivalence rela- 
tionship can be obtained for the effective resonance integral of both 
homogeneous and heterogeneous systems. In order to achieve greater 
precision, it is necessary to utilize the higher-order approximations and 
the more sophisticated models mentioned previously. Additional refine- 
ments of the theory may be achieved by introducing the Dancoff-Ginsburg 
and Pershagen-Carlvik corrections; the former! accounts for the mutual 


1 Dancoff and Ginsburg, op. cié.; J. A. Thie, Nuclear Sct. Eng., 6, 75-77 (1959). 
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shielding of fuel lumps in close-packed arrays and amounts, essentially, 
to an effective increase in the average chord length § for the fuel lump; 
the latter correction! is used in treating complicated fuel-element geom- 
etries, including clustered configurations.? 


60 


50 


§ 


1a) 
(o) 


N 
oO 


Fra 
Th??? (0°K) 


Effective resonance integral, barns 


1.2 1.6 2.0 
" 2 " 
(Ap/M,p) » (cm ] gm) 


Fic. 10.17 Doppler corrected resonance integrals for U?3* and Th??2, 


i. The Standard Formula. The preceding analyses constitute a sys- 
tematic and consistent development from a common basis of useful 
expressions for the resonance absorption in both homogeneous and 
heterogeneous systems. An essential consideration in this approach was 
the derivation of the equivalence relationships and their use in the 
analysis of heterogeneous systems. Important limitations in this treat- 
ment were the flat flux assumption and the application of the rational 
approximation for the fuel-lump escape probability. This general treat- 
ment represents the more recent approach to the problem of evaluating 
resonance integrals. It is expected that in time, as more precise measure- 
ments are obtained of the resonance parameters, there will be greater 
incentive for further development of these general methods and models 
in order to achieve wider applicability and accuracy. 

Although these recent calculational methods have proved to be useful 


17. Carlvik and B. Pershagen, ‘‘Calculation of Effective Surfaces for Resonance 
Absorption in Tubes and Parallel Plates’ (Aktiebolaget Atomenergi), AEF-49, 1955. 
? Hellstrand, op. cit. 
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in understanding the phenomenon of resonance absorption and moreover 
show promise of high reliability, it is still of considerable interest to 
compare the present models with the standard formula. The comparison 
is drawn with the aid of the narrow resonance approximation for the 
collision density. For this case the resonance integral is given by 


ee (P) (PF) (F))P i 0 
g= 0 ah! {oP + [o{f”) — of |P..} du (10.135) 


If we separate the integrand into its two terms as written above, then 
comparison with Eq. (10.37) reveals that we can identify the first integral 


as 
Me Yen (PF) g(F) 
I “a(u) du = i ree (10.205) 
2 0 a; 
and the second as 
i ee 4N p : Gok (10.206) 


We have used here Eq. (10.131) for P.... and Mr = Vrp,. When these 
expressions are compared with (10.38) and (10.39), it is seen that the 
NR approximation for 9 leads rather easily to a statement in the standard 
form. Note, however, that because of the flat flux assumption the 
present derivation does not contain the resonance disadvantage factor':? 
¢,, This quantity is customarily computed using a one-velocity model 
to represent the entire fast-neutron population. It is well recognized 
that this point of view is crude and somewhat unclear. On the one 
hand, when used with the NR approximation, it may be observed that 
only one collision is required to remove a resonance neutron from the 
vicinity of a resonance; thus the spatial distribution would be very 
nearly uniform and isotropic. On the other hand, if the NRIA approxi- 
mation is valid, then the absorptions are necessarily very strong and the 
use of a disadvantage factor based on diffusion theory is not well justified. 
For these reasons it has been omitted in this treatment as an unwarranted 
refinement not in keeping with the precision of the over-all model.* 
Another point of immediate interest concerns the nature of the integral 
(10.206); this term in the standard formula is customarily called the 
surface absorption. It is seen to depend upon the geometry of the lump 


1A discussion of the resonance disadvantage factor and its use in estimating 
resonance absorption is given by A. M. Weinberg and E. P. Wigner, ‘‘The Physical 
Theory of Neutron Chain Reactors,” pp. 663-668, University of Chicago Press, 
Chicago, 1958. 

2See also S. Glasstone and M. C. Edlund, ‘‘The Elements of Nuclear Reactor 
Theory,” pp. 258-263, D. Van Nostrand Company, Inc., Princeton, N.J., 1952; and 
Sampson and Chernick, op. cit. 

8 Chernick and Vernon, op. cit. 
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both through the factor Ar/Mr and through @; thus the surface term 
is not really proportional to A r/M ,, as implied in the construction of the 
standard formula. Although this dependency was known in the early 
days of the technology, the @ factor fell into disuse; it was reintroduced 
more recently by Wigner.! 

The physical interpretation of the standard formula is that resonance 
absorption consists of two parts, each arising from a different mechanism 
for the supply of resonance neutrons to the fuel lump. The first term in 
(10.205), called volume (or mass) absorption, is due to fast neutrons 
which diffuse into the lump at energies between resonances and then 
through a series of scattering collisions with fuel nuclei, are eventually 
slowed to an energy interval overlapping a resonance (i.e., the practical 
width [,), and subsequently captured. The second, or surface, term 
(10.206) represents resonance captures arising from neutrons having 
energies that already overlap the practical width of a resonance and 
which have appeared in the lump from direct transport through its 
surface. This viewpoint of resonance capture originated with Wigner? 
and Dancoff and Ginsburg. 

The interpretation is given in terms of the energy spectrum of the 
neutron flux. Consider first the moderator region. Throughout the 
moderator, and at all energies, the flux is assumed to have the usual 
asymptotic form. In the fuel lump, between resonances, the spectrum 
is again 1/H. This flux serves as an internal source within the lump of 
neutrons fed into the resonances and leads, therefore, to the volume 
term in the standard formula. When the resonances are narrow and 
far apart (so that there is no mutual interaction), their effect on the 
spectrum is highly localized (see Fig. 4.21), so that the supply of neutrons 
to each resonance is essentially 1/E and spatially uniform. This gives 
rise to a uniform distribution of fast-neutron sources in the lump, and 
the corresponding term is therefore independent of lump geometry. The 
surface term, on the other hand, must be dependent on the geometry 
since it represents absorptions in the lump arising from an inward current. 
In contrast to the spectrum in the lump, this current is an undepleted 
1/E over the entire resonance range. Thus, when the lump is thin, this 
resonance flux from the moderator is essentially 1/E throughout, and 
when the lump is thick, it is 1/E at least within the outer layers of the 
lump. 


1 FE. P. Wigner, J. Appl. Phys., 26, 255-279 (1955); see also the work of J. Chernick, 
“The Theory of Uranium Water Lattices,’’ Proceedings of the International Confer- 
ence on the Peaceful Uses of Atomic Energy, Physics of Reactor Design, vol. 5, 
P/603, pp. 215-228, 1956. 

2. P. Wigner, ‘‘Resonance Absorption of Neutrons by Spheres,” Argonne Metal- 
lurgical Laboratory, C-4; and J. Appl. Phys., 26, 255-279 (1955). 

3 Dancoff and Ginsburg, op. cit., Argonne Metallurgical Laboratory, CP-1589. 
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This point of view!? places emphasis on the volume term, and treats 
the surface contributions as a secondary effect. Although this approach 
is useful for handling most of the resonances in the important fuels, it is 
inadequate when dealing with the low-lying broad resonances wherein the 
volume term actually makes a relatively small contribution. This point 
was recognized by the early investigators, but its importance was under- 
estimated because the rough resonance parameter measurements avail- 
able at that time gave low estimates of the practical widths of these 
resonances. It is expected that the use of the NRIA approximation 
in the present analysis will yield a somewhat more realistic representation. 

We conclude the section with a last remark on the approach used 
by the Russian investigators in their treatment of the resonance absorp- 
tion problem. These analyses, in contrast to the Western approach, 
place emphasis on the surface absorption phenomenon and treat the 
volume absorption as a secondary effect. The calculations are based 
on a neutron-flight-path analysis, and in the case of thin lumps, scatter- 
ing and slowing down within thelump are neglected. Thus this viewpoint 
bears some resemblance to the NRIA model, and it is not surprising 
therefore that both yield expressions for the effective resonance integral 
which show a square-root dependence on A r/M-r [see Eqs. (10.167) and 
(10.47) and the discussions of Sampson and Chernick and of Wigner and 
Weinberg, who compare the Russian and Western work]. 


10.4 Fast Effect 


a. Significance of the Fast Effect. The role of the fast-fission effect 
in a neutron chain reaction was first demonstrated in connection with 
the design and operation of heterogeneous natural uranium reactors. 
Since the multiplication constants of these systems are not much different 
from unity, the few per cent increase in k to be realized by taking the 
fast effect into account was quickly recognized. This factor is important, 
of course, not only to the design of marginal systems, but to any system 
which is dependent on the fast-fission phenomenon as a principal source 
of neutrons. Good examples are converter and breeder reactors which 
maintain their chain reactions on fast fissions alone. 

Nonthermal fissions are due to two different sources. There are first 
the resonance fissions which occur in the thermally fissionable fuel (such 


1 For further discussion of the arguments leading to the use of the standard formula, 
see Weinberg and Wigner, ‘‘The Physical Theory of Neutron Chain Reactors,’’ 
pp. 681-689. 

2 Also, Sampson and Chernick, op. cit. 

3 Gurevich and Pomeranchouk, op. cit.; see also Sampson and Chernick, op. cit., 
p. 247. 
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as U?33, U235) and Pu?8*), and second there are the fast fissions which 
occur in materials such as U?** and Th?*?, which have fission thresholds 
in the Mev range. Once the fast-fission threshold! has been exceeded, 
these sources can become an important factor in the over-all fission rate. 
In the case of natural uranium the relative abundance of U?*8 is some 
two orders of magnitude greater than that of U?#5; thus, the fissions in 
U?8 represent the bulk of the fast-fission reactions in these systems. 

The calculation of the fast effect in homogeneous systems was discussed 
in Sec. 6.3a. The method outlined is generally applicable to any system 
which satisfies the requirements of the Fermi age model. When the 
system is multiregioned, the methods of multigroup analysis may be 
employed, as discussed in Sec. 8.8. Finally, one can also modify the 
standard two-group model to take fast multiplication into account. In 
any case, the approach is straightforward, and the analytical machinery 
previously developed is adequate for the task. The calculation of the 
fast effect for heterogeneous systems, however, requires some additional 
effort. The method generally used consists of two parts: (1) There 
is the calculation of the probability that a fast neutron born in the fuel 
lump makes a collision before escaping. (2) There is the calculation of 
the contribution this neutron makes to the fast effect, as well as the 
contributions of subsequent generations of neutrons produced by cascade 
effects. 

b. Cascade Effects on the Fast-fission Factor. Fast neutrons appear 
in the fuel lump as a result of both fast and thermal fissions. This supply 
is continually depleted, however, by two processes which reduce the 
energy of the fast neutrons to values below the fast-fission threshold. 
Once so degraded, a neutron can no longer contribute to the fast effect. 
The first removal process is the inelastic scattering in the fuel lump. 
Since the inelastic-scattering cross section is a sizable fraction of the total 
cross section in the Mev range, this process is a powerful loss mechanism. 
The second process is the leakage into the moderator. This is a removal 
process since a fast neutron which reaches the moderator has small 
likelihood of returning to the lump with sufficient kinetic energy to excite 
a fast fission. 

The supply of fast neutrons from thermal fissions occurs at a steady 
rate, and the source is distributed within the fuel lump in the shape 
of the thermal flux. The supply due to fast fissions, however, varies 
from one generation to the next because of cascade effects. This phe- 
nomenon can give rise to a slight augmentation of the fast-neutron popu- 
lation, depending on the properties of thefuellump. The cascade effect 
may be described in terms of the collision probabilities and the fast- 


1 Approximately 0.9 Mev for U?38, 
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neutron cross sections of the fuel-lump material. For this purpose we 
introduce a quantity ®,, where 


probability that a fast neutron produced in 
@, = the nth generation fast fission makes a col- (10.207) 
lision before escaping from the fuel lump 


It is understood that the sequence of n fast-fission generations was 
initiated by a single fast neutron produced by a thermal fission. With 
the function @,, and a suitable set of fast-neutron cross sections, we can 
define several pertinent processes which describe alternate histories for 
each neutron appearing in the nth generation. These are: 


(1) Probability of escaping from the fuel lump: 1 — @, 


(2) Probability of making a collision of type 7: = On 
Here, the subscript z denotes any one of the following nuclear reactions: 
inelastic scattering 2,,, radiative capture 2,, fission Z,, and elastic 
scattering Z,. The symbol 2 denotes an appropriate ‘‘total’’ cross sec- 
tion for the fast neutrons; it is defined by [ef. Eq. (2.50)] 


YS s.4 5,4 oe, (10.208) 


A suitable approximation for Z is given in Sec. 10.4c. 

Consider now the history of neutrons produced in the first generation 
of fast fission. The number 0, gives the fraction of these which make 
some kind of collision in the lump before escaping. For each such 
collision a certain fraction yields additional fast neutrons; thus, for 
each first-generation neutron 


(Pee) P, = 0; (10.209) 


fast neutrons are produced; note that this expression implies that an 
elastic-scattering reaction in the lump has a negligible effect in reducing 
the energy of the fast neutron. The quantity c is defined [cf. Eq. (7.236)] 
fe es (10.210) 
2 

The first generation also suffers some losses by escapes, inelastic collisions, 
and radiative captures, as noted above. Of these, a certain fraction enter 

the slowing-down process: 

yin , _. fraction of first generation neutrons 

1- A+ > a entering slowing-down process (10.211) 
The histories of subsequent generations may be traced in the same way. 
Some of these are indicated in Table 10.5. The neutrons entering the 
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slowing-down process may still produce fast fissions in the thermally 
fissionable materials; however, they cannot, once slowed below the fission 
threshold, produce further neutrons from such materials as U?#8 and 
Th?*?, The contribution of the thermally fissionable materials to the 
fast-fission process is neglected in the present analysis, for the reason 
previously cited. 


TaBLE 10.5 Fast-errecr CascapE HIsToriI£Es 


Fast neutrons me ns Neutrons entering 
: participating : 
available ; slowing-down process 
In cascade 
Zin 
ce; 1 — Py; + me 0 
z 
Zin 
c?0P1P2 ce; [ — Pz + > | 
Zin 
c2P,P2P3 c3P1P2 1 — Ps: + > | 
z 
c*@; e ° ° On c*—10, ° e e Pn-1 E — On + = °.| 


The calculation of the fast-fission factor e proceeds directly from results 
given in Table 10.5. In order to obtain e we need simply sum the num- 
ber of neutrons supplied to the slowing-down process from each fast- 
fission generation. These are the terms indicated in the last column. 
Thus we obtain 


cn [i-o.4 Bo] +00,/1- 014+ 20] + Sh 
+ or Q,-°- 5-1 |1 Z e+ 36, | + +++ (10.212) 


The collision probabilities ®, given here vary from one generation to the 
next since the spatial distribution of the fast-fission neutrons changes 
with successive cascades. The original, or source, distribution Fo(r) of 
the first generation varies as the thermal flux, which is depressed toward 
the center of the fuel lump. The spatial form of the next generation 
F,(r) is given by the distribution of first collisions experienced by the 
neutrons originating from the source Fo(r). The next generation in turn 
is obtained from F,(r), and so on. With each succeeding generation, the 
distribution becomes more peaked toward the center of the lump. The 
asymptotic form corresponding to n — © does not differ much, however, 
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from the forms for n = 1 or 2. Figure 10.18 shows a typical sketch of 
the spatial forms F, of the first few fast-fission generations. It may be 
concluded from these remarks that 0; < ®, < 1, but because of the 
small variation in the F, for n > 0, a reasonable approximation is to take 
@n = Po, some fixed number independent of n. Conceivably it might be 
better to take the actual @, for the first generation and then some other 
number for all n > 1; but this much care may not be entirely justified. 
If we assume the same number @» 
for all n, then Eq. (10.212) is readily 
summed, giving 


_ a Z/Po 
-14+(> I 2) say 


(10.213)* 


It is clear that this sum exists only 
if cPo < 1. 
c. Computation of Fast-neutron 
Cross Sections and Collision Proba- 
bilities. The cross sections to be 
Fic. 10.18 Spatial distribution of suc- used in the relations derived above 
cessive generations of fast-fission neu- 
trons. should be averaged over the normal- 
ized fission spectrum 3(u). This is 


Surface of fuel lump ¢ 


required also for the collision probability @®o since this function too is 
energy dependent. Thus we take 


Po = fPo(u) 3(u) du (10.214) 


where it is understood that the integration extends down to the fast- 
fission threshold. A consistent definition for the various cross sections 


Z; is then 
5 7 : | ar 3(u) du (10.215) 
If it is assumed that Po is energy independent, then 
2; 2; 
Saal [33 4(u) du (10.216) 


This definition of the 2, is useful for estimating the fast-neutron radiative 
capture and fission cross sections. It is not so useful for determining the 
corresponding inelastic cross section because of the dearth of information 
on the details of the actual inelastic cross sections and of the spectrum of 
the neutrons coming out of these reactions. This quantity is best deter- 
mined from the measured value of the reaction cross section,’ Zy..-4; thus, 


Zin an arene ~~ (Zy + zy) (10.217) 


1 Values for creact are given by Hughes and Harvey, op. ctt. 
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For the total cross section Z of these fast neutrons we take the transport 
cross section 2,,. This choice is suggested by certain physical features 
of the problem, the most important being the strong forward bias of 
scattered fast neutrons. Because of this effect, the fast neutrons have a 
greater tendency to move outward from their point of origin. The net 
result is as though the supporting medium had a mean free path some- 
what larger than its actual value. Moreover, in calculating the func- 
tions F’, and &, we will assume that the scattering process, as well as the 
others, is isotropic. By combining this assumption with the use of the 
transport cross section based on a value of uo appropriate to the forward- 
scattering tendency of the nucleus in question,! it is expected that a 
fairly good representation of the fast-neutron “diffusion” in the fuel lump 
can be achieved. Thus we take 


Tey =2+23+25,4+2, (10.218) 


Note that if the relation (10.217) is used to obtain 2,, then Eq. (10.218), 
along with a computed 2,, can be used to determine Z,. The approach 
outlined here for estimating the fast-neutron cross sections is found to 
give reasonably good agreement with experiment in the case of U8. 
Table 10.6 lists the various cross sections which have been used in the 
past to relate the theory to actual measurements on the fast effect. 


TaBLE 10.6 U?33 Cross SECTIONS FOR FAST-EFFECT COMPUTATION 


Reaction o barns 
Radiative capture oy............ 0.04 
Fission o7........0 00. ccc eee ees 0.29 
Inelastic scattering gin.......... 2.47 
Elastic scattering o.............. 1.5 
“Total’”’ Dee sae seed Steed. Beal ws aE 4.3 


The corresponding value for v to be used with these data is 2.5. 

A formal definition of the collision probabilities ®, may be given in 
terms of the transport kernel and the normalized spatial distributions 
F,(r). Thus to compute the number of first collisions which occur in 
dr about r due to the F,(r’) dr’ nth generation neutrons produced in 
dr’ about r’, we take 

ew Zteelr—r’| : 
Zu Ot ae a(r’) dr’ 
Since F, is normalized, to compute @,4,1 we simply integrate the above 
expression over all r and r’; thus 


eal aes Lerlr — ” 
Cay = — = | | oF F,(r’) dr’ (10.219) 
Vr 


1D. J. Hughes and R. S. Carter, ‘‘Neutron Cross Sections; Angular Distributions,”’ 
Brookhaven National Laboratory, BNL-400, June, 1956. 
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It follows that 


Fryi(r) = 


4\ o— Zelr—v| 
Si, [ F,(ri)e~2ele—Fl dr’ (10.220) 


49 OPn+1 |r = r’|? 


The functions F, may be developed successively from a knowledge of Fo, 
which is obtained from the shape of the thermal flux. Some of these 
functions have been computed for the standard fuel-lump shapes.' It is 
of interest to mention in this connection that, when the F,, are uniform, 
the collision probabilities ©, are simply the quantities P, defined previ- 
ously in Eq. (10.130). 


10.5 Effects of Cavities and Fuel Lumps on Migration Area 


The first-order correction to the migration area to account for the 
effects of heterogeneity appears through the diffusion length. A simple 
relationship was given previously in Eq. (10.14) for computing L? in a 
system consisting only of fuel lumps and moderator. When the nature 
of the heterogeneity becomes more complex, additional corrections are 
required. Some of these were considered in Sec. 10.2e in connection with 
the calculation of the disadvantage factor and the thermal utilization. 
From the standpoint of its effect on the migration area, the most impor- 
tant correction is due to the presence of gas passages and cavities. Of 
particular interest, from an engineering standpoint, are power-reactor 
designs utilizing parallel arrays of cooling holes or pebble beds and 
research reactors with irradiation holes and tubes. In each case, the 
presence of the cavity, whether regularly or randomly distributed, serves, 
effectively, to lengthen the total path traversed by a neutron from point 
of birth to point of capture (or escape from the reactor). The problem 
of computing this increase in path length is further complicated by con- 
siderations of anisotropy, as occur in designs involving parallel rows of 
holes. In these situations the average path length transverse to the holes 
will be noticeably shorter than that in the direction parallel to the holes, 
since a neutron entering a hole at a shallow angle will enjoy a long free 
ride before encountering any solid materials. 

An elementary approach frequently used for estimating the increase in 
the average path length consists of applying a uniform correction factor 
to all macroscopic cross sections to account for the effective reduction in 
density due to the presence of the holes. On this basis, it is easy to show 
that the corrected diffusion length Ly (with holes) is related to the diffu- 


1 See, for example, G. W. Anthony, ‘‘The Average Escape Probabilities for Once- 


and Many-times-scattered Neutrons for a Slab,’’ Hanford Laboratories Operation, 
HW-49188, Mar. 22, 1957. 
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sion length L of the reactor materials [computed from Eq. (10.14)] with- 
out the holes through the equation 


L2, = L?(1 + vx)? (10.221) 
where vy = i (10.222) 
Ss 


and Vy denotes the total volume of holes in the reactor and Vs the 
volume occupied by the solid materials. 

It has been demonstrated by D. J. Behrens! that the estimate given 
by (10.221) is the first-order isotropic correction term for small holes in 
a more general result which takes into account the distribution and shape 
of the holes. The results obtained by Behrens for the diffusion length 
are summarized in the work which follows, and extension is made to the 
calculation of the age, using a procedure suggested by the work of Kaplan 
and Chernick.? Finally, the estimates of the age and diffusion length 
obtained in this way are used to compute the migration area and thence 
the multiplication constant of the reactor. 

a. Corrections to the Diffusion Length. The general relations obtained 
by Behrens for computing the diffusion length in a system containing a 
uniform distribution of holes are summarized by the expression 


2ry/vHdM Grivy 

where vy, Ly, and L have the definitions given above, and rz is the 
hydraulic radius of the holes (twice the volume of the hole divided by 
the surface area), \w is the mean free path in the moderator,? and 
G = s?/(3)? for the holes; here § denotes the average passage (chord) 
length through a hole and s? the average square passage length. The 
quantity G has been computed by Behrens for various shapes of holes, 
and the results are given in Table 10.7. It is of interest to note that 
the limiting case x = 1 for the annular geometry corresponds to a two- 
dimensional gap in the reactor. This is an unfavorable arrangement 
from the standpoint of neutron leakage and should in general be avoided. 
Such a gap, however, has been incorporated in the design of the Brook- 
haven graphite reactor as a part of the gas cooling circuit. The effect 
of such gaps on criticality is discussed by Kaplan and Chernick in the 
reference paper. 


1—P). J. Behrens, Proc. Phys. Soc., 62, A, 607 (1949). 

77. Kaplan and J. Chernick, ‘‘Uranium Graphite Lattices—The Brookhaven 
Reactor,’’ Proc. Intern. Conf. Peaceful Uses of Atomic Energy, Geneva, 1955, P/606, 
pp. 295-308. 


3 May be estimated from Ay = say 
t 
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When both the size and spacing of the holes are small compared 
to the mean free path in the moderator, the expression (10.223) is well 
approximated by (10.221); moreover, it may be shown that in any event 


TaBLE 10.7 THE Quantity G For Various Cavity SHAPES 


Geometry G 

MONOTO .2i be id pa ute tds A oars Geng Bred 1.125 
Infinite cylindrical hole with: 

Circular cross section..................005 1.333 

Hexagonal cross section..................4. 1.397 

Square cross section...................0.. 1.487 

Equilateral-triangle cross section........... 1.648 
Cylindrical annulus........................ 1 .333F.(z)t 
Spherical annulus........................0. 1.125F,(z)t 


tz = ratio of inner radius to outer radius. 


z F(z) F(z) x F,(z) F.(z) 
0 l l 0.6 1.11 1.2023 
0.1 | 1.001 1.0258 | 0.7 1.18 1.2604 
0.2 | 1.005 1.0536 | 0.8 1.27 1.3422 
0.3 | 1.016 1.0839 0.9 1.43 1.53 
0.4 | 1.04 1.1178 1.0 00 00 
0.5 | 1.07 1.1567 


the value of L?,/L? obtained from Eq. (10.223) is at least as large as 
that from Eq. (10.221). Thus, properly 


2 
vi > (1 + vx)? (10.224) 


In the event that the holes are far apart, Eq. (10.223) may be approxi- 
mated by 


Hw (1 + vx)? + 


ort (10.225) 

Some representative values of L?,/L? are given in Table 10.8 for various 
hole sizes and spacings so as to display the relative accuracy of Eq. 
(10.221). 

When the distribution of cavities in the reactor is directionally non- 
uniform, some modification must be made in the general result (10.223). 
The only term in this expression which is affected by the directional 
properties of the cavities is the last, and this dependence appears through 
the shape factor G. A particular type of anisotropy which is frequently 
encountered in reactor design is in the form of parallel passages of cooling 
holes. In this situation the corrected diffusion length in the direction 
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of the passage axes will be different from that in the direction perpendic- 
ular to the passages. Behrens has shown that in this case the appropriate 
expressions for the diffusion lengths in the two directions are given by 


L\ Dei 5 2ru/Vad\M 3Gr HV 4 
(3) L? ee ey E (2r47/Undm) — 1 ss 2\ Mf g229) 


1 | Fe = 2 2ri/VHAM 3Gr HV 
(3) ret = 1+ Qo + 0} es i Ce | aa (10.227) 


These relations apply for any cross-sectional shape. The quantity G 
is obtained from Table 10.7. 


TABLE 10.8 TypicaL VauusEs oF Lj,/L*? ror SQUARE ARRAY OF 
CYLINDRICAL HOLES 


Lattice 
spacing 
Hole 

diameter 


ra/v\m K1 
rH/\mM = + 
ra/r\XM = 1 


ro/rts = 3 


* Lower figures computed from (1 + vx)? 


Finally, it should be mentioned that calculations of the diffusion 
length for systems with holes formed as interstices between random 
arrangements of solid bodies in point or line contact have also been 
carried out by Behrens and are reported in the reference paper. These 
results may be applied in the study of reactor core designs utilizing 
pebble beds and other similar configurations. 

b. Corrections to the Age. The corrections to the diffusion length 
outlined above may be extended to account for the streaming effect 
on the neutron age. The correction consists of two parts, one to account 
for the effect of cavities (as in the preceding analyses) and another to 
account for the effect of the fuel lumps. The latter correction is neces- 
sary because of the difference in the slowing-down properties of the fuel 
and moderator materials. In first approximation the effect of the fuel 
lumps is to give a neutron a “free ride”’ in the slowing-down process, 
since a collision with a fuel nucleus produces no significant change in the 
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neutron energy. A second effect of the fuel lump on the age is to lower 
the initial energy of a fast neutron entering the slowing-down process; 
this reduction results from inelastic-scattering collisions in the lump. 

An estimate of the combined effect on the age of fuel lumps and cavities 
in the form of parallel passages may be obtained from the following 
relations: 


Taxial = [(1 _ Pin) a (Un j0) 


+ Bint at (in Un) | (1 -{- Te) r + (2 +- | on | (10.228) 


Ttrans = [Qa =F Pin) Tar (Uen 0) 


+ Pint (Urn jin] (1 + ve) E + (2 + | va | (10.229) 


where ras(tun30) denotes the age to thermal of fission neutrons in pure 
moderator and ra(un;u;,) the age from lethargy u,, to thermal in pure 
moderator. The symbol u,, denotes the average lethargy of a fission 
neutron after an inelastic-scattering collision in fuel material. The 
quantity @,, is the probability that a fission neutron makes an inelastic 
collision before escaping from the fuel lump; it may be estimated by 


EP) 
O,, = (1 — P...) ie (10.230) 
with P,,, given by the usual relation (7.234). On the basis of these 
definitions it is seen that the first bracket in Eqs. (10.228) and (10.229) 
gives a weighted age for fission neutrons in the moderator which accounts 
for the fact that not all neutrons enter the slowing-down process at 
u=0. The first term in the bracket is a population-weighted age for 
those neutrons which do start at u = 0. The second term, on the other 
hand, accounts for the age of fission neutrons which begin the slowing- 
down process in the moderator after they have first suffered an inelastic- 
scattering collision in the fuel lumps. These substantially lower-energy 
neutrons enter the slowing-down process at u = u;, and thereby acquire 
ages Ty(Uy,juin) different from ra(uinj30). Note that the age ra(unje,) 
is weighted by the fraction of neutrons @,, which have experienced 
inelastic-scattering collisions. 

The second bracket in Eqs. (10.228) and (10.229) gives a first-order 
correction to the moderator density to account for the free ride acquired 
by the neutron in traversing a fuel lump. This factor corresponds to 
the isotropic term (10.221) derived for cavities. The last bracket in 
the two expressions for 7 takes into account the presence of holes in the 
form of parallel passages and includes the directional effects discussed 
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previously. ‘These factors are approximations to expressions (10.226) 
and (10.227) given in the form of (10.225). 

c. Migration Area and Multiplication Constant. Estimates for the 
migration area which include streaming-effect corrections for cavities 
and fuel lumps on the thermal-diffusion length and the age may be 
obtained from the general relations (10.226) through (10.229). The 
appropriate expressions for 4? are seen to be 

2 = 2 
ae os = Tai + Vista (10.231) 


trans = Ttrans = Dis 


It is evident from these relations that the buckling parameters required 
in the criticality calculation will differ for the various axes of symmetry 
of the reactor. An idea as to how this anisotropy might be included 
in the calculation of the multiplication constant is suggested by the 
migration-area model of the homogeneous reactor. The neutron-balance 
relation for this system is 


—DyVrdw + ZPon = bo ZP Gude (6.87) 
or V-dun + Bon = 0 


where [using Eq. (8.84)] 


1 1 k 
2 = mon ORG nN EE 
ae cal as F € + Br ) 
which yields for B? 


k. — 1 


2 rw 
sas 


with M? = 7, + DL? 


Substitution into the diffusion equation yields 
M*V?¢ou + (k. — 1)du = 0 (10.232) 


which applies for the isotropic system. 
On this basis we take, for the anisotropic system, 


2 2 2 
Mz, 22 + Mt. € ae =) + (ke — l)¢y = 0 (10.233)« 


axial Ox? dy? 02? 
The multiplication constant for this system is seen to be 


k 


k= 73} Mi, BP + M?,..(B? + BY 


(10.234) 


where B,, B,, and B, are the bucklings in the z, y, and z directions, with 
z denoting the axis parallel to the gas passages and y and z the axes 
perpendicular to the passages. 
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10.6 Feinberg-Galanin Method of Heterogeneous-reactor Calculations 


a. Principles of the Heterogeneous Method. If a heterogeneous 
reactor contains a small number of fuel lumps, its critical size cannot be 
well computed, in general, by means of the unit-cell model of Wigner 
and Seitz. In these cases the detailed arrangement of the fuel lumps 
is an essential feature of the nuclear configuration which must be included 
in the criticality considerations. Thus, it becomes necessary to discard 
the “homogenized”? model based on the gross properties of the unit 
cell in favor of a more detailed picture which accounts for the discrete 
form and distribution of the neutron sources. 

Such a model! has been developed by Feinberg? and Galanin, and in this 
approach the general heterogeneous reactor is treated as a collection of 
line or point sources in a matrix of moderator material. The fast 
(fission) neutrons produced by these sources slow down in the moderator, 
and it is assumed that the resulting spatial distribution of thermal neu- 
trons may be represented by the Fermi age solution appropriate to the 
source geometry. The usual one-velocity diffusion equation is then used 
to describe the distribution of the thermal group in the moderator. The 
source term in this relation is obtained by superimposing the contributions 
of all the fuel lumps in the reactor. It is necessary, however, to provide 
an additional absorption term which accounts for the fact that each fuel 
lump acts also as a sink for thermal (as well as fast) neutrons. The 
results obtained from diffusion theory for line and point sources are used 
for this purpose. Throughout these calculations the properties of the 
fuel lumps as neutron sources and sinks are described in terms of the 
so-called thermal constant (effectively, the logarithmic derivative of the 
flux at the surface of the lump). 

The heterogeneous method is especially suited for analyzing reactors 
with small numbers of fuel lumps.* Because of the general formulation 
of this model it is also useful for determining the effects on criticality of 
various lattice geometries. Feinberg has treated specifically the cases 
of the square, rectangular, rhombic, and hexagonal arrays. He has 
further used the method to study the effect of superimposing several 
lattices of fuel lumps, each lattice having a different module and size and 
nuclear property of the fuel lumps. The practical interest in this 
application is, of course, the use of ‘‘seeded cores’”’ in heterogeneous 


1 First described by E. Teller, ‘‘Influence of the Lattice Structure on the Exponential 
Pile Experiment,’’ Argonne Metallurgical Laboratory, CP-165, 1942. 

2S. M. Feinberg, ‘‘Heterogeneous Methods for Calculating Reactors: Survey of 
Results and Comparison with Experiment,” Proc. Intern. Conf. Peaceful Uses of Atomic 
Energy, Geneva, vol. 5, 1955, P/669, pp. 484-500. 

7A. D. Galanin, ‘‘Critical Size of Heterogeneous Reactor with Small Number of 
Rods,’’ Proc. Intern. Conf. Peaceful Uses of Atomic Energy, Geneva, vol. 5, 1955, P/663, 
pp. 462-465. 
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arrays. This general approach has also been applied by Galanin to 
determine the effectiveness of control rods.! It is perhaps worth while 
to point out that the analytical approach used in treating these problems 
could be extended to study the effect of other kinds of heterogeneity as 
well, for example, cavities. 

The present treatment of the heterogeneous method develops the 
principal concepts obtained in the general theory. The analysis begins 
with a derivation of the neutron-balance equations. These results are 
then used to obtain the criticality condition and to demonstrate the basis 
of the homogenization method used with the unit-cell model. The sec- 
tion is concluded with an application of the method to a reactor with four 
fuel rods and a numerical example. 

b. Neutron-balance Equation. The general theory of the hetero- 
geneous method is developed on the basis of the following assumptions: 
(1) The thermal-neutron flux in the vicinity of a fuel lump possesses 
spherical or axial symmetry so that the individual lumps may be treated 
as point or line sources and sinks. (2) Elementary diffusion theory 
applies for the thermal flux in the moderator regions between the lumps. 
(3) The thermal-absorption properties of the fuel lumps are adequately 
described by means of the logarithmic derivative (thermal constant) 
of the thermal flux at the surface of the lump. (4) There is no resonance 
absorption in the fuel lumps. 

The first of these assumptions is valid if the distance between lumps 
is much larger than their dimensions. Because of the symmetric con- 
figuration of most reactor lattices, this condition tends to be favored 
and the theory is applicable even in the case of quite large lumps. The 
second assumption requires that the absorption in the moderator be low 
and that the diffusion length for the moderator material be small in 
comparison to the lattice spacing. The third assumption is essentially 
a computational convenience, and its applicability is determined primar- 
ily by the accuracy of the model by which the thermal constant is com- 
puted. The last assumption is made to simplify the analysis. A treat- 
ment in which resonance absorption is included is given by Galanin.? 

With the above assumptions as a model, consider an infinite hetero- 
geneous lattice composed of cylindrical fuel rods of infinite length (i.e., a 
two-dimensional configuration). Let the radius of these rods be pr 
and their neutron yield per thermal-neutron absorption be 7. The 
thermal constant y, for the fuel lumps is defined as 

ratio of total net current of thermal 
‘Y, = neutrons into the lump to the value of the (10.235) 
thermal flux at the surface 

1A. D. Galanin, ‘‘The Thermal Reactor Regulator’s Efficiency,’ Proc. Intern. Conf. 


Peaceful Uses of Atomic Energy, Geneva, vol. 5, 1955, P/668; pp. 511-514 and P/663. 
2 Ibid. 


Google 


706 REACTOR ANALYSIS [cHap. 10 


On the basis of the diffusion-theory model the thermal-neutron flux at a 
field point r in the moderator is given by 


— DuV*ou(r) + DM ou(r) = S(r) — Ara(f > re) (10.236) 


where the vector r, denotes the position of the kth rod. The two func- 
tions at the right-hand side are defined by 


S(r) = number of thermal neutrons appearing at r per unit 
volume per unit time from all sources in the system 


Area(f! — ¥~) = number of thermal-neutron absorptions per unit 
time due to the fuel rod at rm, if the field 
point r is located at one of the rod positions 


For the present, the effect of the rod size is ignored and all rods are 
treated as line sources and sinks. 

The thermal-source function S is easily computed in terms of the ther- 
mal constant ys. If J(r.) is the net current of thermal neutrons at the 
surface of the rod at r, (taken as positive when directed outward), then 


S;(t.) = —n2xprd (rx) (10.237) 


is the total number of fast neutrons produced per unit time per unit 
length of rod from fissions in rod r. But, by (10.235), 


os 2nprJ (Tx) 


bu(ts) (10.238) « 


Ya = 
where ¢a(r.z) denotes the thermal flux at the surface of the rod. Note 
that this expression is for unit length of rod and that the proper units of 
vy, are length squared. Substitution into (10.237) yields 


S;(te) = nyabu(re) (10.239) 


which gives the source strength of fast neutrons in terms of the local 
thermal flux. To obtain the thermal source at field point r due to this 
source of fast neutrons at rm, we simply multiply (10.239) by q(r;rz), the 
number of neutrons slowing down to thermal at r per unit time per unit 
volume due to a fast source producing one neutron per unit time at rz. 
The function S(r) is then simply the sum of such contributions from all 
the rods; thus, we compute 


S(r) = ava) alrite) date) (10.240) 
k 


noting that y, and 7 are the same for all rods. The sum extends over 
the two-dimensional matrix of rod locations represented by the two 


coordinates of the vector k. 
The rod absorption (sink) term may also be expressed in terms of yz. 
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An appropriate relation is seen to be (cf. Prob. 6.4) 
Ava(f 7 MT) = — ) 2xprJ (tr) d(r — re) = Yn > 5(r — re) ba (Te) 
k k 


(10.241) 


where 6(r — rx) denotes the Dirac delta function. The substitution of 
this result, along with (10.240), into (10.236) gives 


— DuV*ou(r) + 22? ou(t) 
= 17h > (iste) Pu (Te) — Yar > 5(r — re) oar(te) (10.242) x 
k k 


for the neutron-balance equation at field point r. This equation defines 
the thermal flux in the moderator, given a suitable expression for the 
function q(r;r.). On the basis of the Fermi age model, the appropriate 
relation for the line source is obtained from (6.37). In the present appli- 
cation, this takes the form 


e— &—ra)*/4r 
q(rir.) = oy nace (10.243) 


where r denotes the age to thermal in the moderator material. 

The solution to Eq. (10.242) may be obtained with the aid of the two- 
dimensional Fourier transform. In the case of the flux we define this 
to be 


F{d@u(r)} = B(s) = = I oau(r)e** dr (10.244) 


in accord with previous work [cf. Eq. (4.216)]. With this general form 
we compute the Fourier transform of Eq. (10.242) and solve for the trans- 
form function @(s). The result is found to be (where x? = 2{”)/Dy) 


_ _vh bau(taeer 
(s) = onDu » a ae ae (ne us 1) (10.245) 


where we have used Eq. (4.229). The inversion of this result yields the 
thermal flux in the moderator. For the inversion formula we use the 
two-dimensional form of Eq. (4.226). The first term in (10.245) yields 


a [f{ exp(—s + is-(m — rds _ on [* se ds ("nn ag 
2x 8? + x3, — (le Jo 8k + xy Jo 


(10.246) 


where s = s(s,6) and @ is the angle between the vectors s and z, with 
z=%r-—r. The @ integration is recognized as the definition of the 
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zeroth-order Bessel function! of the first kind and yields 
2r 2z 
[pete do = [O° etm da = 2x Jo(s2) (10.247) 


The inversion of the second term leads to a similar result; thus, 


ets:(re—1) ds _ = sJ (sz) ds — 
De Ley pe =o a 7 Kolexw) — (10.248) 


the last step follows from an integral expression for the Ko function.? If 
(10.247) is substituted into (10.246) and the result, along with (10.248), 
is used in the inversion of (10.245), the solution to the flux is found to be 


” se-**Jo(sir — ril) ds 
|» | a fee Ste de xy el mae Ko(xu|r a ra) 


éu(t) = ay 


(10.249)* 


It will be convenient for use in subsequent analyses to write the above 
result in a more symmetric form. For this purpose we define a function 
G(r) such that 


° ser d 
G(r) = i ees (10.250) 
It follows then that 
a — 3G = — seule 
The solution to this differential equation yields (with 8 = rx3,) 
G(r) = & [ exp E (s + xh? a] “ (10.251) 
8 8 
where we have used the fact that 
r 2 
Ko(xuz) = [ exp | - (s + xh? ral es (10.252) 


and noted that G(0) = Ko(xyz). The substitution of these results into 
(10.249) yields 


ou(r) = De * ba (Tx) {nee = [ 
k 
exp [—(s + |r — ral*/4aL4,)] a (10.253) 


1 Copson, op. cit., p. 319. 
2E. T. Whittaker and G. N. Watson, ‘‘A Course in Modern Analysis,” 4th ed., 
p. 383, example 36, Cambridge University Press, New York, 1950. 
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with the application of the relations z = |r — r,|? and Li, = D,,/Z™. 
The present notation may be further simplified if we call 


Ven ° ~(e+f )d © (+) d 
mee) = Bot foe [7 Gris) ae f° CHE) 2) 0.250 


where V,.1 denotes the total area of a ‘‘unit cell.”’?’ Equation (10.253) 
may then be written in the form 


coba(r) = y H(t — rel) bau (te) (10.255) x 
k 
M) 
with C= ee (10.256) 
h 


c. Thermal Constant. It was noted that the thermal constant could 
be computed with various degrces of accuracy, ranging from an estimate 
based on diffusion theory to one based on the transport relations. Since 
the diffusion-theory estimate will suffice in many instances, the appropri- 
ate relations will be developed on the basis of this model. The compu- 
tation is straightforward and utilizes the unit-cell concept in the usual 
way. In general the relations (5.349) through (5.354) will be required. 
By applying the continuity conditions for both the net current and the 
flux at the surface of the fuel rod, it is necessary to consider only the 
flux distribution on the inside. This is given by the usual differential 
equation (5.350). In cylindrical geometry the solution to this equation 
is seen to be 


or(p) = Alo(xrp) (10.257) 


wherein we have applied the requirement that the flux be finite within 
the rod (5.354). The net current is obtained from (10.257); thus 


J (pp) = —Dpor(op) = —ADexelo(xper) 
Substitution of these expressions into (10.238) yields 


_ 2app2e1i(xrpr) 


10.258 
Io(xrpr)xr ( O20 ) 


Yh 
It is of interest to mention that the thermal constant is related to two 
other quantities previously defined; these are yr and F. The relation- 
ship is 


Tera” 


Ya = TRRYR = (10.259) 


where yr is given by (10.80) and F by (10.88). 

d. Criticality Condition. In the case of the infinite heterogeneous 
lattice it is clear that there can be no gross spatial variations in the 
neutron flux, only the local variations between lumps. These local vari- 
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ations are of course repeated with the periodicity of the lattice. The 
flux at each fuel lump must be the same, however, for a completely sym- 
metric and singly periodic lattice. Then, the flux at any rod r, must be 
some constant, and the neutron-balance relation (10.255) reduces to the 
simple form 


pis 2, Hie) (10.260) 


where 7; now denotes the distance between some reference rod and any 
other rod in the lattice. This result is in fact the criticality condition 
for the infinite lattice, since given any three of the four basic parameters 7, 
the lattice spacing, the rod size, and the reactor materials, Eq. (10.260) 
will yield the value of the fourth which will make the system critical. 

The result (10.255) may also be used to obtain the criticality condition 
for the reactor with finite fuel lattice but with infinite reflector (com- 
posed of the same moderator material). It is necessary to impose the 
latter condition because otherwise expression (10.243) for the slowing- 
down density would no longer be valid and new functions satisfying 
boundary conditions at the surface of the reflector would be required. 
The appropriate neutron-balance relation in terms of the flux at the 
various fuel-rod locations is then given by 


cobu(a) = ) H(|a — vl)om(y) (10.261) 
¥ 


The components of the vectors 4 and yw denote the coordinates of any 
two fuel rods in the finite array, as located from some arbitrary reference 
point. The result (10.261) is a system of homogeneous equations for 
the thermal fluxes at the surfaces of the fuel rods ¢4(4). A solution to 
this system exists if the determinant is identically zero. By imposing 
this requirement the determinant reduces to an algebraic equation, and 
the roots of this equation yield the condition for criticality. As in the 
case of the infinite lattice, all four of the basic parameters will be involved 
in this equation, and by specifying any three, the determinant will yield 
the fourth. The calculational procedure involved here is demonstrated 
in a subsequent analysis, and an example of a four-rod reactor is com- 
puted in detail. 

e. Proof of the Homogenization Method. Inas muchas the homogeni- 
zation method based on the unit-cell model is entirely adequate for com- 
puting most heterogeneous-reactor configurations, it is of interest to 
determine the error acquired in using the method and to delineate the 
conditions under which it is valid. To study this problem we postulate 
a reactor with a finite array of cylindrical fuel rods and an infinite reflec- 
tor composed of the same material as used for the moderator in the lattice. 
We further specify that the lattice is a square array with spacing a. 
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The general solution for the thermal] flux in this reactor may be given 
as a linear combination of the elementary solutions e*®* (cf. Sec. 7.4d). 
Thus we take for the flux at the surface of the rod at r 


ou(r) = eBr (10.262) 


The substitution of this relation into the thermal-flux equation (10.255) 
yields 


peas > Hr — r,)\)eBls-) (10.263) 
k 


In order to demonstrate the relation- 
ship between the present model and the 
homogenization method, it is necessary 
to reduce Eq. (10.263) to a form which is 
readily identifiable with the established 
results of the latter. This is accom- 
plished by deriving suitable approxima- 
tions to the sums indicated in (10.263). We begin with the first term S1, 
as given by the definition of H in Eq. (10.254): 


Fia, 10.19 Position vector of fuel 
rod. 


Veeue® [| ~ e7* 
Si = Tet [ oo : exp [iBs(ak, — 2) + 1B.(ak, — y) 
k 
— [(aki — 2)? + (ake — y)?] | (10.264) 


wherein we have defined the components of the vectors r, m, and B by 
(refer to Fig. 10.19) 


r = r(z,y) tT = r,(ak,,ak-) B = B(B,,B;) (10.265) 


The series given in (10.264) may be summed with the aid of the Poisson 
summation formula,! which is given by 


, Sf) = (2x) > F{f] = (2x)! > F(2xm) (10.266) 


[| = — 0 m= —o m= — 0 


where f(l) denotes some function of the summation index I and F is 
its Fourier transform. In the present case, there are two summation 
variables k; and kz, and for k, we have 


f(ki:) = exp | eBs(aks —2)- ered 


1 Morse and Feshbach, op. cit., p. 467. 
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The application of the summation formula yields 


> se = Ps ; E exp | iovm: + iB, = ~ r) 
ka mi 
2 2 
a, | GU. XM 
(2 x) | a 


and it follows that the double sum in (10.264) may be written in the form 


d= wer 2, Jf em [iwem + (GF - 1) - (G2) hl oe 
k m —« 
(10.267) 


where Ww = w(w,W2). The integration is easily carried out by introduc- 
ing the new variable 


u= oe —r with u = u(uy,u,) (10.268) 


and completing the square in the exponential. In this way we obtain 
for the u; component 


) 2 2 
f. exp | - _ + iu @ + am) duy 


= 2Lu(en)? exp | - (2: + mm Li, | 


a 


The integral involving wu. is evaluated in the same way. If these expres- 
sions for the integrals are used in (10.267), the double sum takes the form 


» exp E -(m —r) — (% — 1r)? “4 
k 


_ 48nLiz . [2x _ (f2aelbu : aB | 
as >, exp |e (2*) mer o( - ) (m+ 2) (10.269) 


The substitution of this result into Eq. (10.264), followed by the integra- 
tion over the range of the variable s, yields the following double sum for 
S1: 


. (2x Arn? aB\’ 

exp | 2 oe ie an m+ 5 

Si=7 ry) 7 iy A” + (10.270) 
= 1+ ri (m + 38) 


a 
where we have used V,.,, = a? for the square lattice. 
The result (10.270) takes on an especially simple form if the following 


Google 


sEec. 10.6] HETEROGENEOUS REACTORS 713 


conditions are satisfied: 

4e-srrtiat & I and ati <K1 (10.271) 
The first is satisfied if the lattice spacing is small compared to the slowing- 
down length in the moderator. It is interesting to note that under 
these conditions the Gaussian distribution of the thermal neutrons is 
broad compared to the unit-cell dimension (refer to Fig. 10.4). It is a 
good approximation, then, to assume that the thermal source in the 
moderator is uniform; of course, this is precisely the assumption made 
in the unit-cell calculation. Thus we have established one condition 
which must be satisfied if the homogenization method is to be valid. 
The second condition in (10.271) simply requires that the reactor be 
large in comparison to the lattice spacing. If these conditions are satis- 
fied, then a good approximation to the sum 8S; is obtained by taking the 
first term only (m,; = m2 = 0); thus 
ne 73” 


1 + L?,B? 


Sima (10.272) 
which leads to the interesting observation that in first approximation 
S, is independent of r and the lattice geometry (i.e., shape of the unit 
cell). Thus in the present computation it would have sufficed to take 
the field point r at any rod location r,; this would have reduced (10.263) 
to the form [cf. Eq. (10.261)] 


Cy = > Hip — yleBw-w = >, H(\x|)eBs (10.273) 
¥ K 


where y and 2 denote two rod positions and y — + = ax; note that 
Yr, =. The evaluation of (10.273) is a somewhat easier task than the 
evaluation of (10.263). 

The second sum S_2 which appears in (10.263) is 


Ve ” e-* ds ; 
S:= — onli [ 95 : exp E : (r, = r) = (ri = re] (10.274) 


A comparison of this function with (10.264) reveals that S2 is simply S; 
divided by minus 7 and evaluated at 7 = 0. Thus we obtain from 
(10.270) 


—— et (2 /a)m-r 
S:= » T+ (rLu/a)'{m + (aB/2n)]! (10.275) 


As in the S; computation, the above result can be reduced to a simpler 
form by imposing some restrictions on the system. If we require that 


2xL x 2 aB | 
(=) >1 and 5 «1 (10.276) 
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then the series (10.275) is well approximated by 
1 


So =~ 1 + LB? — C1 (10.277) 
_ {a \? YW cos [(2x/a)m - F] 
where C, = (sr) » a es a (10.278) 


with m = m(m,mz2); the prime means that the first term (m, = m2 = 0) 
is omitted. 

The comparison with the homogenization method is to be made on 
the basis of the criticality condition. To obtain the appropriate relation 
for the present method, we require that the field point r be taken at ri, 
the fuel-rod locations. This corresponds to the procedure outlined in 
connection with Eq. (10.261). Then, collecting the results (10.272) and 
(10.277), we obtain for (10.263) 


= nee — 1 — (0) (10.279) 
Oo 1+L,B: % 
where c,(0) is (10.278) for the case r— r,. Finally, if we call 
C=cCo + c,(0) (10.280) 
ae | 
and f= Tae (10.281) « 
we obtain from (10.279) the relation 
he nfe-8* 
~ 1+ DB? 
where L? is defined by 
Lt = Ly(1 — f) 


Thus, if we identify f as the thermal utilization and L as the diffusion 
length for the equivalent homogeneous system, the relation (10.263) 
yields the usual criticality condition (without resonance absorption) 
obtained in the homogenization method using the unit-cell concept. 
But to obtain this result we introduced several restrictions on the system, 
(10.271) and (10.276); these are the conditions then which must be 
fulfilled in order that the homogenization method yield reliable results. 

It should be noted that the function c,(0) accounts for the nonuniform- 
ity in the thermal-neutron distribution through the unit cell. Galanin! 
has shown that for a square lattice 


2 2 2 
c1(0) = rea (in a eral een [ayer ae ;) (10.282) 


where In 4r — x/3 = 1.48. A careful calculation using the Wigner-Seitz 
1 Galanin, op. cit., P/666. 
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model leads to the same result, but with $ in place of the 1.48. Other 
lattice geometries have also been computed by Galanin, and the appropri- 
ate results for ci(0) are given in the reference paper. Another detail 
that should be mentioned is that the computation of co should take into 
account the finite size of the fuel lumps; therefore, in applying Eq. 
(10.256), one should use in place of Van, Vas = Vou — wp*- 

Finally, it is of interest to note that the quantity c defined by Eq. 
(10.280) is essentially the disadvantage factor { used in unit-cell theory. 


Since, 
1 V wi 
a 1 = | Wain t (10.283) 
we obtain from (10.281) 
V wo) 
= | ir | t (10.284) 


f. Reactors with Small Number of Fuel Lumps. Inasmuch as the 
Feinberg-Galanin method is especially useful for analyzing reactors with 
small numbers of fuel lumps, it is of interest to develop the criticality 
relations in a form suitable for computation. The analysis which follows 
is carried out for the case of a square lattice geometry with spacing a 
which constitutes the core region; the core is surrounded by an infinite 
reflector. The fuel lumps are cylindrical rods of radius pr and infinite 
length. As in the preceding analyses, the resonance absorption in the 
fuel is omitted in this calculation. 

The criticality condition is obtained from Eq. (10.261), with the 
function H given by (10.254). For the present application it is con- 
venient to write this function in the form 


a’ = ds 
= 2. best ) oye ee Be es 
H(|2 — vl) = 5-73 E [ exp ( s—|A— wl nye 


— Kol(xala — ¥) | (10.285) 


where w and 4 denote the position of various fuel rods. The notation 
of function H is somewhat simplified by introducing the definitions 


[A — pl = dy, when vA ¥ p 


eee is (10.286) 


Then 


a? @ d}, 2 ds 
H (dw) = xe | a i exp (-s — ae oe Koders | (10.287) 


A useful approximation to this expression can be obtained in the case 
that rx3, = 8 <1, which will apply in many practical situations. To 
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derive this form we write the first integral in (10.287) as 


0 a2 2 
: exp ( —s— hak) = Ko(dyxs) — Adis) (10.288) 
8 s s 


B 2 2 
where A(dyy) = [ exp (-s — “etke) a (10.289) 


Next, the factor e—* is expanded in a Taylor series and the integration 
carried out term by term; the first two terms yield the approximation 


2.2 2 
A (dy,) ~s ( + tank) FE, (*) =n pea (10.290) 


wherein we have used Eq. (5.306) and the recursion relation 


l 
n—l1 


E,(z) = 


[e* — xE,_1(z)] n>1 (10.291) 
Finally 
: 2 
H(dy,) ~ IgE [(ne® — 1)Ko(dyxm) — ne®A(d,)] (10.292) 


This result will be used in the present calculation, with A(d,,) given by 
(10.290) and the dy, defined according to (10.286). In the event that 
dyyxm << 1, the Bessel function may be computed by 


Ko(z) ~ — (o.s772 + In 5) with «XK 1 (10.293) 


The criticality condition for the reactor is derived from Eq. (10.261), 
which, to simplify notation, we write in the form [with 4), = H(d,,)] 


Copy = > Hiss or > (Hyp — Codxy)d, =O (10.294) 
is iH 


Here, ¢, = ¢m(y), and for convenience we have labeled each rod with 
a single index. As previously indicated, (10.294) is a set of homogene- 
ous equations in the unknowns ¢,. A nontrivial solution exists only 
if the determinant of this system is identically zero, that is, 


\Hay — Cod,| = 0 (10.295) 


This equation gives the criticality condition. In many cases of practical 
interest, the lattice configuration will exhibit several degrees of symmetry. 
As a result, various elements of the determinant will be repeated, and 
this in turn can lead to high orders of degeneracy in the determinantal 
(characteristic) equation. Thus the complicated equation symbolized 
by (10.295) will in actual practice reduce to considerably simpler forms. 
This point is well demonstrated in the example which follows. 

To illustrate the computational procedure, we consider a heterogeneous 
reactor consisting of four fuel rods. Each rod is at the corner of a square 
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with sides of length a (see Fig. 10.20). 


various rods are 


dis = dog = du = dy=a 
dy = PF 
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dy, = dy 
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The distances d,, between the 


di3 = do, = V2 a (10.296) 


and we find that the determinant (10.295) can be written in terms of 
three numbers, namely, 611, b12, and b13, where 


Dy = Ay — Codd, (10.297) 
The appropriate values of H), are [with Ay, = A(d),)] 
2 
Has = py Une? — 1)Ko(prxa) — ne? Ar} 
2 
Har = sry [(ne? — 1)Kolaxa) — ne° Ar (10.298) 
whM 
2 
His = spy Une? — 1) Kol V2 axa) — ne Ars] 
2nL?, 


and Aji, Ai2, and Ai; may be computed from (10.290). 
The relation (10.295) is a simple 4 by 4 determinant which is easily 


shown to yield the equation 


(bi, — by3)?((O11 + 01s)? — 463,] = 0 


which has four roots: 


bit = bis 


Only one of these roots is physically acceptable, however. 


are rejected since they require that 
¢2: = —¢4, an impossible situation 
since all the ¢, must be identical by 
symmetry requirements. Likewise the 
third root, corresponding to the nega- 
tive sign in the second equation, must 
be rejected since it would require that 
¢1 = —¢2. Only the root correspond- 
ing to the positive sign is acceptable 
inasmuch as it allows the solution 
¢, = constant. This relation is in fact 
the criticality condition. Aspreviously 
noted, this result can also be obtained 
by imposing the symmetry requirements 
directly onto the determinant. 
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Since 
¢ = constant, then each of the four 


(10.299) 


a double root 
bir + bys + 2bi2 = O 


(10.300) 


The first two 


3 | 2 
-O- ) 
rN Ze il 


Fia. 10.20 Four-rod heterogeneous 
reactor. 


in the present case we have 
equations implied in (10.294) 
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must be identical; moreover, they must each yield the relation 
Ai + Ais + 2Ai2 = Co (10.301) 


which is precisely the second of equations (10.300), using the plus sign. 
For computational convenience we write (10.301) in the form 


a(Wir + vis + 2pi2) = x11 + x13 + 2x12 + Co (10.302) 
where Ay, = mu — xu (10.303) 
and 


28 2 
Yu = oop (Koldxw) — And 0m = gore Koldwxu) (10.304) 


g. Numerical Example. The results obtained in the preceding analy- 
ses are used to determine the criticality requirements of a four-rod reactor 
using enriched uranium and a graphite moderator and (infinite) reflector. 
The present results are presented in the form of curves of the multipli- 
cation constant versus rod spacing for various U2** enrichments. A 
single rod size is used throughout. The computed multiplication con- 
stant for two different heterogeneous arrangements is then compared to 
the values predicted by the homogenization method using the two-group 
model. The nuclear data and other parameters used in these compu- 
tations are as follows: 


Lu = 52cm 7 = 364 cm? 2) = 0.000355 cm—! 
pr = 3cm nes = 2.08 o25 = 687 barns 


028 = 2.75 barns Nu = 0.0482 1074 nuclei/cm? Dy = 0.702 cm 


where (28) refers to U?*8 and (25) to U2%5, 
The multiplication constant for the four-rod reactor is obtained from 
(10.302). Thus if 7 is the average number of neutrons produced per 
absorption in the fuel rod (taking into account the concentration of U?%* 
and U8), and 7, is the usual fictitious yield required to achieve steady 
state, then 
7 nis + vis + 212) = 
pe Me X11 + X13 + 2x12 + Co rene) 


For co we use [cf. Eq. (10.256) and discussion following Eq. (10.282)] 


(a? — wpp) 1 o(prxr) 2 


2uprli(prxr)2 Le 0 08) 


Co = 

Equation (10.305) has been applied for the enrichment ratios Nes/Nu = 

0.05, 0.10, 0.20 as well as for natural uranium N2;/Nu = 0.0071. The 
results are shown in Fig. 10.21. 

Since the four-rod lattice is a near minimum heterogeneous configu- 

ration, it is of some interest to determine the error which 1s incurred in 

analyzing the system by the homogenization method. To obtain a com- 
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parison we define an equivalent homogeneous reactor which has the same 
moderator and reflector as the heterogeneous configuration. Since the 
heterogeneous system has an axial symmetry we define the core of the 


Multiplication constant k 


Infinite reflector 
Pp =3cm 
Py» = 1 


Rod spacing a, cm 


Fie. 10.21 Multiplication constant as a function of rod spacing in a four-rod graphite 
reactor. 


homogeneous reactor to be a cylinder of infinite length and radius: 


2 
Rese = 3) (10.307) 
where 7 is the number of fuel rods. The nuclear characteristics of this 
system are computed with the aid of the two-group model of Sec. 8.4. 
The principal parameters required for this calculation are the infinite- 
medium multiplication constant kit, the roots of the characteristic equa- 
tion (8.171), and the constants a; and az (8.175), as well as the cylindrical 
functions listed in Table 8.3. The infinite-medium multiplication con- 
stant is computed from 


ot — = n 
Bt = nf er (10.308) 


using Eqs. (10.280), (10.282), and (10.306). For the roots of the charac- 
teristic equation we use the approximations (8.226) and (8.227). In the 
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present case »? Is given by 


2m~N 2 | Ran nani ee 


where the L? is computed from L? = L3,(1 —f). The symbol k,n 
denotes the multiplication constant of the equivalent homogeneous sys- 
tem. Finally, the coupling constants are obtained from 
ZH(1 + ry?) LW(1 — rd?) 
pe FS yea (10.810) 
and 2 = D»/L?. 
This general scheme has been used to compute the three configurations 
indicated in Table 10.9. All three reactors have been taken from the 


TaBLE 10.9 COMPARISON OF THE FEINBERG-GALANIN METHOD WITH THE 
HOMOGENIZATION METHOD 


Reore; 


results given in Iig. 10.21 for the 3-cm fuel rods with 5 per cent enrich- 
ment. The three cases correspond to a = 20, 30, and 40 cm. The 
parameters common to the three systems are: 


7 = 1.935 dD, = D, = D; = D, = (0.909 cm 
Ak 0.05 ZW) = LY = 0.00249 cm— 

Nu 
along with the nuclear constants given previously. 

Similar calculations performed by Galanin! for a number of lattice 
schemes indicate that the error due to the use of the homogenization 
method is generally a few per cent, the actual magnitude depending 
strongly upon the nuclear properties of the system, as well as on the 
geometry and number of rods. 


1 Galanin, op. cit., P/663. 
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CHAPTER 11 


CONTROL-ROD THEORY 


11.1 Central Rod in One-velocity Model 


The present treatment of the problem of computing the effectiveness 
of a control rod is carried out on the basis of two analytical models. 
In the application of the first, the one-velocity model, attention is directed 
toward displaying some of the elementary physical ideas involved in the 
general problem. The model is used here primarily for purposes of 
illustration; it is not intended that it be considered an accurate tool for 
computing control-rod effectiveness. The second method utilizes the 
two-group model, and it is expected that the results obtained from this 
formulation will be useful for the solution of practical problems. 

In order that the present analyses remain relatively unencumbered 
of mathematical complications a single elementary reactor configuration 
has been selected, and all control-rod calculations are carried out for 
that system alone. The geometry used is the bare cylindrical reactor. 
It should be recognized, however, that this choice does not necessarily 
limit the results obtained here to this particular configuration. If the 
actual reactor of interest has a markedly different shape, it is still possible 
to determine an “equivalent” bare cylindrical configuration by matching 
bucklings. Also, if the actual reactor is reflected, a suitable bare cylinder 
can be computed by applying reflector savings corrections to the various 
reflected surfaces. Some care should be exercised in dealing with this 
latter situation, however, if the control-rod locations are near the core- 
reflector interface. Under these circumstances the bare-reactor calcula- 
tions will tend to underestimate the rod effectiveness in certain cases 
since in the actual reflected reactor the rods may be exposed to sub- 
stantially higher thermal fluxes than in the bare model because of pos- 
sible peaking in the reflector (see Fig. 8.23). In any case, it is expected 
that estimates based on the bare cylindrical reactor will give a reliable 
indication of the characteristics of a design configuration, very possibly 
within the limitations of the two-group model. 

In the various control-rod problems considered here it is always 
assumed that the rods have circular cross sections and that they are 
inserted with axes parallel to the axis of the reactor. Calculations 


of rod effectiveness are carried out only for the case of the fully inserted 
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rod. Although methods have been developed for treating the problem 
of the partially inserted rod, these either require more sophisticated 
analytical techniques (perturbation theory) than available here or are 
semiempirical, and calculations must be correlated with measurements 
(the ‘‘window-shade”’ method! used by H. L. Garabedian). 

Finally, it is pointed out that, unless otherwise stated, control-rod 
effectiveness is measured in the present work by the reactivity of the 
reactor without the specified rod configuration, 
but with the same fuel loading. In performing 
these calculations it is assumed that the reactor 
with fully inserted rods is just critical; the reactor 
without rods contains no “holes” corresponding to 
the rod locations. 

a. Cylindrical Reactor with Gray Control Rod. 
As a first elementary example of a control-rod 
calculation consider the case of a bare cylindrical 
thermal reactor operating at steady state with a 
fully inserted central gray control rod. By “gray 
rod’’ we mean a rod composed of a material which, 
although a reasonably good neutron absorber, is 
» not so strong an absorber that it cannot support 
Fig. 11.1 Cylindrical some neutron flux. Also, let us assume that diffu- 
reactor withcentralcon- sion theory is applicable within the interior of this 
ies rod. It should be noted that these assumptions 
are not unlike those imposed for fuel lumps in the calculation of the ther- 
mal utilization for heterogeneous lattices. 

The general geometric configuration of this reactor with control rod 
is shown in Fig. 11.1. The radius of the reactor is RF and its height 2h. 
The radius of the rod is b. At steady state the appropriate one-velocity 
neutron-flux equations are 


— DeV? c(t) + 2 dc(r) 


1.1 
—DpV*da(r) + 22 a(t) eee) 


viz PInPc (r) 
0 


where C refers to the reactor and B to the control rod and the remaining 
symbols have the usual definitions. The neutron fluxes given by the 
above equations are to satisfy the following boundary conditions: 


(1) oc(R,z) ce oc(p, +h) = op(p, +h) = 0 

(2) op finite for all r 

(3) The flux and net current are continuous at the rod- 
reactor interface p = b 


(11.2) 


1H. L. Garabedian, ‘‘Boundary Conditions in Multi-region Reactor Theory,”’ 
Westinghouse Atomic Power Division, Pittsburgh, Pa. WAPD-TN-516, July, 1956. 
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The solution to these equations may be obtained by the method of sep- 
aration of variables. It is easy to show that, with the application of the 
first two conditions (11.2), the results may be written 


oc(p,z) = A[Yo(Ai) Jo(Aip) — Jo(Aik) Yo(A1p)]} cos urd 
2h 
n2 (11.3) 
op(p,z) = CIo(A2p) cos of 
where 
Koger — 1 r(B) 
Bt =x =20e = 
(11.4) 


The criticality condition for this system is obtained by the application 
of the interface condition (3), in (11.2), above. This is readily found 
to be 


Dedal ¥ o(Arh) Ji(aib) — Jo(Arh) Yi(dib)] _ Dado s(d2b) 
Yo(Ark) Jo(Aib) — Jo(Ai) Yo(Ab) I o(d2b) 


The usual procedure in carrying out control-rod calculations is to deter- 
mine the rod radius required to overcome a given amount of excess 
multiplication. Thus the reactor configuration and nuclear parameters, 
including the fuel loading, are generally known, as are also those of the 
rod material (in the case of the gray rod). This means that all quantities 
in the above equation are determined, except the rod radius b. This 
equation is used, then, to compute b; since the relation is transcendental, a 
trial-and-error procedure is required and the usual practice is to select 
various values of b and plot the b-dependent portion of the function 
against the R-dependent portion. For this purpose the relation given 
above is more conveniently written in the form 
Yo(ark) — Yi(aib) — Dedoli(Aeb) Yo(drb)/Dedlo(Azb) (11.5) 
Jo(Arh) — Ja(Arb) — Dede s(A2b) Jo(Arb)/ DedrT o(Aab) ) 
The effectiveness of the control rod determined by this equation is 
measured in terms of the excess multiplication of the reactor prior to the 
insertion of the rod. If we assume that the omission of the rod leaves no 
“hole” (e.g., a fluid core reactor), then the multiplication constant of 
the reactor is obtained from Eq. (6.81). Asa rule it is useful to describe 
the rod effectiveness by the per cent reactivity it can suppress, that is, by 
w = bk/k. 
b. Cylindrical Reactor with Black Control Rod. In the present exam- 
ple we consider the reactor configuration of the preceding analysis, but 
now containing a black control rod. The ‘‘black”’ rod differs from the 
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gray rod in that it can support no neutron flux at all. Thus the black 
rod serves effectively as an “absolute” sink of neutrons. From this 
standpoint the black rod behaves just like the space surrounding the 
outer surface of a reactor; any neutrons which enter this region are 
permanently lost to the chain reaction. The analogy is in fact precise, 
and one is easily lead to the use of the extrapolation-distance concept 
for describing the characteristics of the rod. 

Figure 11.2 shows the local flux distribution in the vicinity of a centrally 
located black control rod. The dimension b is the actual radius of the 
rod, and e¢ is the extrapolation distance tnto 
the rod (cf. Fig. 5.10). The dimension }, 
defined by the relation 


bh, =b—e (11.6) 


is the effective radius of the rod. As in 
-p the case of the extrapolation distance 


0 
for the outer surface of the reactor, € is 


b. € computed in terms of the nuclear proper- 
“le ties of the reactor materials (and not of 
the rod). However, inasmuch as 6 is fre- 

¢ quently of the same order of magnitude 
as the transport mean free path in the 


Fic.11.2 Extrapolation distance 
for black es er a reactor A‘®, or very much less, the usual 


relation (5.71) is not generally applicable. 
In fact, in the limit for very small values of b, a proper estimate for e¢ is 
4/3. For intermediate values! of the rod radius, e may be determined 
from Fig. 11.3. 
The neutron flux in the vicinity of the rod may be estimated with the 
aid of the extrapolation length from the relation (cf. Eq. (5.65)] 


(by) ~~ o(b) — €9’(0) (11.7) 
If we specify 
o(b,) = 0 (11.8) 
then [cf. Eq. (5.66)] 
o(b) _ 
ob) € (11.9)* 


In most of the subsequent analyses we will use the extrapolation-length 
condition (11.8). For the present problem it is more suitable to use the 
relation (11.9); the latter is the form in which it was first used by Scalettar 
and Nordheim.? 


1B. Davison and S. Kushneriuk, ‘Linear Extrapolation Length for a Black Sphere 
and a Black Cylinder,’? MT-214, Mar. 30, 1946. 

2R. Scalettar and L. W. Nordheim, ‘‘Theory of Pile Control Rods,””» MDDC-42, 
June 17, 1946. 
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The appropriate differential equation for this system is given by the 
first of the set (11.1), and the boundary conditions by (1) in (11.2) and 
by (11.9). The general solution for the flux ¢¢ which satisfies condition 


Zee 
Baae Beer eee oe a aia 
TTA] | Tf TdT dP TLE dT hE LT EeaReaRE 
PT INET | Et] fT hy = core {Transpo | | | 
oH '' = mean free path | | | 11, 


Thermal neutron extrapolation length €2/Xtr 
o) 
| 
a 
a 
be 


See = hal 
SERRE PEERS 
1a cea 
PARSE ER ESR BRERA 
SHEER RREE RES ee Ress 
ptt tt ff 
fee esa esses ees 
I 2 6 08 al 
SS eReeR RARER eee ER 
1 Seabees he Dae 
“0 1 2 3 4 5 


Control-rod radius b/X ¢, 
Fic. 11.3 Extrapolation length for black cylindrical control rods. 


0.7 


(1) is given in (11.3). The application of Eq. (11.9) yields the criticality 
condition. 
Yo(aiR) = Y 0(\1b) + e\1Y4(A40) 
J o(AiB) J (Ab) + €Ayd (10) 


(11.10)* 


This equation may be solved for the required rod size b for a given set of 
reactor parameters by the procedure described previously. 

c. Cylindrical Reactor with Central Hole. In some practical situations 
(solid-core reactors) the withdrawal of a control rod leaves a hole in the 
reactor. The present example demonstrates a procedure for computing 
the effectiveness of a control rod in such systems; however, in order to 
simplify the calculation we assume that the reactor is of infinite length. 
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The flux distribution for this system is given by the differential equa- 
tion (11.1). In addition to the extrapolation boundary condition for the 
outer surface, (1) in (11.2), we require for the rod-reactor interface? 


| 5 elo) | = 0 (11.11) 


With the application of the outer boundary condition, the solution is 
given by the form (11.3), which we now write in terms of \3; thus 


oc(p,z) = A[Yo(dsh) Jo(Asp) — Jo(Ashe) Yo(Asp)] cos (11.12) 
with M2 = Be — (=) (11.13) 


and B? as given by Eq. (11.4). The use of condition (11.11) yields the 
criticality relation 


Yo(\sh) _ Yi(Asb) 
Jo(dshe) Fa (ad) 


In order to compute the effectiveness of a gray rod we apply Eq. 
(11.14) to determine first the critical fuel concentration for the reactor 
with hole, given the core size and rod radius. [Note that the solution of 
(11.14) yields \3, which may then be used in (11.13) to compute the con- 
centration.] The next step is to use this concentration, along with the 
other nuclear parameters and the values of & and b, in Eq. (11.5) to 
determine a value for \;. The final step is to compare the values of » 
required to keep each system at steady state. Since the reactor without 
rod is just critical, we have 


(11.14) 


pd 
1 a= Pee 11.15 
LO + De[d? + (x/2h)?] : 


The reactor with rod inserted, and the same fuel concentration, is then 
subcritical, and for steady-state operation we require some », > v; thus, 


Vers DinJen 
1 = oo 11.16 
ZO + Deldt + (w/ 2h) oe 


The reactivity, or worth, of the rod is then given by the relation 


bk op 2 — i? 
a et Se at a dat Nl ee ees 11.17 
at re? xd + AP + (4 /2h)? 


1 The appropriate interior boundary condition for a finite cylindrical reactor with 
central hole is discussed by E. L. Zimmerman, ‘‘ Boundary Values for the Inner Radius 
of a Cylindrical Annular Reactor,’’ Oak Ridge National Laboratory, ORNL-2484, 
June 5, 1958. 
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It is of interest to mention that one of the important effects of a control 
rod is the increased leakage it produces at the outer surface of the reactor 
and that this, rather than the extra neutrons absorbed, may be the pre- 
dominant factor in determining the worth of the rod. 

A similar computation to that given above may be carried out to 
determine the reactivity of a black control rod which leaves a hole in 
the reactor when withdrawn. For this case Eq. (11.10) is used in place 
of Eq. (11.5). 


11.2 Central Rod in Two-group Model 


a. General Solution. The one-velocity model is generally inadequate 
for obtaining reliable estimates of control-rod effectiveness. A more 
accurate method which is customarily used in design practice is based 
on the standard two-group model. The application of this model to the 
calculation of the effectiveness of a single centrally located round rod in 
a bare cylindrical reactor is a straightforward extension of the general 
results obtained in Sec. 8.4 for the cylindrical reactor with side reflector 
(refer to Table 8.3). The only modification required for this application 
is a restatement of the rod-reactor interface condition in terms of the 
particular properties of control-rod materials. 

The primary purpose of the present section is to exhibit the various 
interface conditions that have been proposed for use in control-rod calcu- 
lations. It is of interest to mention that the accuracy of the entire 
computation is very much dependent on the proper choice of the inter- 
face condition for the fast flux. In the analyses which follow we con- 
sider a number of such choices and show how the appropriate criticality 
relation is derived for each case for both a solid and a hollow control rod. 
This section is concluded with a numerical example which compares the 
effectiveness of these two types of rods when fully inserted in the center 
of a bare cylindrical reactor. 

We begin the analysis with a summary of the general solutions derived 
for the two-group model. The appropriate differential equations for the 
fast flux (¢:) and the thermal flux (¢2) in the multiplying region of the 
reactor are given by (8.147). In the present problem it is convenient to 
write the solutions for these functions in the form [cef. Eqs. (8.164)] 


di(r) = Z(r) + Wr) 
do(r) = a,Z(r) + a,W(r) 


These must satisfy the boundary condition on the outer surface of the 
reactor: 


(11.18) 


¢:(R) = $2(R) = 0 (11.19) 
The functions Z and W are solutions to the differential equations 
V?7Z(r) + w’Z(r) = 0 V*-Wir) —NWir) = 0 (8.174) 
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and the parameters yu? and d? are the two roots given by Eq. (8.171). 
The coupling constants a, and a2 are defined by Eqs. (8.175). For the 
reactor with a single central rod, the flux distributions are axially sym- 
metric and we may define 


Z(r) = H(z) Re) = Wr) = H(z) S() (11.20) 


If these relations are used in Eqs. (8.174), it is readily shown that for the 
bare cylindrical reactor the indicated functions are given by the expres- 
sions (refer to Fig. 11.1) 


H(z) = cos (=) (11.21) 
and R(p) = GJo(vp) + BY o(yp) (11.22) 
S(p) = MIo(Bp) + NK o(Bp) 
2 2 
where y? = pt — (5) B2 = r2+ (5) (11.23) 


The neutron-flux relations (11.18) may then be written 


$1(p,z) = H(z){QJo(vp) + BY ol(yp) + Mlo(Bp) + WKol(Bp)} 
o2(p,z) = H(z){a,[@Jo(vp) + BYo(yp)] + a2{[Mtlo(Bp) + NK o(Bp)]} 
(11.24) 


The coefficients @, @, NW, and N are evaluated by the application of the 
rod-reactor interface condition. 

b. Solid-absorber Control Rod. For the first example we consider 
the case of a fully inserted central control rod which is black to thermal 
neutrons only; thus the thermal-neutron properties of the rod material 
are similar to those specified for the rod in the one-velocity problem of 
Sec. 11.1b. For the fast-neutron properties of this rod we allow two 
different possibilities: (1) the fast flux remains finite everywhere within 
the rod, and (2) the net current of fast neutrons is zero at the surface 
of the rod. 

Consider first case 1. Specifically, we will impose the conditions: 


Gs) T 
) = 9 (11.25) 
(2) o(b,,z) = 0 with b, = b — e2 
The first of these follows from the fact that the expression for the fast 


flux ¢; contains two functions Yo and Ko, which are singular at p = 0. 
Since we have that 


Yo(z) _ _2 
ae = (11.26) 


20 Ko(x) 
it is clear that the choice given in (1) of (11.25) provides that the fast 
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flux remains finite for all values of p inside the rod. The second con- 
dition (2) requires that the thermal flux vanish at the effective radius 
of the rod b,, which is determined from the actual radius b by the appli- 
cation of an extrapolation length correction based on the thermal-group 
properties of the core [cf. Eq. (11.6)]. 

The combination of control-rod boundary conditions (11.25) is based 
on the notion of representing a control rod by a line singularity. It 
should be recognized that condition (1) in (11.25) serves essentially to 
keep ¢; finite, and this is achieved by relinquishing control over other 
physical features of the system. As will be seen shortly, this condition 
leads to a large net current of fast neutrons into the rod, which is incon- 
sistent with the premise that the rod is a strong absorber of thermal 
neutrons only. This discrepancy can result in serious overestimates of 
rod effectiveness, and for this reason the method is not recommended 
for general usage. It has been included here primarily for reasons of 
historical interest, being one of the earliest formulations of the control- 
rod problem. 

The application of condition (1) to the general solutions (11.24) yields 


di(p,z) = H(z) las yp) + 5 IY ovp) + IMTo(Bp) + 1K (60) 


oslo.) = H(@) {as | done) + 5 x¥a(ro) | + axlonso(Ge) + @K(6)]| 
(11.27) 
A relation is obtained between the coefficients SN and MN and between 


@ and X if we use next the boundary condition for the outer extrapolated 
surface of the reactor (11.19). These are 


Wm = _ gy Ko(6R) and Q@=- ® oy Yo(vk) (11.28) 


T(8R) 2 Jo(vf) 


The substitution of these results into the expression for ¢2 yields 


orto) = 0 HC) [5 | — TD saeyp) + Yel) 
K,(sR) 
is a| rh, 1080) + Kl») || (11.29) 


The application of condition (2) from (11.25) to this equation gives the 
criticality condition for the reactor. This is found to be 


Yo(vR) _ 1 K.(6h) 
TGR) ~ Takada) { Po0vbs) + FE | Kolb.) — FYE? 1(8b.) || 


(11.30) 
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In general Bf > 1, and Ko(8R)/Io(BR) <« 1; then, a good approximation 
to the above result is 


Yo(vf) ae 1 
Jo(vR) dS olybe) 


It is of some interest to note that this result may also be written in 
terms of the extrapolation distance e2 in place of the effective rod radius 
b,. For this purpose we require the Taylor series expansions about 
p = b for the various Bessel functions involving b,. In general, we can 
apply the functional form (11.7); then, for example, 


Jo(ybs) ~~ Jo(yb) + exyi(vb) 


and so on. The use of this form in (11.31) yields the alternative 
expression 


| Yet) + 2a Ko(6b.) (11.31) 


2a2 
Gas Oe ee a 
Jo(vR) Jolvb) + exvdi(7b) 


(11.32) 


Some authors prefer this form to (11.31). From an analytical stand- 
point this implies that the thermal-flux condition of the type (11.9) was 
used instead of (11.8). 

Criticality analyses may be performed with the aid of Eq. (11.31) and 
the procedure outlined for the one-velocity model of the preceding sec- 
tion. As before, the criticality relation may be used to compute the 
effective rod size b, required to maintain a reactor of given size and fuel 
concentration at steady state. The rod effectiveness may then be deter- 
mined by computing the multiplication constant of the reactor for the 
same fuel loading, but without the rod (and without a residual ‘‘hole’’). 

Figure 11.4 shows the local flux distribution in the vicinity of a central 
control rod as determined from the condition that the fast flux be finite 
inside the rod. Note that, although ¢,(0,z) is finite as required, it dips 
to large negative values inside the rod and produces a large gradient at 
the rod-reactor interface. 

For case 2 we take the following pair of boundary conditions: 


(3) E ox(02) | = 0 (4) $2(b,,2) = 0 (11.33) 


p==d 


The coefficients in the general solutions (11.24) are evaluated by first 
applying the boundary condition for the outer surface of the reactor. 
From the condition for the surface p = & we obtain the relations 


aes ee and —- = — ——_ (11.34) 
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Fic. 11.4 Flux distribution around a central rod using the condition that fast flux is 
finite everywhere in the rod. 


If these results are used in Eqs. (11.24) and conditions (11.33) applied, 
we obtain two equations relating, say, @ and OX. From condition (4) 
we have, for example, 


Jo(yR) a2 


@ | YoCrbs) —. Ya(rb.) --% cs Z 


Io(8R) 
K,(8R) 


Ke(6b) | mn 
(11.35) 


If we use also condition (3) and divide the resulting expression by (11.35), 
the following criticality equation is obtained: 


; Y o(ybs)ea(b) + (a2/a1) Yi(yb)er(by ) 


za 5 (11.36) 
Jo(rR) > J orbs )es(0) + (d2/a1)J 1(yb)e1(b, ) 
where 
— Tax) — 0(6R) ~ _ 1o(8R)Ko(8z) 
mae Tee K(8R) aa K (sR) (11.37) 
coe) = 1u(G2) + 18D Kiar) ~ + HEDK CD 


The indicated approximations apply for &>>z. For most. practical 
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situations R >> b, and a good approximation to (11.36) is 
B (ai\ K,(6b) 
Yo(yb. ) E (*:) pie | — Y,(yb) 
Y 
oR) On Ly Nao] Ko(Bby) J (11.38)* 


JovR) yy) B (*) z aad — Salve) 


The flux distribution for this case is shown in Fig. 11.5. 

c. Hollow Control Rod. In most practical situations control rods are 
not fabricated from solid sections of high thermal cross section materials. 
Since the mean free paths in such materials are very short, it is clear that 
very few thermal neutrons can ever 
penetrate far inside a rod of several 
centimeters width. Nearly all the 
neutron captures occur close to the 
surface of the rod, and the interior 
serves no real purpose. Thus the 
surface area, or cross-sectional perim- 
eter, of the rod is a rough measure of 
its effectiveness as a neutron sink. 
In practice one is therefore led to the 


! 
| 


Ll. 
b 
¢ 


Fic. 11.5 Flux distribution around a 


Rod-reactor interface 


use of cross-sectional configurations 
having large perimeters, such as 
blades, shells, and tubes. 

In the treatment which follows we 


analyze the effectiveness of control 
rods in the form of hollow tubes of 
absorber (thermally black) material. 
Although the present study is carried out in detail for the round tube, 
the results may be applied in first approximation to tubes of any cross 
section by simply matching perimeters. 

Two cases of considerable practical interest are considered: (1) the 
hollow ‘‘control tube’”’ and (2) the control tube containing moderator 
material. The first case is essentially the same as an absorber tube filled 
with high-atomic-mass material. In both situations the tube stops the 
passage of all thermal neutrons. Fast neutrons, however, easily pass 
through the tube (since by assumption the tube is black to thermal neu- 
trons only) and, moreover, are little affected by the interior of the rod, 
whether it be empty or filled with heavy nuclei. In either case the fast 
neutrons emerge with much the same angular distribution as that with 
which they entered and without any significant degradation in energy. 
From an analytical viewpoint both problems are equivalent to the solid- 
control-rod problem with zero fast-neutron net current at the surface. 
Thus the results (11.36) and (11.38) apply directly to case 1. 

In case 2 the moderator material within the control element serves 


central rod using the condition of zero 
net current of fast neutrons at the rod 
surface. 
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effectively as a sink of fast neutrons. Since the tube itself is transparent 
to fast neutrons, these have access to the interior and some are removed 
from the fast group by being scattered to lower energies by the moder- 
ator material. Configurations of this type are frequently encountered in 
practice. A good example is the control-rod design appropriate to the 
nuclear package power reactor of Sec. 8.5. The core of this reactor 
consists of a lattice of MTR-type fuel elements immersed in water. The 
control ‘‘rods”’ are simply hollow rectangular tubes of absorber material 
which fit into regular fuel lattice points (see Figs. 5.27 and 5.28). When 
the rods are inserted, the interior regions 
fill with water, and the resulting fast-neutron 
moderation within the rod yields a substan- 
tial increase in the worth of the rod by vir- 
tue of its properties as a fast-neutron sink. 
(Note that thermal neutrons produced by 
this moderation cannot escape from the rod 
and thereby contribute to the chain reac- 
tion in the core.) 

A first estimate of the effectiveness of a 
moderator-filled control element can be ob- 
tained from the application of the diffusion 
theory to the interior region of the rod. Fic. 11.6 Extrapolation dis- 
Thus in the present calculation we treat the t#0¢e for the interior of a hollow 

: : control rod. 
rod as though it were an internal reflector, 
from the viewpoint of the fast-neutron group. From the viewpoint of 
the thermal neutrons, the absorber tube acts as a curtain for neutrons 
passing both in and out. 

The appropriate two-group equations for the flux distribution within 
the rod are given by (8.149). In the present application ¢: and ¢2 
denote the fast and thermal fluxes, respectively, in the reactor core, and 
3; and ¢,4, those in the control rod. The boundary conditions to be 
satisfied by the fast flux ¢3 are the usual requirements of continuity 
and finiteness: 


(1) $3(b,z) = $1(0,2) 
'e) 0 
(2) Ds E 6s(o2) | ayy E (oz) | (11.39) 
(3) ¢3(p,z) finite within rod 
and for the thermal flux ¢,: 


(ibaa oe (bz) = -a[ 2 s.(02) | (11.40) 


p=sb 


Rod-reactor interface 


where « is the extrapolation distance based on the transport mean free 
path of the material contained in the rod and (refer to Figs. 11.3 and 
11.6) 

bey = Ot GT (11.41) 
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As before, we require that ¢2 satisfy Eq. (11.33), condition (4). The 
solution for the fast flux can be written in the form 


os(p,z) = H(z) T(o) (11.42) 


where H(z) is given by Eq. (11.21). The function T(p), which satisfies 
condition (3) in (11.39), is 


T(p) = CTo(xsp) (11.43) 
; — 2r ,(*\ 
with d= set (5) (11.44) 


Note that the first term in this relation may be approximated by 1/r, 
where + is the age to thermal for the central region of the rod. 

These results may be used to determine the flux distribution within 
the core and the criticality condition for the reactor. The general 
solutions for the fluxes in the core are given by Eqs. (11.24). If we apply 
boundary condition (11.19), 1.e., the relations (11.34), the solutions may 
be written 


_ _ Jo(vR) 
di(p,z) = H(z) {< | Jot) aoe ¥(v) | 
+m | toe) _ I(6R) Ke(60) | 
K.(6R) (11.45 
= = Jo(7R) Y o(yp) 45) 
dog) = HG) [are | JoCve) a Yolo 
1068) 
+ a,91 | (Bo) ae K.l60) || 


The expression for the fast flux must satisfy the interface conditions 
(1) and (2) in (11.39), and the thermal flux, condition (4) of (11.33). 
The relations for the fast flux we write in the form 


$1(b,z) Secs D,I (x3) (il 46) 
= i: ia Se r : 
F oslo) | 


x3D3I 1(«3D) 
where ¢€; denotes the extrapolation distance for the fast group in the core. 
Note that this quantity may be computed in terms of the fast-group 
properties of the interior of the rod by virtue of the continuity relations 
(11.39). 
Equation (11.46) together with (4) from (11.33) constitute the critical- 
ity condition for this system. From the latter, we obtain Eq. (11.35) 
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relating @ and vt. A second relation is obtained from (11.46): 


@ | Jota) = ae vad) | +m | #8 = ak Ke(60) | 
a 7G [ — cad) " i vr) | 
+ aon | 7160) a ee K,(90) | (11.47) 


Equation (11.35) may be used in this expression to eliminate @ and SM. 
The resulting expression is the criticality condition, which we write in 
the form 


VolyR) _ (a2/as)es(by)ea(b) + Yo(vbs )[Beres(b) — c(6)) (yy 4g) 
J o(vR) (d2/@1)C1(by )e2(b) + So(ybe )[Bercs(b) — c1(5)] 


with c; and c; defined by (11.37) and 


c2(b) = Jo(vb) + yew i(yb) 
ca(b) = Yo(yb) + yer¥i(yb) (11.49) 


When & > b, a good approximation to (11.48) is given by 


Yo(vR) _ Yo(ybs) M(b) — ca(b) 
Jol(yR) = Jo(vbe) M(b) — c2(b) 


(11.50*) 


wherein we have used the approximations from (11.37) and defined 


_ a] BeiK,(6b) + Ko(Bb) 


The result (11.50) has also been developed! in terms of the extrapolation 
distance ¢€2, where 


$2(b,z) = €2 E tale) | (11.52) 


It is of interest to determine the limiting form of the criticality con- 
dition (11.50) for very small rods (b—>0). The application of the 
appropriate forms for the various Bessel functions in the case of vanishing 
argument gives the approximations M(b) ~ 8a\e,1K1(8b)/a2K (8b, ) and 
C4 yer Yi(yb). Also since cz approaches a finite limit as b — 0, we may 
neglect it in relation to the M term in the denominator. Then, using 
also the limit 


ys 
= — — 11.53 
b—0 YY 1(y5) 2 ( ) 


1R. L. Murray and J. W. Niestlie, Nucleonics, 18(2), 18-22 (1955). 
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it is easily shown that the result (11.50) reduces to the form 


Yo(vR) 


2 ao 
pti Yo b, 4 rare Ko b, f b— 1. 4 
TOR) ~ Yolte) + = (G2) KolB.) forb+0 (1.58 


This approximation may be checked by comparing it to the limiting 
form of the relation (11.36) or (11.38), the criticality condition for the 
solid rod with zero fast current at the rod surface. The comparison 
is easily drawn with the aid of the approximations mentioned above 
for b— 0. It is then seen that (11.38) reduces to (11.54), as is to be 
expected, since for the very small moderator-filled control tube, the effect 
of the moderator as a fast-neutron sink becomes negligibly small and 
the tube behaves like a solid rod. 

The thermal-flux distribution within the moderator contained in the 
control rod (tube) is obtained from the differential equation 


— D,V*¢,(r) + D'") d,4(r) = pax? o3(r) (11.55) 


where p; denotes the resonance-escape probability for the moderator 
material inside the rod. The solution for ¢, we take in the form 


da(p,z) = H(z) [(EU(p) — asT(p)] (11.56) 
with H and T as given in (11.42). The function HU denotes the solu- 
tion to the homogeneous equation 

A) 


Vy — iy = 0 with 2 = “3 (11.57) 
4 


The function H(z) was previously given by (11.21), and 
2 
U(p) = Io(kap) where «2 = xj + (5) (11.58) 


We have used here the requirement that the solution remain finite inside 
the rod and that Eq. (11.19) be satisfied. If we use (11.56) in (11.55), 
along with (11.42), we obtain 


D3ze j 
alV*(HT) — GHT] = "<8 HT (11.59) 


4 


wherein we have used (11.57). But, by Eq. (8.149) for $3, we note that 
; zy) 

VAT) — cHT =0 with x2 = TD. (11.60) 
3 


Thus (11.59) yields the relation [cf. Eq. (8.184)] 


D3ze 


a> = 
Dy (x5 i x4) 


(11.61) 
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The constant & indicated in (11.56) may be related to © from (11.43) 
by applying the boundary condition (11.40). The result is 


7 31 o(kabee ) 
re To(xabe «) = 


If this expression is used in (11.56), along with (11.61), we obtain for the 
thermal flux inside the rod 


— ps2 PrC To(kabee ) _ 
da(p,z) = Dibd — x2 Pena To(xap) — To(xsp) | H(z) (11.62) 


It should be noted that the constant C may be related to @ and MM through 
(2) in (11.39). 

Figure 11.7 shows the flux dis- 
tribution around a tubular control 
rod containing moderator material. 

d. Numerical Example. The re- 
sults developed in the preceding 
analyses are used to determine the 
reactivity of a single centrally lo- 
cated control rod for both the solid 
absorber and moderator-filled tube 
configurations. For the sample re- 
actor we use the package power 
plant of Sec. 8.5. The appropriate 
two-group constants for the core ti 
region of this reactor are listed in 
Table 8.5. For the present ex- 3 
ample we select the fuel volume F!9- 11-7 Flux distribution around 

: : : a control rod containing moderator 
fraction vp = 0.00622, which gives material. 
k. = 1.312. Since the actual con- 
figuration is a completely reflected square cylinder, it will be necessary 
to determine the size of an equivalent square unreflected cylinder with the 
same fuel loading. For this purpose we use Eq. (8.224) with k = 1, and 
obtain B? = 0.006125 cm-?, which corresponds to a square cylinder with 
R = 36.7 cm. 

Some indication of the relative effectiveness of solid absorber and 
water-filled control rods is obtained by computing 6k/k as a function 
of rod size for the 36.7-cm-radius bare cylinder. The results of such 
a computation are shown in Fig. 11.8. For both types of rods, the 
problem was solved by selecting various fuel loadings (corresponding 
to various values of 5k/k) and computing the required rod radius to 
make the system just critical. The zero fast current criticality equation 
(11.38) was used for the solid absorber rod, and the approximation (11.50) 
was used for the water-filled rod. It is of interest to note that the com- 


R 


Rod-reactor interface 
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puted results indicate that the water-filled rod is approximately twice as 
effective as the solid rod in this application.!?, These results should be 
most reliable for the larger rods, since the requirements of the slowing- 
down diffusion model, as represented by the two-group equations, are 


Water-filled 
control rod 


Reactivity 6k/k, % 


Solid control 
rod using zero 


Control rod radius b, cm 
Fria. 11.8 Comparison of water-filled and solid-absorber control rods. 


not well satisfied when the characteristic dimensions of the rod are in the 
order of one diffusion length. 


11.3 Eccentric Control Rod in Two-group Model 


a. General Solution for the Two-group Equations. The calculation 
of the effectiveness of a single eccentric control rod in a bare cylindrical 
reactor on the basis of the two-group model requires the general solution 
to Eqs. (8.147) which includes the azimuthal dependence. The formal 
solution for the fast and thermal fluxes ¢; and ¢2, respectively, we write 
in the form (11.18). In the present application, however, we define Z 
and W by 


Z(t) = H(z)Glo,y) Wr) = H(z) Flo,y) (11.63) 

where p, z, and ¢ denote the usual cylindrical coordinates. If these 

1Some additional examples and experimental data are reported by Murray and 
Niestlie, op. cit. 


2 See also P. F. Gast, ‘‘ Experimental Checks of Control Rod Theory,”’ Proc. Intern. 
Conf. Peaceful Uses of Atomic Energy, Geneva, 1955, vol. 5, P/612, pp. 389-392. 
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expressions are used in Eqs. (8.174), it is easily shown that the function 
H(z) is given by Eq. (11.21), for the bare cylinder of height 2h, and the 
functions G and F by 


og | 19 
Op* pap 0 
2 2 
OP ll eee = pie (11.65) 
dp pap p’ dg 
with y and 6 defined as before (11.23). We seek solutions to these 
equations in the form! 


o°G 


Hagat ve = 0 (11.64) 


] 
p? 

1 
a2 


G(o,e) = P(y) R(p) = F(p,~) = P(e) S(o) (11.66) 
Substitution into the differential equations yields the eigenfunctions 
&(y) > @,(¢) = er” n=0, +1, +2,... (11.67) 
and [cf. Eqs. (11.22)] 
R(p) > Ra(p) = Gad alvp) + BaYn(ve) (11.68) 
S(p) > S,(o) = Maln(Bp) + WaKn(Bp) (11.69) 
The general solutions are then 
Go,e) =) [Gnd ave) + Ga¥n(ve)]e* (11.70) 
F(p,e) =) [aMaln(Bp) + 9aKn(Bp) le? (11.71) 


The substitution of these results, along with (11.63), into (11.18) yields 
for the fluxes in the core: 


@ 


b1(0,0,2) = He) Y {[nla(ve) + B.¥n(v0)] 


n= — 


+ [Mnln(Bp) + WaKa(Bp)]je* (11.72) 


bx(0,02) = He) ) (ail@nla(ve) + Ba¥n(7P)] 


nm — © 


+ a{Mnln(Bp) + NnKa(Bp)]fer* (11.73)* 


The coefficients @,, @n, W,, and MN, are arbitrary constants to be deter- 
mined from the boundary conditions at the outer surface of the reactor 
and at the rod-reactor interface. The application of these requirements 
will also yield a criticality condition for the reactor with inserted rod, as 
in the analyses of the preceding section. 


1See also H. Margenau and G. M. Murphy, “The Mathematics of Physics and 
Chemistry,’”’ p. 226, D. Van Nostrand Company, Inc., Princeton, N.J., 1943. 
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b. Application to Solid-absorber Rod. The general solutions (11.72) 
and (11.73) are used here to derive the criticality condition for the eccen- 
tric solid absorber control rod. For this analysis we apply the following 
set of boundary conditions (refer to Fig. 11.9): 


(1) o2 = 0 at d, = b, 


Aor _ _ 
(2) od, at d; = 6b 


(11.74) 


along with (11.19). As before, b, denotes the effective rod radius [refer 
to Eqs. (11.25)], and d, is the radial distance out from the center of the rod. 
It is clear that the above conditions 
are essentially the set (11.33). 

The interface conditions (11.74) 
apply strictly only when the flux dis- 
tributions around the rod are sym- 
metrical, and this will not be true for 
the case of the eccentric rod or a 
ring of rods. However, it has been 
shown! that to good approximation 
the expressions for the neutron 
fluxes can be divided into two parts, 
one containing two functions which 

Fic. 11.9 Eccentric control rod. vary strongly near the rod but are 

symmetric about the rod, and the 
other being a function which varies slowly near the rod but is not sym- 
metric about it. It will be assumed in the analysis which follows that 
the radial derivative at the rod of the slowly varying function can be 
neglected by comparison with the derivatives of the two strongly varying 
functions. Hence in evaluating the derivatives with respect to di, we 
shall consider only the strongly varying symmetric functions. Also, 
when applying (1) of (11.74), we evaluate the strongly varying functions 
at d; = b, and the slowly varying functions at the center of the rod. 

On the basis of the assumptions and postulates set forth above, we 
select the following pair of functions to describe the rapid variation in 
the flux distribution in the vicinity of the control rod: 


G0Y o(yvdi) + Fok o(Bd1) (11.75) 


But these functions are symmetric about the center of the rod; therefore, 
they cannot satisfy the boundary condition (11.19) at p = & in the 


1F. T. Adler, ‘‘Efficiency of Control Rods as a Function of Their Position in a 
Cylindrical Pile in the One Group Picture,’’ Chalk River Laboratory, MT-222, 
Feb. 12, 1947. 

2J. Codd and C. A. Rennie, ‘‘Two Group Theory of Control Rods in a Thermal 
Reactor,’”’ Harwell, A.E.R.E., R/R 818, 1952. 
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neighborhood of the rod. Thus we must add a suitable general solution 
for ¢2, in the nature of a correction, and determine the arbitrary con- 
stants in such a way as to satisfy all four conditions given by (11.19) 
and (11.74). We select, therefore, 


$2(p,¢,2) = H(z) { Q180Y o(yd1) + a2FoK 0(Bd1) 


+ J [ar@nln(ve) + arittatn(Bp)Je%} (11.76) 


n=— @ 


Note that the terms in @,Y,(yp) and 0,K,(8p) have been omitted so as 
to avoid the singularity at p = 0 [cf. Eq. (11.73)]. For the fast flux we 
take the corresponding form 


1(0,0,2) = H(e) {8oY o(vds) + SoK o(Bdh) 


+ Y [GnFalve) + aala(Bp)le*} (11.77) 


n=—o 


In working with these expressions for the fluxes it will be convenient to 
use series expansions for the singular functions. With the aid of the 
addition theorem for Bessel functions! we can write (refer to Fig. 11.9) 


Yo(vd:) = Sma) Yn(yp)es 
Ogee (11.78) 
Ko(6di) = ) In(Ba) Kn(Bp)etm¥ 


m=a—o 


where d? = a? + p? — 2ap cos ¢ and y¢ is measured counterclockwise from 
the radial line to the center of the rod. If these expressions are used in 
(11.76) and (11.77), the result may be written 


ou(e,e.2) = H(2) Y  {8olm(va) Yn(ve) + Folm(8a) Km (Bp) 
° + GuJn(1e) + Mtmlm(Be)}eim* (11.79) 
bx(oe2) = H(2) Y  farlBolm(va) Ym(ve) + Gnd m(v)] 


m= —o 


+ a[Folm(Ba) Km(Bp) + WmIm(Bp)]}e™me (11.80) 


In order to satisfy the boundary conditions at the outer surface of the 
reactor (11.19), we must equate to zero the coefficients of e™* for all m, 
in both ¢, and ¢2 evaluated at p = &. The simultaneous solution of the 
resulting expressions yields the following set of relations between the 


1 See, for example, G. N. Watson, ‘‘Theory of Bessel Functions,”’ chap. XI, Cam- 
bridge University Press, New York, 1944. 
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coefficients: 
a, Y.(vf) 
Qn God m(ya) Tac B) (11.81) 
K,,(BR) 
SU Fol (Ba) ———— 7.88) ( ) 


which apply for all m. In applying the interface conditions (11.74), 
it will be convenient to denote the series indicated in (11.76) and (11.77) 
by the functions 


P(p,¢) 


Y,  [@mJm(ve) + Min Tm(Bp) ee? (11.83) 


Q(p,¢) = > [A:QmJ m(Yp) + 220m I m(Bp) jem? (11.84) 
Note that both P and Q are slowly varying functions in the vicinity of 
the rod. In accord with the premises established above, we shall neg- 
lect the derivatives dP /dd, and 0Q/dd; at d; = b, and evaluate P at 
d, = 0 (p = a, ¢ = 0) instead of at d; = b,. Then, the application of 
condition (1) from (11.74) yields [using (11.84) to replace the series in 


(11.76)] 
—— K (6b, ) Q(a,0) 
a AG ra axY orbs) eee 
where Q(a,0) = ») [A:@mJ m(¥A) + 29m] m(Ba)] (11.86) 


The application of condition (2) on the fast flux gives 


pK 1(8b) 
” v¥i(yb) 


wherein we have neglected the derivative of P with respect to d; as 
planned. 

The criticality condition for this system is obtained by eliminating the 
constants &, Fo, @m, and IW, between (11.81), (11.82), (11.85), and 
(11.87). First we use the relations (11.81) and (11.82) in (11.86). The 
resulting expression for Q(a,0) when substituted into (11.85) yields one 
equation relating & and So. For a second equation we use (11.87). If 
we divide one by the other we obtain 


Ko(Bby) — N80 TR) 2 e 1 (6a) 72 Kn(6R) 
m=1 


& = (11.87) 


a2} yY1(y6) = 
Yo(vR) » Y.(7R) 
Yolyb. ; — 2 J? 
o(¥ = Joly a) J o(yR) & (ya) ———>- JalyB) 
(11.88) 
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wherein we have used the relations 


Jin = (-1)V, Y_, = (-1)*Y, 
ae K..=K, (11.89) 
For most practical situations, all the J, terms in the numerator of 
(11.88) are negligibly small in comparison to K (8b,), and the series in 
the denominator may be neglected in comparison to the term in J3. 
Thus a good approximation to the criticality equation for the bare 
cylindrical reactor with eccentric control rod is 


Yo(vf) yas 1 _ ds vY1(yb) 
J o(7R) ~ S2(ya) | Yotrb.) 9 BK (Bb) Ko(6b.) (11.90)* 


Note that a further reduction is possible when b — 0; then, Eq. (11.53) 
may be applied. 


11.4 Ring of Control Rods in Two-group Model 


a. Analytical Model. In the present section we develop a general 
method for computing the effectiveness of a ring of equally spaced solid 
absorber rods on the basis of the two-group model. Specific criticality 
calculations are carried out for the case of zero fast current at the rod 
surface, asin (11.74). The analytical approach used in these calculations 
follows that of Codd and Rennie.! The more general situations of two 
rings of control rods, and one or two rings with central rod, have been 
analyzed by Garabedian.? These calculations were performed for the 
bare cylindrical reactor; however, Garabedian considers also the problem 
of the single ring of rods in a reflected reactor. In all these analyses, 
he applies the condition that the fast flux remains finite inside the rods 
(refer to Eqs. (11.25)]. 

The problem of determining the criticality condition and the flux 
distribution in the two-group model for a ring of gray rods has been 
considered by Avery.? The method used is a generalization of the 
Nordheim-Scalettar approach and may be applied when either the rods 
or the reactor, or both, are multiplying media. 

b. Application to Solid-absorber Rod. The derivation of the criti- 
cality condition for a ring of M solid-absorber control rods in a bare 
cylindrical reactor follows the procedure used for the eccentric rod. The 
configuration to be analyzed is shown in Fig. 11.10. As before, we select 
a pair of functions for each rod which are singular at the center of the rod; 


1 Codd and Rennie, op. cit. 

2H. L. Garabedian, ‘‘Control Rod Theory for a Cylindrical Reactor,” AECD-3666, 
Aug. 9, 1950. 

7R. Avery, ‘‘Two-group Diffusion Theory for a Ring of Cylindrical Rods,’’ ANL- 
5729, June, 1957. 
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thus, we take for rod m [cf. (11.75)] 
G0Y o(ydm) ae FoK o(Bd,.) (11.91) 


If we choose M such pairs for the M rods, and add also a general solution 


Rod 1 


Fie. 11.10 Ring of control rods. Fic. 11.11 Angular coordinates for ring 
of M rods. 


to help meet all the boundary conditions, then the solutions for the fluxes 
can be constructed in the form (ef. Eqs. (11.76) and (11.77)] 


M M 
o1(0,9,2) = H(e) {8 ) Yolvdn) + 0) Kol(Bdm) 


m=1 m=l1 
t-) 


+ Y [GnJa(ye) + ataTa(Bp)le**} (11.92) 


n=m— © 


M M 
$2(0,9,2) = H(2) {ai6o ) Yolrdm) + a0) KolBdn) 
m= 


m=l 


+ > [a:@nd a(Yb) + a291,1(8p)le**} (11.93) 


n=—o : 


Again, it is convenient to use a series representation for each of the 
singular functions. Thus, as in (11.78), we write for rod m (refer to 
Fig. 11.11) 


Yo(vdm) = ) Jalya) Ya(rp)et*= (11.94) 


where 6, is the azimuthal coordinate measured counterclockwise from 
the radial line passing through the center of rod m. If ¢ is the angular 
coordinate measured from rod 1, then 


pS a (m — 1) (11.95) 
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Note that for a ring of M rods the angular interval between rods is 2x/M; 
the interval between rod m and rod 1 is, therefore, gy, = 2r(m — 1)/M. 
If we use (11.95) in (11.94) and sum over all / rods as indicated in 
(11.92), then 


M o M 
) Yolvdm) = Y Salva) Yelveete ) etrim—viM (11.96) 
m=1 a= — a m=] 
Now 
M 
eta ra(m—1)/M — D Dans _ M if 2 is an inte r 
oa 1 — e ttre _ M ge 
ey (11.97) 
1 — ets a Re 4 : 
s2re(m—1)/M — "oe gueed 
e [ = earl 0 if 7 18 not an integer 
m=l 


Thus all terms in Eq. (11.96) vanish except those in the form Ja., Yue, 
and e“™*, and these appear with factor M. Equation (11.96) therefore 
reduces to 


M « 
») Yo(vdn) = M > J ualva) Y me(yp)e*™ee (11.98) 
mul 


gm — 6 


Similar results can be obtained for the functions Ko(8d,,) ; the substitution 
of these, along with (11.98), into the expression for the fast flux yields 


$1(0,9,2) = H(z) {M > [Sod u.(va) Y we(¥p) = Fol 1.(Ba) K u.(Bp)|e*™*" 


+ Y [Gnln(ve) + mat a(Bp)le} (11.99) 


nr=x=—e 


The corresponding form for ¢2 is obtained by inserting the factor a; in 
each term involving a regular Bessel function of the first kind (J) and the 
factor a2 in each term with a modified Bessel function of the first kind (J). 

In order to satisfy the boundary conditions at the outer surface of the 
reactor, we must equate to zero the coefficients of like functions e*"? (that 
is, all exponentials with n = Ms). If this is done for both ¢; and ¢z2, 
the following relations are obtained: 


my ges Y w.(7vR) 
= K u.(6f) 
Ware = —MSol u.(Ba) Tu.(8E) (11.101) 


All other 9%, and @, are zero. 
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In view of the symmetry of the present system, it will suffice to satisfy 
the rod-reactor interface condition (11.74) at one rod, say at m = 1. 
For this purpose we write the flux equations (11.92) and (11.93) in a 
form that separates out the contributions due to rod 1; thus, 


$1(9,9,2) = H(z)(80Y o(vd:) + FoKo(Bdi) + V(p,¢)] (11.102) 
$2(p,9,2) = H(z)[ar80Y o(ydi) + a2FoKo(Bdi) + U(p,p)] (11.103) 


Here the functions V and U denote all the remaining terms in (11.92) 
and (11.93), respectively; these terms are all slowly varying functions in 
the vicinity of rod 1 [cf. P and Q in (11.83) and (11.84)]. The appli- 
cation of condition (1) from (11.74) to (11.103) yields an equation analo- 
gous to (11.85); this is 


es a2\ Ko(8b,)  —_—>U(a,0) 
& = —So (2) Volvo.) aero) (11.104) 


where 


M M 
U(a,0) = ar ) Yo(ydim) + a2Fo > Ko(Bdim) 
m=2 


m=2 


+ } [arGrJa(va) + a29tnIn(8a)] (11.105) 


n= —o 


and d,,, denotes the distance between the centers of rod 1 and rod m. 


Fig. 11.12 Distance between rod centers. 


In the general case, the distance between the centers of rod m’ and rod m 
is given by (refer to Fig. 11.12) 


at eae ee 
dn'm = 2a sin E (m m)| (11.106) 
The application of condition (2) from (11.74) to (11.102) yields a 


relation identical to (11.87), if we neglect the derivative of V with 
respect to d;. This equation, together with (11.104), provides two rela- 


Google 


sEc. 11.4] CONTROL-ROD THEORY 747 


tions involving & and So. The coefficients @, and SM, in (11.105) may 
be eliminated with the aid of (11.100) and (11.101). The simultaneous 
solution of (11.104) and (11.87) then yields the criticality condition for 
the system. This is found to be 


(2) BK 1(8b) = 
de) yY (7) 


Ko(Bb.) + » Ko(8dim) — MI2(8a) ree 2M yr: 2 (Ba) ee 


“at 


Yo(yb,) + » Yo(ydim) — MJj(va) ree — 2M ya ue) rain 
a=1 


(11.107) 


m=a2 


where we have again used the relations (11.89). 

As in the case of the eccentric rod [cf. Eq. (11.88)], a good approxima- 
tion to (11.107) can be obtained by neglecting all the terms in the numer- 
ator which involve the modified Bessel functions of the first kind, and the 
sum over s indicated in the denominator; then, the criticality condition 
for the ring of M solid-absorber rods in a bare cylindrical reactor may be 
written 


M 
Yo R l 
J “AB ™ MJ3(ya) | Yad) + p Y o(ydim) 
m=2 
M 
_ (a2\ v¥1(yb) 


m=2 


This relation will be adequate for most computations. 
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CHAPTER 12 


HYDROGENOUS SYSTEMS 


12.1 The Special Treatment Required for Hydrogen 


a. General Considerations. Most of the discussion of reactor calcu- 
lations in this work has been based on the age-diffusion model of neutron 
behavior. This model is very convenient to use and has yielded valuable 
results in innumerable cases. However, there is an important class of 
systems to which this model is poorly applicable. If a system includes 
a large proportion of hydrogen, the approximations involved in the age- 
diffusion method are really not valid. As indicated in the discussion of 
Sec. 6.la, the age-diffusion method would not be expected to hold in 
situations where the neutrons make appreciable numbers of collisions 
with light nuclei; nevertheless, in a practical sense, this model yields 
acceptable results for any nonhydrogenous material. The case of hydro- 
gen is unique since the neutron can lose all its energy in one elastic- 
scattering collision, and the energy-angle relationship (7.134) takes a 
very special form. 

The practical advantages of the use of water as a moderator and as a 
coolant make it necessary to consider methods of improving the age- 
diffusion approximation. 

The more accurate treatment required for hydrogenous systems can 
be separated into two classifications: 

1. A complete set of equations covering the slowing down and diffusion 
process, replacing the age-diffusion set, may be found in two ways: 
(a) An intuitive approach using physical understanding of the neutron- 
proton elastic scattering process may form the basis for a set of equations. 
(b) The original Boltzmann equation may be examined in an attempt to 
discover a practical approximation which is an improvement over the 
age-diffusion approximation. It is this method which is emphasized in 
the present chapter. 

2. The essentials of the age-diffusion method may be retained, but 
various parameters of the calculation may be chosen to give better results 
for hydrogenous reactors: (a) The group diffusion models discussed in 
Chap. 8 may be applied with particular choices of the group constants 
designed to yield improved accuracy. These constants are not neces- 
sarily calculated in any prescribed manner but are obtained from meas- 
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urements or by trial and error in the calculations. (b) An empirical 
slowing-down kernel may be used with the usual one-velocity diffusion 
equations for the thermal neutrons. 

In general, a particular method of the second class will give useful 
results only for a limited range of types of reactors; thus, in undertaking 
a new design analysis, considerable effort must be applied to find the 
appropriate constants. 

b. Utility of the Measured Neutron Age in Water. One very impor- 
tant quantity involved in all the methods indicated above is the neutron 
age to thermal (or to indium resonance) in water. A simple example 
of the one approach (b) would be the application of the criticality condition 
(6.80) to a bare water-moderated system, wherein for the fast leakage 
losses one uses exp (— B?7,,) with the age to thermal as obtained from 
experiment. More fundamentally, an experimental determination of the 
age in water actually gives the spatial distribution of neutrons of various 
energies as they slow down from a fission source. Thus an obvious 
requirement for a proposed calculational method is that when it is applied 
to the geometry of the experiment it should yield the observed distribu- 
tion. In practice this is most conveniently approached by requiring 
that the calculational method give accurately a finite number of the lower 
moments of the slowing-down distribution. If, in a spherical geometry, 
the spatial distribution of neutrons reaching thermal energy at a distance 
r from a fission source is K,,(r), then the nth moment 7 is defined as 


7 = 4x i r™K,,(r)r? dr (12.1)* 


The most important of these is the second, r?, and in many cases, to 
require that the second moment be adequately represented is regarded 
as sufficient. In the age-diffusion approximation, the second moment is 
proportional to the age, and it was shown previously that 


r2(u) = 6r(u) (6.52) 


In analogy to this result, it is convenient to define a generalized age for 
use in approximations other than the age diffusion; thus, the age to 
lethargy wu is given by 


Age = 4r*(u) (12.2) 


Then, the simplest and most direct criterion for evaluating a proposed 
calculational method for water-moderated systems is that it yield 
correctly the measured age to thermal in water (i.e., the correct second 
moment). 

In the sections which follow, we examine some of the improvements 
over the age-diffusion approximation presently in use. The discussion 
of the calculation of the age from the equations which are developed 
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is deferred until the last section of this chapter. The primary purpose 
of the present chapter is to demonstrate the basic ideas on which the 
improvements are based and to indicate the general direction for the 
development of a calculational method. In no case is a complete and 
detailed method of computation (including various regions, boundary 
conditions, neutron balance, etc.) given, such as was done previously 
for the age-diffusion case. Once the basic ideas are understood, the 
detailed system applied to the age-diffusion case may be easily adapted 
to the cases presented here. 


12.2 Elementary Development of the Goertzel-Selengut Equations 


Some improvement over the use of the ordinary age-diffusion equations 
for the hydrogenous case may be obtained by starting with the age- 
diffusion model but giving neutron scattering collisions with hydrogen 
special attention. It has been shown by Goertzel and Selengut! that 
the equations resulting from this approach may be derived directly in a 
certain approximation to the Boltzmann equation. In developing these 
relations in the present formulation, we will use a somewhat intuitive 
approach in order to display more clearly the physical basis of the model. 

Consider the balance of neutrons in volume dr about r and with 
lethargies in du about u. At steady state the neutrons lost from the 
differential volume dr du will be just balanced by the gains, as indicated 
in Eq. (6.2). In the Goertzel-Selengut approach the leakage term is 
given by the usual age-diffusion form (6.3), and the absorption losses are 
given by the form 2,(u) ¢(r,u) drdu. The volume sources will be 
represented by S(r,u) drdu. The slowing-down terms, however, are 
given special attention. These we divide into two parts: 


number of neutrons slowing down past lethargy u 
per unit time per unit volume around r which made 


q(ru) = their last scattering collision with a nonhydrogen 
nucleus 
, (12.3) 
number of neutrons slowing down into lethargy 
interval du about wu per unit time per unit volume 
n(r,u) du = 


about r which made their last scattering collision 
with hydrogen 


The slowing-down density given here is related to the flux ¢(r,u) in the 
usual way, viz., 


q(r,u) = £2,"(u) o(r,u) (12.4) 


where £2‘ is taken as the sum of the individual (£2Z,),; for all materials 
except hydrogen. The new quantity n(r,u) may be computed from the 


1G. Goertzel and D. Selengut (unpublished). 
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integral relation (4.97); thus, 
n(r,u) du = [ " SUD (y!) o(r,u’)ew’—" du’ du (12.5) 


where (H) refers to the hydrogen nuclei, and it is implied that there 
are no sources above u = 0. In order to determine the net gain in 
neutron density in drdu from scattering collisions in and out of this 
differential volume, we require also 


number of neutrons being scattered out 
2\)(u) o(r,u) dr du = of dr about r and du about u because of (12.6) 
collisions with hydrogen nuclei 


and g(r, u-+ du). Then, the net gain may be written 
[q(r,u) + n(r,u) du] dr — [q(r,u + du) + 20(u) o(r,u) du] dr (12.7) 


Note that in (12.7) each scattering collision with hydrogen is counted 
as a loss to be consistent with Eq. (12.5) in which each neutron lost by 
scattering from a given lethargy interval is counted as a gain to some 
interval at higher lethargy. 

If we use expression (12.7) for the slowing-down term, and the defini- 
tions for the other loss and gain terms given above, then in the present 
case Eq. (6.2) may be written 


— D(u) V2o(r,u) du + Zo(u) o(r,u) du + g(r,u + du) 
+ 29(u) o(r,u) du = S(r,u) du + g(r,u) + (t,u) du (12.8) 


But, from (12.5) 


= n(tju) = —n(eu) + 22(u) o(t,u) (12.9) 
Substitution into (12.8) yields 
— D(u) V* (r,t) + Za(u) o(r,u) a = q(r,%) a a n(r,u) + S(r,u) 
(12.10)* 


with q(r,u) related to ¢(r,u) by (12.4). 

In applying these results to a reactor calculation the pair (12.9) and 
(12.10) is taken for each region containing hydrogen along with, as 
needed, ordinary age-diffusion equations for nonhydrogenous regions. 
To this system is applied the usual spatial boundary conditions, thermal- 
group relations, and coupling equations. A discussion of computational 
results using this set is given in Sec. 12.4. 

The derivation of the Goertzel-Selengut equations given above brings 
out clearly the fact that, while the distribution of neutrons in energy 
is properly handled through exact treatment of the slowing-down in 
hydrogen, the treatment of the space-energy correlation during the slow- 
ing-down process is not improved over that of the age-diffusion equations. 
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A possibility exists for such improvement in the calculation of the 
diffusion coefficient, but as will be shown in the next section, a consistent 
derivation of these equations from the Boltzmann equation indicates 
that D(u) is to be calculated as in Eq. (7.161), with hydrogen treated 
on the same basis as all other substances present. 


12.3 Solution of Boltzmann Equation for Hydrogenous Systems 


a. Computation of Second Moment for Mixtures of Nuclear Species. 
The present analysis is a more general development of the ideas previ- 
ously considered in Sec. 7.6a. For this purpose we require a statement 
of the Boltzmann equation for a system containing a mixture of N 
nuclear species. The direct extension of the steady-state form of (7.110) 
is 


Q- Ved(r,v,Q) + 2.(v) d(r,v,Q) = S(r,v,Q) 
N 
FED [20 960.0) a Conor) do" da’ (12.11) 
a 


The conditional frequency q is defined according to (7.114), and the 
superscript (2) means that the scattering collision occurred with a 
nucleus of type 1. In the present application we consider the case of 
one-dimensional symmetry so that spatial variation occurs only in the 
x direction, and the only angular variable of interest is u, the cosine 
of the angle between the x axis and the direction of motion of the neutron. 
The appropriate one-dimensional form of (12.11) is [ef. Eq. (7.336)] 


0 
Vad ax o(z,u,u) + 2(u) o(z,u,u) = S(z,u,n) 
N 
+ > f aw f E(u!) o(z,u',y!) 8 (u,wo;w’,Q") dQ! (12.12) 
u’ Q’ 
el 


where we have transformed from the speed to the lethargy variable. 
The 8 are defined according to Eq. (7.127). 

We obtain the solution to Eq. (12.12) by expanding the flux and the 
frequency functions 8 in infinite series of Legendre functions. For the 
frequency function we use the general form (7.129), and for the flux 
[cf. Eq. (7.74)], 


o(2,tt,u) = > (a? ') bn(2,t) Pa(u) (12.13) 


n= 


A similar series is defined also for the source function S(z,u,u). If 
these expansions are used in Eq. (12.12), along with the addition theorem 
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(7.21), and the orthogonality properties for the Legendre functions are 
applied, the result is an infinite set of coupled equations in the coefficients 
Pn: 


N 
—Z(u) oa(z,u) + Sa(z,u) + . / i 2 (u’) balz,u’) 8) (uju’,Q") du’ 
a Os 


_fn+1\a n 0 
= @ 7 i) ar ba¢i(z,u) + (a3) ax gn—1(z,u) (12.14) 


—— 2 
where a; = (455) (12.15) 


and A, is the mass number of the 7th nuclear species. Note that the 
range of integration for the lethargy variable extends over the usual 
collision interval appropriate to the particular species. It is of interest 
to mention that the set (12.14) may also be derived directly from the 
general form (7.125) by applying the procedure used in Sec. 7.2f. The 
computation requires first that Eq. (7.125) be integrated term by term 
over the range of the azimuthal variable y, in order to obtain an expres- 
sion suitable to the one-dimensional problem. The next step is to 
multiply through by some P,,(u) and integrate over ». These operations 
yield an equation in the coefficients ¢2. The final reduction to Eq. 
(12.14) is obtained by the application of (7.77). 

To proceed further we require a specification of the coefficients 8”. 
For this purpose we introduce the assumption that the scattering col- 
lisions are isotropic in the center-of-mass system of coordinates. In that 
case we obtain 
P nlf jee 


8 (uju’,a) = SP 


(12.16) 
with (cf. Eq. (7.134)] 
f(uju’) = (Ai + 1eit™ — (A, — Ie te] (12.17) 


as demonstrated in the derivation of Sec. 7.3e. If we use the expression 
(12.16) in (12.14) and approximate the infinite set by the first three 
harmonics, we obtain, for a system with isotropic sources, 


2 gi(z,u) + Zu) do(z,u) = So(z,u) 


N 
+) [2 20) ootem) aw (12.18) 
ut+ln ai 1 — a; 
i=l 


- o(z,u) + ; — bo(x,u) + Z,(u) o1(z,u) 


eu’ 


N 
= 8) f>,/ , , —s ; 
) Joos go OE eg ee) 
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2S guleu) + 32 os(z,u) + Zu) alan) 
(i) fa,/ ’ [3¢% (u, u’) = [3Bot(u,u’) — 1] u'—u t 
-Y fn. D(u') bo(z,v’) ry ee e du’ (12.20) 


It is convenient for the demonstration of some of the properties of 
these equations to work with their Fourier transforms; we introduce 


Y,(8,u) = igh a n(x,u)e"* dx 


1 - (12.21) 
So(s,u) = omy, [ So(z,u)e** dx 
The transformation of Eqs. (12.18) through (12.20) yields 
1s (8,1) + Z,(u) Vo(s,t) = So(s,%) 
N 
+ » if Z(u’) Vo(s,u’) ——— du’ (12.22) 
= ut+ln a; LS 3 
“ Wo(a,u) + 2° Wa(aju) + a(t) Wa(s,u) 
N 
= dS Bi(u!) Ba(ayu!) f6(u,u" (12.23) 
eee ut+lin ai l 
218 
= W(8,u) act W3(s,u) + 2.(u) Vo(s,u) 


(Da)! , (3¢3 (u,w’) oe [3¢3(u,u’) — 1] u’—wu , 
Se (2P(u’) ¥2(8,u') ae ena e’—“ du’ (12.24) 


If the medium under consideration and the source distribution are 
symmetric in zx, then the total flux ¢o(z,u) is symmetric in x, and conse- 
quently, Wo(s,w) and So are symmetric in s. Thus, we may represent 
Wo and §o in the following power series in s: 


Vo(s,u) = Voo(u) + Vo2(u) z + Wo(u) s Be, Bigs 
5 ae (12.25) 
So(8,u) = Soo(u) + So2(u) ai + Soa(u) a + 


Then, the form of Eqs. (12.22) through (12.24) shows that it is sufficient 
to represent the higher-order coefficients in power series beginning with 
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the power corresponding to the order of the coefficient; thus, 


Vi(8,u) = Vis(u)s + Wi3(w) z + ::-> (12.26) 
HG Wo(u) 5 + Vous) A ied (12.27) 
¥a(2,u) = Waalu) 5 + ¥as(u) ++ (12.28) 


and so on. The lethargy-dependent coefficients defined by these equa- 
tions are determined by substituting these series into Eqs. (12.22) 
through (12.24) and equating coefficients of like powers of s. The result 
is a set of relations between the coefficients; for example, 


e* ‘—u 


N 
Z(u) Voo(u) = Soo(u) + » in Zt (u’) Voo(u’) 1 du’ (12.29) 
i=] =“ 


tWii(u) + 5 Z(t) Voo(u) = 5 So2() 


N 
1 ’ i , t errr / 
+ 5 » [.. 2(u!) Wos(u’) -—| du’ (12.30) 
i=] 


N 
3 Voo(u) + Zu) Wiu(u) = bY | Z(u/)Wir(u’) ¢;(u,u’) “— du! 
ra | wutin a a; 
(12.31) 


If the cross sections and the source distribution are known, these equa- 
tions may be solved simultaneously; thus, (12.29) yields Woo, which 
when applied to (12.31) yields ¥,,. This in turn gives Yoo from (12.30), 
and so on. 

The interest in these particular coefficients follows from the discussion 
given in Sec. 12.1b on the generalized definition of the age (12.2). In 
order to compute the age, we require the mean squared distance to 
lethargy u. A suitable expression is given by Eq. (7.343), which in tie 
present case reduces to the form 


/ 7 z*ho(x,u) dx 
z?(u) = << -—_____—_ (12.32) 


o(x,u) dz 


This relation may also be expressed in terms of the Fourier transforms 
(12.21). It was shown previously [refer to discussion beginning with 
Eq. (7.364) and extending through Eq. (7.374)] that these are related 


Google 


756 REACTOR ANALYSIS [cuap. 12 


to the moments of the function, and in the present case we obtain [cf. 
Eq. (7.374)] 
3 eee at (07/08?) Vo(s,u) eee Wo2(u) 
au) = | WV o(s,u) \. WV o0(u) 2:33) 
the last equality following from (12.25). 

We find then that Eqs. (12.29) through (12.31) are sufficient for com- 
puting the correct second moment of the flux. Equations (12.22) through 
(12.24) show that, by working with the transformed equations, only 
the first two terms of the series (12.13) for the flux are required to obtain 
the second moment and, therefore, the generalized age accurately. 

The accurate P, set of approximating equations to the Boltzmann 
equation is obtained from (12.22) through (12.24) by neglecting ¥,; and 
higher terms; thus, 


isV 1(8,u) + Ze(u) Wo(s,u) = So(s,u) 


N 
+ yi ES(u’) Wo(s,u’) = — du’ (12.34) 
i ut+in a es ay 


= Wals,u) + Za(u) ¥a(s,u) 


N 
= » if Zi? (u’) Wi(8,u’) $.(u,w’) — du’ (12.35) 
utlin a ads 


= 


b. Reduction to the Age-diffusion Equations. As in Sec. 7.3, the basis 
of the reduction to the age-diffusion equations is the assumption that the 
collision densities are slowly varying with lethargy over the range of 
integration required on the right-hand sides of Eqs. (12.34) and (12.35); 
that 1s, 


Bi (u!) Vola,u") & EL(u) Wole,u) + (u! — u) & (Zu) Wols,u)] (12.36) 
ZO (u’) Wi(s,u’) ye T(u) Wi(s,u) for? = 1,2,...,N (12.37) 
These approximations reduce Eqs. (12.34) and (12.35) to 
is¥1(8,u) + 2e(u) Vo(s,u) = So(s,w) + 2.(u) Vol(s,w) 
— < [EZ,(u) Wo(s,u)}] (12.38) 


= Wo(s,u) + 2,(u) Vi(s,u) = wod.(u) ¥i(s,u) (12.39) 
where £2,(u) is defined according to Eq. (4.121), and 
N 
moE,(u) = > BOD (y) (12.40) 


t=] 
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The quantities £; and »® are related to A, in the usual way. If we define 
D(u) according to (7.161), then Eq. (12.38) may be reduced to the form 


s? D(u) Wo(s,u) + Zo(t) Wo(s,u) = So(s,%4) 7 = [EZ,(u) Vo(s,u)] (12.41) 


by the elimination of ¥;. The Fourier inversion of Eq. (12.41) yields 
the familiar age-diffusion equation (7.164). 

c. Reduction to the Goertzel-Selengut Equations. The treatment 
above demonstrates that the age-diffusion equations rest on two principal 
approximations: (1) The angular distribution of the flux! can be repre- 
sented by the first two harmonics [refer to Eqs. (12.38) and (12.39)]. 
(2) The collision densities are sufficiently slowly varying over the lethargy 
range In 1/a,; for each species so that they may be represented by one or 
two terms in a Taylor expansion [as in (12.36) and (12.37)]. These 
conditions were established previously in Secs. 7.3f and 7.3g. The gen- 
eral method for improving the age-diffusion equations for application to 
hydrogenous systems is achieved by discarding some or all of approxi- 
mation (2). In the particular case of scatterings from hydrogen, the 
range (u + In ay) — (u) is the entire lethargy scale? from u = 0 to u; 
thus, approximation (2) is inapplicable in the case of hydrogen. How- 
ever, since the approximation is made separately for each nuclear species 
over different lethargy ranges, there is no inconsistency involved in using 
approximation (2) for some substances and dropping it for others. In 
particular, to obtain the Goertzel-Selengut equations: (1) Equation 
(12.36) is applied for all substances except hydrogen; that is, (12.36) holds 
for alli = 1,...,N — 1, but not for 7 = N, which we use to denote 
hydrogen. (2) Equation (12.37) is retained for all 7. With these con- 
ditions, Eqs. (12.34) and (12.35) become 


isV1(8,u) + 2Z(u) Vo(s,u) = So(s,u) + Zh (u) Vo(s,u) 
7 i [E026 (u) Wo(s,u)] + [ 2 (u’) Wols,u’)ew— du’ = (12.42) 


e Wo(s,u) + Ee(u) Wi(su) = po.(u) Vi(s,u) (12.43) 


1H. Hurwitz and P. Zweifel, J. Appl. Phys., 26, 923 (1955), have considered the 
expansion of the scattering function, rather than the flux, in spherical harmonics; by 
dropping all terms beyond the nth, they obtain the so-called B, approximation, which 
has been shown to be more accurate than the corresponding P, approximation devel- 
oped here. 

2 Actually, the lethargy scale extends from — ~ to u, but it is assumed here, as usual, 
that the zero of lethargy is taken to correspond to a sufficiently high energy so that 
there are a negligible number of neutrons of higher energy in the system. 
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Here, the index 0 refers to all substances other than hydrogen, that is, 


N-1 

LO(y) = bY E(u) (12.44) 
ae 

Eoz(u) = ) &2:°(u) (12.45) 


i=l 
If we eliminate ¥, from Eqs. (12.42) and (12.43), we obtain for Wo 
[using (7.161) for D(u)] 
s’°D(u) Vo(s,u) + Z(u) Vo(s,u) = So(s,u) + 20(u) Yo(s,u) 
7 i [Eo2{ (u)o(s,u)] + [ ZU (u’) Wols,u’)ew’—* du’ (12.46) 


The inversion of this equation yields: 
Qo? 
— D(u) x5 bo(z,u) + Za(u) do(z,u) = So(z,u) — 2P(u) do(z,x) 


— = (tu) + n(z,u) (12.47) 

with the definitions 
q(x,u) = EoX{(u) o(z,u) (12.48) 
n(z,u) = i 5 D4) (u’) do(z,u’)er’—* du’ (12.49) 


and the application of Eq. (12.9). Thus we obtain the one-dimensional 
form of the Goertzel-Selengut equations (12.9) and (12.10) given 
previously. 

d. Reduction to the Consistent P, Approximation. Another improve- 
ment on the age-diffusion equations for use in the hydrogenous media 
which has been sufficiently widely used to merit discussion here is the 
so-called ‘consistent P; approximation.”’ This model also represents an 
improvement over the Goertzel-Selengut equations. In the consistent 
P, approximation, neither of the expansions (12.36) or (12.37) is applied 
to hydrogen, though both are used for all other nuclear species. Equa- 
tions (12.34) and (12.35) become, for this case, 


isW,(s,u) + 2(u) Wo(s,u) = So(s,u) + 2," (u) Vo(s,u) 
— os [E25 (uu) Wo(s,w)] + [ 24) (u’) Wo(s,u’)e"—* du’ (12.50) 
isVo(su) + 2,(w) Vilsyu) = wz (u) ¥ils,u) 
4 f° sew’) ¥4(s,u)a'—™ du? (12.51) « 


0 
N-1 


where POY) = ») EOD (u) (12.52) 


t=} 
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These equations are, in general, difficult to handle analytically. Some 
analytical treatment has been given to the consistent P, set for the 
special case of pure hydrogen by Simon! and by Welton and Biedenharn.? 
In the present discussion we shall content ourselves with a comparison 
of the various models on the basis of numerical calculations. 


12.4 Numerical Results 


a. Comparison of Methods by Age Calculations. The primary pur- 
pose of the present discussion is to compare the accuracy of the various 
models for hydrogenous systems on the basis of their prediction of the 
neutron age in water. Thus the information given here will supplement 
the detailed discussion of age computations given in Sec. 7.6 which 
includes a development for water-metal systems based on the Fermi- 
Marshak method. The comparison of the methods is drawn on the basis 
of the computed age-to-indium resonance. Besides the relative ease of 
measurement (as contrasted with the age to thermal) it has the advantage 
of easier interpretation because the thermal motion and molecular effects 
are not generally important above the indium resonance (1.44 ev). 

According to the general definition of the age, the quantity of interest 
is the second moment of the neutron flux at the energy of the indium 
resonance.* It is also possible to calculate the second moment of the 
slowing-down density. This quantity will be slightly smaller than the 
second moment of the flux because of the ‘“‘last flight’’ of the neutrons 
after reaching the specified energy (refer to Sec. 7.6c). It is clear also 
that the second moment of the flux corresponds more closely to the 
physically measured quantity. Some calculated results are given in 
Table 12.1. 

An acceptable experimental value at the present time is (see Table 6.1) 


Ti, = 26.7 cm? 


The agreement between the more accurately calculated values, as repre- 
sented by the Monte Carlo and consistent P; approximations in Table 
12.1, and the experimental result is seen to be quite good. 

b. Reactor Calculations. The improvements discussed in this chapter 
may be incorporated into the multigroup method of calculating reactors 
which has been developed for use on fast computing machines (refer to 
Sec. 8.8). Examples of such programs are discussed by Alexander and 


1A. Simon, ‘‘ Neutron Slowing Down by Hydrogen in the Consistent P; Approxi- 
mation,’’ Oak Ridge National Laboratory, ORNL-2098, July 19, 1956. 

2. C. Biedenharn and T. A. Welton, ‘‘Some Remarks on the Slowing Down of 
Neutrons in Hydrogen,’’ Oak Ridge National Laboratory, ORNL-2107, Aug. 21, 1956. 

? That is, rv, in the notation of Hurwitz and Zweifel, op. cit. 
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Given! and by Kinney et al.2 The ‘‘Eyewash”’ code described by 
Alexander and Given was developed for the UNIVAC and incorporates 
the Goertzel-Selengut method in a 30 lethargy-group program designed 
for a multiregion spherical reactor. A similar 30-group code called 
“Medusa” is also available for the UNIVAC, and this is based entirely 
on the age-diffusion model. When applied to nonhydrogenous reactors 
these two methods give essentially identical results.* 


TABLE 12.1 CoMPARISON OF MopbELs on Basis oF AGE oF Fission NEUTRONS 
IN WaTER AT STANDARD CONDITIONS 


Model for Age (cm?) to 


ree Comments Reference 
calculation indium resonance 
Age-diffusion....... 17.5 Oxygen mass 
assumed infinite 
Monte Carlo....... 25 .6 Second moment of | R. R. Coveyou, ORNL- 
slowing-down 2081, p. 144. 
density 
Consistent P;....... 25 .3 H. Hurwitz and P. 
Zweifel, J. Appl. Phys., 
26, 923 (1955) 
Goertzel-Selengut... 30.9 H. Hurwitz and P. 


Zweifel, J. Appl. Phys., 
26, 923 (1955) 


As an example of the results which may be obtained by use of the 
different approximations consider the following reactor system: 


Core: Sphere of radius 12.06 cm containing 
8.88 kg of UO.F. (containing 6.84 kg of 93 per cent enriched 
uranium) 
Reflector: Spherical shell of pure water, 10.56 cm thick 


For the analysis of this system the lethargy scale was divide into 29 fast 
groups plus a thermal group corresponding to 183°F. The spatial inte- 
gration was carried out using intervals of 0.754 cm which yielded 16 space 
points in the core and 14 in the reflector. The results of this compu- 
tation are given in Table 12.2. 


1 J. H. Alexander and N. D. Given, ‘‘A Machine Multigroup Calculation: The Eye 
Wash Program for UNIVAC,” Oak Ridge National Laboratory, ORNL-1925, Sept. 
15, 1955. 

2W. E. Kinney, R. R. Coveyou, J. G. Sullivan, and B. J. Garrick, ‘‘ Multigroup 
Calculations for Multiregion Reactor,’? Applied Nuclear Physics Division Annual 
Report for Period Ending Sept. 10, 1956, ORNL-2081, pp. 133-139. 

2 Actually there are some slight differences because of different assumptions in the 
averaging process for obtaining group constants from cross-section data. 
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This somewhat extreme case was chosen to exhibit the difference 
between the age-diffusion and the Goertzel-Selengut models. The 
assembly is very small, and therefore the neutron leakage plays an 
important role in determining the neutron economy. The effect of the 
different approximations in the treatment of the energy distribution of 
neutrons after scattering collisions with hydrogen will be magnified 
because of the resultant effect on the neutron leakage in the fast range. 
An examination of the results given in Table 12.2 shows that the age- 
diffusion approximation gives a higher estimate of the multiplication 


TABLE 12.2 MuLtTIGRoUP CALCULATIONS FOR WATER-MODERATED REACTOR 


Fraction of|Fraction of Fraction of|Fraction of 


SEG |! “Absorae Total neutrons fissions 
Model k P neutrons | escaping due to 
absorbed | tions in 
; escaping as fast thermal 
In reactor core 
neutrons | neutrons 
Age-diffusion 
(Medusa)....... 1.17 0.789 0.763 0.211 0.107 0.375 
Goertzel-Selengut 
(Eye Wash)....| 1.00 0.663 0.770 0.337 0.239 0.430 


constant than does the Goertzel-Selengut. Evidently this is due to the 
greater fast leakage in the Goertzel-Selengut case, being over twice as 
large as that predicted by the age model. This is entirely consistent 
with the larger computed age for water as obtained from the G-S model 
(refer to Table 12.1). 

In contrast to this discrepancy in the multiplication constant, the 
spatial distribution of the group fluxes does not differ appreciably. This 
point is illustrated in Fig. 12.1, which shows that the computed power 
distributions for the two methods are nearly identical. 

The multigroup calculational method based on the Goertzel-Selengut 
model has also been tested in the calculation of critical assemblies. 
EK. G. Silver! has compared the computed critical masses from the Eye 
Wash code with the experimentally determined values for the case of 
enriched uranium assemblies in water.2. Unfortunately the evaluation of 
the analytical model was not clear cut since it was necessary to apply a 
transformation from the actual completely reflected parallelepiped geome- 
try to a three-region spherical model. Some aspects of this problem were 
discussed previously in Sec. 8.6. These considerations are discussed in 


1K. G. Silver, ‘‘Comparison of Calculated Critical Mass for BSR with Experi- 
ment,’’ Applied Nuclear Physics Division Annual Report for Period Ending Sept. 10, 
1956, Oak Ridge National Laboratory, ORNL-2081, pp. 47-58. 

2 The ORNL Bulk Shielding Reactor. 
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Fic. 12.1 Comparison of the power distributions obtained from age-diffusion and 
Goertzel-Selengut models. 


detail by Silver. A partial set of the results obtained from the compari- 
son are listed in Table 12.3. As may be seen, the comparison is entirely 
satisfactory. Since the results of Table 12.2 indicate that the age- 
diffusion model would have given considerably different results, it may be 
concluded that the G-S model represents a worthwhile improvement. 


TaBLE 12.3 COMPARISON WITH EXPERIMENT OF CRITICAL MassEs ComMPpuUTED 
BY GOERTZEL-SELENGUT METHOD 


Critical mass of U**5, kg 


Core dimensions, cm Ra ar ig a 
Computed | Experimental 


O13 X 45 KS lsuctoae sta 3.242 3.26 
61.3 K 38.5 K 40.5......... 3.246 3.27 


CHAPTER 13 


PERTURBATION THEORY 


13.1 The Scope and Methods of Perturbation Theory 


The methods! described in this chapter are designed to meet the 
general class of problems involving small changes which affect the nuclear 
features of a reactor system and which require, in general, a recalculation 
of the principal reactor parameters. The methods developed for treat- 
ing situations of this sort utilize the fact that the changes are sufficiently 
small that the characteristics of the perturbed system may be constructed 
from the analysis of the original. This approach is widely used in the 
problems of physics and engineering science because it frequently leads 
to substantial simplifications in the calculational procedure. 

As an illustration of such problems, consider the situation wherein a 
small lump of absorbing material is introduced at some point within a 
critical assembly. Since the precise nuclear balance of the system has 
been upset, it can no longer sustain itself in steady-state operation, and 
it is to be expected that the over-all flux level in the reactor would fall in 
time, eventually to zero. In order to restore the steady-state condition, 
it would be necessary to add a certain amount of positive reactivity to 
the system (presumably by means of the control system). If it were 
possible to calculate the required additional reactivity, the time-depend- 
ent behavior (at least after long time) of the uncompensated case would 
be predicted as an exponential decay of the flux level with a time con- 
stant given by the ratio of the neutron lifetime in the system to the 
required extra multiplication [see, for example, Eq. (9.23)]. (It would 
be supposed that the small amount of absorber added would have a negli- 
gible effect on the neutron lifetime.) Thus the central problem is the 
calculation of the reactivity decrease resulting from the introduction of 
the absorber. It may be seen at once that the result is dependent upon 
the position in the system at which the absorber is placed. Clearly, if the 
lump were placed near the outer boundary of the assembly it would absorb 
much fewer neutrons than if it were placed near the center. The effect 


1The presentation in this chapter represents a departure from the remainder 
of the book in that the mathematical background required is considerably higher. 
No attempt will be made to supply the necessary basic information. The material 
presented should be of value as a reference, in any event. 
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of the lump on the reactivity of the system is therefore much smaller 
when positioned near the outer edge. Further, the energy dependence 
of the absorption cross section and the neutron-energy spectrum at the 
location of the lump also have important influences on its effectiveness. 
For example, in a highly thermal reactor it would be expected that a 
material with a high thermal absorption cross section would produce a 
greater reactivity change than would a material with high absorption 
resonances in the epithermal range and low absorption cross section in 
the thermal. 

The calculational method for approaching such problems as mentioned 
here involves the solution of the neutron-balance equations for the sys- 
tem, with small changes allowed in the original parameters. By the 
application of the well-known mathematical techniques of perturbation 
theory, one can obtain the corresponding variations in the multiplication 
constant and in the neutron flux. This general procedure is applied 
throughout this chapter. Before undertaking detailed calculations, it 
will be instructive first to examine the over-all problem from a general 
viewpoint. 

a. General Methods. In this section we present the formalism of the 
perturbation method, leaving the general discussion of the physical inter- 
pretation to the next section. The presentation given here is in no sense 
a rigorous mathematical derivation. It is intended merely as an outline 
of a procedure which can be applied rigorously to many particular cases. 

Suppose that the reactor equations for the critical assembly can be 
written in the general form 


O odo(r,u) = 0 (13.1) 


Here ¢o(r,w) denotes the neutron flux as a function of space and lethargy, 
and O symbolizes an operator chosen appropriately for the system at 
hand. For example, in the one-velocity model the operator O would have 
the form 


O= -V- DV + De = vly (13.2) 


However, much more complicated operators are also encompassed in the 
general treatment; e.g., in a later section the operator O will be taken as 
a matrix. It will be convenient for the analysis which follows to define 
operators O; and O; such that 


O = 0; — 0, (13.3) 


Here the intent is to bring the quantity » explicitly into the calculation. 
In the one-velocity case, for example, we have from (13.2) 


O,=-V-DV+ 2%, O.=2, (13.4) 


The average number of neutrons per fission v is very useful for the present 
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type of problems, since we may imagine that nonuniform changes in the 
neutron parameters of the reactor system are compensated by a uniform 
change in v, so that the system remains critical. Then, as discussed 
previously [cf. Eqs. (4.167) and (5.178)], the change in the effective 
multiplication constant brought about by the nonuniform changes is 
given by 


dae fo OY (13.5) 


If we allow alterations, then, in the reactor system, changes in the 
operator O are implied; therefore, the flux in the perturbed system will 
also be different from the original. By allowing hypothetical changes in 
y, the perturbed system may also be critical, so that (denoting quantities 
associated with the perturbed system by a prime) 


O'do(r,u) = (O; — v’ O2) do(t,u) = 0 (13.6) 


The form of this equation implies a recalculation of the entire reactor 
problem, the determination of the value of »’ for criticality being a pri- 
mary objective. The complex reanalysis required here is not always 
necessary, however. If the changes introduced into the system are small, 
it is possible to make use of the knowledge already available about the 
unperturbed system from the solution of Eq. (13.1). Suppose for each 
of the primed quantities Q of Eq. (13.6) we take the form 


Q’=Q+ 6Q (13.7) 


where the unprimed quantity refers to the unperturbed system, and the 
change 6Q in passing from the unperturbed to the perturbed system is 
regarded as small. If we use the form (13.7) everywhere in (13.6), and 
apply also (13.1) and (13.3), and neglect all terms containing the product 
of more than one small quantity, we obtain 


60 Po + O dd0 — (O; — vO») bdo + (60, = Vv 502) do a Ov O2¢0 a 0 
(13.8) 


Equation (13.8) is only intended to illustrate the basis of the approach 
in this section and will not be of direct further use. However, it may be 
noted that Eq. (13.8) can be formally obtained from (13.1) by appli- 
cation of a differentiation operation through the equation. 

Equation (13.8) is still not directly useful, being a very complicated 
differential equation involving the new operators and the new fluxes. In 
order to obtain a more tractable form for calculation, we must introduce 
another function. Let ¥o(r,u) be an as yet unspecified function of space 
and lethargy which will later be carefully defined. We multiply Eq. 
(13.1) through by the function po and integrate over the reactor volume V 
and over all lethargies. If we use Eq. (13.3) and collect terms so as to 
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solve for vy, we obtain 

fy ar [,¥ole.u) Ordo(t,u) du 

ie dr I, Wo(r,u) Osdo(r,u) du 


Changes are now allowed in the operators O, and O, and in » to retain 
criticality; there are then resultant changes in ¢o and yo, in general (the 
latter function is not as yet associated with the reactor system, but will 
be so associated later). The altered quantities may then be formally 
obtained to a first approximation, as shown in Eq. (13.8), by applying a 
differentiation through Eq. (13.9). The result is 


(13.9) 


, [at [ (ab0(Os — ¥0s) 40+ ¥o(5O1 — ¥ 502) 0 + ¥u(Or — 102) 54] du 

Spe SO a we ee a 
fh dr I, Yo Oodo du 

(13.10) 


Because of Eq. (13.1) the first of the three terms under the integral in 
the numerator of Eq. (13.10) vanishes. We consider now the last of the 
three terms. In order to evaluate this term we introduce two new oper- 
ators Of and O}, which are related to O; and O; by the equations 


, dr i WOW du = I, dr I, FOlvodu — (a) 


[at [vO du = fdr [ FOWedu — (b) cone 


where F(r,u) denotes some arbitrary function. With this notation the 
last integral in (13.10) becomes 


if dr ie Wo(O1 — vOr)d0du = i dr I. 5G0(Ot — vOL)\odu (13.12) 
We are now prepared to specify the function Wo(r,u), and we require that 
it satisfy the equation 

Of Yo(r,u) = (Of — vO}) yo(r,u) = 0 (13.13) 


With this choice the last integral of Eq. (13.10) vanishes, and the change 
in the multiplication constant may be expressed, finally, as 


IS On VE ee (13.14) 
k v f, dr I, V0O2¢0 du 


Equation (13.14) is of the general form in which the principal results 
of this chapter will be cast. The fractional change in the multiplication 
constant is calculated, to first order, as an integral over the changes in 
the reactor operators, with a pair of weighting functions yo and ¢o associ- 
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ated with the unperturbed system. [The integral in the denominator of 
Eq. (13.14) may be regarded as a normalization factor.] The symbol ¢o 
denotes the neutron flux in the original system; Wo is closely related to 
the neutron flux and is calculated from Eq. (13.13), which involves only 
parameters of the original reactor. Note that the changes in the flux 
are not calculated in this approximation. It is, of course, possible by 
an extension of this method to obtain approximations to the perturbed 
flux; however, such a calculation is generally quite involved and the 
results are seldom of direct interest for reactor work. 

b. The Statistical Weight and the Importance Function. Let us turn 
to a consideration of the physical interpretation of the result given in 
Eq. (13.14). The situation discussed above in which the neutron absorp- 
tion cross section is locally increased will serve as an illustrative example. 
Suppose we concentrate on a thermal reactor and use the one-velocity 
approximation [thus eliminating the energy dependence in Eq. (13.14)] 
so that the extra absorber is for thermal neutrons. Let the additional 
absorption, which is introduced nonuniformly, be denoted by 62,(r); 
further, choose the normalization of yo and @¢o so that 


v [vo O2 go(r) dr = 4 (13.15) 
Then, from (13.14) 
—_ 4 I, Za(r)[vo(r) do(r)] dt (13.16) 


As a further illustration of this point, suppose the absorption is changed 
only at point ro, so that 62,(r) = a 6(r — ro); then, 


_ = bk/k 
Wo(To) = Aado(Fo) 


This shows that Wo(ro), with appropriate normalization, is just the frac- 
tional change in the multiplication constant per neutron absorbed per 
unit time. 

As Eq. (13.16) shows, changes in the absorption cross section at various 
points in the reactor are weighted by a function | 


W(r) = Polr) go(r) | (13.17) 


which is called the statistical weight. Another interesting interpretation 
of Eq. (13.16) is also possible. If ¢o(r) is a good approximation to the 
flux in the perturbed system (as is essentially assumed in this treatment), 
the product 62,(r) ¢o(r) 1s a good estimate of the additional rate of 
removal of neutrons at the point r in the perturbed system over the 
original system. Then from (13.16) it may be seen that this extra 
removal of neutrons is weighted by the function yo(r), which is, in this 
sense, called the importance function. For the simple one-velocity case 
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(as will be shown later), the function yo(r) is just equal to the unper- 
turbed flux @o(r). (Here we are not concerned with normalization of 
either the statistical weight or the importance function, but only with 
the relative values of either from space point to space point.) Thus for 
the one-velocity case, the importance (to the multiplication constant of 
the system) of the introduction of extra neutrons (or the removal of 
neutrons) from the system varies as the original neutron flux, that is, 


Importance of neutrons at r 
(in one-velocity model) 


~ Wor) = do(r) (13.18) 


Further, the statistical weight varies as the square of the flux, that is, 
Wir) ~ ¢2(r) In one-velocity model (13.19) 


Thus the influence of extra thermal neutron absorption placed in a 
thermal reactor is very strong at the center, where the flux is high. 
In a slab reactor, for example, the statistical weight for absorption would 
fall off as cos? x. (The implications of this behavior are discussed fur- 
ther in subsequent analysis when the one-velocity model is considered in 
detail.) 

Of course, such results as expressed in general terms by Eq. (13.14) 
encompass much more complicated behaviors than the simple one-velocity 
absorption. Even in the one-velocity case changes in the diffusion coeffi- 
cient bring about somewhat different considerations than those presented 
above; the energy dependence of the changes has not been discussed here 
at all. Still it is a broadly applicable conclusion that the importance 
function tends to behave space-wise as the neutron flux, and thus the 
statistical weight, in so far as changes in the absorption and fission cross 
sections are concerned, tends to vary spatially as the square of the flux. 

c. The Adjoint Function and Operators. We return now to the formal 
outline of the perturbation method as started in Sec. 13.la. In the 
usual mathematical terminology the operators Of and O} as defined by 
Eqs. (13.11a@) and (13.116) are called the ‘‘ adjoint operators” to O, and O;; 
similarly wo, which satisfies Eq. (13.13) involving the adjoint operators 
to those of Eq. (13.1) for ¢o, is said to be the ‘‘adjoint function” to ¢o. 
It is clear that the emphasis of the succeeding discussion must be placed 
on the calculation of the adjoint function > for the various models con- 
sidered. It is also clear, from Eq. (13.13), that the calculation of the 
adjoint function is very much like the calculation of the neutron flux 
itself. With appropriately chosen boundary conditions [not specified in 
order to reach the result (13.14), and which will be selected in the exam- 
ples below for computational convenience] the machinery used for the 
calculation of the flux may be applied directly to the construction of the 
adjoint function. The advantage of this procedure is seen from Eq. 
(13.14); the two calculations one for ¢o and one for Wo, on the original 
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system, allow an easy evaluation of the effects of many types and dis- 
tributions of small changes from the original. In fact, in some cases, 
as for the one-velocity model mentioned above, only one calculation is 
required since the adjoint function is just equal to the flux itself. This 
situation arises when the operators in the reactor equation are self-adjoint, 
i.e., when Ot and O are identical. Before turning to the calculation of 
adjoint functions for special models, however, we shall examine one 
general property of the adjoint function. 

Consider the following problem. A burst of neutrons of lethargy u 
is introduced into a just-critical reactor at space point r’, and it is required 
that the resultant neutron flux be found as a function of space and 
lethargy for all subsequent time. Since the system is critical, a neutron 
introduced into the system will on the average just reproduce itself 
indefinitely, giving rise to a persistent steady-state flux corresponding 
to a neutron density of just one neutron in the reactor volume. Now 
the phrase ‘“‘on the average’’ here implies an average taken over neutrons 
introduced into the system in the fundamental mode. It is clear that 
there will arise a persistent, ultimate flux (in the fundamental mode) 
from the introduction of a neutron at any point in the system, but the 
magnitude of this ultimate flux will vary with the point of introduction. 
For instance, it would be expected that a neutron introduced near the 
outside would give rise to a much smaller ultimate flux than that from 
the introduction of a neutron near the center of the system, since the 
fraction of the neutron which would “leak out”’ before the flux settled 
down into the fundamental mode would be higher in the former case. 
We now attempt to solve this problem in general terms and find the form 
and magnitude of the ultimate flux. 

The flux in the reactor for all time ¢ > 0 is taken to satisfy the equation 


Od¢(r,u,t;r’,u’) = — a o(r,u,tsr’,u’) + S(t) 6(r’) d(u’) ~=(18.20) 


Here $(r,u,t;r’,u’) is the neutron flux of lethargy u, at space point r, at 
time ¢ after the introduction of one neutron of lethargy wu’ at position r’. 
The symbol O denotes the reactor operator of Eq. (13.1). The approach 
to the solution of this problem is through expansion of the flux in space 
modes as was done for a more specialized case in Sec. 5.4. Suppose that 
it is possible to find functions ¢,(r,u) which satisfy the following equation: 


O¢,(r,u) = Aid; (F,u) 1= 0, 1, 2, oe Yee (13.21) 


The eigenvalues \; are assumed to be arranged in order of increasing 
magnitude with increasing index, and Xo is taken to be zero so that 
go(r,u) is just the reactor flux of Eq. (13.1). The basic assumption here 
is that the eigenvalues of Eq. (13.21) can be arranged in order of increas- 
ing magnitude of the real part. The eigenvalues and eigenfunctions of 
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(13.21) may, of course, be complex; indeed, little is known of them 
except for the simplest cases, e.g., the one-velocity case discussed later 
in this chapter. However, it does seem reasonable to expect, from the 
results obtained below for the time-dependent behavior, that when the 
operator O corresponds to a physically operating system the assumption 
used here must hold. In the case of complex eigenfunctions, more 
convenient definitions of the adjoint operators might be chosen. It is 
important to point out again that the present discussion is merely an 
outline of a procedure which might be carried out in detail for particular 
cases. 
We now expand the time-dependent flux of Eq. (13.20) in the functions 
¢;; thus, 
o(rjutie’u’) = ) ailtze’,u’) di(t,u) (13.22) 
i=0 
Here a departure from the procedure of Sec. 5.4 must be made because 
the members of the set ¢; are not necessarily orthogonal. However, we 
can construct a set of functions y,(r,u) which are orthogonal to the set 
¢;(r,u) in the sense 
L, dr I, vi(r,u) b(r,u) du = 8, (13.23) 
Further, the set y,(r,u) is unique (except for normalization, which is 
unimportant here; we are not concerned here even with the dimensional- 
ity of the adjoint function which can be specified; but this also is not 


important). Now multiply Eq. (13.21) through by the function y,(r,x) 
and integrate over space and lethargy. 


i: dr ie yiOe; du = d. ie dr I, Code axa (13.24) 


If we introduce the adjoint operator Ot of Eq. (13.13), 


[pat [ wOevdu = fide f dlO'y)du =r (13.25) 

The form of Eq. (13.25), along with the uniqueness of the functions y,, 
shows that the ¥; must satisfy the equation 

O'y;(r,u) = Aw,(r,u) (13.26) 


Thus the orthogonal functions are just the adjoint functions, and yo(r,u) 
is Just the flux adjoint of Eq. (13.13). 

We now introduce the expansion (13.22) into Eq. (13.20), multiply 
through by y,(r,u), and integrate over space and lethargy. The resultant 
equations for the coefficients in the expansion are 


d,a,;(t;r’,u’) an? yes * a(t’) 2 5(t) ¥;(r’,u’) (13.27) 
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This equation shows the expected result that the coefficients of all the 
higher modes decay exponentially in time (¢ > 0) and that the coefficient 
of the fundamental mode is a constant after the burst. Thus the ulti- 
mate form of the flux ¢,, long after the burst is 

do(tujru’) = v polr’,u’) do(r,u) (13.28) 
We find, then, that the relative values of the adjoint function to the 
neutron flux from one space point to another gives directly the ratio 
of the magnitudes of the ultimate fluxes from bursts of neutrons intro- 
duced at these points. Again it may be seen that the adjoint function 
measures the importance of the introduction (or removal) of neutrons at 
a given point in a reactor assembly. 

It should be pointed out that this rather interesting approach to the 
adjoint function is not of direct importance for developing useful results 
which will be obtained in this chapter. In fact, this line of thinking 
can be overextended if, for example, it is taken to imply that an extra 
source of neutrons can be compensated by an appropriate change in the 
multiplication constant. 

In the sections which follow we develop with the aid of various reactor 
models the application of the techniques discussed above (as well as 
others) to the calculation of the effects of parameter changes on the 
reactor system. 

In many cases it is possible to use Eqs. (13.11) to find explicit forms 
for the adjoint operators so that (13.13) may be written as an explicit 
set of equations for Yo(r,u) (along with appropriate boundary conditions). 
In the general case this particular approach leads to the consideration 
of the adjoint to the Boltzmann equation in which all the generality 
might be preserved, including angular dependence of the functions. On 
the other hand, the procedure represented by (13.20) might correspond 
to the time-dependent Boltzmann equation, and the eventual flux result- 
ing from the introduction of one neutron might be found in the most 
general case. However, such ambitious programs must meet with 
exactly the same difficulties as are encountered in applying the Boltz- 
mann equation directly to reactor-flux calculations. Further, it is 
hardly desirable to know the importance function to a better approxima- 
tion than the flux itself is known, since the basic result, as typified by 
Eq. (13.14), uses the two functions symmetrically. Consequently, it is 
customary and proper to base perturbation theory and the calculation 
of the adjoint function on the model used for the calculation of the flux 
itself. 


13.2 Perturbation in the Infinite Multiplying Medium 


a. The Unperturbed System. The discussion of the case of the infinite 
multiplying medium, in which the disturbances are changes in the energy- 
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dependent cross sections only, is of value as an introduction to methods 
which will be of use in subsequent analyses. The full power of the per- 
turbation techniques is not needed, since all the important results may be 
easily obtained from the explicit form of the criticality condition (4.162) ; 
however, this very same fact makes this case an interesting one for the 
introduction to the methods since the results obtained by somewhat 
elaborate methods may be easily checked from considerations of the 
criticality condition. 

For this treatment we consider the lethargy range 0 < u < uo, where 
the two limiting values of the lethargy are chosen so that practically no 
neutrons are found in the system with lethargies beyond these limits. 
Thus, lethargy zero should correspond to an energy which is a practical 
upper limit for the fission spectrum, and lethargy uo should correspond 
to an energy just below thermal. All functions are treated as continu- 
ously varying over this lethargy range, and the special conditions in the 
region of thermal energy are imagined to be handled by allowing the 
quantity & (the average logarithmic changes in the energy per collision) 
to take on very small values in the thermal range. All physically inter- 
esting results can be obtained as limiting cases of the lethargy-dependent 
functions obtained in this way. 

The results for the unperturbed system are summarized from the deri- 
vations of Sec. 4.6. The appropriate form of the neutron-balance relation 
(4.145) for the case of the normalized fission spectrum 3(u) is seen to be 


- q(u) + B(u) q(u) = v3 (u) tr y(u’) q(u’) du’ (13.29) 


where 8(u) and y(u) are defined by Eqs. (4.161). The solution to this 
equation 1s 


q(u) = [, * 3(u’) exp [ — [C B(u’’) du” | du’ (13.30) 


and for the criticality condition we previously obtained the form [cf. 
Eq. (4.162)] 


l=» i y(u) du f° 3(u") exp | — [* au’) du] du’ (13.31) 


b. The Adjoint Equations. The first step in the derivation of the 
importance function by the technique of adjoint functions is to cast 
Eq. (13.29) into the form of Eqs. (13.1) and (13.3) and to multiply 
through by a function g'(u), as yet unspecified. The next step is to 
integrate over lethargy and then solve for »v: 


i © qt(u) £ qu) du + [ g'(u) B(u) q(u) du 


— (13.32) 
I q'(u) 3(u) du i. y(u’) q(u’) du’ 


y= 
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Now allow changes in the cross sections, implied in 8 and 7, and conse- 
quent changes in q and gt. (Other changes are also imaginable: the 
fission spectrum 3 might be altered by, for example, the introduction 
of new species of fissionable nuclei; this is a rather unimportant case, and 
the treatment presented here may be easily generalized to include it. 
The limit uo might change, if it is imagined that wo corresponds roughly 
to thermal energy, if the temperature were changed. However, as 
chosen, wo corresponds to an energy so far below thermal that practically 
no neutrons are found there, and the changes consequent upon the 
temperature change may be regarded as changes in $8 and y.) The 
application of (13.29) eliminates one integral, and the result may be 
written 


ie q'(u) 68(u) q(u) du — » [ arc, du [ " gt(u’) dy(u’) g(u’) du’ 
ea Oa a oe 


i “gt(u) g(u) du ‘ “y(u" q(u’) du’ 


[ Fo £ qu) + gt(u) B(u) dq(u) — nwo | 9G) 5q(u’) aw He 


[ " gt(u) au) du i “ayla!) qu’) du 
(13.33) 


The first term on the right-hand side of (13.33), involving the cross- 
section changes 68 and 67, is in the desired form; the last term on the 
right corresponds to the last term on the right of Eq. (13.10) and will 
be treated analogously. We first look for the operators adjoint to the 
operators of the differential equation (13.29). The only one that pre- 
sents any difficulty is the differential operator d/du; following the require- 
ment of Eq. (13.1la), consider 


ue d uo d 

t a ai at 

i q' (u) o dq(u) du i dy ba (u) bq(u)] du 
to d ' 
_ i 5q(u) du ! (u) du (13.34) 
But, 
uo qd 

i a, [a'(u) 8q(u)] du = gt(ue) 8q(uo) — g'(0) 8q(0) = 0 (13.35) 
The last step follows since the slowing-down density, originally and 
after the change in constants, is zero at both u = 0 and u = uo; conse- 


quently, no specification of q' at either limit is required. For this case, 
then, the operator adjoint to d/du is —d/du. The numerator of the 


Google 


774 REACTOR ANALYSIS [cHAP. 13 


last term on the right-hand side of (13.33) may be written 


[| are acy + atu) 80x) Bate) — vaca [O° reu’) date) dn’ | a 


= [sau | = Fate + 0 ate — rca [au gh) a | 
0 U 0 
(13.36) 


Thus, by a proper choice of the function g*(u), the entire last term on the 
right-hand side of Eq. (13.33) may be made to vanish. From (13.36) 
the required specification of g'(u) is seen to be 


= £ gw) + B(u) gt(u) = vy(w) if ” 3(u’) gt(u’) du’ (13.37) 


By comparison with (13.29), it may be seen that besides the sign change 
on the derivative term the fission spectrum and the fission cross section 
have exchanged roles for the calculation of the adjoint slowing-down 
density. The calculation of the adjoint slowing-down density is very 
much like a ‘‘backward”’ calculation of the slowing-down density itself; 
the adjoint function is started in the thermal region with a high value, 
the fission cross section acting as a source. The “adjoint neutrons’’ 
are then followed up in energy (because of the negative derivative) with 
losses occurring by absorption just as in the case of the slowing-down 
density. Finally, at high energies the value of the fission spectrum 
multiplied by the adjoint function determines the number of “adjoint 
neutrons’”’ started up the scale again from thermal. This feature of the 
lethargy adjoint functions has lead to the use of the expression “‘forward”’ 
calculation when referring to the calculation of the slowing-down density 
or the flux from the slowing-down equation (13.29), as contrasted with the 
adjoint or ‘‘backward”’ calculation of Eq. (13.37). 

The normalization of the adjoint functions is still to be chosen; we 
take 


y aX q'(u) du = 1 _ (13.38) 
which is analogous to (13.31), if we use (13.30) for q(u) and note that 


vy and 3 have exchanged roles. With this requirement we find the solu- 
tion to Eq. (13.37) for the adjoint function to be 


qi(u) = [ y(u’) exp & in B(u’’) du’ | du’ (13.39) 


which may be compared with (13.30) for the ‘‘forward”’ function. 
Finally, from (13.33) we obtain for the change in the eigenvalue, or 
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multiplication constant, 
aaa a | i " gt(u) 5B(u) q(u) du — [ 5y(u) q(u) au | (13.40) 


In this result, g'(u) indeed plays the role of an importance function 
for the introduction of neutrons, as discussed in Sec. 13.1. In the first 
integral on the right-hand side of Eq. (13.40), 58(u)q(u) are the extra 
neutrons removed per unit volume per unit time by the additional 
absorption cross section, assuming that the change in the slowing-down 
density itself is small. Then g'(u) is a measure of the (relative) impor- 
tance of removing a neutron at lethargy u. Note that an importance 
function is not needed in the second integral; 5y(u)q(u) gives the extra 
fissions, and all fission neutrons appear with the same distribution in 
lethargy regardless of the energy of the neutron causing the fission (at least 
by assumption in this model). 

c. The Importance Function. By substituting the explicit forms for 
q(u) and q't(u), from (13.30) and (13.39), respectively, into Eq. (13.40), 
a complete expression for the fractional change in multiplication con- 
stant may be obtained. This is not of particular interest, however, and 
is not recorded here. In fact, as mentioned previously, the entire tech- 
nique used here is unnecessary for this simple case, and the value of the 
discussion is the ease with which the basic ideas, to be used later, can be 
exhibited. For example, the result (13.40), with the explicit forms of 
the functions used, may be obtained directly by a differential technique 
applied to the criticality condition, Eq. (13.31). Even the importance 
function Eq. (13.39) may be readily constructed from a physical under- 
standing of the model; the relative importance of a neutron introduced 
at lethargy u is just proportional to the number of fissions it would 
eventually cause in slowing down from u toward up. Equation (13.39) 
is the mathematical statement of this fact. In the very simple case in 
which fissions are caused only by thermal neutrons, it is evident that the 
relative importance of a neutron introduced at lethargy u is just the 
probability that the neutron escape absorption in slowing down to ther- 
mal; thus in this case, wherein fissions are caused only by thermal neu- 
trons, both physical considerations and Eq. (13.39) lead to the result 


Uth ’ ’ 
-f* B(u') du 


Importance function ~ g'(u) ~ p(u;u,) = e (13.41)« 


The behavior of the slowing-down density and its adjoint are presented 
in Fig. 13.1. The thermal range is represented as a small interval in 
lethargy just below u = uo; throughout this interval the functions are 
rapidly varying. Changes in the absorption cross section, as seen from 
Eq. (13.40), are weighted by the function q'(u)q(u); from Fig. 13.1 this is 
seen to be nearly a constant over the lethargy interval below the fission 
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spectrum and above thermal. In fact this may be easily seen to be true 
in the limiting case in which fissions occur only at thermal and the fission 


Thermal range — 


Behavior in this In this range, 
range is essentially [ ul, ] 
tia ; : exp J, Blu du 
exp|—J, Blu )du 


0 Lethargy u y ' 


Fic. 13.1 The slowing-down density q(u) and the importance function g'(u) for the 
infinite multiplying medium. 


a 


spectrum is represented as a delta function at the zero of lethargy; then, 
in the intermediate lethargy range 


q(u) ~ o oR) aw (13.42) 


By oa u’) du’ 
si mee fauna (13.43) 
and 


g'(u) q(u) = constant in lethargy = ‘‘statistical weight”? (13.44) 


(Actually, this result can be somewhat misleading unless it is noted 
that the statistical weight of Eq. (13.44) really applies to changes in 
B = 2./;, as seen from Eq. (13.40).] 


13.3 Perturbation in the One-velocity Model of the Bare Reactor 


a. Eigenfunctions of the Bare Reactor. The method of adjoint func- 
tions introduced in Sec. 13.1, and applied to the multiplying medium in 
Sec. 13.2, may also be applied directly to the one-velocity diffusion equa- 
tion. The general development for these systems is given in Sec. 13.4. 
In the particular case of the bare reactor, we discard the method of 
adjoint functions in favor of an alternate approach which yields more 
information. 

Consider a bare reactor in the one-velocity approximation in which the 
flux satisfies the equation 


—V- DV¢ + Lah _ vl spr (13.45) 
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In this equation the parameters D, 2., 2;, and py: are, in general, func- 
tions of position; the parameter p,; is taken to represent the losses in the 
fast range, so that in the application of any of the results of this section 
py: may be replaced by whatever estimate of the fast losses, leakage and 
absorption, is regarded as satisfactory in a particular case. In the undis- 
turbed homogeneous system, the unperturbed flux g@o(r) satisfies the 
equation 


— DoV? blr) + FO bo(¥) = VLD (4) (13.46) 


where Dy, 2, and 2) are independent of position. The solution to 
this equation may be written in the form 


do(r) = cFo(r) (13.47) 
where, in the usual way, Fo(r) satisfies 
V?F o(r) + BaF o(r) = 0 (13.48) 
and Bo is determined from the requirement 
F(R) = 0 (13.49) 
The vector R denotes the outer extrapolated boundary of the reactor. 
The critical equation for this system is 3 


0 0 
vE Dy — BO 


BYR) = =F Pa 


(13.50) 

It will be of interest in connection with the perturbations to be dis- 
cussed here to consider the complete set of eigenfunctions F,(r) of the 
bare reactor, of which Fo(r) is the lowest mode. These functions are 
solutions to the equation [cf. Eq. (8.260)] 


VF,(r) + B2F,(r) =0 with F,(R) =0 (13.51) 


It is convenient to construct this set so that the F,(r) are orthonormal; 
thus [cf. Eq. (8.249)] 


[, F,(r) Fn(t) dr = 8nn (13.52) 


where V denotes the volume enclosed within the surface represented by 
R. The set F,(r) may be ordered to correspond to the eigenvalues B, 
such that B? < B?,,. It should be noted that in the present formulation 
this set of functions must be constructed in complete generality in order 
to meet physical situations involving nonsymmetric perturbations.! 
Appropriate functions for the four elementary reactor geometries are 
listed in Table 13.1. 


1 For example, the block-reactor eigenfunctions must include the sine functions as 


well as the cosine, and in the spherical and cylindrical cases, the angular harmonics 
are required. 
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b. Change in Multiplication Constant. Now suppose that in the bare 
system under consideration a change is made in the cross sections; thus, 


Za(r) = D + 62,(r) Zy(r) = 2 + $2,(r) (13.53) 


(Problems involving changes in the diffusion coefficient are deferred until 
the next section.) The flux in this perturbed system may be defined, 
then, 


o(r) = do(r) + 5¢(r) (13.54) 
In order to maintain steady-state operation, we must allow a hypothetical 
change in »: 
y—yp-+ op (13.35) 
The substitution of these forms into Eq. (13.45), along with the appli- 
cation of (13.46), yields 


— DoV?5o(r) + 52Za(r) go(r) + 2,°S¢(r) 
= von ,5(r) + vbz,(r) Prido(L) + bz” Dr do(r) (13.56) 


where we have neglected products of the various differential quantities. 
This equation may be solved for the fractional change in k by expanding 


|) 
TABLE 13.1 ORTHONORMAL SET OF EIGENFUNCTIONS FOR THE 
Four ELEMENTARY ReEacTtoR GEOMETRIES 


1. Infinite slab reactor 


F.(z) = vi cos B,z n even 
. A, sin Bar n odd 


id => = 
Ba = 5, (n+) Az = n=(0,1,2,... 


2. Rectangular block reactor 


aN, Fd 
Fy jx(2,y,2) = Assef(lsz)g(msy)h (naz) yh 
Bit he ml don? i 
with 2,7,k =0,1,2,... , and 7 

c 
; bso +1) m=>G+0 L 

" SS 

“ a im : ia 


Ain = (Gbt)-3 
and 


cos Jz -_ {cos my eo Ngz #,j,k even 
f(z) = ee Lx g(myy) tae my aes) = SIN yz 1,j,k odd 
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TaBLeE 13.1 ORTHONORMAL SET OF EIGENFUNCTIONS FOR THE 
Four ELEMENTARY REAcTOR GEOMETRIES (Continued) 


3. Cylindrical reactor 
Fisju(p,0,z) = Aijefia(p) 95(0) he(z) 
: 2 


with i,j = 0,1,2,...,andk=1,2,3,... 


lL = y (¢ + 1) ¥j2 = kth zero of Bessel function J; 


and 
Age = {ah{ BBV ;_1 (oj) J j41(oya) 1} 74 
soap as: ta, — {cos je Uiiras ee l;z i, j even 
fiale) = Ss(esne/B) — g3(0) = {EID (a) m= [ER ee 
For each value of j there are two functions F jz, one with cos j@, the other with sin j@. 


4. Spherical reactor 


F 32 (7,0,y) _ Aipefalr) gs; (8) h;(v) 


Bam (FE) 


with yi = kth zero of the spherical Bessel function® j;, and the indices 7, 7 = 0, 1, 
.,andk =1,2,.... . 
Aen = {x [ — 5 RejesGundjcerlas) | ait} 
fex(r) = js(ucer/R) spherical Bessel function 
g:;(0) = P# (cos 6) associated Legendre function 
hp) = es jv for each value of j there are two functions 
: sin jy F 34, one with cos jy, the other with sin jy 


oP. M. Morse and H. Feshbach,” Methods of Theoretical Physics,’’ McGraw-Hill 
Book Company, Inc., New York, 1953. 


the perturbed flux (13.54) in a series using the complete set of eigen- 
functions given by (13.51). Therefore set 
o(t) = ) aFa(t) = oF ot) + ) anak a(t) (13.57) 
n=@Q n=l 
Here the contribution from the original flux has been separated out so 
that the last sum on the right of Eq. (13.57) represents 5¢(r). Note 
also that we have taken ao = c for convenience since the magnitude of 
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5¢ relative to ¢o is not of interest here; only the spatial variation of 5¢ 
will be considered in the present calculation. The analysis of the per- 
turbed flux, taking into account its actual magnitude and buildup in time, 
is an entirely different problem and is not examined here. 

The substitution of the expression (13.57) into (13.56), followed by 
multiplication through by ¢o(r) and integration over the volume enclosed 
by the extrapolated outer surface of the reactor, gives the following result: 


_ ty _ ke _ fy SoermndE (a) ~ BAC Noole) de oo 


a —— wpnB? f) 68) ar 


In this expression the change in the multiplication constant resulting 


Flux @(x), arbitrary units 


; pte. Absorber 


added here 


666 6 oOo SG 
Fig. 13.2 Perturbed one-velocity flux in a bare slab reactor due to the addition of 
small absorber at z = a/2. 


from a change in the parameters is calculated in the usual form, from 
which it is evident that for this case 


Importance function ~ @¢(r) 


Statistical weight ~ ¢3(r) (13.59) * 


The same result will be obtained in Sec. 13.4, somewhat more generally, 
and will be discussed in more detail there. 

For the present section, we shall concentrate on the extra information 
to be obtained by the eigenfunction expansion. If Eq. (13.57) 1s multi- 
plied through by F,,(r), where m ~ 0, and integrated over the volume V,an 
expression may be obtained for the coefficients a, of the expansion for 
5¢(r). With the application of Eqs. (13.50) and (13.52) the result may 
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be written 


[, Fo@)lopndz y(t) — 820(r)]Go(r) dr 
a. = 5) OO 


DAB? — BD n#0 (13.60) 


Since the F,(r) are known, the specification of the perturbing functions 
dz, and 452, will allow explicit evaluation of the coefficients a, from the 
above relation and, therefore, also an infinite series representation for 
5¢(r). The perturbed flux ¢(r) may be conveniently given the same 
normalization as ¢o(r) by requiring that 


if 5o(r) dr = 0 (13.61) 


By so doing ¢(r) may be directly compared with ¢(r). Figure 13.2 
shows an example of the results of a calculation using Eqs. (13.57) and 
(13.60) for the special case of a bare slab with locally added absorber. 


13.4 Perturbation in the One-velocity Model of a General System 


a. General Formulation. The treatment of the general reactor prob- 
lem in the one-velocity model using the method of adjoint functions is 
based on the neutron balance relation (13.45). It is understood that in 
the present application all the quantities appearing in that equation are, 
in general, functions of the spatial coordinates so that this equation may 
be used to describe any and all regions of the reactor. For convenience 
in writing, we combine the two factors Z,; and py, into a single function 
Zyl, where 


Z(t) = Zy(r) pr(r) (13.62) 
Then (13.45) becomes 


—V+ D(x) Vo(r) + La(r) O(r) = vXp(r) o(r) (13.63) 


In order to determine the required modification in vy to compensate 
for a general change in any of the nuclear parameters, we first multiply 
through Eq. (13.63) by some, as yet unspecified, function ¢t(r) and 
integrate over the volume V enclosed within the outer extrapolated sur- 
face of the reactor. The resulting equation when solved for v yields 


- iz ¢'(r)[—V + D(r) V + Z.(r)] o(r) dr 


(13.64) 
[, 4t@) Zn) 62) ar 


As before, we next allow variations in the cross sections, which in turn 
cause variations in ¢ and ¢‘. Formally, this is accomplished by apply- 
ing a differential operator through Eq. (13.64). Again the original differ- 
ential equation (13.63) may be used to eliminate some terms. The 
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resulting expression is : 
[, @@I-V + 8D) V + 82.2) — v 8Bp(t)] o) dr 
J, @°@) En) o() at 
‘ [UAV + DQ) V + Bal) — rE p(e)]86(4) dr 
[, 9@) Zale) o@) ar 


The first term on the right side of this equation is of the desired form. 
The immediate problem is to choose ¢'(r) according to the method out- 
lined in Sec. 13.1 so that the second term vanishes. 

b. The Adjoint Function. The first step in the analysis is the determi- 
nation of the operators adjoint to those within the brackets in the inte- 
grand of the last term of Eq. (13.65). The only one of these which pre- 
sents any difficulty is the operator V- D(r)V. In order to treat this term 
we introduce the following identities: 


I. ¢'V - D Vie dr = L V+ (¢tD Vi¢) dr — L, (V¢t)-(D V8) dr (13.66) 
L, 5¢V- DV¢t dr = ie V+ (5¢ DV¢t) dr — L, (V5¢) -(DV¢') dr (13.67) 


13.65) 


If the functions whose divergence is required in the first integral on the 
right-hand side of each of these equations are nonsingular and continu- 
ous, Gauss’ theorem may be applied; then, 


re Vv - (¢tD V8¢) dr = I, (¢tD Vie) - dS (13.68) 
te V- (5¢ DV¢t) dr = I, (36 DV¢t) «dS (13.69) 


where S denotes the extrapolated surface of the reactor and dS a differ- 
ential area on that surface. Since both the perturbed and unperturbed 
fluxes (and thus 6¢) must vanish on this surface, the integrals of (13.69) 
vanish. If it now be required that ¢' vanish on the surface S, the 
integrals of (13.68) also vanish. Thus the first integrals on the right- 
hand side of Eqs. (13.66) and (13.67) vanish, and inasmuch as the order 
of scalar multiplication is immaterial, the second integrals are equal, 
and we conclude that 


ie ¢'(r) V- Dir) Véd(r) dr = [, 5o(r) V- D(r) Vot(r) dr (13.70) 


if @'(r) and D(r)V¢'(r) are continuous and nonsingular throughout the 
volume V, and ¢t(R) = 0, where R denotes the surface S. We find, 
then, that under these conditions, the operator V- DV is self-adjoint. 
Since Z,(r) and v2,,(r) are obviously self-adjoint, the numerator of the 
second term in (13.65) may be made to vanish if the function ¢'(r) is 
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selected so as to satisfy the equation 
—V- D(r) Vol(r) + Za(r) of(r) = rZy(r) of(r) (13.71)* 


But this is precisely the equation satisfied by the flux (13.63). Since 
the boundary conditions specified above for ¢* are identical to those for 
@, it must be concluded that 


o'(r) = o(t) 


With the above result the change in the multiplication constant may 
be calculated from (13.65) as 


a v [, 2nlz) or) dr 


In so far as the changes in the absorption and fission cross sections are 
concerned, this result is seen to be formally identical to that of Eq. 
(13.58); however, Eq. (13.72) applies more generally to a multiregion 
reactor. It must be concluded, then, that (for absorption and fission 
changes) in the one-velocity diffusion approximation [cf. Eqs. (13.59)], 


Importance function ~ ¢(r) (13.73) 
Statistical weight ~ ¢?(r) (13.74) 


In Eq. (13.74) we have directly the result mentioned in the discussion 
following Eq. (13.19). In conjunction with this it is important to point 
out the great effectiveness of changes in fission and absorption cross 
sections at the center of the reactor where the neutron flux is high. For 
example, in a bare cubic homogeneous one-velocity reactor, the effective- 
ness in changing the multiplication constant of adding a given amount of 
absorber material at the center of the cube is eight times as great as if 
the same amount of absorber were spread uniformly over the reactor. 

c. Changes Involving the Diffusion Coefficient. Equation (13.72) 
contains information not previously considered regarding the effect of 
changes in the diffusion coefficient. In order to gain insight into the 
nature of the weighting functions for changes in the diffusion coefficient, 
consider, for the moment, cases in which 6D(r)V¢(r) is a continuous 
function. Following the technique of Eqs. (13.66) through (13.69) it 
can be shown that the portion of (13.72) involving the diffusion coefficient 
may be written in the form 


fy DEVE)? ae 
;E SO (13.75) 
v Bale) $%(@) dr 
We find, then, that for the case of changes in the diffusion coefficient, 
Statistical weight ~ (V¢)? (13.76) 
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In the case of a bare slab reactor, the statistical weight for absorption 
and fission cross-section changes would vary across the slab as cos? Br 
[from Eq. (13.74)], whereas the statistical weight for changes in the 
diffusion coefficient would go as sin? Bz [from Eq. (13.76)]. These forms 
are shown in Fig. 13.3. This figure reveals that changes in the absorption 
and fission cross sections are most important if made near the center of 
the reactor; changes made near the edge are not as important since extra 
neutrons there are likely to leak out and therefore unlikely to contribute 
to the next generation. Very nearly the opposite behavior is observed 


BNA 


For changes 
For changes in diffusion 
in fission or coefficient 


absorption 
cross section 


1.0 


0.8 


0.6 


0.4 


Relative statistical weight 


0.2 0.4 0.6 0.8 1 
Fria. 13.3 Statistical weighting functions in a bare slab reactor in one-velocity model. 


for changes in the diffusion coefficient; changes near the center are 
unimportant while changes near the edge contribute heavily. We may 
approach the understanding of this result by considering the introduction 
of a small void at various points in the reactor (neglecting the effects 
of the displaced absorbing and fissionable material). The presence of 
the void increases the effective diffusion coefficient in the nearby region, 
and this, according to (13.75), will result in a reduction in the reactivity 
of the system. This is seen to depend on the fact that neutrons are 
streaming from regions of higher importance to regions of lower impor- 
tance, and an enhanced diffusion coefficient will aid this streaming. In 
regions where the gradient of the flux is large, the increased diffusion 
coefficient will be most effective. At the center, where the gradient 
vanishes, no finite increase in D will make the net current anything but 
zero, and thus will not affect the reactivity. This increased net current 
due to an increased diffusion coefficient accounts for one factor of V¢ 
in Eq. (13.75); the other arises from the fact that the change in impor- 
tance function due to streaming is proportional to the change in the flux 
itself since the flux is self-adjoint in this case. 
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13.6 Perturbation in the Two-group Model 


For the purposes of the present treatment we write the two-group 
equations in the form [cf. Eqs. (8.147)] 


—V- Dy(r) Voir) + 22(r) b(t) = vZy(r) o2(r) (13.77) 
—V> Do(r) Voo(r) + 22 (r) o2(r) = pe(r) ZR (r) oi(r) 


where the various symbols and subscripts have the previous definitions. 
In this analysis we require that the functions ¢1, ¢2, DiV¢1, and DoVd¢. 
be continuous and nonsingular throughout the volume V (as previously 
specified) and that ¢:(R) = ¢.(R) = 0, where R denotes the outer sur- 
face of V. In the present formulation all parameters appearing in (13.77) 
are taken generally as functions of spatial coordinates so as to allow for 
all variations, including those involving regional differences in the 
system. 

It is convenient and customary in analyzing this system to use matrix 
notation. Thus we define the fluxes as a column matrix and the oper- 
ators as square matrices. In this construction, Eqs. (13.77) may be 
written 


—V- DV + = 0 oi| _ 0 Zl] 4: 
— por? ~V- DV + | bi = I oll ¢,| 378) 


If the square matrices are represented by the operator symbols O,; and 
O: [cef. Eqs. (13.2) and (13.3)] and the column matrix of the fluxes by ®, 
then (13.78) reduces to the expression 


O.® = v0.8 (13.79) 


This equation is in the form of the general relation (13.1), and may there- 
fore be treated by the method outlined in Sec. 13.1. 
The analysis begins by introducing a yet unspecified row matrix Tt: 


o' = [¢] $3] (13.80) 


As in the earlier calculations, this quantity is multiplied into Eqs. (13.79), 
the result integrated over volume V and solved for v: 


L, 0, dr 
P= 


____---—— (13.81) 

[, 210.0 dr 
Next, we allow general changes in the parameters of the system which 
cause changes in ® and ®t. In order to maintain the system at steady 
state, we introduce a change also in ». This operation is performed by 
differentiating through Eq. (13.81); the differentiated quantities are 
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preceded by the symbol 6. 


L, 5@t(O; = vO.)® ar + ie ©' (50; — yp 502) ® ar 
+ [, (01 — »0,)5@ dr 


by = 
[, &'O0.® dr 


(13.82) 


The first integral in the numerator vanishes by virtue of (13.79). The 
second integral is of the desired form. As previously, we begin with 
some manipulations of the third integral. The procedure is the same as 
outlined in Sec. 13.1, and used in subsequent sections. New operators 
O} and O} are defined such that 


L, ®'(0, — v0,)5® dr = i 6@,(Ot — vOl)@{t dr (13.83) 
Thus we require that #1 satisfy the equation 
Oie! = ,Olot (13.84) 


where the subscript * denotes the transposed row or column matrix. 
The change in the multiplication constant is finally calculated as 


9t(s0, — py 502) dr 
la * ene J, @"801— »80.)@ ar (13.85)* 
v L, tO. dr 


In order to determine the adjoint operators it is necessary to examine 
in detail the operator terms of O, and O, of Eq. (13.78); these are all 
multiplicative, and thus self-adjoint except for V- DiV and V- D,V, 
which may be treated exactly as in Sec. 13.4. The result is that all the 
individual operators which make up the matrix operators O, and O, 
may be regarded as self-adjoint if we require that ¢!, ¢!, DiV¢t, and 
D.V¢i be nonsingular and continuous and that ¢!(R) = ¢{(R) = 0. 
Then the adjoint operators O] and O! are the transposes of the operators 
O;: and Oz, respectively (note that all quantities are real here), so that 
Eq. (13.84) becomes 


—V- Div + 2? — pod? et] fo olfet 
0 —-V-DV+z?][ ei] "Lz, ole! (13.86) 


For direct comparison with the “forward” equations (13.77) this may be 
expanded to 


—¥- Di(t) Voir) + BPC) ol(e) = pelt) BP®) A) 3.975 
—V+ Dalz) Vos(e) + BP(e) oh) = »E,/(e) oC) : 
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Finally the change in the multiplication constant is calculated from 
(13.85): 


a 
: ¥ L, $12, dr 
+ L, $25[DcZE 1d, dr — , 5D.V¢! - Vo, dr 

— f, e182 45 dr + vf) ot5E,¢2dr}  (13.88)s 


{— [, D.vet- vo. ar — f, otaxpe, ar 


It must be remembered that Eqs. (13.87) apply throughout all regions 
of the reactor and that the integrals of (13.88) extend over the ‘‘extrapo- 
lated volume.”’ 

It follows from this development that the method employed here is 
directly applicable to any multigroup model. 


13.6 Perturbation in the Age-diffusion Model 


a. Adjoint Equations for the Age-diffusion Theory. The methods of 
the preceding sections may be combined to determine the equations 
adjoint to the age-diffusion relations (6.54). The solution to the adjoint 
equations yields the functions adjoint to the slowing-down density and 
the thermal flux; these will act as importance functions in the treatment 
of small changes in the parameters of the system. Since all the essential 
features of the method have already been discussed in considerable detail, 
only an outline of the procedure is given here, along with a summary of 
the results.! 

For the present application we use the following form for the age- 
diffusion equations: 


=¥- Diu) 9] LE. | + cea) atom) + 2 ale 


= »y(u) f° (v(eu’) ale,u’) + EP ¢(r) 8(u’ — ua)] du’ (13.89) 
—V+ Dalt) Vole) + 22(r) o(t) = f° Bw’ — ua) a(e,u’) du’ (13.90) 


0 
where ¢(r) denotes the thermal flux, and 


La(r,t) Zr (r,2) 


e,(rjuy 1) = exe) oe) 


B(r,u) = 
All remaining symbols and notation, including the ‘‘th,’”’ have the usual 
definition. Since all quantities (with the exception of the fission spec- 


1 This treatment follows that of M. J. Nielsen given in “The Adjoint Equations 
and Perturbation Theory for a Reflected Reactor,’’ Oak Ridge National Laboratory, 
ORNL Y-F10-31, Jan. 8, 1951. 
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trum 3) have been specified as general functions of the spatial coordinates, 
Eqs. (13.89) and (13.90) apply throughout a multiregion system. 

The analysis proceeds by putting the age-diffusion equations into 
operational form: 


Oix = vO2x (13.92) 
wherein we have introduced the matrix operators 
1 7) 
—V: DV = — 0 
ae ES, + B+ ail 
— fo bu — wad }du [Dav te) +} du 
(13.93) * 
. bass w Sth Pf... 
0, = [8 fo vemt tau aw [ROE dul sgn, 
0 0 
a q(r,u) 
and x= a ii dns) (13.95) 
The notation i g(u){- - -} du signifies that the quantity operated upon 


is to be put inside the braces and integrated over lethargy, with g(u) as a 
weighting function. 

Next we multiply through Eq. (13.92) by an as yet unspecified matrix 
xt, integrate over the extrapolated volume V and over the entire lethargy 
range, and solve for ». 


: [ du f, xt Ox dr 
7 [yam [, x!Oux ar 


Now perform the general variation of parameters and functions in Eq. 
(13.96) by applying the delta operator, as used previously in this chapter; 
and, again, choose operators adjoint to O, and O2 such that 


[7 du f, xO: — v0s)5x de = fi” du f) dxg(O} — vODxs de (13.97) 


(13.96) 


4 


where xt is now defined by 


Otxt = vOrxk (13.98) 
Then, 
” du —xt(60O, — vbO.)x dr 
he = lf F (13.99) « 
: vf, aul, x'Oox dr 
as usual. If xt is taken as the row matrix 
xi =(g'(ru) st (r)6(u — un)] (13.100) 
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then the equations for the adjoint functions gt and ¢t may be shown to 
be [using conditions (13.97) and (13.98)] 


] 


= sew V* DOm) Val em) + BCU) atlesn) — 5 at) 


Hitnaa gran i * 3(w’) gt(yu’) du’ (13.101)« 


—V + DuVot(r) + 2Bet(r) = vEP(N) I " 3(u’) gt(eu’) du’ (13.102) 


and qt, ¢t, DVqt, and D,,V¢t must be everywhere nonsingular and con- 
tinuous, and gt(R) = ¢t(R) = 0. With the functions gt and ¢¢ calcu- 
lated as functions of the spatial coordinates and lethargy, Eq. (13.99) 
may be used to calculate the effect of any (small) change in parameters. 

Note that the pair (13.101) and (13.102) are “backward” equations 
in just the sense discussed for the infinite medium Eq. (13.37). The 
general procedure would be to choose a normalized space form for the 


integral i 3(u’) qt(r,u’) du’ and proceed to obtain ¢'(r) from Eq. 


(13.102). This ‘adjoint thermal flux” ¢'(r) acts as a source for begin- 
ning the calculation of the “adjoint slowing-down density”; the appro- 
priate starting point in lethargy is uv = u,,, and the integration is carried 
‘fup’”’ (in energy) to u = 0 [note that as in Eq. (13.37) there is a change 
in sign of the lethargy derivative in (13.101) as compared with the 
‘“‘forward”’ Eq. (13.89)]. 

b. Application to Multigroup Method. The entire scheme described 
above is readily adapted to the multigroup technique discussed in Sec. 8.8. 
The adjoint set (13.101) and (13.102) is very like the forward set (13.89) 
and (13.90). In a similar manner to that used in Sec. 8.8, the adjoint 
equations may be converted into multigroup equations convenient for 
numerical integration. Further, once the forward calculation is set up, 
the adjoint equations are easily solved since the constants involved are 
the same, and the same network in lethargy and space variables may be 
used. Thus the calculation of the importance functions g' and @ft, in 
this case, add very little to the time and effort already invested in obtain- 
ing the slowing-down density and the flux. In fact, the second calcu- 
lation may serve as a numerical check on the forward calculation since 
the same eigenvalue v should be obtained in both cases. 
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slowing-down, 508 
thermal neutron values for, table, 46 
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Diffusion theory solutions, by kernel 
method, 185 
for line source in infinite medium, 183 
for multiplying block, 213 
for multiplying finite cylinder, 215 
for multiplying infinite cylinder, 207 
for multiplying slab, 198 
for multiplying sphere, 205 
for plane source in infinite medium, 180 
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first-order approximation for, 360-361 
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Distribution function, 36 
for elastic scattering, 80 
for firat collision, 33 
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for radioactive decay, 37 
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(See also Effective resonance integral, 
effect of nuclear motion on) 
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Effective neutron temperature, 135-137, 
316 
sample calculations, 232 
Effective resonance integral, 634, 639, 688 
dependence of, on square root of fuel 
surface-mass ratio, 642-653, 676- 
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Effective resonance integral, effect of 
nuclear motion on, 678, 682 
geometric dependence of, 676 (Fig.) 
for heterogeneous systems, 641-643 
for homogeneous mixtures, 637 (Fig.), 
668 
for infinitely dilute mixtures, 675 
1/v contribution to, 687 
temperature dependence of, for U?8 
and Th?3?, 688-689 (Fig.) 
table, 688 
for thorium lumps, 642-643 
for thorium mixture, 637 
for UO; lumps, 642-643 
for U;0; lumps, 642 
for uranium lumps, 641, 643 
for uranium mixtures, 637 
using Breit-Wigner formula, 675 
Eigenfunctions, 560 
for bare reactor, 217, 524, 776-779 
table, 778 
expansion of integral-theory kernels in, 
493-494 
for Feynman-Welton method, 509 
for one-velocity integral-theory, 492- 
496 
for slab reactor, 200 
Eigenvalues, 560 
for Feynman-Welton method, 509 
for one-velocity integral-theory, 492- 
496 
for slab reactor, 200 
for spherical reactor, 207-208 
Einstein mass-energy equation, 4 
Electron volt, 2 
Electrostatic repulsion energy, 4 
Elementary sources, in diffusion theory, 
180-185 
in slowing-down diffusion theory, 275- 
281 
End effects, 228-229, 305 
Energy groups, 421 
(See also Multigroup method) 
Energy loss, 69 
from stationary nuclei, 74 
Energy space, 30 
Energy spectrum, neutron, 19, 69-71 
Equivalence of homogeneous and hetero- 
geneous systems, 640, 671 
accuracy of, 672 
based, on flat-flux assumption, 673 
on rational approximation to escape 
probability, 672 
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Equivalence of homogeneous and hetero- 
geneous systems, in narrow resonance 
(NR) approximation, 672 

in narrow resonance-infinite absorber 
(NRIA) approximation, 672 
practical rules resulting from, 673 

Equivalent bare reactor dimension, 420, 
471, 721 

Error function, 304 

Escape probability, application of, to 

calculation of fast effect, 694 
to unit-cell analysis, 666, 669-670 
table, 670 
from arbitrarily shaped volumes, 372- 
377 
average, 373 
by chord method, 375-377 
in elementary geometries, 671 (Fig.) 
Wigner’s rational approximation for 
669-670, 672, 689 
Eta (7), definition of, 314 
temperature coefficient of, 314 

Even-odd term, 6 

Excitation energy, 2 

Exponential attenuation of flux in non- 
multiplying media, 228 

Exponential experiment, 27, 557 

Exponential integrals, 249, 386 

recursion relation for, 716 
Extrapolated boundary condition, in age 
theory, 288-289 
compared with no-return current con- 
dition, 191 
use at corners, 214 
Extrapolated outer boundary, notation 
for, 180 
use at corners, 214 
Extrapolation distance (length), 179-180 
in age theory, 289 
transport theory result for, 180 
used in control-rod analysis, 724, 730, 
733 
‘‘Hyewash”’ code, 760 


Fast effect, 153, 644 

in age theory, 292-293, 693 

effect of inelastic scattering on, 644, 
693 

fast-neutron cross sections for, 694, 
696-697 

table, 697 
by multigroup method, 693 
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Fast effect, produced by cascade, 693-— 
696 
significance of, 692 
by two-group method, 693 
Fast-fission factor (see Fast effect) 
Fast fissions, 152, 293 
Fast-neutron cross sections for fast-effect 
calculation, 694 
Fast-nonleakage probability, 293, 297, 
301-302, 559, 565 
effect of temperature on, 313-314 
Fast-removal cross section, definition of, 
457-459 
Feinberg-Galanin method, 632, 644 
advantages of, over unit-cell method, 
629 
application to reactor with small num- 
ber of fuel lumps, 715-718 
assumptions in, 705 
comparison, with two-group method, 
720 
with unit-cell result, 714 
criticality condition for, 709-710, 716 
Fermi age model, use in, 707 
neutron balance for, 705, 707 
proof of homogenization method, 710— 
714 
Fermi age, 240, 275-281 
and Christy-Wheeler method, 411 
effect on, of cavities and fuel lumps, 701 
of inelastic collisions, 702 
by equivalent mean-free-path method, 
407 
for fission neutrons, 416 
of fission neutrons in various moder- 
ators, table, 285 
influence on reactor size, 285-286 
for metal-water mixtures, 399, 407-408 
physical significance of, 283 
relation to slowing-down length, 284, 
749 
temperature dependence of, 313-314 
to thermal, 286 
valués for beryllium and graphite, 
table, 415 
Fermi age model, 26, 141, 275, 365-366 
application of, to bare reactor, 286-— 
300 
to problems with elementary sources, 
275 
derivation of general equation, 273 
limitations of, 366 
numerical integration of, 521 
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Fermi age model, use of, in kinetics 
problems, 547, 551 
in reactor calculations, 299 
with fission sources, 295 
with monoenergetic sources, 286 


Fermi-Marshak method, 331, 399-407 


Feynman-Welton method, application to 
thermal reactor with moderating re- 
flector, 511, 518 

criticality condition for two-group 
model, 490 

lower approximation in, 489, 506, 516 

summary of, 487-491 

two-group model with moderating re- 
flector, 511 

upper approximation in, 505-506 

Fick’s law, 163 

First-flight losses, 151, 647 

First-flight transport model, 247-248 

application to thin plates and pins, 651 
for treating thin absorber lumps, 646 
First-scattering sources, 237-243 
Fission, energy release per, 236 
fast, 693 
heating, 260 
process, 1 
sources, 119, 199, 218 
spontaneous, 6 
in Th?32, 693 
in U238, 693 
Fission energy, average, 19 
distribution for U25, 22 
table, 9 
Fission fragments, 3, 8 
beta decay of, 566 
secondary, 620 
Fission products, buildup, 614 
in constant-flux reactor, 617 
in constant-power reactor, 618 
decay of, 610 
following reactor shutdown, 614 
I'45, 611, 613 
Nd?4*, 612 
Sm!4, 611, 613 
steady-state concentrations of, 613 
Xe!35, 611, 613 
xenon override, 614 
Fission spectrum, distribution of neutron 
energies, 286, 295 
example (4.7), 158 
histogram, table, 416 
normalized in lethargy, 119, 122 (Fig.) 
U235, 120 (Fig.) 
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Flat-flux assumption, 665-666, 689-690 
Flux, angular dependence of, 330 
average for parallelepiped, 236 
depression, 253 
from elementary sources, line, 185 
plane, 182 
point, 183 
two-point sources, 185 
expansion in Taylor series, in lethargy 
variable, 103, 362 
in spatial coordinates, 170 
harmonics of, 331 
1/E variation of, 98, 136, 144 
peak-to-average ratio, 218 
per unit lethargy, 27 
units of, 67 
Flux correction factor, 244 
Flux depression factor, near absorber foil, 
260 
definition of, 255-256 
for resonance neutrons, 644, 660-661 
(Fig.) 
for thermal neutrons, 645 
Flux slowing-down density relation, in 
absorbing medium, 104 
in scattering medium, 98 
(See also Coupling equation) 
Flux transients, decay constant for, 559, 
562 (Fig.) 
in nonmultiplying medium, 563 (Fig.), 
576 (Fig.) 
in subcritical multiplying medium, 559, 
564-565 (Figs.) 
Foil, end effects in, 260 
Four-factor formula, 154, 627 
Fourier transform, 138, 402, 707 
of Boltzmann equation, 402 
convolution theorem for, 139 
of flux, 413, 707 
inverse of, 139, 405 
moments of, 405 
three-dimensional, 138 
Frequency function, 36 
for absorption, 225 
for azimuthal scattering from station- 
ary nuclei, 355 
conditional, 34, 355, 359 
for elastic scattering, 76, 335 
for first collision, 33 
first moment of, 36 
isotropic, in laboratory coordinate sys- 
tem, 378 
in mixture, 48 
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Frequency function, for radioactive 
decay, 37 
for scattering, in hydrogen, 99 
in hydrogenous mixtures, 404 
Fuel, burnup, 22, 24, 620 
critical concentration of, 299-300 
Fuel enrichment, 18, 718-719 
Fundamental mode, for one-velocity in- 
tegral theory, 500 
for slab reactor in one-velocity model, 
198, 205 
for spherical reactor, 206 


Gamma ray, 2 
internal conversion process, 39 
prompt, 9 
Gaps and gas channels, effect of, on age, 
701 
on thermal diffusion length, 698- 
701 
tables, 700, 701 
on thermal utilization, 654-660 
Gauss’ theorem, 782 
Gaussian, 130-131 
sources, 647, 707 
Gaussian kernel, 413 
Goertzel-Selengut equations, 751, 760— 
762 
from Boltzmann equation, 757 
Graphite, 19 
thermal neutron properties of, table, 
165 
Green’s function, method of, 181 


Half-life, 38 
Hankel function of first kind, 184, 189 
Harmonics (see Spherical harmonics) 
Heat-conduction equation, 24-25, 141, 
273-274 
Heavy water (D:O), 19 
thermal neutron properties of, table, 
165 
Helmholtz equation, 25-26, 381 
Heterogeneous fuel-moderator systems, 
equivalent homogeneous system, 
640, 671-673 
merits of, 626-628 
Monte Carlo analysis of, 684 
of natural uranium, and graphite, 
626-627, 646 
and heavy water, 646 
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Heterogenous method, advantages of, 
704 
for reactors with small number of fuel 
rods, 704 
(See also Feinberg-Galanin method) 
Heterogeneous reactors, 17-21 
characteristic parameters of, 629 
with irregular or multiply periodic 
lattice arrays, 629 
methods of analysis, 628-629 
H.O (see Water) 
Homogeneous fuel-moderator mixtures, 
equivalent to heterogeneous, 640 
infinitely dilute, 634, 637-638 
table, 638 
of natural uranium and graphite, 
626-627 (Fig.) 
resonance integrals for, 637 (Fig.) 
table, 638 
Homogenized system, 62 
Hydrogen, scattering from, 146-147 
scattering cross section in water, 147 
Hydrogenous systems, 123 
age calculation in, as check on theory, 
749, 759 
methods for treating, 748 
reactor calculations in, 759 
special treatment for hydrogen, 748 


Importance function, 767 
for infinite multiplying medium, 775 
one-velocity, 767-768, 783 
for one-velocity bare reactor, 780 
for one-velocity slab reactor, 768 
Infinite-medium model, 26, 71 
criticality equation for, 121, 151 
multiplication constant for, 55 
multiplying, with fission sources, 119 
with monoenergetic sources, 119 
in one velocity, 51 
Infinite-slab geometry, flux distribution, 
from plane source, 189 
isotropic, from collimated beam, 240 
Infinite-slab reactor, asymptotic flux in, 
202 
in one-velocity diffusion theory, 198 
Inhour, 571 
Inhour equation, for circulating fuel 
reactor, 591, 598 
for stationary fuel reactor, 571 
Integral transport theory, directed flux, 
381 
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Integral transport theory, elementary 
solution for infinite multiplying 
medium, 380 

general solution for infinite medium, 
380 

International Conference on Peaceful 
Uses of Atomic Energy, Geneva, 
1955, 683 

Isotropic scattering, in center-of-mass 
system, 77-78, 80, 84, 110, 270, 358- 
360, 404 

in laboratory system, 168, 378 


Jacobian, 65, 80, 358 


Kernel, Christy-Wheeler, 411, 413 
for one-velocity integral theory, 491-— 
496 
for plane source in nonmultiplying slab, 
241 
transport, 413, 697 
(See also Feynman- Welton method) 
Kernel method, 186, 491 
application, to one-velocity model, 
with line source, 188 
with plane source, 186, 303 
to slowing-down diffusion model, 
with distributed sources, 281 
with line source, 282 
used with first-scattering source, 237 
(See also Green’s function) 
Kinetic theory, 25, 125 
Kinetics of circulating-fuel reactor, 
asymptotic solution for, 606 
effect of circulation velocity on reac- 
tivity, 601 
effective temperature of, 606 
excess reactivity of, 600 
flux-tem perature coupling without de- 
layed neutrons, 601 
fraction of precursors in core, 599 (Fig.) 
for low-power systems, 591 
open-loop circuit, 602 
slug-flow assumption, 591 
transit time of circulation, 592, 595 
Kronecker delta, 338, 493 


Laplace transform, 276-281, 305 
inversion of, 277, 281 
Laplace’s equation, 261 
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Laplacian operator, 141, 167 
Leakage probability, 222 
Legendre functions, associated, 337 
orthogonality of, 753 
recursion relation for, 340 
Legendre polynomials, 76, 337 
Lethargy variable, 81 
average gain per collision, 81-83, 123 
Level spacing, 70 
Liquid-drop model, 5 
Lowest mode (see Fundamental mode) 
Lumped fuel, over-all effects of, 628, 643 
resonance behavior of, 638 
self-shielding effect of, 643 


Manhattan Project, 646 
Marshak boundary condition, 349, 383- 
384 
Matrix, column, to represent fluxes, 785 
row, to represent adjoint fluxes, 785, 
788 
transposed, 786 
Matrix representation of operators, in 
age-diffusion model, 788 
in two-group model, 785 
Maxwell-Boltzmann distribution, 110, 
130-135 
average speed for, 142 
most probable speed for, 150 
Maxwell-Boltzmann flux, 136 
Mean free path, 36 
for removal reaction, 459 


Mean square radial distance, first-flight 


corrected, 239 


for Gaussian slowing-down source, 240 
relation of, to neutron slowing down, 


749 
to 73, 401 
for thermal neutrons, 224 
‘*Medusa’”’ code, 760 
Method of images, 305 
Migration area (length), in anisotropic 
reactor, 703 
application of, 467 
effect of cavities on, 698, 703 
in heterogeneous reactors, 645, 698 
for large reactors, 300, 440 
Minimum critical volume, 217 
Minimum fuel mass, 217, 299-300 
Miss probability, diffusion-theory esti- 
mate of, 657 
for fuel lumps in cavity, 655-658 
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Miss probability, for hollow rod in 
cavity, 658 
Moderating effectiveness, 117 
Moderating power, 116 
Moderating ratio, 116 
table, 117 
Moderator, 15 
materials, 17 
Moderator temperature, 111, 136 
Molecules, rotational and vibrational 
states, 146 
scattering from, 145 
Moments, 405 
Monoenergetic beam, 67, 134 
Monte Carlo method, 109, 135 
analysis of heterogeneous systems, 684 
application to collision-density calcu- 
lation, 109-112 
procedure, 109 
resonance escape probability by, 109 
thermal neutron spectrum by, 135 
MTR-type fuel elements, 231-232, 321, 
470, 483, 733 
Multigroup method, 421, 520 
adapted for numerical computation, 
528 
boundary conditions in, 534-536 
flux distribution by, 542 (Fig.) 
group constants for, 522, 532, 537- 
539 (Figs.) 
integration over lethargy intervals, 520 
iteration for, 528, 530-533 
multiplication constant by, 532-533 
removal cross section for, 523 
simultaneous equations for, 523-526 
spatial integration of group equations, 
533-536 
using characteristic functions, 527-528 
using harmonics, 526-527 
Multiplication constant, 56 
in age theory, 293-295 
for bare reactor in diffusion theory, 211 
effect of temperature on, 310 
effective, 211 
in heterogeneous reactors, 644 
infinite homogeneous medium for, 122 
in infinite one-velocity model, 211 
multigroup method for, 531-532 
Serber- Wilson method for, 454-456 
Multivelocity reactor, with energy- 
dependent cross sections, 501-505 
with energy-independent cross sections, 
496-501 
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Narrow resonance approximation (NR), 
633-635, 664, 684-687 
use of, in heterogeneous system, col- 
lision density, 667 
effective resonance integral, 670, 
675 
in homogeneous system, collision 
density, 667, 690 
effective resonance integral, 668, 
675, 682 
Narrow resonance-infinite absorber ap- 
proximation (NRIA), 633, 635, 684- 
687, 690, 692 
use of, in heterogeneous system, col- 
lision density, 667 
effective resonance integral, 671, 
677 
in homogeneous system, collision 
density, 667 
effective resonance integral, 669, 
677, 682 
Net neutron leakage, 162, 166—167 
effect of temperature on, 310 
in heterogeneous reactors, 645 
from outer boundary, 178, 365-366 
Neumann series, 378 
Neutrino, 8-9 
Neutron, balance equation, 161-162, 
167, 271, 331, 353, 456, 488, 569 
cross sections, 72 
delayed, 9, 566 
tables, 567, 568 
density function, 22-24, 28, 53, 64, 72, 
161 
energy spectrum, 19, 69-71 
in unit cell, 660, 691 
fast, 52, 134 
generations of, 56 
kinetic energy of, 64, 73 
life history, 14 
moderation of, 69-72 
photoelectric liberation of, 2 
production cycle, 154, 293 
prompt, 9, 549 
reduced wavelength of, 674, 680 
thermal, 74, 126 
total track length of, 64, 72, 248 
yield, per absorption, 57 
per collision, 377, 445 
per fission, 11, 13 
as adjustable parameter, 210 
table, 11 
per removal, 503 
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Neutron diffusion, analogy to gaseous 
diffusion, 164 
equation, 26 
linearity of, 186 
Neutron flux, 72, 161 
Neutron life time, in finite medium, 222, 
550 
in infinite medium, 222, 550 
Neutron net current, definition, 163 
divergence of, 167 
expressions for, 173 
Fick’s law approximation for, 162, 
270-271 
transport-theory result for, 343 
vector current, 166—167, 344-345 
Neutron-nucleus interaction function, 
132-134 
relation to measured cross section, 
133 
Neutron partial current, angular dis- 
tribution of, 258, 260 
application to unit-cell calculation, 
652, 655 
definition, 167-168 
in diffusion approximation, 174 
Neutron sink, 23, 610 
Neutron temperature (see Effective neu- 
tron temperature) 
Neutron wave phenomena, 279, 351 
No-return current condition, 176 
application of, to slab, 190, 383 
to sphere, 386 
transport-theory equivalent, 383 
Nonabsorption probability, 100 
(See also Resonance escape probability) 
Nonleakage probability, 58, 218 
in age theory (see Fast-nonleakage 
probability) 
in one-velocity model, 222 
Nonproductive capture, 12, 17 
Nordheim-Scalettar method, 724, 743 
Nuclear accidents, 22 
Nuclear densities in mixtures, 47 
Nuclear forces, 29 
Nuclear fuel, 6 
mass calculation, 28 
Nuclear mass formula, 6 
Nuclear reactions, effect on neutron 
economy, 11 
Nuclear reactors, applications, 20 
classification, 17 
(See also Reactor) 
Nucleons, 3, 7 
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Nucleus, billard-ball model, 40 
effective target area, 41 
recoil of, 72 
thermal motion, 309 

Nyquist’s criterion, 609 


One-velocity model, 26, 160-161 
application to flux calculation around 
absorbers, 244, 253 
boundary conditions to be used with, 
174-180 
complete set of equations, 174 
integral theory, 491-496 
time-dependent, 198-205, 273-281, 
352 
One-velocity transport equation, 335 
application to one-dimensional prob- 
lems, 345-349 
asymptotic solutions to, 442, 445-446 
boundary conditions to be used with, 
349 
diffusion approximation for, 341 
neutron balance, 331 
time-dependent, 350-352 
Optical thickness, 370 
Optimum proportions of bare reactor, 
216-217 
ORACLE, 484 
ORNL Research Reactor, 483-485 
ORNL Swimming Pool Reactor, 480, 
485—486 
ORNL X-10 Graphite Reactor, 18 
Orthonormal set, 336, 493 
completeness of, 493 


P, approximation, application to hydro- 
genous systems, 756 
comparison with P; approximation, 
392-399 
P, approximation, 350, 387-388 
Partial current, relation to directed flux, 
347-349 
(See also Neutron partial current) 
Penetrability, 669, 691 
relation to transmission coefficient, 
669 
Pershagen-Carlvik correction, 688 
Perturbation from diffusion coefficient 
changes, 783-784 
effect on net leakage, 784 
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Perturbation theory, general methods, 
764 
for infinite multiplying medium, ad- 
joint equations, 772-774 
adjoint slowing-down density, 774 
for multigroup method, 789 
operators, for age-diffusion model, 788 
for one-velocity model, 764 
for two-group model, 785 
for two-group model, 785 
variation in eigenvalue (multiplica- 
tion), for age-diffusion model, 788 
for infinite multiplying medium, 
774-775 
for one-velocity model, 766, 778, 780, 
783 
for two-group model, 787 
Plutonium, 7, 21, 143 
Poisons, buildup after shutdown, 614 
burnout, 610, 621 
steady-state concentrations, 613 
Poisson’s summation formula, 711 
Position vector, 161 
Power production, 20 
Probability function, 41 
conditional, 34 
independent, 40 
joint, 35, 40 
Prompt critical, definition, 575 
Pulsed neutron beam, 223 
diffusion coefficient from, 564 
experiment, 556 
reactor parameters, 556, 561 


Radiation, beta, 9 
electromagnetic, 12 
Radiation damage, 244 
Radiative capture, 12-13 
Radioactive decay, constant, 37 
by emission, of alpha particle, 38 
of beta particle, 38 
of e~, internal conversion of gamma 
ray, 39 
of gamma ray, 38 
of K, orbital electron capture, 38 
half-life, 38 
scheme, 38 
Radioisotope, table, 20 
Reaction, absorption (capture), 14, 31 
deflection, 13 
deuteron-deuteron, 557 
fission, 31 
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Reaction, between neutrons and station- 
ary nuclei, 134 
proton-triton, 557 
scattering, 31 
Reaction rate, 134, 137, 678 
for 1/v absorber, 140 
Reactivity, 310, 571 
maximum excursion of, 632 
Reactor, breeder, 21, 692 
central station power, 20 
circulating fuel, 24 
CP-1, 18 
CP-5, 321 
epithermal, 19 
fast, 15, 19 
Hanford, 21 
heterogeneous, 18, 27 
homogeneous, 18 
hydrogenous, 399, 748 
intermediate, 19 
multivelocity, 154, 161 
package power, 20, 470, 519 
poisons, 22 
reflected (see Reflected reactors) 
research, 20 
stability, 22 
temperature effects on, 308 
start-up, 325 
thermal, 19, 57, 70, 155 
(See also specific reactors) 
Reactor heat capacity, 578-579 
effect on temperature overshoot, 588— 
589 
Reactor kinetics, in infinite delay-time 
model, 576 (Fig.), 577, 581 
in one-velocity bare reactor, 548, 
569 
in one-velocity reflected reactor, 555 
problems of, 546 
stable system, 583 
with temperature dependence, for con- 
stant power removal, 484 
with delayed neutrons, 585 
without delayed neutrons, 582 
linearized solution, 584 
critically damped system, 589 
maximum temperature rise in, 583, 
609-610 
overdamped system, 590 
power production in, 580 
power removal function for, 578.. 
for stationary fuel reactor, 577 
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Reactor kinetics, with temperature 
dependence, system energy balance, 
578 
using one group of delayed neutrons, 
573 
Reactor period, 449, 453-456, 551 
stable, 573-575 
Reciprocity theorem, 375 
Reflected reactors, one-velocity model, 
cylindrical, 428 
general equations, 422 
rectangular, 433 
spherical, 423 
Reflectivity of medium, 195 
Reflector, 14 
advantages of, 418 
extrapolated thickness of, 424 
for fast reactors, 419 
function of, 418 
moderator materials in, 98 
movable, 24 
neutron moderation in, 419 
thick, 426-427 
thin, 424-426 
Reflector savings, 418, 721 
to describe merit of reflector, 419-420 
for spherical reactor in one-velocity 
model, 426 
by two-group method, 322 
Relaxation length, 224 
Removal density, 488, 498 
Resonance, absorption, 107, 317, 634 
broad, 106-107 
Doppler broadening of, 316, 320, 678, 
685-687 
peak, 105 
practical width, 685 
scattering, 107, 317, 634 
sharp (narrow), 106 
unresolved, 687-688 
width, 106, 674 
Resonance disadvantage factor, 641, 690 
Resonance escape probability, 102, 105, 
297, 632-643 
in absorbing medium, 115 
average, 153 
from Breit-Wigner line shape, 673 
geometric effect on, 644, 662 
in heterogeneous system, 638 
in hydrogen, 101 
in mixtures, 108 : 
for natural uranium systems, 639 — 
in slowing-down diffusion theory, 278 
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Resonance integral, 157, 634 
approximate formula for, 668 
evaluation of, 683 
1/v contribution to, 319-320 
standard formula for, 639-641, 683, 

689 
surface-absorption term for, 639-641, 
683 
temperature dependence of, 318-321 
volume-absorption term for, 639-641, 
683 
(See also Effective resonance integral) 

Root-mean-square radial distance, 224 
for fast neutrons, 283-286 
for thermal neutrons, 225 


Safety storage calculation, 60 
Scattering, azimuthally symmetric, 355— 
356 
from bound nuclei, 145 
deflection, 13 
elastic, 13, 15, 19, 31, 69-70, 488, 497 
energy loss from, average, 81 
average logarithmic, 81-83 
forward, 165, 270 
in laboratory coordinate system, 78 
inelastic, 12-13, 15, 19, 31, 69, 270, 
702 
interference, 673, 681 
isotropic (see Isotropic scattering) 
from multiple centers, 146 
p, 79, 157 
potential, 13, 317 
reactions, 69 
resonance, 13, 317 
of thermal neutrons from nuclei, 126 
Scattering angle, average value of cosine, 
78, 342 
in center-of-mass coordinate system, 
75-76, 359 
frequency function for, 76, 79 
Scattering collision density, asymptotic 
solutions for, 95, 98 
by collision intervals, 90 
Scattering distribution function, in 
energy, 80 
in lethargy, 84 
Scattering frequency function, in energy, 
79 
general, 333, 354 
for hydrogen, 99 
in lethargy, 84 
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Scattering integral, 356 
Secondary fission fragments, composite 
nucleus representation, 620 
Self-shielding, over-all, 246 
Self-shielding factor, 246 
Separation of variables, 199, 289, 550, 
560, 579 
Serber-Wilson condition, 177, 441, 443- 
447 
results from, compared with con- 
tinuity-of-flux condition, 452 
(Fig.) 
Serber-Wilson method, 379, 386 
application of, to multigroup model, 
441 
to multiregion systems, 441 
to noncritical systems, 453 
criticality condition, 449 
discontinuity of flux from, 451-453 
(Fig.) 
multiplication constant, 454-456 
Shield, 4 
Slowing down, by average jumps, 123- 
125 
in hydrogen, collision density for, 98 
Slowing-down density, 364-365 
with absorption, 102 
asymptotic solution for, 95, 103 
definition, 88, 271 
in infinite medium, 97, 278 
in mixtures, of absorbers, 114 
of scatterers, 113 
in pure scatterer, 85 
Slowing-down diffusion theory, 269, 273, 
521 
assumptions of, 268-269 
neutron balance, 271 
numerical-integration method for, 
§21 
time-dependent, 547 
from transport equation, 361-364, 
756 
Slowing-down length, 283-284 
Slowing-down time, 554-555 
Slowing down track, 87, 270 
Slurry, 18 
S,n method, 646 
Source, continuous distribution, 186 
discrete distribution, 186 
fission, 119 
function, 162 
monoenergetic, 119 
thermal neutron, 219-221 
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Spatial modes, leakage by, 496 
Spatial trajectory, 30 
Spectrum, thermal neutron, hardening of, 
131 
Speed-space, 132-133 
Spherical harmonics, 331, 338 
complete set of, 338 
complex conjugate, 338 
expansion in, 336, 338, 345, 356-358 
orthogonality property of, 338, 357, 
403 
Spherical-harmonics method, 331 
application of, to interface problem, 
387 
to slab reactor, 395 
to unit-cell calculation, 646 
Spontaneous disintegration, 4 
Standard formula for resonance integral, 
639-641, 683, 689 
Stationary wave equation, 290 
(See also Helmholtz equation) 
Statistical weight, 767 
for changes in diffusion coefficient, 783- 
784 
for infinite multiplying medium, 
776 
for one-velocity bare reactor, 780 
in one-velocity model, 767-768, 783 
for slab reactor, 784 
Stein model, 546 
Surface-absorption term, 639-641, 683, 
691 
Surface-tension energy, 5 


Telegraphist’s equation, 25, 351-352 
Temperature coefficient, of multiplica- 
tion constant, 580 
parameter, 586 
of reactor, 578 
Temperature effects on reactor stability, 
308 
Theorem of detailed balance, 2 
Thermal base, 309 
Thermal conductivity, 261 
Thermal constant, 704-705, 709 
by diffusion theory, 709 
Thermal diffusion length, effect of 
cavities on, 698-701 
table, 701 
experiment, 226, 302 
in heterogeneous system, 632, 698 
values for, table, 165 
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Thermal energy, 2, 83 
Thermal equilibrium between neutrons 
and nuclei, 127 
Thermal fissions, 152, 293 
Thermal fuel, 8 
Thermal group, 121, 149, 311 
cross section, 132 
for non-1/v absorber, 143 
for 1/v absorber, 142 
Thermal motion of neutrons and nuclei 
in equilibrium, 125 
Thermal-neutron column, 302 
Thermal-neutron sources, from age 
theory, 438-440 
in unit cell, 646-647 
Thermal-neutron spectrum, 131 
Thermal nonleakage probability, 222 
effect of temperature on, 312-313 
Thermal utilization, 57, 631, 654 
effect on, of temperature, 311-312 
of voids and cladding, 654 
in heterogeneous system, 630-631 
in homogeneous system, 631 
Thorium, 7, 21, 684-685 
mixture with moderator, 637 
Threshold energy, 5, 70 
fast fission, 693, 696 
Time absorption, 379 
Total track length, 369 
comparison in P,; and P,; approxima- 
tions, 398 (Fig.) 
in multiplying medium, 378 
of neutron, 64, 72, 248 
in purely absorbing medium, 372 
in zero cross section medium, 370 
Translational motion, average energy of, 
125 
Transmission coefficient, definition, 245, 
254 
to describe fuel cladding, 655, 659 
expression for, 259 
diffusion-theory, 652 
relation of, to albedo, 245, 254-255 
to penetrability, 669 
” for sphere, 250 (Fig.) 
for thin fuel plates, 653 (Fig.) 
use in unit-cell calculation, 652-653 
values of, 252 (Fig.) 
Transmittance of slab, 192 
Transport kernel, for one-velocity plane 
source, 413 
for one-velocity point source, 697 


808 


Transport mean free path, 164, 724-725 

(Fig.) 

Two-group theory, 421-422 

comparison with one-group method, 
465 (Fig.) 

in Feynman-Welton model, 507-518 

flux distributions by, 474-476 (Fig.) 
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Velocity space, 132-133 
Volume-absorption term, 639-641, 683 
Volume fraction, 59, 155 


Water (H:0), 19 
thermal neutron properties of, table, 


general solutions of, 460—467 165 
group constants for, 458-459 Wigner-Seitz unit-cell model, 628, 640, 
neutron balance equations for, 457 644-648 


approximations in, 712-714 

cell radius, 650 

comparison with Feinberg-Galanin 

method, 629 

equivalent homogeneous cell, 631 

limitations of, 712-714 

multiregional, 660 
‘“Window-shade”’ method, 722 


reflector savings by, 322 


Unit-cell model (see Wigner-Seitz unit- 
cell model) 
UNIVAC, 760 
Universal xenon curve, 615 
Uranium, natural, 21, 626, 633, 637, 646 
U3, 143 
U2**) 143 


U38, 684-685 Yield curve, 10 (Fig.) 
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